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Application: Morphology of solder materials

> Phase separation and coarsening in alloys

Solder ball After solidification 3h, 300h.

-~ Micro cracks
o -t

sesseuimiiaL
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Sharp interface model

Phase indicator function
c:Q—={c_,eq}, I=0{c=c_}NQ
Surface energy
E(I) = ao/dH" = / Vel
Cy—C—
=E(c)

First variation

SE(c)(€) = oo /1 diviedH™ !

= Uo/Hf-l/dHn71
1

Diffuse phase-field model

- ®

Smooth phase-field

ce : 2 — R, I.: small transition region

Diffuse surface energy
(van der Waals, Cahn-Hilliard)

E.(c.) = /Q (6|ch|2 + él/}(cs)) dz

First variation

SE(c)(€) = /Q (—eAcg—l—%w'(cg))ﬁdw
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Sharp interface model Diffuse phase-field model

e L J
e—0
—
Sharp interface limit
[ @) c_ @
Phase indicator function Smooth phase-field
c:Q—{c_,er}, I=8{c=c_}NQ ce :  — R, I.: small transition region
Surface energy Diffuse surface energy
(van der Waals, Cahn-Hilliard)
I)_Uo/dH" = — /|vc| )
+7 = 2
EE e) = € - 5
_B(0 (ce) /Q (6|Vc |” + E1/1(c )) dz
First variation First variation
. = 1
SE(c)(€) = oo / diviedH™ ! 6Ec(ce)(§) = / (—eAcnggw’(cE))&dw
I Q

= Uo/Hf-l/dHn71
1
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Sharp interface limit

Minimizers (Modica & Mortola)

There exists a sequence {c: }.~o of global minimizers ¢. for E. such that

cc—c inL'(Q)ase—0, ce BV(Q,{c-,cq}).

Energies (Modica & Mortola)

I'—convergence
—

E. E

E.(c.) = /ﬂ (c1Ve-P? + Lpea)) da — B(e) = ﬁ/,'vc‘

o0 =2 [ \/Y(s)ds

Diffuse surface area measures

go

e 1= (€|ch|2 + 21/)(65))[:" — = V| weakly™

Cy—C—
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Sharp interface limit

Structure of the interface (Modica)

Q_ = {z € Q: ¢(x) = c_} has minimal perimeter Po(Q_), i. e.

Cy —C—

Po(Q-) = min{Pg(G) G C Q|G| = Lm‘}

Theory of minimal surfaces
y — I: smooth hypersurface,

minimal surface area
oI N 9N: 90° contact angle

Lagrange multipliers (Luckhaus & Modica)

ooH
A — A= —2"_  H: mean curvature.
Cy —C—
Gibbs—Thomson law for minimizers
O'()H
Cy — C—

A=

C. Kraus 6th Singular Days, April 30, 2010



Gibbs—Thomson law

> Isotropic case

E(ec) = p OOC / [Vl IO'()/dHn_l
+7C=Ja I

Classical Gibbs—Thomson law
w=ooH/(ct+—c-), H =div;v, v :outerunitnormal of I.

Boundary condition for T
oI N9 90° contact angle
> Inhomogeneous, anisotropic, elastic case

Eo(c,u) = /Uo (z,v)dH" ! +/ W(e, E(u))dx
I Q
Extended Gibbs—Thomson law
w= (—UQ’Z(SU, v)-v—Vrioop(z,v)+vWIid— (VU)TW,g]J_rl/) /(cq—c-)

Boundary condition for 1

oINoY:  op(z,v) vea =0, vaq : outer unit normal of 92
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Gibbs—Thomson law

> [: not enough regularity is known in the singular limit

= Weak formulation of the extended Gibbs—Thomson law
> Weak formulation (generalized BV-setting)
/Q (00 (1) V€ + 00, (2, ) € — v Ve 00, (2,) ) V]
+/Q (W(e,e)1d— (Vu) " Wee (e, £(w) ) : VE do = )\/Q cV-Eda

£ CHOQR™) with ¢ - van = 00n 9, vaq: outer unit normal of 6,

Vx: distributional derivative of the characteristic function x of Q_.
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Phase-field approach

Two components

Concentrations: ¢+, c—,c+ +c— =1 =— c=cy —c—
Mass conservation

fﬂ cdr=m

Total free energy
Ginzburg—Landau free energy

E(c,u) = /Q (5(72(.1:,(:, Ve) + éi/)(c) + W(c,é'(u)))dw

(Classical case: o(z,c,Vc)=|Vc|, W = 0)

Assumptions:

(A1) Q C R™: bounded domain with Lipschitz—boundary

(A2) ¢ € CH(R), ¢ >0and¢(c) =0<=c€ {c—,c+},
W(c) > di|c|* — da, di1,d> > 0 constants.
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Phase-field approach

E(c,u) = /Q (5(72(33.,0, Ve) + ézp(c) + W(c,S(u)))dm

(A3) The anisotropic function o € C(Q2 x R x R™, R") satisfies the properties:
* 05,0 €CQAXRxRMN]{0}), a.pp € C(Q x R x R™\{0}).

* o is 1-homogenous, i.e. o(z, s, A\p) = Ao (z, s,p) forall p € R™ and A > 0.

+ There exist constants A\; > 0, A2 > 0 such that
A p| < o(x,s,p) < A2 |p| forallz € Q,s € Randallp € R™.

+ o is strictly convex, i.e. there exists a constant dg > 0
such that
o,pp(®,8,p)q-q > dolq|?
forall z € , alls€e Rand all p,qg € R™ with p- ¢ =0, |p|=1.
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(A4) Elasticity
+ u: displacement field
# E(u) = 3 (Vu+ (Vu)"): linearized strain tensor

+ Elastic energy density W € C*(R x R™*™, R):

Wi(e, E(u)) = %(5(11) — 5*(0)) : C’(c)(é'(u) —5*(c)),

E*(c): eigenstrain, C(c): stiffness tensor  (symmetric, positive definite).
« There exists a constant d, > 0 such thatfor all c € Rand all £ € R™*™:

[W(c,&)| < da(lc|* + €] + 1),

(Wee(e, &) < da(lel + €] + 1),

(We(c, )| < dale] + €] +1).

Definition:

Xy i ={u€ H'(QR") : (u,v) g1 =0forallv € Xirq}

Xira := {v € H(Q,R™): there exist b € R™ and a skew symmetric K € R™"*"
such that v(z) = b+ Kz}
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I'—limit of the Ginzburg—Landau energy
E.:BV(Q) x Xty = RU {+o0}

Jo (0% (z, e, Ve) + Ly(c) + W(c,E(u)))dx, ifce H'(Q),
E.(c,u) = Jo cdz =m,
0, else.

l£—>0

[y o0z, v)dH" ™ + [, W(c,E(uw))dz, ifce BV(Q{c ,ci}),
Eo(c,u) = Jocdz=m,
o0, else.

Eo: BV(Q) x Xiq — RU{+o0}

Definition:
I=0"Q_, Q_= {ac € Q:c¢(x) =c-}, v:outernormal of I = 9"Q_,

ooz 7p—2fc+w (z,s,p)ds;

(Extension of results by Bouichetté 90, Owen and Sternberg 91 and Garcke 08)
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Characterization of minimizers

Theorem [Garcke & Kraus 09]
Let the assumptions (A1) — (A4) be satisfied.
(i) Fore > 0 there exist minimizers (ce,u.) € H'(Q) x Xy of E..

In addition,
E.(ce,uc) is uniformly bounded as ¢ — 0.

(i) For every sequence of minimizers {(c.,,u-, )} rex C H'(Q) x L*(Q,R™) there
exists a subsequence with

Cep, =€ in L2(Q), c€ L?(Q)NBV(Q,{c_,ct}),
ey, = uin HY(Q,R™),

(il)) (¢, u) is a global minimizer of Ey.
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Local surface quantities

Theorem [Garcke & Kraus 09]
Let the assumptions (A1) — (A4) be satisfied. Furthermore, let (c., u.) be a minimizer
of E.. Then for each sequence {ej }xen, limp—oo €, = 0, with

ce, —c in LY,
there exists a subsequence {c; }ren such that fora.e. s € [c—, c4]:
% VXsk = VX{e=c_} Weakly™ in Q

* fQ o\z, s, Vsk |VXS k| _>fQ z 57V)|VX{c:cf}|
* |Vxs,k| = p

H= ‘VX{cch } |

Xs,k: characteristic function of Q, , = {z € Q: ¢ (2) < s},
Vs . outer unit normal of 0 k.
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Convergence of the Lagrange multipliers A.,

Theorem [Garcke & Kraus 09]

Let the assumptions (A2) — (A4) be satisfied and let  be with C'—boundary.
Furthermore, let (c., u-) be a minimizer of E..

Then for each sequence {e }xen, limp—oo €5 = 0, with

Ce, — €N L'(9Q),
Ue, —u in L*(Q,R"),
the corresponding sequence of Lagrange multipliers {)., }xten converges, i. e.
Aey — A,
where ) is a Lagrange multiplier of the minimum problem for Eo with [, cdz = m.

Euler—Lagarange equation for Ey:

/ (0’0 (:r, V)V~.£ +o00,z(z, V)& —v- Voo, (:E, V))dH"fl
I

—l—/Q (W(C,S(u))ld— (Vu)TW,g(c,S(u)) :Véde = /\/Q cV-€dx

for all ¢ € C*(Q,R™) with £-vaq = 0 on 9.
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Some aspects of the proof
Euler—Lagrange equation for E.:
/ (QEU(x, ce,Vee)o o(x,ce,Vee )& —2e0(x,ce,Vee)Vee - VEo p(ce, Vee)
Q
1
+ <£ 02(35, Ce, VCS)-i—ju‘;‘(cg)) V-E+ (W(c67 S(us))fd— (VuE)TW,g (cs7 5(u5))) :Vf) dz

:/\5/ c.V-&dx
Q

Euler—Lagrange equation for Fy:
/ (0’0@ (z,v)-£ —v- Voo, (z,v) + 00z, V)V-f) dH™
I
+/ (W(qé'(u))]d— (VU)TWQ(C75(U)) 1 VEde = /\/ cV-€dx
Q Q

Generalized total variation (Amar & Belletini 94/95): f € BV (Q)
Jo IV flo(s) = sup { Jo fdivndz :n e CHQ), o*(x,5,1m) < 1}, o*: dual function.

Integral formula v
/ IV floes) = / o(z, s,ve)|Vfl, vp = _7](.
@ Q IV f]
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Some aspects of the proof

> Equipartition of energy

k—oo

1
lim / ‘—w(csk) —exo’(z, ey, Ve, )|dz =0
Q '€k

> Local convergence properties
There exists a subsequence {e; }ren Such thatfora.e.s € [c_, c4]:

* / Vs )k - V&T,p(m, S, Vs,k)les,kl — / v V£U,P(:C>S>V)‘vx{c:c,}|
Q Q

* /Sﬁw(w,s,vs,k)lvxs,klH/éa,x(x,sw)lvxuzc_}l
Q Q

Xs,k: characteristic function of Q, 1 := {x € Q: ¢ (z) < s},

Vs . outer unit normal of 09 .
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Some aspects of the proof

> Wulff—shapes and their geometric properties

>

Forallz € Q,s € [c—,ci], v € S"" ! and all p € R™\{0} with o*(z,s,p) < 1:

Clo.p(z,s,v) —p* <oz, s,0) —p-v

Construction of smooth approximative functions g3

phase—field quantities: o, ,(x, s, Vs,x)

suitable approximations ¢ for
Cahn—Hoffman vector: o ,(z, s, v)
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Equilibrium conditions for E,

Eo(c,u) = /0’0(:177 v)dH" ! +/ W (e, E(u))dx
Assumptions: d @
* © domain with C'—boundary
* I =9*Q_ is a C*~hypersurface
* 91 C 0N finite number of C'—(n-2) dim. hypersurfaces.
*ulo_€ H*(Q—,R") and u|o, € H*(Q4,R™)

Necessary conditions:
> InQ_ and Q4
V'Wg(cfvg(u*))zov V'Wyg(chag(uvL)):O

> On 09
W evoa =0
> On the interface I
Wer]f =0, [u]f =0

Gibbs—Thomson law:
—00,0V— — V1 00p(z,v_) +V[WId — (Vu)"We]tv = At

> On oI No
Force balance: og,p(z,v) - vao =0

C. Kraus 6th Singular Days, April 30, 2010 19



Overview
Phase—field energy functional

E.(c,u) = /9(602(.15, ¢, Ve) + %7,/}(6) + W(c,é'(u)))dx

Chemical potential
YR
Y

= —2eV-(o(z,c,Ve)o p(z, ¢, Vo)) +2e0(z, ¢, Ve)o oz, ¢, Ve)
200+ Wl E(w)

We

Sharp interface limit l e — 0 for global minimizers

Sharp interface energy functional
Eo(c,u) :/ao(m.,u)d’H"_l +/ W(c, E(u))dx
I Q

Chemical potential Gibbs—Thomson law

b

wo = == = (~00,.u(x,v) - v=Vr00,(x,v) + v[WId — (Vu)"Weltv) /(cy—c_)

on I
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