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g
B In 1924, the unknown young physicist SATYENDRA NATH BOSE asked the famous ALBERT
EINSTEIN to help him publishing his latest achievement in Zeitschrift flir Physik.

A prediction of 1924

B Einstein translated the manuscript into German and had published it there for Bose.

B He stressed that the new method is suitable for explaining the quantum mechanics of the
ideal gas. He extended the idea to atoms in a second paper: he predicted the existence of
a previously unknown state of matter, now known as the Bose—Einstein condensate.

ALBERT EINSTEIN (1879-1955) in 1921 SATYENDRA NATH BOSE (1894-1974) in 1925

B An experimental realisation had to wait until 1995, where some ten thousands of atoms
appeared in that condensate at a temperature of 1072 K. = Nobel Prize in 2001
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Bose’s work from 1924

178

Plancks Gesetz und Lichtquantenhypothese.
Von Bose (Dacca-University, Indien).
(Eingegangen am 2. Juli 1924.)
Der Phasenraum cines Lichtquants in beaug auf cin gegebenes Volumen wird in
LZellen* von der Grolie 4 anfgeteilt. Die Zahl der moglichen Verteihagen der
Lichtquanten einer makroskopisch. definierten Strahlung unier diese Zellen liefert
die Entropie und damit alle thermodynamischen Eigenschalten der Strahlung.

Plancks Formel fur die Verteilung der Energie in der Strahlung
des schwarzen Krpers bildet den Ausgangspunkt firr die Quantentheorie,
welche in den letzten 20 Jahren entwickelt worden ist und in allen
Gebieten der Physik reiche Friichie getragen hat. Scit der Publikation
im Jahre 1901 sind viele Arten der Ableitung dieses Gesetzes vor-
geschlagen worden. Es ist anerkannt, daf die fundamentalen Voraus-
setzungen der Quantentheorie unvereinbar sind mit den Geseizen der
Klassischen Elektrodynamik. Alle bisherigen Ableitungen machen Ge-
brauch von der Relation

Smotdy .
Qv = "5 F,
d.h. von der Relation zwischen der Strahlungsdichte und der mittleren
Energie eines Oszillators, und sie machen Annabmen iiber die Zahl der
Freiheitsgrade dos Athers, wie sie in obige Gleichung eingeht (erster
Faktor der rechten Seite). Dieser Faktor konnte jedoch nur aus der
Klassischen Theorie hergeleitet worden. Dies ist der unbefriedigends
Punkt in allen Ableitungen, und es kamm nicht wundernehmen, da immer
wieder Anstrengungen gemacht werden, eine Ableitung zu geben, die
von diesem logischen Fehler frei ist.

Eine bemerkenswert elegante Ableitung ist von Einstein angegeben
worden. Dieser hat den logischen Mangel aller bisherigen Ableitungen
erkannt und versucht, die Formel unabhiingig von der Klassischen Theorie
zu deduzieren. Von sehr cinfachen Annahmen iber den Energicoustousch
2wischen Molekiilen und Strahlungsfeld ausgehend, findet er die Relation

Omn

(3

¢ FT —1
Tndessen mu8 er, um diese Formel mit der Planckschen in Uberein-
stimmung zu bringen, von Wiens Verschiebungsgesetz und Bohrs Korre-
spondenzprinzip Gebranch machen. Wiens Gesetz ist auf die klassische

Plancks Gesetz und Lichtquantenhypothese. 181

Daraus folgt zunichst

Da aber

s0 ist

Ferner hat man

P
No=rp = Zm-<1 —e F )e
1—
Mt Riicksicht auf den oben géfundenen Wert von A* ist also
e

Mit Benutzung der bisherigen Rosultate findet man forner
B at,
= k[F—EA‘lg<l —at )]
P as _ 1
woruus mit Ricksicht dara, dab S5 = 7 folgh, o = FT. Setat
man dies in obige Gleichung fir  ein, 5o orhilt man
Saho 1
Be= B Vi
eFT —1
welche Gleichung Plancks Formel dquivalent ist.
(Ubersetat von A, Einstein)
Anmerkung des Ubersetzers. Boses Ableitung dor Planck-
schen Formel bedeutet nach meiner Meinung einen wichtigen Fortschritt.
Die hier benutzte Methode liefert anch die Quantentheorie des idealen
Gases, wie ich an anderer Stelle ausfthren will
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Einstein’s work from 1925

https://www.lorentz.leidenuniv.nl/history/Einstein_archive/
Einstein_1925_publication/

3 14

Sitaong der physikalischnachematschen Klasso som 5. Januar 1925

el bei dicser Temperatur . (z. B durel iso-

t nun aber, wen

Was gesel

Dichto der Sabstanz noch mehs waclsen nsse?

hermischie Kompression) die
e aapa: . In i Fallo cae i do Gesamuli
e R e s
Tnorgie) hergelt, wilirend die abrigen Moleile sich geni dem Purameter-
Verteilen. Die Behauptung geht also daliin, daB etwas Ahnliches
i sotermen Komprimieren ines DupfesSher o Sttgunse-
Von A. Envsren. lmen. s Wit cine Seeng o cn Tell sondenserte, dor Test
Vbt i sgesbuigues deles G (
e o e Tl 1 der ot o thermolsnamisches Gleehge
e e e ot st n di skoadsastoe Sabbass L
: s E+pV
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Quantentheorie des einatomigen idealen Gases.
Zwelte Abhandlung.

In ciner neulich in diesen Berichten (XXI 1924, S. 261) crschiene

Dandlung surde unter Anveadung ciner von Lirm, D,

Puancsschen Scshlungeormel rtal

idealer Gase angegeben. Das Tnteresse. dieser Theor

die Hypothese ciner weitgehenden formalen \0rwm(lhrln1n wishen Stz
N

nen Ab-

hiaben. Fiir die »kondensicrte« Substanz verschwindet @, weil S,
Cimaeln vereclwindon’. K das »gesitigte Gase lat man nach (12) und (13)
fir A = o zundchst

(25)

Cipee

S=—x3lgli—

Die Summe kann man als Integral sehreiben und durch particlle Integration

ey
8 dem Prascischen Gesetze von der Strahlung gemiB dem Wiss-
. die Bossel

Kblitung dor Prascrschen Strblangs- umformen.  Man erhalt so zuniclist
vird man anch an dicser Theoric des idealen ® 3
] denn wem e geecferigt m‘ die Strah- - ;
lung als Quantengas aufaufassen, so mu die Analogie zwis Quantengas Se=—| st
| A SR AT A R AR it o
legungen durch cinige newe erginzt werden, die mir das Interesse an dem B %

scheinen. Der Boquemichkeit halber schreibe ieh das

Folgende formal als Fortsetzung der zitierten Abhandlung.

§ 6. Das gesittigte ideale Gas.

Bet leorie des idenlen Gases scheint e eine slbsversindlicho
I‘nxdenmg, a6 Volumen und Temperatur asmenge willkiirlich gegeben
werdea lkbnatn. Dle. Tatorle hostimnt: dann dlo Bnergle bew. den D
der Gases. Das Stullun dor ln dem Glechungen (19, (19) (:0), (21
enthaltenen Zustandsglcichung zeigt aber, daB bei gegebener Molekillzabl 1
und gogehener Tempesaor T don Volamen ekt belibig Kein gemach werden

Kann. Gleichung (19) verlangt. nimich, dab fir alle s s, was gomih
(e bedenet, 8 AL e . i bt 4D b eI e Full

gilltigen Gleichung (18h) » awisehen © und 1 liegen muB. Aus (18b)
folgt demnach, dad dio Zall dee Molektle incinem. solchon Gts bel goge-
enem Volumen V nieht. groger n als

Tmx TV“ g |
o A i

E——— W

oder gemilB (8) wnd (11) und (15)

— 2 o=} e A

T L (26)

Aus (25) und {26] folgt also fix das sgesiteigte ideale Gas
L+pr

oder — wie es fiir die Koexistenz des !wmmr en idealen Gases mit der kon-
rten Substan exforderlich ist —

densi
@=0 (27)
Wir gewinnen also den Sat
ach der entwickelten /uﬁuud(gludnu\g des idealen Gases gibt es bei
jeder Temperatur ine muximale Dichte in Agitation befindlicher Molekale,

D <kondensorte- Tl dor Sultuna bennsprucht. kein Uesonderes Volumen, da_er
Lum Druek e ez

| -
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Einstein’s explanation

End of Bose’s work:
Translator’'s note: Bose’s derivation of Planck’s formula represents an important
progress in my opinion. The method used here also provides the quantum theory
of the ideal gas, as | will explain elsewhere.
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Einstein’s explanation

End of Bose’s work:
Translator’'s note: Bose’s derivation of Planck’s formula represents an important
progress in my opinion. The method used here also provides the quantum theory
of the ideal gas, as | will explain elsewhere.

Page 3 in the own work:
From (18b) it follows that the number of molecules in such a gas cannot be greater
than V' for a given volume

3/21,
. (%mﬁ) v S,
Page 4: °
| claim that [with increasing density] a number of molecules, increasing with the to-
tal density, pass into the I. quantum state (state without kinetic energy), while the

remaining molecules are distributed according to the parameter value A = 1.

Hence we obtain the theorem:
According to the developed equation of state of the ideal gas, there is a maximum
density of molecules in agitation at any temperature.
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Early scepticism

The degeneracy of the Bose—Einstein gas has rather got the reputation of having only
a purely imaginary existence.
(London 1938)

The densities are so high and the temperatures so low that the van der Waals cor-
rections are bound to coalesce with the possible effects of degeneration, and there is
little prospect of ever being able to separate the two kinds of effect.

(Schrédinger 1946)

Can one prove with mathematical rigor [...] that a gas with given intermolecular forces
will condense at sufficiently low temperature at a sharply defined density [...]? It may
seem strange now that there could be any doubt that this would be possible but
[...] in 1937 one wasn’t so sure and | remember that Debye, for instance, doubted
it. In my opinion, the liberating word was spoken by Kramers. He remarked that a
phase transition (such as condensation) could mathematically only be understood as
a limiting property of the partition function. Only in the limit, where the number of
molecules N and the volume V go to infinity such that N/V remains finite (one calls
this now the thermodynamic limit) can one expect the two discontinuities [...].
(Uhlenbeck 1974))
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Importance

B Justification of quantum statistics:
Description of a macroscopic system with many microscopic identical (indistinguishable)
particles with the help of location probabilities (== wave functions)
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Importance

B Justification of quantum statistics:
Description of a macroscopic system with many microscopic identical (indistinguishable)
particles with the help of location probabilities (== wave functions)

B Quantum mechanical peculiarities due to symmetry conditions: bosons (PAUL DIRAC) (in
contrast to fermions)
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Importance

B Justification of quantum statistics:
Description of a macroscopic system with many microscopic identical (indistinguishable)
particles with the help of location probabilities (== wave functions)

B Quantum mechanical peculiarities due to symmetry conditions: bosons (PAUL DIRAC) (in

contrast to fermions)

B “fifth state of aggregation”: purely quantum mechanical phase transition in which
interactions no longer play a role and all atoms have the same physical properties.
Condensate as a "superatom”.
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Importance

B Justification of quantum statistics:
Description of a macroscopic system with many microscopic identical (indistinguishable)
particles with the help of location probabilities (== wave functions)

B Quantum mechanical peculiarities due to symmetry conditions: bosons (PAUL DIRAC) (in
contrast to fermions)

B “fifth state of aggregation”: purely quantum mechanical phase transition in which
interactions no longer play a role and all atoms have the same physical properties.
Condensate as a "superatom”.

B Driving force to the practical

B realization of low temperatures (cooling by laser and by evaporation, i.e. removal of
the most energetic particles),

B trapping of atoms by a magnetic trap,

B Handling small groups of atoms.

A probabilistic view at the interacting Bose gas - Chaos and Contingency, 27 Oct. 22 - Page 7 (15)



Importance

B Justification of quantum statistics:
Description of a macroscopic system with many microscopic identical (indistinguishable)
particles with the help of location probabilities (== wave functions)

B Quantum mechanical peculiarities due to symmetry conditions: bosons (PAUL DIRAC) (in
contrast to fermions)

B “fifth state of aggregation”: purely quantum mechanical phase transition in which
interactions no longer play a role and all atoms have the same physical properties.
Condensate as a "superatom”.

B Driving force to the practical

B realization of low temperatures (cooling by laser and by evaporation, i.e. removal of
the most energetic particles),

B trapping of atoms by a magnetic trap,

B Handling small groups of atoms.

And for me as a mathematician:

W driving force for many mathematical ansatzes, in particular probabilistic ones.
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Mathematics in the 20th century

B In the 1950s BELJAVSKI, BOGOLJUBOV, GROSS, PITAEVSKI, HARTREE introduced
simplified models for rarefied interacting gases. The interaction was expressed by the
scattering length, the free energy was approximated with the BORN approximation
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Mathematics in the 20th century

B In the 1950s BELJAVSKI, BoGoLJUBOV, GROSS, PITAEVSKI, HARTREE introduced
simplified models for rarefied interacting gases. The interaction was expressed by the
scattering length, the free energy was approximated with the BORN approximation

B Functionalanalytic ansatz: large-N behaviour of the trace of the symmetrisation of an
interacting /N -particle Hamilton operator (= later). The wave functions have a
probabilistic interpretation as the joint location densities of the IV particles.

B Probabilistic ansatz: This trace was translated in the 1950s by JEAN GINIBRE and
RICHARD FEYNMAN into a system of interacting Brownian motions, using the
Feynman—Kac formula (= later).
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probabilistic interpretation as the joint location densities of the IV particles.

B Probabilistic ansatz: This trace was translated in the 1950s by JEAN GINIBRE and
RICHARD FEYNMAN into a system of interacting Brownian motions, using the
Feynman—Kac formula (= later).

B RICHARD FEYNMAN suggested in 1953 to consider the Brownian cycles in the Bose gas
(== later) that appear as a result of the symmetrization as an important order parameter
and to examine their limiting behaviour as a criterion for BEC. They are now called
Feynman cycles.
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B RICHARD FEYNMAN suggested in 1953 to consider the Brownian cycles in the Bose gas
(== later) that appear as a result of the symmetrization as an important order parameter
and to examine their limiting behaviour as a criterion for BEC. They are now called
Feynman cycles.

B Various authors showed that the occurrence of "long Feynman cycles” in the ideal (=
non-interacting) gas and in mean-field approximations is characteristic for BEC.
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B In the 1950s BELJAVSKI, BoGoLJUBOV, GROSS, PITAEVSKI, HARTREE introduced
simplified models for rarefied interacting gases. The interaction was expressed by the
scattering length, the free energy was approximated with the BORN approximation

B Functionalanalytic ansatz: large-N behaviour of the trace of the symmetrisation of an
interacting IV -particle Hamilton operator (= later). The wave functions have a
probabilistic interpretation as the joint location densities of the IV particles.

B Probabilistic ansatz: This trace was translated in the 1950s by JEAN GINIBRE and
RICHARD FEYNMAN into a system of interacting Brownian motions, using the
Feynman—Kac formula (= later).

B RICHARD FEYNMAN suggested in 1953 to consider the Brownian cycles in the Bose gas
(== later) that appear as a result of the symmetrization as an important order parameter
and to examine their limiting behaviour as a criterion for BEC. They are now called
Feynman cycles.

B Various authors showed that the occurrence of "long Feynman cycles” in the ideal (=
non-interacting) gas and in mean-field approximations is characteristic for BEC.

B The only known proof for BEC in an interacting model exploits "hard” repulsion and
symmetry in a z¢ system (FREEMAN DYSON et al. 1978).
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Experiments

B Hunt for experimental realization from 1985, when sufficiently low temperatures came
within reach. 10~% Kelvin was reached in 1992 == Nobel Prize 1997.

W Difficulty: At such low temperatures almost every substance is solid (not gaseous).
Dilute solution: heavily and cool quickly, holding particles together with a magnetic trap.

B The group of ERIC A. CORNELL and CARL E. WIEMAN succeeded in 1995 at the Joint
Institute for Laboratory Astrophysics in Boulder (USA) in a gas of several thousand
rubidium atoms at a temperature of about 102 Kelvin.

B Four months later, the group around WOLFGANG KETTERLE at the Massachusetts
Institute of Technology also succeeded in doing this with sodium.

B All three scientists were awarded the Nobel Prize in Physics in 2001 for this achievement.
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Mathematical modelling: the Hamilton operator

We have NV particles in a box A C R%.
Each particle has three attributes:

B kinetic energy (in the form of the Laplace operator A),
B a (soft or hard) trap energy,
B interaction energy with every other particle.

The system is described with the help of a Hamiltonian for /N particles at the locations
T1,...,xNinabox A C Rd, subject to a pair interaction via a symmetric pair potential
v: R — [0, 00]:

N
H%):—ZA,L-+ Z u(miij), T1,...,ZN € A.
i=1

1<i<j<N
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Each particle has three attributes:

B kinetic energy (in the form of the Laplace operator A),
B a (soft or hard) trap energy,
B interaction energy with every other particle.

The system is described with the help of a Hamiltonian for /N particles at the locations
T1,...,xNinabox A C Rd, subject to a pair interaction via a symmetric pair potential
v: R — [0, 00]:

N
H%):—ZA,L-+ Z u(miij), T1,...,ZN € A.
i=1

1<i<j<N

[ ] 7-[5\/,” is applied to wave functions ¢: AN — R.

B [¢(x1,...,2N)|? = probability density for N particles at the locations 1, . . ., Z .

B Clear: |¢(x1, ..., zn)|? is symmetric (= invariant under permutations).

B Boson system (Quantum mechanics!): also qb(acl, ..., TN is symmetric.
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Positive temperature 1/ — Brownian cycles

B Main object:
symmetrised trace  Zn (B8, A) = Try (exp{—BHY}).

B Physics <= Mathematics:

/8

eﬁA

temperature

<= Brownian motion on [0, /3]

—v(z;—=xj)

kinetic energy
interaction e

averaging over random particles trace

[N

symmetrisation random permutation
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Positive temperature 1//3 — Brownian cycles

B Main object:
symmetrised trace Zn(B,A) = TY+(exp{—,B7-[§\’,‘)})_

B Physics <= Mathematics:

temperature <— 1/f
kinetic energy <= ¢”® <= Brownian motion on [0, G]

interaction <« e V(®i7%)

averaging over random particles <= trace
symmetrisation <= random permutation
B Feynman-Kac formula:
random permutation interaction
~(B,A) / dx;-- / de ®H§c€2%(i{e’ Tigicysn Vﬁ(Bm’B(j))].
UEb N =1
N pomts in A N Brownian bridges
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lllustration

Bose gas consisting of 14 particles, organised in three Brownian cycles, assigned to three
Poisson points. The red cycle contains six particles, the green and the blue each four.
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Remarks @

B We consider here the canonical ensemble, where the number N of particles is fixed. If N
is random and Poisson-distributed, we look at the grandcanonical system.

B The interacting Bose gas is an ensemble of interacting Brownian cycles with various
lengths in a large box. A cycle of length £ (i.e., with time interval [O7 Bk]) accomodates
precisely k particles. Altogether, the system has N = 7> | kN paticles (if Ny, is the
number of cycles of length k).

The BEC Question Does a macroscopic part of the N particles lie in "very long” cycles?
B Philosophical question: What is the right box size?
thermodynamic limit |[Ax| = N/p  or  dilutelimit |[Axy|>N 7
B Answer by Kramers in 1937: the thermodynamic limit!

Free energy in the thermodynamic limit (d.h. |Ax| = N/p):

F(8.p) =~ Jim_ ﬁ log Zn (B, Aw).
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lllustration of condensate phase transition

Subcritical (low p) Bose gas
without condensate

SNt 2K
4\\ N "‘\
s' VLA
r\“:A l;;;,.'ﬁk.
““ X

Supercritical (large p) Bose gas
with additional condensate (red)

A probabilistic view at the interacting Bose gas - Chaos and Contingency, 27 Oct. 22 - Page 14 (15) W



Situation and outlook

Proof for phase transition in the thermodynamic limit widely open; considered very deep.
Many simplified models and regimes have been settled.

Feynman—Kac formula is by far not the only ansatz.

Interacting Brownian cycles triggered much probabilistic research and will continue to do
s0.

B Experimentally, BEC could not obtained at sginificantly higher temperatures than in 1995,
but for many more different substances.

B Applications are not in sight, but it is tremendously fascinating!
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