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1. Introduction

We consider travelling waves in a system of two fluid layers of infinite extent which
are placed between the rigid bottom an top of a channel under the action of gravity.
Both fluids are assumed to be irrotatonal, inviscid, and of constant density p; # po.
Our aim is to give a rigorous approach to the existence of solitary waves and of bores.
Both of these solutions types look at infinity like parallel flows, however the first
attains the same limits upstreams an downstreams whereas the second is a front—
like solution connecting parallel flows of different heights. These solutions are also
called bores and are observed in some rivers when waves coming from the ocean travel
upstreams.

There are several approaches to this problem. In the case of no surface tension
Turner'* obtained the two-fluid model by considering stratified fluids with smooth
density profiles converging to a piecewise constant one. The stratified fluid model
(Long—Yih equation) is a semilinear elliptic problem? and can be treated using vari-
ational methods, and thus global results can be derived!.

Surface wave problems and interface problems are described by quasilinear equa-
tions giving rise to more delicate phenomena like surface singularities as for the Stokes
wave of extreme height. We use the spatial center manifold approach in the form of*2,
which is based on the original ideas in ®. Thus, we are restricted to a local theory,
however, all difficulties arising from the quasilinearity are circumvented by this ap-
proach.

Depending on the densities p;, upstream velocities u;, and the heights h; of the
fluids we define the dimensionless elevation number E = h3/h? — poud_ /(p1ui.,),
which tells us whether bifurcating solitary waves are waves of elevation (E > 0) or
waves of depression (£ < 0). Here we analyze the unfolding of the case £ ~ 0
which leads to a scenario where the growing branch of solitary waves obtains waves
with larger and larger plateaus, see'® for physical observations of this effect. Suit-
able translates of these plateau-like solitary waves converge on compact intervals to
heteroclinic solutions (bores).

Here we have restricted ourselves to the case of zero surface tension, however the
method applies equally well in cases with surface tension® '. Also the influence of

localized perturbations travelling with the same frame speed can be analyzed, see'?.



2. The basic equations

At the inflow (x — —o0) the fluid layers have height h; and hy and inflow veloc-
ities u1o, and wugs, respectively. The interface between the layers is given by the
function y = Y(x). Taking hy + ha, p1, Uiso, and pju?_ as reference quantities for
length, density, velocities (u;,v;) and the pressure, we obtain the following equations
in dimensionless form:

Uiy_viy:O7
y=0: v1=0; y=1: vy=0; (1)
. =Y s(u? +v}) + XY +p = C) = const,
=Y(x):
y () v — Y g(u%+0%)+%)\y+p:02:const.

u2

(r,y) € S;: {um%—viyzo,} fori=1,2;

The fluid layers occupy the regions S; and Sy given by 0 < y < Y(z) and Y (z) < y <
1, respectively. The first two equations are mass conservation and irrotationality. On
the interface y = Y we have the kinematic constraint and Bernoulli’s law for both
fluids (the interface is a streamline). From the inflow conditions (u;,v;) — (1,0) and
Y — h for # — —oo we find the constants C} = 1/2 + Ah and Cy = p/2 + paAh/py.
The coupling between the layers occurs through the pressure p which can be easily
eliminated. Here and further on we use the non-dimensional parameters
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A\ — g(l:j%—;hﬂ7 = Zfzéz’ h= hlffi-lhz’ K= plp;lm)\
Often one is interested in waves travelling through fluid layers in rest at infinity.
Then, in the moving frame we have 11, = U2,0. In any case we have (u;, v;) — (1,0)
for x — —o0.

We want to transform the system such that it can be written as an abstract
differential equation in the form

dicﬂ:LucﬂJrN(w), peX, (2)
x

where N(¢) = O(||¢||?). Therefore we introduce the stream function ¢ through
(ui,v;) = (y, =) and ¥(x,0) = 0, ¥(x,y) — y for © — oo. The stream function
Y is continuous but not differentiable across the interface, where ¢ (z,Y (z)) = h.
Following'? we transform the velocities according to U;(x,v(z,y)) = (ui(z,y)* +
vi(x,y)? — 1)/2 and Vi(z,¥(x,y)) = vilx,y)/ui(z,y). Using u; = R;(U;, Vi) =
V(L +20,)/(1+ V) we find

_ U V.R, —R3 U;
) i _ il i 0 g
(.73,?/1) © Oz < Vi ) < 1/Rz ViR; ) 0 < (% ) ’
v Vi=0, ¢=1: V=0,

Y Vi=Vo=Y' U —pUy+plY —h] =0,
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where S; = IR x (0,h) and S, = IR x (h,1). Additionally, we have the relations
Y=J mdo=1~fy 5 dv (3)

which are a consequence of Y (z) = [f @ dy = /Y@ U%dzﬁ = [h R%dw and the
analoguous consideration for y € [Y (), 1].
Again following!? we introduce the variable B = U, (h)—pU,(h), and the interfacial
conditon reads
B+ (Y —h)=0. (4)

According to (3) this is a nonlinear condition, since Y has to be expressed through
(U, V). We differentiate (4) and use Y’ = Vj(h) in order to obtain B’ = dB/dx =
—uVi(h). With ¢ = (Uy, Vi, Us, Vo, B)T the problem takes the form (2) where the
basic phase space is X = L*(0,h)?* x L?(h,1)? x IR,

D(L,) ={¢ € H'(0,h)* x H'(h,1)* x IR : V1(0) = V3(1) = 0, V4(h) = Va(h),
B = Uy(h) — pUs(h)},

Uy ~9yVi ViR10yUy — (R — 1)d, V4
Vi Ay Un ViR10yVi — (1 — 1/R1)dy U,

LH Ug = —8¢V2 s and N(g&) = VgRgang — (R;’ — 1)8¢V2
Vs 8y Us VaRyOyVa — (1 — 1/ Ry)dyUs
B —,uVl(h) 0

Here N is a smooth (analytic) mapping from D(L,) into X, which vanishes quadrat-
ically for ¢ — 0. For later use we derive the following spectral properties of L, in
dependence of p > 0.

Theorem 2..1 (a) The spectrum of L, consists of discrete eigenvalues. They are
exactly the solutions of the dispersion relation

E,(0) = [p — ocot(oh) — pocot(a(1l — h))]o>.

(b) For all i the operator L,, has a two—fold eigenvalue 0. For y < po = 1/h+p/(1—
h), there are no further eigenvalues on the imaginary axis. For u > pq there is a pair of
purely imaginary eigenvalues +iw(p) with w(po) = 0, Z—ﬁ >0, and w(p)/p— 1/(1+p)
for p — oo.

(c) For all i the estimate ||(L, +is) ! x—x = O(1/]s]), s € IR, holds.

PROOF: The eigenvalue problem reduces to an ordinary differential equation. The
homogeneous problem o¢ = L, ¢ gives cU; = —0,V; and oV; = 0,U;. With V;1(0) =
V(1) = 0 and Vi (h) = V,(h) this leads to

(Ula ‘/1’ []27 ‘/2) = ¢ (_cosm/} sinoty coso(l—1) sino(l—w)) ‘

sinoh’ sinoh’ sino(l1—h)’ sino(1—h)



From —uVi(h) = 0B = o[Uy(h)—pUs(h)], we find that ¢q has to be 0 unless F},(c) = 0,
and part (a) is proved. Part (b) is a simple discussion of the zeros of F),.

To establish the resolvent estimate, we consider a general n = (f1, g1, f2, g2, ) € X
and s € IR. If F),(is) # 0 the resolvent equation (L, + is)¢ = 7 is solvable. It reads

_8¢‘/j+i‘SUj :fj>a¢Uj+is‘/}:gj> j:172;
—uVi(h) +isB = a, Vi(0) = Va(1) = 0, Vi(h) = Va(2), B = Ui(h) — pUa(h).

Using simple integrations by part we find

Jo (AP +lgrP)de = J5 (10, UL P[0y Vi P+ 87| Ur[* + 8| Vi) dp + 2is Im (Vi () U (R) ),
In(f2PP+1g2l)dvo = Ji (10,Ua]* +104 Val* + 5 |Us|* +5*[Va|*)dip — 2is Tm(Va(R)Ua(R) ).

~—

Using Vi(h) = Va(h) and B = Uy (h) — pUs(h) leads to

1Cfis 91 v/ fs VRR)IIP = 1100(Ur, Vi, \/p Un, /0 V2|2

_
+82(|(Uy, Vi, /B Ua, /B Va) |1 + 2is Tm (Vi (B)B). ©)

Moreover, we have [sB| = |a + uVi(h)| < |a| + p|Vi(h)] and |Vi(h)]* < 8]|0pV1]|* +
|V1]|?/6 for any & > 0. This allows the estimate
s*| B = 2ism(Vi (h) B) < 28?| BPHVA(R)]* < 4o H(50*+1)8|0 Vi | +(5p*+1) [ V1] /6.

Choosing § = 1/(5u% + 1) and inserting the result into (5) gives

min{1, p} (s> = (52 + 1)) |ll* < (5= (5ut+1)?) [[[(T1, Vi, /o Uay/p Vo) |2 + | BI?|

||(f17917 \/ﬁ f27 \/ﬁgQ)”Q + 40&2 < maX{47 P}||77||2,

which is the content of part (c). O

(VARPAN

3. Reduction by first integrals

As indicated in Theorem 1, the operator L, has a double zero eigenvalue. It corre-
sponds to the two—dimensional family of equilibria given by

¢ = (U, Vi, Us, Vo, B)T = (,0,7,0,0)", o,y € IR.

These are parallel flows with constant speeds Ry = v/1 + 2a and Ry = /1 + 27 in the
lower and upper layer, respectively. From this we find Y = f(? %’ = h/v/14 2a and
the height of both layers is fy' 1/Rydy) + [if 1/Radip = h//T+ 2a+ (1 —h)//T + 27.

Since all these solutions can be rescaled to the solution a;, v = 0, we see that this
family is generated artificially. In fact, one 0 eigenvalue is due to the transformation



from (z,y) into (x,%) and the other stems from differentiating (4). We have the
following two conserved quantities for (2):

() =B+uly g db, (o) = fy g dv + Jy z; do. (6)

From (4) we know J;(¢) = ph and Js is the channel height y(x, 1) = J2(¢(x)) which
equals to 1 by our scaling (cf. (3)).

Additonally there is a third integral J3 which derives from the variational structure
of the problem and invariance with respect to translations in z—direction. In terms
of the variables (u;,v;) and Y it reads

J3(ur, v, Uz, v2,Y) = on %(u% - v%)dy + f; %(US - U%)d?/ +(Cr = Cy)Y — %YQ'

(Taking the z—derivative of J3 along a solutions of (1) easily shows dJs;/dx = 0.) In
terms of (U, V;) and Y = [ R%dzﬁ the integral J3 can be expressed as

J3(p) = Jo B (1-V2)d + [ 22(1-V2)dy + (CL—Cr)Y — LY2, (7)

In® J; is called the flow—force per cross—section, and in'?, where the case with of
capillary surface waves was treated, it was observed that functions like J3 can be
interpreted as a Hamiltonian function when a properly chosen sympletic structure is
employed, see® 7 for surface waves and ® for interfacial waves. In'® a general theory
for elliptic varational problems is developed which allows to reduce the Hamiltonian
structure to the center manifold of finite dimension. Although we do not emphasize
the Hamiltonian structure in this paper, the function J3 will still play a major role
in our discussion in Section 5.

We now restrict our problem (2) to cut out the artificial double zero eigenvalue.
Without loss of generality we restrict our solutions to lie in the manifold M, = { ¢ €
D(L,) : Ji(e) = ph, Jo(p) = 1}, which has codimension 2 and is invariant with
respect to (2). To describe the reduced flow in M, we project M, locally onto its
tangent space at ¢ = 0. To find a suitable projection we analyze the kernel of L,
further. Here we restrict ourselves to one interesting case, namely pu ~ po = % + ﬁ.
For y = po we know that o = 0 is a four—fold eigenvalue and bifurcations should
occur for p passing through 1i9. The generalized kernel of L, is spanned by

~1/h 0 32 /h —h 0

0 ¥/h 0 0
pr=|1/(1=h) |, po = 0 cos=g| R0 | ea=es—| 1|,

0 (1—4)/(1—h) 0 0

— o 0 0 —p

where A = h+ p(1—h) and k(¢) = 2A/p+1—h—3(1—)?/(1—h). We have L, 1 = 0,
L2 = ¢1, and L, ps34 = o. Using the standard scalar product (-,-) in X the



adjoint L* of L, is given by
D(L*) = {(U1,V1, Uz, V2, B) € H'(0, h)* x H'(h, 1)* x IR : V1(0) = Va(1) =0,
Va(h) = pVi(h), poB + Ui(h) — pUs(h) = 0},
L*(Uy,...,B)t = (=04Vi,0y,Ur, —0y Va, 0y Us, Vi(h))T.
The generalized kernel of L* is spanned by

— o 1 0 k1(2)
0 0 W/h 0
m=2 0 [\ m=cl| 1|, m=2 0 | m=s5x|r@) |—clnt+n),
0 0 ko(1)) 0
1 0 0 0

where ro(1?) = p(1=1)/(1=h), () = 302 /h — 3A — p(1—h), ka() = p(1—h) —
3p(1—1)?/(1—=h), ¢ = 3p/((1—h)A), and ¢, = (2h* + 2p(1—h)?)/(3A). We have
L*'mg =0, L*ng = m + 12, L™y = n3, and (p;,m;) = 1 for i +j = 5 and 0 else.
Moreover, 1; and 7, are chosen such that

D, Ji(0)[@] = 2(n. @) and Dy a(0)[7) = S22 (s, @)

for all ¢. Thus, the tangent space Xy of M, at ¢ = 0 is the orthogonal complement

of span{ni, n.}. We define the projection Qo : X — Xo; ¢ — ¢ — (@, m)ps—(p, 1) 3
and decompose ¢ € X into ¢ = @y + v3 w3 + vy, where pg = Qop € Xo. Then,

Ji(po + V33 + vaps) — ph =0, Jo(po + vz + vaps) — 1 =10 (8)

can be solved locally (¢, v — v small ) for v; = v;(u, ¢) € IR by the implicit function
theorem. Thus, @ serves as coordinate in the tangent space X, and the correction
v3(pt, o)es + va(e, wo)pa takes into account the curvature of M,,.

To derive the differential equation for ¢y we simply apply Qo to (2). Since

QoL (9o + V33 + vaps) = Qo Lo + (V3 + va)p2] and Qo = o we find
d

%800 = Lo + N (1, o) (9)

where N (1, @) = (vs+v4) @2 + Qo [(Ly— Ly, ) (0o +vsos+vapa) + N(o+vsps+raps)]
(vj = vi(p,¢o)) and £ = QoLuy| xo = Lyl xo- Again N is a smooth (analytic)
mapping from a neighborhood of (p, 0) in IRx D(L) into X, where D(L) = D(L,,)N
Xo.

4. Reduction onto the center manifold

We define the center space projection @1 : Xo — Xo; 0o — ©o— {0, 13)¢2— (©o, N1) 1
and the splitting g = ap; + by + ®, & € X; = Q1 Xy, which transfers (9) into

d d
z0)=(00) () rawane. Fo-cosppane. o
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where £; = L|x, = Q1L]|x, and

_ (N (s apr + bipz + @) -
Ji= < (N3, N (i, a1 + by + ®)) )a fo = Q1N (, ap1 + bps + @)

According to Theorem 2..1(c) the operator £; has no eigenvalues on the imaginary
axis, and satisfies |[(£; + i) 7 |x;—x, < C/(1+s|), for all s € IR. Hence, the
reduction theorem in'? is applicable, and there exists a local center manifold Mg
which contains all small bounded solutions and can be written as graph over the
center space (here (a,b) € IR?).

Theorem 4..1 For each k € IN there is an € > 0, a neighborhood O; C D(L,) =
X1 N D(L,,) and a reduction function H = H(p,a,b) € C*((po — &, p0 + €) X
(—e,€)?, 0), such that the reduced system

E)-(33)() s oo

with g(u,a,b) = fi(u,a,b, H(p, a,b)), is locally equivalent to (10) in the sense that
every small bounded solution of one equation is also a solution of the other equation.

We remark that the problem has a reflection symmetry x — —z. For the differ-
ential equation (2) this gives reversibility with respect to the involution

T:X — X7 (U17 ‘/17 U27 ‘/27 B)T — (U17 _‘/17 U27 _‘/27 B)T

This means 7L, = —L,T and N(Typ) = —TN(p). As a consequence ¢ = ¢(z)
is a solution if and only if ¢(x) = Tp(—x) is one. The reversibility is inherited
onto the reduced problem (10) is reversible, i.e., with Ty(a,b)” = (a, —b)T we have
g(,u, TO(av b)) = _TOg(,uv a, b)

To calculate the coefficients of the leading nonlinear terms of g, we first expand
the functions v; with respect to ¢o = apy + bps + ® and 6 = p — pg:

9p 2 3p(5-h) 3 _ _ 35 _ 9po .2 _ 15um .3
SAR(—mE 4 T sAR IR O +h.o.t., vy = —x0a = 5h5ya” — 335%5a” + ho.t.,

V3 =
with h.o.t.= O(a* +0° + ||®[|3 ) + la| [ @]l + [0][a® + | @] p(zy]). This implies

61O(10] + |al +0* + |2 p(z))
—%6@ — Eya® 4+ Goa® + h.ot. )’
for = O(la]® + 0 +[|®[* + |a| || p) + [0][a® + [0] + | @]l b)),

_ 9 (24 _ _3 (5=h)
where E() = 3A (ﬁ — ﬁ) y GO = SAR? (pl—h)3 — 5,[110) .

1 =

The function f, does not contain a term of order a? because of

fa(p,a,0,0) = Ql{(Vs + v4) o2 + QO[(Lu - Luo)@ + N(apr + v3ps + V4304)]}
= Q1QoN(apy +0(a?)) = O(lal’),
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and N(ap;) = 0 for all a. Thus, the reduction function ® = H(u, a,b) satisfies the
estimate [|[H(p, a,b)| pr) = Ollal® +b* + |8](a* +|b])], and insertion of H into (fi, f2)
yields

g1, a,b) — DO paol + |a] + 1) |
o 3 (no—p)a — Ega® + Goa® + O(at + b + |pu—pro|a?)

The reduced system (11) can be rewritten as a second-order equation by solving
a’ = b+ g1(p, a,b) with respect to b = a’+h.o.t. and inserting this into b’ = go(u, a, b):

" — o*(pa+ E(p)a® — G(p)a’® + M(p,a,a) =0, (12)
where M(u,a,a’) = M(u,a, —a') = O(a* + a”) and

0% = (11— 1) + O|u—p1o[2), E = Ey+O(|u—po|), G = Go—clpio) Eo + O(|ui—po))-

5. Homoclinic and heteroclinic solutions

It is well-known that in the case Ej # 0 equation (12) has a bifurcation of homoclinic
solutions for pg — p > 0, wich have the expansion

o? (1) 3
Eop 14 cosh(o(p)z)

a(p,z) = + O((po — p)2e oWzl

for ;1 — g, uniformly in x € IR, see® 1°. Using (3), the interface Y satisfies

Y(z)=h-— foh UdV + (’)(Hg0||%(L)) =h+ (h_g_ui#:(%::ish(a(mx)) +0O(...).
We find that Ey > 0 yields elevation waves (Y > h) and Ey < 0 yields depression
waves (Y < h), which explains the name elevation number for Ey, see® 4.

The case of Ey very small gives rise to new phenomena, especially the existence of
heteroclinic solutions, so—called bores. We now consider o = o(u) and E = E(u) as
two independent small parameters. This can be achieved when, in additon to pu, also p
(or h) is taken as a control parameter. Of course, then also G and M depend on ¢ and
E. Note that Ey = 0 implies ph? = (1—h)? and hence G (pg, Eg) = 6/[AR3(1—h)] > 0.

We are only interested in the case pg — p > 0 and define the scalings

t=ox, z=./Gu,E)ajo, a=,/G(u,FE)E]o. (13)

Hence, o € IR measures the relative size between the elevation number E and the
closeness to criticality po — p = Ao?/3 ~ 0. For z = 2(t) we obtain the equation

F—z4a—2 4+ Moo,z %) =0,

_ _ (14)
with M (o, ,2,2) = M(0,a,2,—%) = O(a(2* + 2%)).

8



In the limit ¢ = 0 this equation can be discussed explicitly. It has the first integral

Jla, 2, %) = 352 — 127 4 228 — 124
and all equilibria lie on the z—axis. For a € [0,3/+/2) there is one equilibrium (z = 0),
for a > 3/+/2 there are three (from now on we only treat the case a > 0, since o < 0
can be handled by changing z to —z). Moreover, for a > 3/+/2 there are solutions

which are homoclinic to the origin:

72 3

36V2et + 24 + (202—9)V2e! 20+ Ja2—9/2cosh(t+c)’

Zhom (t)

where ¢ = log6 — %log(2a2—9). We have shifted zyo, such that it converges to the
heteroclinic solution zpe () = v2/(1 + e7?) for a — 3//2.

The persistence of the homoclinic and heteroclinic solution for small ¢ > 0 fol-
lows by considering the conserved quantity J5(¢) as expressed in (7). We define the
restriction of J3 to the center manifold M,

ja(a,b) = Jz(apr + byps + H(p, a,b) + vs(.. )z + val. .. )pa))

where vy (...) = v (p, apr + b + H(u, a,b)). Obviously, js is constant on solutions
of the reduced problem (11) and even in b. Moreover, scaling (i, a, b) as above shows
that j is exactly the scaled limit of j;. Hence, the persistence of the phase portrait
for small o > 0 is trivial as all solutions are level curves of js.

Remark: It is shown in !! that the case with surface tension leads to a similar
equation, where a” is be replaced by —d;(5)a”. Here ( is the dimensionless Bond
number measuring the relative strength of the surface tension. For 3 > [y, 7 is
positive and d;() < 0 for 5 < 0. In the latter case homoclinic bifurcation occurs for
po—p < 0, and for Ey small, a scaling similar to (13) yields 2" —z+az?+234+0O(0) = 0.
The difference to our case is the plus sign in front of the cubic term, which leads to
coexistence of elevation and depression waves for open sets in the parameter space,

see!! for details.

We discuss the above results in the original dimensionless parameter space. Re-

calling 02(11) = % (o — 1) + O(|p — pol*) and E = a0'(/G(uo,0) + O(|pn — pol) the
existence domain of solitray waves in a neighborhood of (u, E') = (o, 0) is given by
w € (fo, o + I'(E)), where I" has the expansion

N(E) =402 L O(|EP) for E — 0.

For E > 0 the solitary waves are waves of elevations and for £ < 0 waves of depression.

Moreover, we have proved, at least, locally for small elevation number E, a con-
jecture of C. Amick and R. Turner®. Taking F as small but fixed and letting p vary
on (—oo, po] we find a branch of bifurcating solitary waves (homoclinic solutions).

9



In?

it is shown that this branch is an unbounded connected continuum in the space

HY (R, X)UC,,(IR, X). The conjecture is that the solutions remain bounded in C},,
while the H'-norm blows up due to broadening of the plateau'®. Our local analysis
easily shows that the width of the plateau grows like log(I'(E) — p) for p — I'(E),
which implies the blowup of the H! norm.
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