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ABSTRACT. We develop a global-in-time variational approach to the time-discretization
of rate-independent processes. In particular, we investigate a discrete version of the
variational principle based on the weighted energy-dissipation functional introduced in
[MOO08]. We prove the conditional convergence of time-discrete approximate minimizers
to energetic solutions of the time-continuous problem. Moreover, the convergence result
is combined with approximation and relaxation. For a fixed partition the functional is
shown to have an asymptotic development by I'-convergence (cf. [AB93]) in the limit of
vanishing viscosity.

1. INTRODUCTION

Heat conduction, quasi-static viscoelasticity under linearized kinematics, and solid-liquid
phase change are examples of the many dissipative systems which can be described by
means of the model problem

(1.1) oW (a(t)) + DE(t, u(t)) 30, u(0) = up.

Here, t € [0,T] — u(t) € U represents the state-trajectory of the dissipative system and
U is a Banach space. The functional ¥ : U — [0, 00| is a convex dissipation potential and
E:0,T] x U — (—o0, 0] is the energy of the system (time-dependence models external
actions). A solution of (1.1) is a trajectory starting from the initial state ug and realizing
the balance (1.1) between the dissipative forces, here represented by the subdifferential
0V (1), and the conservative forces given by the Fréchet derivative DE(t, u(t)) of the energy
with respect to the state wu.

This note is specifically concerned with the case of rate-independent evolution. Namely,
we shall assume from the very beginning that

(1.2) U is positively 1-homogeneous.

As a consequence, solutions u of (1.1) present no intrinsic time-scale. Namely, by re-
parametrizing time via a strictly increasing diffeomorphism t — «(t), the trajectory
t — wu(a(t)) solves the re-parametrized version of (1.1) where £(¢,-) is changed into
E(a(t),-). This feature appears as the distinctive character of hysteresis [Vis96] and
has been addressed in the frame of (1.1) in connection with elasto-plasticity [JohT78,
Suq78, HR99, Mie03, DDMO06], damage [MRO6], brittle fractures [DFT05], delamination
[KMROG6], ferro-electricity [MT05], shape-memory alloys [MT99, MTL02, MR03, Rou07,
AMSO08], and vortex pinning in superconductors [SM05]. The reader is referred to MIELKE
[Mie05] for a comprehensive survey of the mathematical theory.

Problem (1.1) is classically tackled by time discretization. Namely, by fixing a uniform
partition with diameter 7 = T'/N, N € N of the interval [0, 7], and setting u® = ug, one
is lead to consider the family of minimum problems

u—ui‘l) N E(ir,u) — E((i—1)T,u™t) }

T T

u' € Argmin ;s {\If (
(1.3) for 1=1,...,N.

Usually the latter problems are solved sequentially. Following the ideas in [MOO0S8], we
wish instead to collect all of them in a single minimization problem for the entire discrete
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trajectory with nodal values u = (u®, u', ..., u") by considering the global functional
N A 5(- z) _ 5(('—1) i—l)
; u'—u IT, U —1)T,u
(1.4) T..(u) = ;ma (xp ( . ) + .

eTy " ") )‘?7[-)
are chosen is such a way to approximate causality. In particular, we will enforce A\ >>
A2 > - > AN so that a much larger priority is accorded to the first minimum problem
in (1.3) with respect to the second, to the second with respect to the third, and so on.
More specifically, we shall ask for

depending on an extra parameter ¢ > 0. Here the Pareto weights A, = (AL

1.5 AL = for 1=1,..., N,

(15) ()

and remark that, along with this choice, the functional Z., may be regarded as a quadra-
ture of the functional defined on time-continuous trajectories u : [0,7] — U as

T.(u) = /0 : e7lE (xp(u) + %e(t, u)) dt.

The latter functional is called weighted dissipation-energy (WED) functional and has been
introduced by MIELKE & ORTIZ [MOOS] in order to characterize variationally the trajec-
tories of the dissipative system (1.1). To gain some insight into this variational perspective,
one may compute the Euler-Lagrange equations for Z. (some extra smoothness for ¥ has
to be assumed) which turn out to be

— eD2W()ii + DU (i) + DE(t,u) = 0,
u(0) = uo,
DU(u(T)) + DE(T,u(T)) = 0.

Namely, minimizing Z. appears to be closely related to performing and elliptic-in-time
regularization of the original problem (1.1).

We shall stress that, at all levels € > 0, causality is lost. Hence, it turns out to be crucial
to consider the causal limit ¢ — 0 within a possible sequence u. of minimizers of Z..
This has been accomplished in [MOO08] in the rate-independent case (1.2). In particular,
a subsequence of u. is proved to converge to an energetic solution of (1.1) (see below).
Moreover, the causal limit € — 0 is combined in [MOO8] with relaxation, paving the way
to the application of the tools of the Calculus of Variations to the evolution problem (1.1).

The purpose of this note is to reconsider this variational perspective by arguing directly
at the level of the time-discrete functionals Z... The interest in the resulting discrete
variational principle is threefold.

First, we provide a conditional convergence result for time-discrete trajectories as 7 and ¢
converge to 0. This serves also as a justification of the original formal approach in [MOO0S|
(Section 2). Moreover, the present time-discrete approach appears to be more flexible than
the time-continuous one, since convergence for qualified minimizing sequences instead of
exact minimizers can be obtained (Subsection 3)

Secondly, by facing the problem directly at the discretization level, we are allowed a
much greater generality which in turn broadens the spectrum of possible applications
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(Subsection 4). The convergence analysis may be combined with relaxation and space
discretization giving rise to a complete approximation theory (Subsection 5).

Finally, the limit ¢ — 0 for Z., is studied using the method of asymptotic development
by I'-convergence following [AB93|. It turns out that the corresponding minimizers are
exactly the solutions of the (causal) incremental problem (1.3), see Theorem 6.1.

Let us however make clear that our interest in this discrete variational principle is purely
theoretical. Indeed, from a computational viewpoint, we do not expect that minimizing
7., for some small € could be preferable to solve sequentially the minimization problems
in (1.3). However, the analysis here intends to contribute to the notoriously difficult
question of relaxation of evolutionary problems, in particular in the rate-independent
case. A joint relaxation of a finite sequence of time-incremental problems is certainly a
good move toward a general theory and improves upon the separate relaration proposed
in [MTL02, Mie04] and analyzed in more detail in [MRS08].

Before closing this introduction, let us mention that an alternative variational approach
to doubly nonlinear equations as (1.1) has been developed in [Ste06], specifically applied
to hardening elasto-plasticity in [Ste08], and tailored to discontinuous rate-independent
evolution in [Ste08|. This second approach is informed by a completely different philos-
ophy and shows quite distinct features with respect to the present analysis. We shall
compare these two variational techniques elsewhere.

2. MAIN RESULTS

2.1. Assumptions. Let us start by enlisting our assumptions. First of all, the problem
is framed in a Banach space setting, see Subsection 4 for a more general metric approach.
In particular, we ask that

(2.1) V and U are Banach spaces, V is reflexive, and V C U compactly.

We denote by || - ||y and || - ||y the corresponding norms. Moreover, we indicate with
BV([0,T];U) the space of (everywhere defined) functions w : [0,7] — U such that the
corresponding total variation in U is finite, namely

N
Var(u) = sup {Z Ju(t)—u g : 0=t" <t <-- <tV = T} < 00.
i=1

As for the dissipation potential ¥ we assume:

(2.2) U : U — [0,00] is convex, 1-homogeneous,
(2.3) Jeg >0 @ U(v) > cylvlly Yo €T,
(2.4) U is lower semi-continuous.

Note that (2.2) implies the triangle inequality
(2.5) U(v+v) < U(v1) + V() Vg, vy € U.

We don’t make any assumption concerning symmetry, i.e. ¥(—v) # W(v) is allowed. This
is important to be able to treat applications like elastoplasticity or damage. As regards
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to the energy € : [0,7] x U — (—o0, 00| we assume:

(2.6) E(t,-) is Ls.c with resp. to the strong topology in U, Vt € [0, 7]

Ja, ce, Ce >0 E(t,u) > CgHUH(‘X/ —Cs¢ V(t,u) < [O,T] x U
(2.7) (namely E(t,u) =0 ifu e U\ V),

t — E(t,u) is differentiable for all u € V' and
(2.8) oo, &1 > 0 1 | E(H )| < & (E(t, u)+co> Y(t,u) € (0,T) x V,

VE >0, Ve >0, 36 > 0:
(2.9) Et,y) < FE and |[t—s|<d = [0,E(t,y) — 0E(s,y)| <e.

Note that assumption (2.8) implies that the energy is bounded from below by the constant
—cg. Moreover, the following Gronwall-like estimate holds

(2.10) E(t,u) + co < (E(s,u) + co)e =21 Vs, t € [0,T].
Since, regardless of the smoothness of £, an absolutely continuous solution of (1.1) may
fail to exist (even locally), we are forced to deal with discontinuous solutions instead. For

all f € C([0,7];R) with f > 0 and f non-increasing, v € BV([0,7];U), and an interval
J C [0, T], we use the notation

/f U(du) —sup{Zf (t") ( ) — u(ti_1)> ;
OtV ed tP<tt<... <tN}.
For e > 0, the weighted dissipation-energy (WED) functionals read

T.(u) = /[O’T] e l/e (\If(du) + %s(t,u))
(2.11) - /[0 ; et/ (\If(du) + ég(t,u)) + e TEE(T, u(T)) — £(0,u(0)).

A trajectory uw : [0,7] — U is called an energetic solution of (1.1) if u(0) = uo and
the following global stability condition (2.12) and energy conservation (2.13) hold for all
te0,7T]:

(2.12) E(t,u(t) <E(t,v) + V(v—u(t)) YveV,
2.13 E(t,ult U(du) = E£(0, up) 0E (s, u(
213 )+ [ + [

For the sake of later reference, we shall define the set of stable states at time t € [0,7] as

(2.145(t) ={ue U : E(t,u) < oo and E(t,u) < E(t,v)+V¥(v—u) Yv e U}.
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Moreover, we will make use of the following notion of approximately stable states which
depends on the small parameter a > 0, namely

S(t) = {u ceU : &(t,u) <oo and
(2.15) E(t,u) < (1+a) (5(t, v) + \If(v—u)) tave U}.
As for the initial datum ug we assume:
(2.16) u € 5(0),

although some of our results still hold under the weaker assumption £(0,ug) < oo.

2.2. Time-discretization. Assume now to be given a partition of [0, 7] which we identify
with the corresponding vector 7 = (71,...,7") of strictly positive timesteps. Note that
we indicate with superscripts the elements of a generic vector. In particular 7/ represents
the j-th component of the vector 7 (and not the j-th power of the scalar 7).

We let t2 = 0 and

th it =7 L=t ) for i=1,..., Ny,

T T T YT

and we will use the symbols

T = max T, T = min 7'

i=1,....Nr i=1,....,Nr
for the maximum timestep (fineness of the partition) and the minimum timestep, respec-
tively. Moreover, we will make use of the notation u, = (u2,... u) for generic vectors

in UN*! and let u, : [0, 7] — U be its piecewise constant interpolant on the intervals I%,
namely u,(t) =ul forallt € I, i =1,..., Ny and u(T) = ul.

Letting EL(-) = £(t%, -) for brevity, we define the discrete counterparts of WED functionals
(2.11) as Z., : UM — (—00, o0

Nr i i1 i\ il i—1
T,(uw) = Y 7N, (xy (“ Tf )+5T(“) £ (u ))

= SN (U (ui—u ) + ELul) - £ (u))

where the Pareto weights A, are given by (see (1.5))

7

(2.17) A;@,:Hﬂ.ig for i=1,...,N,.

Jj=1

In particular, A.- is nothing but the solution of the variable timestep implicit Euler
discretization of the problem A + /e = 0 with initial condition A(0) = 1. Hence, by
defining the piecewise-constant interpolant ¢ — A\.(t), we have that

Aer(t) — €Y% uniformly as 7 — 0.
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Moreover, one can equivalently express Z..(u) as (see (2.11))
Ny Nr—1
I-(u) = ZA@»D(ui—u"—l) + > (=AZNE (W)
; i=1
P EN () — AL E2(u)
N-
(2.18) = > (N + ol g ) - AL EY W)
i=1
where the positive weights o . are given by
Lt

(219) ol =) —N“—AQTT for i=1,...,N;—1, and o = -,
T+ e

The specific choice in (2.17) will be directly exploited in the computations. Let us however
stress that (2.17) is not the only possible choice of weights which can be considered and
that we restrict to it for the sake of simplicity only.

Proposition 2.1 (Existence of minimizers). Assume (2.2), (2.4), (2.6)-(2.7), and (2.16).

Then, the functional I is lower semicontinuous and coercive with respect to the strong

topology on {vy € UNTL © o8 =wy}. Hence, minimizers exist.

Proof. Owing to the choice (2.17), for all w € {u € UMt : 4% = w4} relation (2.18)
gives

NT . NT_l + . .
T(w) =Y AN, U(u' —u' Z Al <Tz+1 " E) EL(ud)

1=1

g
FANEN () - ( +5) £2(uo)

and the assertion follows, since Z.(-) is a sum of lower semicontinuous functionals. [

For the sake of later reference, let us recall that the incremental problems (1.3) read in
the current variable timestep setting as follows.

(2.20) u' € Argmin o {U (u—v"") +EL(u) —ES (W TY)}, i=1,..., N,

In particular, the length 7¢ of the timestep does not occur explicitly, but the energy is
evaluated at times ¢! and ¢i.

Our first result concerns an upper bound on the energy of a minimizer of 7.

Lemma 2.2 (Upper energy estimate). Assume (2.1)-(2.2), (2.8), (2.16), (2.17), and let
U minimize Ip on {v, € UNTL o 0% =g}, Then

L ‘
Ep(ul,) + (ul,—ullt) < ETNu) + [ &t i) dt
it

(2.21) Vi=1,...,N,.

Proof. Let 1 =1,..., N be fixed and define

| i g Ly
v, =u._ and vl =ul_ for j#i.



For all i # N, as Z.r(u.r) < Z.r(ver), we have that
N (Wt —ulsh) + Enul,) — €7 ()
P (Wl —ul) + €7 W) — 1))
<N (Wl ) + EL ) — €57 ()
N (W i) + 7 () — EL ).
By exploiting the triangle inequality we conclude that
(N =XED) (W (k=) + Ex(ul,) = Ex(uE))) <0
(2.22) for i=1,... N, —1.
In case © = N,, we have that

N7 (Wl ™) + €8 (ul) - EF 7 (ulr )

eT eT eT
Nr Nr—1 Nr—1 Nr(, Nr—1 Nr—1¢, Nr—1
< )\51' (\Il(ue_’_ “Uer ) + g‘r (UET ) - g‘r (UET ))7
which amounts to say that

N (Wl —ule ™) + 27 (ul) - £ (7)) <0

ET ET ET

Finally, by collecting the latter and (2.22) and using the strict positivity and the mono-
tonicity of the Pareto weights one has that
U(uz,—uz') + Ex(uz,) — Ex(uzy') <0
for i=1,...,N,,

and the assertion follows. O

The upper energy estimate (2.21) is at the basis of an a priori control on the trajectory.
In particular, we have the following.

Corollary 2.3 (A priori estimates). Assume (2.1)-(2.2), (2.8), (2.16), (2.17), and let u.,
minimize Iy on {vy € UNT1 00 = ug}. Then,

Ny
(2.23) max EL(ul.) + Z U(u! _—u 1) < 2(£(0,u) + co)e™ = cypan.

i=1
The latter is proved in [Mie05, Thm. 3.2]. We shall present some slightly refined version
of the same argument (providing a proof of Corollary 2.3 as well) in Subsection 3 below.

Let us explicitly remark that, by requiring (2.3) and (2.7), under the assumption of
Corollary 2.3 the a priori estimate (2.23) entails that

(2.24) |ter||oe0,r;v) and Var(u.,) are bounded independently of € and 7,

the latter bound depending indeed on cy, cg, Ce, £(0,ug), o, ¢1, and T

The global stability property (2.12) of time-continuous energetic solutions is inherited by
the discrete trajectories which are obtained by sequentially solving the minimum problems
(2.20), see [MT99, MT04]. This is however not the case for minimizers of Z., which, due
to the causality lack, turn out to be only approzimately stable in the sense of (2.15).
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Lemma 2.4 (Approximate Stability). Assume (2.1)-(2.2), (2.8), (2.16), (2.17),
e/T <1, and let u., minimize I, on {v, € UN*TL : 00 =y} Then, ulr € S(T) and

(2.25) ul, € SCEDE) YweV, i=1,... N —1,

where the function r — «(r) > 0 depends on co, c1, T, and E(0,up), and is such that
a(r) — 0 asr — 0+.

Proof. Let i =1,..., N, and v € V be fixed and define
v/_=wu!_ for j<i—1 and v/_=v forj>i.
In case i = N, as Z.r(ter) < Z.r(ver), we have that

N (Wl ™) + 7 (ul) — € (e )

ET

<N (Wlo—ulr ™) + €2 (0) - EX T (wlET),

ET

and, by the triangle inequality
N (= w(o—uly) + X (uly) — €Y (v)) <.

Hence, the stability ur € S(T') follows from A\Yr > 0.

Let us now consider the case i # N, instead. Again from Z.,(u.r) < Z.r(v.r), we have
that

A (W) + E1,) — €7 (1)
N‘l’
F 30 M (Wledemud) 4 Elul) - €17 (L)

j=i+1

< AQT(\IJ(U—ug;l)Jrsi( ) — Y ) Z N ( — &7 (v ))

By exploiting the triangle inequality
U(v—ul) < W(v—ul,) + Ulu,—uz),

€T

canceling on both sides the terms )\éT(‘lf(ui —uiTl) — &Nl )) dividing by A’_

ET

and using the non-negativity of ¥, we have that

Ex(uz,) — E1(v) — U(v—ui,)

e <- Y (g -e W)+ Y 2 (s - e 0).

j=i+1 " €T j=it+1 €T

We aim now at controlling the two sums in the right-hand side above. Owing to (2.8)
and (2.23) we have that

. N -
_ Z a‘r (8] gi—l(ug;l)) S (CO+Cstab) Z i\‘%‘r

Jj= H—l J=i+l




and we easily handle this last sum as
N-

M, = fp €
> =2 1l =—

j=i+1 " €T j=i+1 k=i+1

j=it1 k=1

Consider now the second sum in the right-hand side of (2.26). Owing to (2.10) we have
EL(v) + ¢ < (Ei(v)jtco)ecl(ti_ti).
Then, by using the monotonicity of the Pareto weights, we have that

i+1 Nr

M ) ' \ | -
7 (gl(w) — £ () < 2 S (87 () o) (e 1
g;l AET( ) Aer jzzi-i:-l( 0) ( )
N~
= % Z (83.(’0)4—0 ) (ec1(t.,. %) ec1(tZ. 1—t§_))

Finally, by defining for instance

(2.28) a(r) = r <(1+co) (2T 1) + M) ,

1—7r
the assertion follows. O

Remark 2.5. In case VU is even, namely ¥(—v) = U(v), the proof of (2.25) greatly
simplifies. In particular, the situation ¢ # N, may be treated by letting (v € V fixed)

vi =v and vl_=wul_ for j # i,
and exploiting Z.(u.r) < Z.-(v,) in order to get
N (Wl =l + Ex(ut,) — £ (i)
PN (Wl —ul) + €7 W) — E1ul)
<X (Wlo—ur) + E1w) — £ ()
AR (R o) + £ (uith) - E4(v)).
Again by the triangle inequality we deduce
V=) (E8(uE,) = E5(0)) < (L +AZD (v,
and, by exploiting the choice of Pareto weights (2.17),
2e

rt,) < n) + (14 2 ) wlo—al)

and the function « can be simply taken to be a(r) = 2r.

We shall now turn to our main result.
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Theorem 2.6 (Conditional convergence). Assume (2.1)-(2.9), (2.16), and let

(2.29) U be continuous with respect to the strong topology in U.

Moreover, let a sequence of partitions T, and parameters e, with (¢,,7,) — (0,0) and
en/T, — 0 be given, and A., -, fulfill (2.17). Finally, let u., ,, be a minimizer of I. .
on {v,, € UN =+t 0l =wy}. Then, there exists a (not relabeled) subsequence (e, T,,)

and u : [0,T] — U energetic solution of (1.1) such that, for all t € [0,T], the following
convergences hold

(2.30) U, (t) — u(t) weakly in' V' (and strongly in U),
2.31 U(due,r,) — U (du),

(2.31) [ ) = [ wtaw

(2.32) E(t, ue,r, (1) — E(t ult)),

(2.33) 0E( e, v, (1) — OE(u(-)) in LY0,T).

Proof. The statement follows along the lines of the convergence proof of solutions of the
incremental problem to energetic solutions [Mie05, Thm. 5.2], the only difference being
that the converging sequences are not stable but rather approximately stable in the sense
of Lemma 2.4.

Step 1: A priori estimates and selection of subsequences. Let u, = u., -, and p,(t) =
0E(t,uy(t)) for simplicity. Owing to (2.1), the a priori estimate (2.24), and Helly’s
principle [Mie05, Thm. 5.1], upon extracting not relabeled subsequences, we have that,
for all t € [0, 77,

(2.34) un(t) — u(t) weakly in V and strongly in U,
(2.35) ault) = [ wldu) = ()

[0,]
(2.36) pn — p  weakly star in L>(0,7),

for some non-decreasing function ¢ : [0,7] — [0, c0).

Step 2: Stability of the limit process. We may assume with no loss of generality that
en/T, < 1. Let us fix t € [0,T) and denote by ¢, = max{t}. : t. < t}. Hence, owing to
the convergence (2.34) and Lemma 2.4, we have that u,(t,) € S*(t,) for some «,, — 0
and, for all v € V with E£(t,v) < o0,

(2.6)

Etut)) < liminf & un(t))
= liminf( (tn, un(t /Ot S, U (t )
GO i inf £(t,, un(ty))
(2.25)
< liminf ((1+an> (E(tn,v) + U (v—un(ty))) + ozn>
(2.29)

= E(t,v) + U(v—u(t)).
Namely, u(t) € S(t) for all t € [0,T] (the case t = T is classical [Mie05, Thm. 5.2]).



11
Step 3: Upper energy estimate. From (2.21) we deduce that, for all [s,t] C [0,T],

E(t,uy(t)) + / U(du,) < E(0,up) + /Ot OE(r, uy(r)) dr + Ty,

[0,¢]

where the constant ¢ bounds 9;€(-, u,(+)) uniformly in time and n. Hence, passing to the
liminf and using (2.6) and the convergences (2.34)-(2.36), we have

(2.37)  E(t,u(t)) + / U(du) < liminf (¢ u,(t)) + 6(t) < E(0,ug) + / tp(s)ds.

[0¢] e

In fact E(t,u,(t)) — E(t,u(t)) since, for all t € [0,7],

E(t,u(t)) 28)=(29) lim( (tn, u(t /Ot s, u(t )

(2.29) Tim ((1+0zn) (E(tny u(t)) + W (u(t)—u,(t))) + an>
(2?) lim sup &€ (t,,, u,(t))

— liin_)solip< tun / at 3 un )

D etul)

and (2.32) follows. Moreover, owing to (2.4) and (2.7)-(2.9), we may apply [Mie05, Prop.
5.6] and deduce that p(t) = 0;E(t, u(t)) and (2.33) holds.

Step 4: Lower energy estimate. This follows at once from (2.2)-(2.3), and (2.8)-(2.9),
since u(t) € S(t) for all t € [0,T] and t — 0:&(t,u(t)) € L>=(0,T). Applying [Mie05,
Prop. 5.7] we have that

(2.38) E(t,u(t)) +/ U(du) > E£(0,ug) + /t 0:E(s,u(s)) ds.

[0,2]

In particular, (2.13) follows.
Step 5: Improved convergence. By collecting (2.37) and (2.38) we have that

£(0, ug) + /0 s u(s) ds 2 £t u(t)) + /[0 t]\If(du)

n—oo

(2.6) (2.37)
< liminf E(t, u,(t)) +6(t) < &(0,up) /Ot s, u(s

Hence, all inequalities are actually equalities and (2.31) follows from (2.35). O

Remark 2.7. Owing to rate-independence, for any given non-uniform partition 7, one
is always allowed to reduce to a uniform partition by time-rescaling. This strategy is
however little suited for studying convergence for a family of variable timestep partition
with diameters tending to 0. Hence, it is not pursued here.



12
3. MINIMIZING SEQUENCES

An interesting issue that differentiates the present time-discrete approach from the time-
continuous one of [MOO0S] is that, in order for conditional convergence to hold, the min-
imality of u., is actually not required and one could ask wu., to be a @-approrimate
minimizer, namely

(3.39) Ton(Uer) < Torlvr) 40 Yor € UVt o0 =,

T

where the tolerance ¢ > 0 is given. This possibility is particularly interesting as one
may consider situations where the minimum of Z., on {v,, € UMt . v?.n = up}
is not attained (see Subsection 5 below). In particular, given any 6 > 0, the existence
of f-approximate minimizers for Z., on {v, € UMt : 0% = yy} is straightforward
whenever U and £ are bounded from below (no coercivity and lower semicontinuity are
of course needed, see Proposition 2.1). Nevertheless, even in the case of (3.39), an upper
energy estimate, a global a priori estimate, the approximate stability, and a conditional

convergence result can be proved. Let us start from the estimates.

Theorem 3.1 (Approximate minimality, a priori estimates). Assume (2.1)-(2.2), (2.8),
(2.16), (2.17), let u., be a O-approzimate minimizer of L., on {v, € UN*T1 © 00 =g},
and p_, be defined as

(3.40) per = 1/0L,,

see (2.19) for o'_. Finally, assume

Ny
<1 and 92p§,< 1.

1=1

(3.41) ;

Then, we have that
ti

Eilul,) + W(ut, — w7 S ETN W) + | aE(t i) + 6k,

ET — T ET » eT

it
(3.42) Vi=1,...,N,,
N
=1
(3.43) < 2(E(0,up) +co+ 1) e +1 = cgap + 26T +1,
ul_ e SmEN) for i=1,..., N, —1 where
o267 41
(3.44) a(r2.0) = £ (1) (e7-1) 4 TEEE L) g
(3.45) ulr e S0P (¢,

Sketch of the proof. This result is simply obtained by reconsidering the arguments of Sec-
tion 2 by keeping track of the extra error term depending on #. In particular, relations
(3.42) and (3.45) are immediate. As for the expression in the right-hand side of (3.43),
we shall reconsider here the argument of [Mie05, Thm. 3.2] and, letting for notational
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simplicity €' = EL(ul,) and U’ = U(ul ! — ul ), start from (3.42) and exploit (2.8) in
order to get that
(3.46) E W <ET 4 (E T o) e =1)+0p . for i=1,...,N,.

In the latter computation we have used (2.10) and

i

(2.8) 22
0t , U S / C1 <g(t, U ) + C()) dt
tl

i1

(2.10) 4 i

< / (7 4 ) At = (7 4 eg) (€7 —1).
it

Hence, as ¥* > 0, we check by induction that for i = 1,..., N,

(3.47) E + co < (E%co)e ™ + e Zpﬁf < <5°+00+92P§T> o1t

Jj=1 Jj=1

Moreover, taking the sum for i =1,... k in (3.46),

k
- (3.46)
Ywo< &0 - 5’“+Z€’ L) (e —G—@me_
=1 =1
(3.47) N
< <€°+c0+92 p;T> — (E¥4cp)
=1
Ny k _ . k
+ <€O+co+9 Z pé,) Z(ecltbf —e ) 4+ 6 Z Per
=1 =1 i=1

N N,
< <5°+c0+9 > pgT) + <5°+c0+9 > p§T> (T —1)

i=1 i=1
N
7
+0) ol
=1

where we also exploited &+ co > 0 and we have the a priori bound (3.43). Now it suffices
to reproduce the argument of Lemma 2.4 by keeping track of the extra error term due to
the tolerance #. In particular, one proves that (see (2.26))

5i(’) 5’() U (v—ul,)
< - Z (9 (W) 51-1(ug;1)) + Z f* (51@) -5;’-1(v)) + Af

,7 Z—|—1 ]:Z+1 ET ET

e/t i T N
1— 8/7’ _(8 ( ) )(e _1)+9pe7'

and (3.44) follows. O

< (co+estabt+2eT+1)

Once the estimates (3.42)-(3.45) are established, it is a standard matter to follow the very
same argument for the proof of Theorem 2.6 above and deduce the following.
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Theorem 3.2 (Approximate minimality, conditional convergence). Assume (2.1)-(2.9),
(2.16), (2.29), let a sequence of partitions T, and parameters €,, 0, with (£,,Ty,0,) —
(0,0,0) and e,/1,, — 0 be given, and A, -, fulfill (2.17). Moreover, let

(3.48) 0. )l =0

where p, . is defined in (3.40). Finally, let u.,,, be a 0,—approvimate minimizer of

Terr, o0 {vr, € UNTtt 0 00 =g}, Then, the conclusions of Theorem 2.6 hold.

Let us mention that the latter convergence result is not ensuring that all minimizing
sequences such that Z..(u.,) — 0 admit a convergent subsequence as the qualification
(3.48) is crucially required. On the other hand, the latter condition, which indeed relates
the limiting behavior of €, 7,, and 6,,, is tailored to the concrete situation where ¢,, and
T, (and thence p, . ) may be considered to be fixed and then 6, can be chosen very
small in order (3.48) to hold.

4. A METRIC FORMULATION

The results of Section 2 make no essential use of the linear structure of U and can therefore
be reformulated in a more abstract setting. To this aim, let

(4.49) (U,d) be a complete quasi-metric space.

Here d : U x U — [0, 00] is called a quasi-metric, if d(u,v) = 0 implies u = v and if the
triangle inequality holds. We explicitly allow here the situation d(u,v) = oo as well as
d(u,v) # d(v,u) as this is needed in applications. For every given trajectory u : [0,7] — U
we define the total dissipation on [s,t] C [0,7] via

Diss (u, [s,t]) = sup {Z du),u(t)) + s=t"<- <tV = t} :

As for the energy functional £ : [0,7] x U — (—o0, 00] we assume the former (2.8)-(2.9)
and reformulate the compactness assumption in (2.7) as
(4.50) E(t,:) : U — (—o0,00] has compact sublevels V¢ € [0, 7.

Given these assumptions, an energetic solution of (1.1) is now a trajectory
w :[0,T] — U such that u(0) = ug and the following hold for all ¢ € [0, T7:

(4.51) E(t,u(t)) < E(t,v) +d(u(t),v) YveV,
t
(4.52) E(t,u(t)) + Diss (u, [0,t]) = £(0,up) + / 0E(s,u(s))ds.
0
Of course the set S(t) of stable states at time ¢ is now defined as
(4.53) St)y={uelU : E(t,u) <E(t,v)+d(u,v) Yve U}.

By reconsidering the proofs of Section 2, it is clear that we can reproduce the very same
results in this metric setting. In particular, the convergence result reads now as follows.
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Theorem 4.1 (Conditional convergence, metric setting). Assume (4.49), (4.50), (2.7),
(2.8), and (2.16). Moreover, let a sequence of partitions T, and parameters €, with
(€n,Tn) — (0,0) and €,/1,, — 0 be given, and A, -, fulfill (2.17). Finally, let u., ,,
be a minimizer of I. -, on {v,, € UN*tt o 00 = wo}. Then, there exists a (not

relabeled) subsequence (,,7,) and u : [0,T] — U energetic solution of (1.1) such that,
for allt € [0,T], the following convergences hold

nTn

(4.54) Ue,r, () = u(t) in U,

(4.55) Diss (te,+,, [0,t]) — Diss (u, [0,1]),

(4.56) E(t,ue,r, (t)) — E(t,u(t)),

(4.57) 0E( e, (+) — OE(,u(-)) in LY0,T).

In particular, even in the present metric setting, energetic solutions may be recovered by
passing to the joint (and conditional) limit in the time-discretization and in e.

5. APPROXIMATION AND RELAXATION

The convergence results of Section 2 are quite flexible and may be adapted to the situation
of a sequence of pairs (¥, &) which are I'-converging to a limiting pair (¥, &) [Dal93,
GF75]. In particular, we address the question under which conditions #-approximate
minimizers u..; of the approximating functionals Z.,,

51'k us‘rk Z )\ ( €Tk aTk) + 82 ( Z‘rk) - g‘i';l(ué;l)>

are converging to an energetic solution for (¥, &), namely solving (2.12)-(2.13).

A closely related issue has already been considered by MIELKE, ROUBICEK, & STE-
FANELLI [MRS08] for the case of energetic solutions at level k converging to a limiting
energetic solution as k — oco. The crucial point in [MRSO08] is the observation that the
two disjoint I'-convergences

U =TI-lim V¥, and & =TI-lim &,

k—oo k—oo
are not sufficient in order to ensure convergence of solutions and some extra condition has

to be additionally required. A quite natural choice is that of asking for the conditional
upper semi-continuity of the approzimately stable states:

(uk € Sp*(tk), sup Ex(t, up) < o0, (tk,ar) — (¢,0) and wp — u in U7>
K

(5.58) = u € S(t),

where we have denoted by S;.* the set of oy-approximately stable states (2.15) referred to
the pair (VUy, &) and the parameter o, > 0. A full hierarchy of conditions implying (5.58)
is presented in [MRSO08]. Here, for the sake of simplicity, we just mention the strongest,
namely continuous convergence for ¥, and I'-convergence for &

(5.59) up — u = Wi(ug) — V(u) and &= Fk—lim &

As we aim at relaxation, we shall consider the situation when W, and/or & are not lower
semi-continuous. In this case, minimizers of Z ., may fail to exist and one is forced to
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focus on #—approximate minimizers from the very beginning. Our convergence result
reads as follows.

Theorem 5.1 (Approximation and relaxation). Assume (2.1)-(2.3), (2.8)-(2.9) and let
(U, &) fulfill (2.2)-(2.3) and (2.8) uniformly with respect to k and ub fulfill (2.16) for
all k. Moreover, assume (5.58) and the following:

(5.60) U < F—}giminf Uy, Et,) < F—}giminf Ex(t,-) Vtelo,T];
(5.61) U{u ceU : &(t,u) < E} is relatively compact in Us;
k=1

Vte [0,T], ke N, E >0,

(uk € SPt(te), sup Exlti ) < 0o, (t,uk, o) — (t,u,O))
(5.62) = O,E (b, wy) — O,E(E ).
(5.63) uf —ug  and  Ex(0,ul) — £(0,up).

Finally, let a sequence of partitions T,, parameters €,, 0,, and k, be given such that
(€n, Ty kny 0n) — (0,0,00,0), e,/7,, — 0, and X, -, fulfill (2.17) and (3.48). Let u., r,,
be 0,-approzimate minimizers of Io r.x, on {vr, € UNH o 0l =y} and
u™ : [0,T] — U the piecewise constant interpolant of w., - .. Then, there exists a
subsequence (u™));en and an energetic solution u : [0,T] — U of (1.1) such that, for all

t € (0,7, the following convergences hold

(5.64) u™)(t) — u(t) weakly in'V and strongly in U,
(5.65) / Ty, (dul™)) — / W (du),
[0,¢] [0,4]
(5.66) E, (t,u™) (1)) — E(t,u(t)),
(5.67) 0, (-, u) () = ,E(-,u(-)) in LY0,T).

Sketch of the proof. We shall assume from the very beginning that

Nrp,

En -
— <1 and Qaném_n < 1.

Tn 1=1

As Uy, are uniformly coercive and (5.61) holds, the a priori estimate (3.43) entails the
possibility of extracting a (not relabeled) subsequence u,, = u., -k, such that the following
convergences hold (see [MRS08, Thm. A.1]) for all t € [0, T

U, (t) — u(t) weakly in V' (and strongly in U),
5ut) = [ W () — (),

[0,]
P = 0, (- un(?)) — p  weakly star in L°°(0, 7).

We shall denote by p*(t) = limsup,, . 9;&, (t, u,(t)) and explicitly observe that p < p*.
Note in particular that there exists a constant ¢ bounding 9,&, independently of n.
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As for the stability of the limit trajectory u we just fix ¢ € [0, 7] and exploit (5.58) with
the choice uy, = uy, (t) by recalling that wuy, (t) € S.*(t) for all ¢ € (0,T] where

g, = a(Tn7 En, en)

= f_—“ ((1+c0) (e7"—1) +

n

(cotCstant+2eT+1)
1t—5 /T O]

Note that ay, — 0 as n — oo. In particular, by (5.62), p*(t) = ,E(t, u(t)).

The proof of the upper energy estimate follows exactly as in Step 3 of Theorem 2.6 as the
extra error term 6, S0 pL . goes to 0 by assumption (3.48) and we have convergence
at time 0 (5.63).

Owing to (2.8)-(2.9) and the stability u(t) € S(¢) for all ¢ € [0,7] we may apply [MRSO0S,
Prop. 2.4] and deduce the lower energy estimate as well.

Finally, just as in the proof Theorem 2.6, we have that

5(0,u0)+/0tp*(3) ds < 5(t,u(t))+/ U(du)

[0¢]

< liminf &, (t,un(t)) + (t)

n—oo

< 5(0,u0)+/0tp(s)ds

IN

E(0,ug) + /Otp*(s) ds

and all inequalities are actually equalities. Hence

£t u(t)) + / U(du) — Tim inf &, (£, un(t)) + 6(¢)

[0¢] e

for all ¢ € [0, 7] and p = p*. Since by (5.60) one has that

E(t,u(t)) < liminf &, (t,u,(t)) and /[0 }\If(du) < 4(t),

n—~0o0

the convergences (5.65)-(5.66) follow. O

6. THE CAUSAL LIMIT £ — (0 FOR A FIXED PARTITION

Let 7 be fixed throughout this subsection. We shall comment on the limit ¢ — 0 within
the minimization of Z_,. The natural guess is that a sequence of (approximate) minimizers
u., of 7. admits a subsequence converging to a solution u. of the corresponding relaxed
incremental problems

0 _
U = U,

(6.68) ur € Argmin ¢ (¥ (u—uo) + €L (u) — £ uO)},
ui € Argmin o 4 ¥ (u—u'"") 4 EL(u) — E (ui_l)} i=2,...,N,,
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where

Ei(v) = inf { liminf £.(v,) : v, — v strongly in U} i=1,..., N,
This is indeed the case. Namely, by letting ¢ — 0 for a fixed partition, we restore causality
at the discrete level, since (6.68) is the classical incremental procedure (1.3), however with
E(t,-) replaced by its I'-liminf, namely E(t, -).

Theorem 6.1 (Causality at the discrete level). Assume (2.1)-(2.2), (2.7)-(2.8),
(2.16), (2.17), and (2.29). Moreover let T be given and u.. be a o(e™)-approzvimate
minimizer of I, on {v, € UMt 00 =g}, namely u®_ = ug and

(6.69) Tor(ter) < Ir(v,) +0(eN) Yo, € UV with 02 = ug.

Then, there exists a not relabeled subsequence w.r and u, € UM such that u.r — u,
strongly in UNT! as e — 0 and w, fulfills (6.68).

Let us now comment on a possible strategy for a proof. First of all, a priori bounds for
approximate minimizers are available due to Theorem 3.1 (note that (3.41) follows as T
is fixed and u., is a o(¢"7)-approximate minimizer of Z.,). Hence, some (not relabeled)
subsequence u., strongly converging to u, in UN" ! as e — 0 exists and clearly ul = uy.

By defining the functionals F* and Fion UN*1 as
Filu) =V (u'—u") + EL(u') = ETM (W) for i=1,..., Ny,
and
Fllu) = U (u'—u’) + EL(u®) — E2(u0),
Fitu) = U (u'—u"b) + (') — ETL(u™Y) for i=2,..., Ny,

Tr(u.,) = iAini(ugT): ) <H Tf_g) Fiue,)

- () P+ () Pt
(6.70) o+ ( s .E%(TN,%)) FV (),

and we can check that (see the proof of Theorem (6.4) below)

1 1~
Iim -7, = = F'
e—=0 € 71
so that, in particular, ul solves the first minimum problem in (6.68) by virtue of the

Fundamental Theorem of I'-convergence.

This argument can indeed be iterated for ¢ = 2, ..., N, leading to the proof of Theorem 6.1
by arguing on the the subsequent powers of ¢ in (6.70). In particular, we investigate the
asymptotic development by I'-convergence of the functional Z.,.. This technique has been
originally introduced by ANZELLOTTI & BALDO in [AB93] and is aimed at characterizing
the I'-limit of a functional by means of a sort of asymptotic expansion.
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Let us start by recalling some definition and the main result from [AB93]. Given a first-
countable topological space X and a sequence of functionals G. : X — (—o0, 0], the
notation

Q:F—lirong6 in MCX

defines I'-convergence of G. to G on the subset M in the ambient space X via the following
two conditions:

G(z) <inf { limiélfgg(xe) DT — x} Ve e M,
Vee M, Jz. —x : G(z) = lir%ge(xe).

Here it is important that the approximating sequences x. in both lines above may be
taken from the full ambient space X and are not restricted to the set M. Hence the
notion of I'-convergence on M C X intrinsically depend on M and on X.

Definition 6.2 (Development by I'-convergence [AB93]). We say that the development
in ['-convergence

(6.71) G. LG +eG + 2G>+ -+ NG 4 o(eN) in X

holds true if, letting M° be the set of minimizers of G° on X, m® be the corresponding
mainimum, and, for allt=1,... N,

m' = Ai4nf1 G, M'={ue M : G'(u)=m'},
g€ _ mO B gé—l _ mi—l

G"=T-limG. in X, G = , Gl==
e—0 I3 19

we have that, for alli=1,..., N,
m~ < oo, M™' 40, and
(6.72) G = I-lim G in M™'Cc X for i=1,...,N;.

The main result on asymptotic developments in I'-convergence reads as follows.

Theorem 6.3 ([AB93, Thm. 1.2]). Let (6.71) hold, x. be a o(e™7)-approzimate minimizer
of G, and z. — x in X. Then x minimizes GN* on MN=1 (that is, it minimizes G* on
M=t foralli=1,...,N,).

In fact, the cited result is concerned with exact minimizers x. only. On the other hand,
the corresponding result for o(e™¥7)-approximate minimizers turns out to be an immediate
extension of the original proof.

Our aim now is to prove is that Z.,. admits a development in I'-convergence in terms of
the functionals F' as suggested by (6.70).

Theorem 6.4 (Development in I'-convergence of Z..). Assume (2.1)-(2.2), (2.7)-(2.8),
(2.16), (2.17), and (2.29). Then the following development holds

Tr =G0 +6G +£2G% + - + N GN 4 o(eM7)
(6.73) in X = {’U.,- c UNHL L 0 = uo}
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where G° is the indicator function Ip of D = {ug} x D(E}_) X+ X D(aj_\’f), the functionals
G' are given by

g'=a+ - F'+1Ip for i=1,..., N,
T T

and the constants a* depend on (7',...,7°71) and on the minimum values

,u—mm]-"l for i=1,...N, where M° =D

Mi-1
(6.74) and M'={ue M~ : Fi(u)=pu'} for i=1,...N,.
In particular, starting from al = 0, the constants a' are recursively defined for i =
1,...,N; as

) ) ) 1 2\ :U’i ) ai

i1 7 i+1 _ ET i o e
(6.75) a—lliI(l]aE al _5(52'u p a—l—E).

Before moving to the proof of Theorem 6.4, let us firstly check by induction that the
definition of the values u’ in (6.74) makes sense. Indeed, taking into account (2.2), (2.7)-
(2.8), (2.16), and (2.29), one clearly has that min{F'(u) : u € M} has at least a solution

(note that X fulfills (2.7) as well). In particular, the set of minimizers M is non-empty
and closed with respect to the strong topology of UM+1. Moreover, {u! : w € M} is
compact in U by (2.7). Then, we compute for u € M" that

f'2(u) = \If(u2—u1) + g2(u2) - é}-(u1>

T

S (P —ut) + E2(u?) + W (ut = ug) — E2(ug) — .

Hence, F2 is lower semicontinuous and coercive on M' and min{F2(w) : u € M'} has
a solution. Namely p? < oo, M? is non-empty and closed, and {(u!,u?) : w € M?} is
compact in U2

Assume now ¢ > 3 and M~ non-empty and closed with {(u!,...,u""") : w e M~'}
compact in U"!. Then, for all w € M*~! we have that
pto= Ut —ug) + EX(u") — EY(u),
W= U —uh) + gj_(uj) - gl_l(uj_l) for 7=2,...,i—1.
By adding up the above equalities we easily obtain that
ﬁ'z(u) _ \P(ui_ui—l) + é\z (uz> - é\i—l( i—l)

i—1
uEMll Z\I/ u]1+5z(z gOUQ Zlu]
7j=1

and F' is lower semicontinuous and coercive on M*~!. Hence, min{F*(u) : u € M~'}
has at least a solution and the set of minimizers M"* is non-empty and closed. Moreover,
{(u',...,u") : we M} compact in U'.

Once the values p',..., M are given, a trivial but tedious computation based on the
explicit form of the Pareto weights A, leads to the check that the definition in (6.75)
makes sense as well. Let us stress that (6.75) allows us to explicitly recover all terms in
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the development (6.73). For instance, the first five terms in the development (6.73) of Z.-
read as follows

gO == [Da
1 ~
gl == ﬁfl + [Da
1 1 ~
2 1 )
1 1472
3 1 2 3
= F°+ Ip,
g (7.1)3“ (r172)2 +7.17.2 37 tip
1 (r1472)2—7172 Tir2 423437t 1 ~
4 1 2 3 4
g' = (7.1)4'u + (r172)3 H (r17273)2 H +7.17.27.37_4‘7: + Ip.

Proof. We shall proceed by induction and, for the sake of clarifying the argument, we
directly work out the first three terms in the development (6.73) before showing the
induction step.

The 0-order term. At first, let us check that I'-lim._,0Z., = Ip in X.

Let u. — w in X and assume that lim infa_,OI‘ET(ua) < 00. By recalling (2.18) and
possibly re-extracting, as the weights Al and o, are non-negative we have that u. €
{up} x D(EL) x -+- x D(EN"). Hence, u belongs to the corresponding closure (condi-
tioned by sup, £.(u') < oo) which is nothing but D. Moreover, we surely have that
liminf. .o Z.-(us) > 0 as AL, = o(1) (see again (2.18)).
Fix now u € D and let u. — u be a recovery sequence in the following sense

u? = uy and supé’l( H<oo for i=1,...,N,,

(such a sequence surely exists). We compute from (2.18) that Z..(u.) — 0.

The first-order term. We have checked that m® = 0 and M° = D. Hence, recalling (2.18),
we have that

(6.76) - Z ( T () + %51@1’)) — A3750( 0).

Let w. — w in X and assume that liminf. o Gl(u.) < oo. By using (6.76) and the
non-negativity of A\’ and ¢*_, we have that
1 1 1

A A
G (ue) > “mW (ul—uo) + “TEM(ul) — “TEN o),

so that, passing to the liminf,

hmlnfg (u:) > —fl( ).

-1
On the other hand, fix u € M° and let u. — wu be such that
ul =ug, |EL(ul) — @(u1)| =o0(1), and sup&l(u!) <oo for i=2,...,N;.

€
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Then, we have that

1 1 1
G!(u.) = A;Tﬂy@é-—uo>+-“§T51<u;>—-Aers°< 0

AL, - Oer pig i
+Z< U (ul—ul) + ggf(u))
1 1 1

“;é*(ul) - A;ng(uo) +o(1)

so that passing to the limit one has G!(u.) — F'(u)/7'. Namely, we have checked that
[-limsup ., G} < F'/7! and we conclude that

G' =I-lim G! = 1f1mAﬁ.
’7‘

e—0

In particular minyo G' = p! /7! and M = {u € M° : G'(u) = p'/7'} is non-empty.

The second-order term. We shall refine these techniques in order to compute I'-lim .., G2
where

g€2(u> _ gg(“’) _:U'l/Tl _ I€T(u) :U’_l

€ g2 er!
1 ;‘r 1 O-sl‘r Fal 1 )‘;‘r 0 /J’l
= (Pt - )+ T - e - )

(6.77) +§i(¥f<w_m4>+5%a@w).

In particular, let u. — w in X, w € M', and assume that liminf. o G*(u.) < co. As we
have that

1 >\1 1 >\1 1
lim inf - ( =Tl — o) + “ETEL(u)) — 2T EL (ug) — “—) < 0,
by possibly extracting not relabeled subsequences, we can compute

)\;T )\;T 0 :ul
< - \If(u —UQ) - g.,.(’lLo) + ;)

—\If(ul—U(]) + SB(U(]) + ,ul
= pt=Fl(w) + EL(uh)
ucM?! é\l(ul)

T

. 1/ 1 .
limsup & (u;) < limsup —
e—0 e—0 Oz

Namely, as clearly gi( D) <liminf._o&EL(ul), we have checked that

(6.78) EXul) — EL(ub).

T £
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Let us now compute

(2.19) 1 >\1 )\1 )\1 1
G2tu) 2 L (Rrwu-u) + e - Eregun) - 1)

£ €
)\2 2 1 2 27,2 >\2 1 1
F o) + 2re2) - el
Aor A tt! Aot !
= ( 2 ‘7:1( e) — 2 ) ( 2 —1)
g £ ET
2, 2, 2,
+ 22 \I](ug_u;> + 2 é\‘12'( g) 22 5‘3’(“&)
(6.78) p 2 Ar 2o Ar a1
> 0— (7_1)2 + £2 \Il<u§_u;) + £2 T(ug) - ?ST(UI) + 0(1)

Hence, passing to the liminf and using (6.78) we have that

. 2 7 1 =
lim inf G2 (u.) > e + 7172]:2(u)'

We now fix w € M!' and let u. — u be such that

Ug = U,
Ex(ul) = Ex(uh)| = oe),  W(ul—u') =o(e),
[E2(u2) — E2(u?)| = o(1),
supEL(u') < oo for i=3,...,N,.
Then, we have that
2 (2.19) Aer 1 Aer o1 1y Aer o0 p!
Go(u) = 6—2‘1’(%—“0) + ?ST(UE) T2 Ex(ug) — =
z, x, z,
+ 2 U (ul—ul) + 8—253(71?) - E—ggi(u;) +o(1)
)‘i‘r 1 )‘;‘r/\l 1 )‘;‘r 0 :ul
52 \IJ(U —Uu )"— 62 ST(U ) — 8—28_,.(U0) — ;
)\2
+ 2 (d—ul) + E2(u?) = Ex(u!)) + (1)
ueM! )\;TILLl pt I
== (T - ; + 7_17_2f (u) -+ 0(1)

and, passing to the lim sup, one obtains

. 2 M 1 2
lll?jélp G (u.) < —(7_1)2 + 7_17_2}" (u).

The i-th order term. Let us now come to the induction step. Assume that the development
(6.73) holds up to the (i—1)-th term. In particular, let

J

(6.79) m! =a’ + for j<i—1

N
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with @’ defined as in (6.75). We start by noting that

iy - LG
€ € €
 Tr(u) o m
g o g
N. ; ; i—1 ;
N Aer i el Ter iy, i Aer 00 0 m’
(6.80) - Z(?\D(u —u' )+ e (u )) - rE’) - >
i=1 7j=1
In particular, owing to (2.19), we have that
. Al AL Al mt
1 _ ET 1 6'7'51 N 57’50 o
Gilu) = (' —ug) + TrENu') — EFEN o) — o5
A2 A2 A2 m?
ET 2,1 6'7'52 2\ 57’81 N :
TV —ul) + TEEN ) - TEE () — o
. )\z’—l ) ) )\i—l ] ) )\i—l ) ) i—1
4 eT \If(ul_l—ul_2)+ eT gj__l(ul_l) _ et 53_—2(u2—2) o m
gt g €

+ 25T (uf ) fﬁ;(ul) — ?5;‘1(#_1)

Nr N . . o’ .
+ Z ( ;T\If(u]—u]_l) + ggi(u])) :

Let now u. — w in X and assume that liminf. o G'(u.) < co. Arguing as above, and in
particular along the same lines of the proof of (6.78), we can check that

(6.81) El(ul) — EL(w) for j<i—1.

and, by using (6.80), we have

. )‘11- )\17_ )\17_ ml
ge(ue> > ; \II(U;_UO) + ; é}-(u;) - ?Sﬂq(uo) - ci—1
)‘21- )‘27- &2 )‘27' &1 m?
| A -1 i ANl Gy e ANzl Gicay e m'!
+_;i \I](ug l_ug 2) + ;z 81- l(us 1) - ;Z 57_ 2(ue 2) - ?
A o AN~ N .
+ ;;’g[,(ule_ué—l) + (;'T ;'(uze) - ;Z‘ng'_l(uze_l)
)\1 1 ml )\2 2 m2 )\i—l i—1 mi—l
) () (e
i et gl gl et c
(6.82) Pt ) + B ) - R ),
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By using (6.81) we directly check that

1iminf<)\7 (ul—uit) + %@(ug)—/\;f@‘l(ui‘l)) >

e—0

Tl . .7t

As for the remainder terms in the right-hand side of (6.82), by exploiting (6.79) and the
definition (6.75) we have that

)\l 1 ml )\2 2 m2 >\Z 1,11 mi—l )
(6.83) (i - 2-_1) + ( S 2-_2) TR ( er I ) — .
£ £ 9 £ 9 £

Hence, we have finally checked that

liminf G’ (u.) > d' + Fi(u).

e—0 L.

Fix now uw € M~! and choose u. — w such that
(i) u? = u,
(i) W(u! —u!)=o(c"7) for j<i-—1,
(iil) Y(w —ul) =o(c"77) for j<i—1,
) € (ul) — EL(W)| = (') for j <,
(v) sup&l(ul) <oo for j=i+1,...,N;.

To find wu., first take a recovery sequence satisfying (iv) and (v), then (2.29) can be used
to establish (ii) and (iii). Then, we compute that (see (6.80))

(iv

i )‘i‘r 1 )‘;‘r/\l 1 )‘;‘r 0 ml
ga(ua) = g—qj(u - UQ) + J; g‘r(u ) - ?g‘r(uo) - ci—1
A2 A2 A2 m?
Zety 1 ETé\Q 2\ s‘ré\l 1\ :
FERU () + ZEE ) - SEEN () - 5
>\i—1 ) ) >\i—1 N ) o 1 i—1
+ ;— \If(ul_l—ul_2)+ €T gj._l(ul_l) :;r 5@ 2( ) mg

A\ ) PP Ao .
+ ;T\If(u;—u D+ TS’( N — ?5;‘1@’_1) +o(1).

(6.84)
By recalling that w € M*~!, we have that

i At m! A2z om?
Gi(u.) = (2—i—€i_l S Gt

. Azl - mi-1
gt €

A\l 2\~ N .
(6.85) + ;T\If(u —u' ) + T&"( N — ?5;‘1@’_1) + o(1),
so that, by passing to the limsup and using (6.83), we get that
limsup G’ (u.) < a' + Fi(u),
e—0 T . .7

and the assertion follows. O
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Once the asymptotic development in I'-convergence of 7., of Theorem 6.4 is established,
the proof of Theorem 6.1 follows directly from Theorem 6.3.
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