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Abstract

This paper studies non inf-sup stable finite element approximations to the evolutionary
Navier—Stokes equations. Several local projection stabilization (LPS) methods correspond-
ing to different stabilization terms are analyzed, thereby separately studying the effects of the
different stabilization terms. Error estimates are derived in which the constants are indepen-
dent of inverse powers of the viscosity. For one of the methods, using velocity and pressure
finite elements of degree I, it will be proved that the velocity error in L°°(0, T; L*(Q)) decays
with rate [ + 1/2 in the case that v < h, with v being the dimensionless viscosity and h
the mesh width. In the analysis of another method, it was observed that the convective
term can be bounded in an optimal way with the LPS stabilization of the pressure gradient.
Numerical studies confirm the analytical results.

1 Introduction

Let QC R, d e {2, 3}, be a bounded domain with polyhedral and Lipschitz boundary 95.
The incompressible Navier—Stokes equations model the conservation of linear momentum
and the conservation of mass (continuity equation) by

ou—vAu+ (u-V)u+Vp=f in (0,7] x €,
V-u=0 in (0,7 x £, (1)
u(0, ) = uo() in o

where u is the velocity field, p the kinematic pressure, v > 0 the kinematic viscosity coef-
ficient, uo a given initial velocity, and f represents the external body accelerations acting
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on the fluid. The Navier—Stokes equations must be complemented with boundary con-
ditions. Although different choices are possible, for simplicity, only homogeneous Dirichlet
boundary conditions w = 0 on 92 will be considered in the present paper.

This paper studies approximations to the Navier—Stokes equations with non inf-sup
stable mixed finite elements in space and the implicit Euler method in time (the error
analysis with the Crank-Nicolson scheme can be found in the appendix). We use the so-
called local projection stabilization (LPS) method to stabilize the pressure (since non inf-sup
stable elements are used) plus other stabilization terms which aim at allowing to derive error
estimates where the constants do not depend explicitly on inverse powers of the viscosity
but only implicitly through norms of the solution of . This kind of bounds are called
semi-robust or quasi-robust in the literature, see for example [?]. An alternative to LPS is
the continuous interior penalty (CIP) stabilization, for which in [?] semi-robust error bounds
are derived.

In the literature, one can find already investigations of LPS methods for approximating
the solution of . A method with LPS stabilization of the convective term and a standard
grad-div stabilization term was analyzed in [?]. Assuming a certain compatibility between
the local velocity space and the projection space, an error bound for the continuous-in-time
situation was derived whose constant does not depend on inverse powers of v. One-level
LPS methods with enriched velocity spaces and carefully chosen pressure spaces satisfy this
compatibility condition. The same type of method was studied in [?] for the Oberbeck-
Boussinesq model. In [?], the authors consider non inf-sup stable mixed finite elements
with LPS stabilization. The so called term-by-term stabilization is applied, see [?]. This
method is a particular type of a LPS method that is based on continuous functions, it does
not need enriched finite element spaces, and an interpolation operator replaces the standard
projection operator of the classical LPS methods. As in the present paper, a fully discrete
scheme with the implicit Euler method as time integrator is considered. A fully discrete LPS
method for inf-sup stable pairs of finite element spaces and a pressure-projection scheme is
analyzed in [?].

Our analysis starts as in [?], but there are several major differences in the formulation of
the discrete problem as well as in the obtained results. First of all, as an important result
which was not achieved in [?], we are able to derive error bounds in which the constants
do not depend on inverse powers of the diffusion parameter. Also, contrary to [?], where
only one method is analyzed (with LPS stabilizations of the pressure, the divergence, and
the convective term), we consider several methods, because our aim is to study separately
the effects of the different stabilization terms. For all of them, error bounds with con-
stants independent of inverse powers of the viscosity parameter are achieved combining LPS
stabilization for the pressure with only either grad-div stabilization or velocity gradient sta-
bilization so that the number of stabilization terms (two in all the methods) is the smallest
possible that allows us to prove bounds independent of »~1. Also, in contrast to [?], only
moderate assumptions on the smallness of the time step At are needed, like At < Ch%/? in
the error analysis of the pressure, while in [?] the smallness assumption on the mesh width
Ch < At is required.

Section [3] considers a method with LPS stabilization for the pressure and a global grad-
div stabilization term. The global grad-div stabilization term was proposed to reduce the
violation of mass conservation of finite element methods, but there are already investigations
which show that this term also stabilizes dominant convection. In [?], semi-robust error
estimates are proved for the standard Galerkin method plus grad-div stabilization in the case
of inf-sup stable elements, both for the continuous-in-time case and for the fully discrete case.
Paper [?] considers both, the regular case and the situation in which nonlocal compatibility
conditions for the solution are not assumed. The results of Section Bl can be seen as an
extension of some of the results from [?] to the case of non inf-sup stable elements and also
as an improvement of the results from [?]. Error bounds of order O(h®) are obtained for a
sufficiently smooth solution, where 2 < s <[, s being the regularity index of the solution and



| being the degree of the polynomials used. The error is bounded in a norm that includes
the L? norm of the velocity at the final time step and the L? norm of the divergence. This
rate of convergence is the same as obtained in [?] for a similar norm and also the same as
proved in [?]. However, as we pointed out above, in [?] more terms are included in the
method, the bound depends explicitly on ', and the restriction Ch < At is assumed. For
the error bound of the pressure, we get the optimal order O(h®). However, following the
ideas of [?], we are able to bound the error of the L? norm of a discrete in time primitive
of the pressure instead of the stronger discrete in time L? norm of the pressure. Although
Section [3] studies the term-by-term stabilization, the analysis also holds for the standard
one-level LPS method, see [?, ?], with slight modifications.

In Section [d] we analyze a method with LPS stabilization for the pressure and LPS
stabilization with control of the fluctuations of the velocity gradient. For this section, the
use of term-by-term stabilization is necessary since in the error analysis we need to have
the same polynomial spaces for the velocity and the pressure. A key ingredient in the error
analysis is the application of [?, Theorem 2.2]. This result was already applied in the error
analysis in [?], where the authors proved semi-robust error bounds for the evolutionary
Navier—Stokes equations and a continuous interior penalty (CIP) method in space assuming
enough regularity of the solution. For the method studied in Section @, the convective term
is estimated in an optimal way (with constants independent of inverse powers of the diffusion
parameter) with the help of the LPS stabilization of the gradient of the pressure. This LPS
term was introduced in [?] to account for the violation of the discrete inf-sup condition by
the used pair of finite elements.

Following the analysis of the previous section, Section [f] presents analogous error bounds
for a method with both LPS stabilization for the pressure and the divergence.

For the methods analyzed in Sections[3]—[] error estimates with constants independent
of inverse powers of the diffusion parameter are derived with the help of stabilization terms
that were not proposed for stabilizing dominant convection but to account for the non-
satisfaction of the discrete inf-sup condition or the violation of the mass conservation (note
that the LPS term of the velocity gradient of the method from Section [4 was not utilized for
estimating the convective term). The deeper reasons for this behavior are not yet understood
and their explanation is formulated as an open problem in [?].

In Section [6] it is shown that the rate of decay of the velocity error in the situation
v < h can be improved for the method from Section [d] by choosing different values of the
stabilization parameters and increasing the regularity assumption for the pressure. Con-
cretely, a bound of order O(h*T'/2) is proved for an error which contains the L? error of the
velocity. This is the same order that was obtained for the CIP method in [?] under the same
regularity assumptions. We are not aware of any other paper where this order is proved and
it is still an open question whether the optimal expected order @(h**!) for the L? error of
the velocity can be achieved or not, see [?].

Finally, Section [7] presents numerical studies that confirm the analytical results.

2 Preliminaries and notation

Throughout the paper, W*P(D) will denote the Sobolev space of real-valued functions
defined on the domain D C R? with distributional derivatives of order up to s in L?(D).
These spaces are endowed with the usual norm denoted by || - ||ws.»(p). If s is not a positive
integer, W*P(D) is defined by interpolation [?]. In the case s = 0 it is WP (D) = LP(D).
As it is standard, W*P(D)? will be endowed with the product norm and, since no confusion
can arise, it will be denoted again by || - ||ws.»(p). The case p = 2 will be distinguished by
using H*(D) to denote the space W*?(D). The space Hg (D) is the closure in H*(D) of
the set of infinitely differentiable functions with compact support in D. For simplicity, || - ||s
(resp. |- |s) is used to denote the norm (resp. semi norm) both in H*(Q) or H*(2)%. The
exact meaning will be clear by the context. The inner product of L?(Q) or L?(Q)? will be



denoted by (-, ) and the corresponding norm by || - ||o so that in general D is skipped in the
notation for the norm when D = 2. For vector-valued functions, the same conventions will
be used as before. The norm of the dual space H™'(Q) of H}(Q) is denoted by || - ||-1. As
usual, L?() is always identified with its dual, so one has H{(Q) C L*(Q) ¢ H™Y(Q) with
compact injection. The following Sobolev’s embedding [?] will be used in the analysis: For
1 < p < d/slet g be such that é = % — 5. There exists a positive constant C', independent
of s, such that

1

S VEWT@. (2)

HUHLQ/(Q) < C”'UHWS'P(Q)7

Q=

If p > d/s the above relation is valid for ¢’ = co. A similar embedding inequality holds for
vector-valued functions.
Using the function spaces

V=Hy(Q)¢ Q=L3Q) ={qeL’(Q):(q,1) =0},

the weak formulation of problem is as follows: Find (u,p) : (0,7] — V x @ such that
for all (v,q) € V x Q,

(Or,0) + v(Va, Vo) + ((u- V)u,0) = (V- 0,p) + (V- u,0) = (F0),  (3)
and u(0,-) = uo(-) € H¥. The Hilbert space
HYW ={ue L*()* | L*(Q) 3V -u=0, u-n|sq =0}
will be endowed with the inner product of LQ(Q)d and the space
VW ={ueV | V-u=0}

with the inner product of V. In , Oru must be understood in the sense of distributions
(e.g., see [?7, Lemma 3.1] for equivalent definitions). Notice however that the regularity we
assume on the solution of in the results of the present paper implies that w is indeed
differentiable with respect to time and that uo € H*(Q)* NV with s > 2.

In the error analysis, the Poincaré—Friedrichs inequality

H'UHO < CPFHV'UHO YvoeV (4)

will be used.

3 Local projection stabilization with global grad-
div stabilization.

Let 75 be a family of triangulations of Q formed by simplicial mesh cells in which no cell
has all its nodes on the boundary of €. Given an integer [ > 0 and a mesh cell K € T,
we denote by P;(K) the space of polynomials of degree less or equal to [. We consider the
following finite element spaces

Vi = {weC’Q) |, €P(K), VKeTh}, >1,
Y, = ()Y Xn=Y,0(Hy(Q),
Qn = YinLy(Q).

It will be assumed that the family of meshes is shape-regular so that the following inverse
inequality holds for each vs € Y}, e.g., see [?, Theorem 3.2.6],
~a(3-3)

n—m
lvnllwmr ) < Cinvhy lonl[wn.a ), (5)



where 0 <n <m < 1,1 < ¢ <p< oo, and hi is the size (diameter) of the mesh cell
K e Th.

We consider the approximation of with the implicit Euler method in time and a LPS
method with grad-div stabilization in space. Given u9 an approximation to u° in X, find
(up ™, pitty € X, x Qp such that for n >0

UZH—UZ n+1 n+l _ n4l n+1
— > vn | (V" Vor) + b(uy” " on) = (py 0,V won)

At
+Sn(ultt vy = (F"T k) Vo, € X, (6)
(V-up™gn) + spres(Pihtan) = 0 Van € Qn,
where
Sh(u,v) w(V-u,V-v),
b(u,v,w) = (B(u,v),w) Yu,v,we Hy(Q)7

Blu,v) = (u-V)v+ %(v )y Vv € HYQ),

spres(Pvan) = > Tpr(on(VoR ), 0h(Van))x,

KeTy,

and p and 7, x are the grad-div and pressure stabilization parameters, respectively. In
addition, oy, = Id — O';L_l, where J{L is a locally stable projection or interpolation operator
from L?(Q)? on Y{L, that is, there exists a constant C' > 0 such that for any K € T

163, (0) | 22x0) < Cllvll2gur). Yo € ()" (7
where wg is the union of all mesh cells whose intersection with K is not empty. It will
be assumed that the number of mesh cells in each set wxk is bounded independently of the
triangulation and of K. From , also the L? stability of o follows. The operator 0';1 can
be chosen as a Bernardi—Girault [?], Girault—Lions [?], or the Scott—Zhang [?] interpolation
operator in the space Y{L (for a proof of 1) in the case of the last two operators see [?]).
The following bound holds for v € H*(Q2),

o — o, (@)l L2(x) < Chic|vllmsg), 1<s<j+1 (8)
from which it can be deduced that
v —op(v)llo < Ch*Jvls, 1<s<j+1 )

see [?, 7, ?]. Bounds and @D will be applied for j € {l —1,1}.

For the initial data one can take for example uy = olu’ although other choices are
possible.

Let us observe that by definition of the method it has sense from [ > 2 since a'ﬁl_ is a
projection onto a space of piecewise continuous polynomials. For this reason, as in [?], the
error analysis of this paper is valid for higher than linear approximations to the velocity and
pressure.

The used form of the convective term has the well-know property

1

b(u,v,w) = —b(u,w,v), Yu,v,w €V, (10)

such that, in particular, b(u,v,v) = 0 for all u,v € V. We note that this last property
and , which both considerably simplify the analysis in the present paper, hold for func-
tions satisfying homogeneous boundary conditions, but they are not necessarily true for
other kinds of boundary conditions.



In the sequel, we will assume that
arhic < 1 < azhi (11)

for some positive constants a1, az independent of h. In addition, the notations

(f7 g)Tp = Z Tp,K(f, g)K7 ||f||7p = (f7 f)71'£2 (12)

KeTy,
are used.
The following discrete inf-sup condition holds (see [?, Lemma 4.2]).

Lemma 1 The following discrete inf-sup condition holds

lanllo < Bo [ sup (V- vn,qn)
vpeEXy vahHO

+ |07L(V(Ih)|fp> Van € Q.

Along the paper we will use the following discrete Gronwall inequality whose proof can be
found in [?].

Lemma 2 Let k, B,a;,bj;,c;,v; be nonnegative numbers such that

an—|—k§n:bj gki:'yjaj—l—kf:cj—o—B, for n>0.

j=0 =0 =0

Suppose that ky; < 1, for all j, and set o = (1 — kvy;)~*. Then
an +k2bj < exp (kzaj’Yj) {kZCj —|—B}7 for n>0.
j=0 j=0 j=0

3.1 Error bound for the velocity

Let us denote by u" = wu(-,t,) and by p" = p(-,t,). Following [?, ?], we consider an
approximation @) = Ryu™ € X, C Y}, satisfying

(u" —ap,vp) =0, Yo,eYh' n=01,...,N. (13)

Such an interpolant exists and satisfies optimal approximation properties, see [?]: there
exists a constant C' > 0 such that

hs+17m+d/p7d/2

||’U," —’iLZHme < C \u"|5+17 n:071,...,N, (14)

form =0,1, p € [1,00], 1 < s <I. Let us observe that the definition of @) can be applied
for any time ¢ so that we can consider that 4 is continuous in the ¢ variable.

Following [?], let us decompose Q into a finite union of macroelements O;, Q = UR, 0,
that for simplicity will be chosen as the support of the piecewise linear basis functions.
Then, the following bound holds for i =1,--- | R,

" — ahwmaoy < ChiT TP 210 Lo, n=0,1,..., N, (15)

where h; = max{hx, K C O;}.

Let pp = Thp™ € Qp, with T}, being the interpolation operator T}, : H*(Q)NLF(Q) — Qn
that is obtained by subtracting from the standard Lagrange interpolant its mean. There
exists a constant C' > 0 such that for 1 < s <[l+1

[p" — phllwme < CRS™H/P=d25m | 0 = 0,1,...,N, m=0,1, (16)

see [?].



Let us denote

An ~n n n N ) n in An n n AN n
e, =t —u", e, =, —Up, Ay =Pn—pP, Ay =DPhr— DPh- (17)

Subtracting the discrete problem @ from the continuous problem yields the error equa-
tion

n+l _ _n
(% )—I—V(Ve,f Von) 4 b(a) ™ )t vn) — bup T ul T vg)
—(AWLV o) + (V'e"H,Qh)+5pres(>\z+l,%)+5h(ez+lwh) (18)

= (& )+ (€ an) +v(VeERrT, Vun) + spres(Ph T gn)
+Sh(ﬁ’z+17 Uh) - ()‘Z+17 V- 'Uh),

for all v, € X1, and i € Qn. In (T8), 52:1 and 5;}:1 are defined as follows

ert o= et (19)
" " ,&n+l ,an
€ = - (owrr =B, (20)
€ o) = =bu™ T w" vy +b(an At o), (21)
(€n+17qh) = (v An+l7qh)'

Remark 1 Note that the error equation (18) holds even for (vi, gn) = (0, gn) with g € Y,
since both and @ are satisfied for ¢ = 1, respectively g, = 1,

(V-e 7qh) +sPl"eS(A aqh) (v e ,Qh) +Spres(p ,(Ih,) th € Y}f
Setting (vn,qn) = (eZ“,/\Z"'I), rearranging terms, and using the Cauchy—Schwarz in-
equality and Young’s inequality gives

n+1

et 13 _ llehld _ llej
2At 2At 2At
(e e ™)

en n n
K8 Y e 13 + o v I,

ARG L ler™lis
2 2
+| n+1 >\n+1 ‘+ ||vAn+1HO+|5pres( ~n+1 >\n+1)|

n
S ’b(uz+1’uz+l’ez+l) . b(ﬂn+1’ﬁn+1 n+1 ’+ HE

(22)

+|S An+1 n+1 }_‘_‘ /\n+1 v. en+1)‘

Now, the terms on the right-hand side of will be bounded. We start with the last
two terms. Applying the Cauchy—Schwarz inequality, Young’s inequality, and yields

Sy e ™| = u (V- 4t V- ep ™| < BNV - e+ 2u] V- 6

|~ =

< oSn(en ™ ey ™) + Cuh™ [[ul|poo gros). (23)

Similarly, we obtain
in n n n n n C s
(5,9 €| < BIveer 3+ 210 < e b+ St ple ey, (20)

where in the last inequality (16| . was applied. The nonlinear term in can be bounded as

in [?], noticing that the term |b(u) T, e}, el ™")| below vanishes due to the skew-symmetric



property of b(-,-,-),

|b(u2+1 uzﬂ n+1) _ b(An+1 ﬁZ“ n+1)|
< bt At e+ bup et et
< HVAn+1||L He"+1||0_|_ *”v‘en+1||0||AnHHLOOHGHHHo
1 HA”“HL“’ _— " -~
< (IVaR | pee i ller ™12 + ZHV. 2. (25)

For the fourth term on the right-hand side of 7 integrating by parts and using , ,

and gives

(E A = et vt = et on (VAR)

||éz+1||i2(1<) 1, . ntly 2
Z T""Z”Uh(V)‘h =,

KeTy, P

Ch™ |lulloc a1y + 5 IIOh(V/\"“)Hip- (26)

IN

Let us observe that in the above mequahty we have bounded |\e"+1||L2(K) by [|eptt IIiz(oi),
K C O, and we have applied hj 'h; < €, with C independent of h, that holds true since

we are assuming the family of meshes to be shape-regular, see [?, (21)].
For the fifth term, we use to get
SIS < Con® lale ey (27)

To bound the sixth term, the usual inequalities, the definition of || - |l=p» @D, and
are utilized

[sones G ATY] < on(TREIE, + ok (AT,
< 2R (VAT + 20k (VIR + Lo (VAT
< ORIVATR + ORlor (VI + o (VAT
< ORIl ey + FIR VAR, (28)

Multiplying by 2At and inserting - yields
lef M2 — ller 13 + Atrl|Vep I3 + Atllon(VATTHIZ, +pAt|V - et 3
< a1 2va e + ”%;"L“) len 3 + Adler 2 (29)
+CAR* (14 v+ ) [l e aresny + (L+ 1) ol o ey )

such that summing over the discrete times leads to

lerlls + At > ([Vehll§ + At > or (VA3 + Atp> |V - el lls

Jj=1 j=1 j=1
n » i@ -
< bl > A <1+2|Vu;||m I h”L )| huo+AtZue 2 @)
j=1

+OTR* (14 v+ o) ull e gy + (14 1™ >||p||Loo<Hs>) .



Let us bound ||@t] || and |[V@? ||z, 1 < j < n. For the first term, applying and

we have

Jadlle < ||z + [u? — @)l < Cllu |2 + CR*™ |2
< Cllullpeo(2)-

Using the same argument for the second term, we reach

V7| o

<
< C||uHL°°(H3)-

From and we deduce

. j A .
1+2\|Vuille+;T§Mu, M, =1+C | 2[lu|poo sy + o

Let us assume L
AtM, < 3

Applying the Gronwall lemma, Lemma [2] we get

lenlld + Aty Ve lld + Aty lon(VA)IZ, + Atp> |V - €3
j=1

=1 j=1

n
2T M., 02 i 2
< e <|Iehllo+AtZ|I€%hlo>

j=1

||ul|i°°(H2)

(31)

IV ||zoe + V! = Vit [ zoe < Ollw s + Ch* 2|l |5

(32)

) . (33)

(34)

(35)

+Ce?™M (TR (1 v+ )l ey + (L4 87 Pl ey ) -

To conclude the bound we are left with the task of getting a bound for the second term
on the right-hand-side of . For the first term in the truncation error we write

At At At

) ~7 a1 ) J a4 d—1 J a1 ~7 1
8tu]_uh ), _ <8tu]—u w )+ uw —u Uy — Wy,

1[4 1[4 .
= E / (t — tj,l)c’)ttu(t) dt + E / 8t('u, — uh)(t) dt.

tj_1 tj_1

Applying and the Cauchy-Schwarz inequality, we reach

@ it
atu] _ "h h

t ) B2 [t )
- < cm/ Ol dt + 7/ ovu(t)|)? dt.

At ),

0 ti-1

For the second term in the truncation error (21)), we apply [?, Lemma 2] to get

sup
PeL2()?, [[$llo=1

< O (Il + 1V - @l + 1wl ) lle? =@ 1.

b(uj7uj,¢) - b(ﬂi7ﬁi7 ¢)‘

To bound ||V - @ ||, 2a/a—1) We use and
IV - ﬂ';b||L2d/(d—1) < V- 'U/jHde/(d—l) +|V- (’fl,ib — 'Ll.j)Hde/(d—l)
Cllw’[|2 + ChY? |||z

C||u||L°C(H2)-

INIA

(37)

(39)



Inserting and in gives

sup bl !, ) — b, @, )] < Cllull o sy ! — a1 (40)
P€L?, |¢llo=1

Then from 7 , and (14) we get

n ) tn
A 1, I8 < CTH ([l a1l ey + 10rloeare) ) +CC80 [ orcul .
j=1

to

Inserting this inequality in and applying the triangle inequality to the splitting of the
error finishes the proof of the error estimate for the velocity.

Remark 2 Observe that on going from to , the first three terms on the left-hand
side of , after multiplying them by 2At¢, have been bounded below as

lle ™15 + lleh ™ — erlls — ller I3 > lleh™ 115 — llek 115,

which are the first two terms on the left-hand side of , while the rest of the terms
in have been obtained from those in from the fourth onwards. This observation
will become useful in the analysis of the Crank—Nicolson method.

Theorem 1 Let the solution of be sufficiently smooth in space and time, such that all
norms appearing in the formulation of this theorem are well defined, and let the time step be
sufficiently small such that holds. Then, the following error bound holds for 2 < s <1:

lu" —wplld + Atw Y V(! —up)ls+ ALY on (Ve =),

j=1 j=1
+AtY IV - ud |l (41)

j=1

. . tn
< et (el + TR + (802 [ ol ).

to
where Mu is defined in and
Rup = (Ut 0l 2y + 0+ il ey + 100l ey + (U ™) ol ey ) -

Note that neither M, nor Ku,p depend explicitly on negative powers of v. The error
bound (41) can be summarized in the form

errors on the left-hand side of < C(u, s, Opprt, p, Ty piy b~ ) (He%“o +h+ At) .

3.2 Error bound for the pressure
We will derive now a bound for the error in the pressure. Let us denote
A=Aty N, Ay=At> N
j=1 j=1

Setting g, = 0 in the error equation yields

(AL, V-vy) = (eZ—e%,vh)—i-AtVZ(V(uj—ufl),V'uh)
j=1
+ALY (b, w? o) = b, uh,vn)) + At (V- ()~ u]), V- vn)
j=1 j=1
i " (g T
+(Ah,v-vh)+At; ! — =t on | (42)

10



Applying Lemma [I| we obtain

A7l < Bo | sup (AR, Vo)
vnex, [Vl

+ IIUZ(VAZ)IITP> : (43)

Let us bound the first term on the right-hand side of . From we get with the triangle
inequality, the Poincaré—Friedrichs inequality , and the estimate for the dual pairing

sup (Aiw V- vh)

< llenll-r + llenll-1 + Aty > [V (u? — u)llo
vnex,  IVonllo §: 4

Jj=1

+AtS B W) — Bud,ul) |- + At SV - wd o

j=1 j=1
ST I
+AtZ e Atz N (44)
j=1 j=1 -1
Note that, since || - |1 < C|| - ||o, the first term on the right-hand side of was already

bounded in the derivation of the velocity error bound. To bound the third and fifth term
on the right-hand side of (44)), we use the fact that for any sequence {a;}72, of nonnegative
real numbers and n < T'/At by the Cauchy—Schwarz inequality holds

AtZaj <72 (AtZa?) . (45)
j=1 Jj=1

With this estimate and the velocity error bound 7 an estimate for the third and fifth
term is obtained. Using and , the bound of the last term on the right-hand side
of follows. For the sixth term, we apply to get

ALY M llo < CTH|[pl| o= (zz-)-

j=1

We are left with the fourth term on the right-hand side of . Arguing as in [?], we obtain

n
AtY B, w') = B(uj, uf)| -1
j=1

< onty” (lubllim + 1V - whllzaia-n + ) ! = wf o
j=1
+CALY w3V - (= uf)lo
j=1
j j i .
< or (s (o~ + lla) ) ma 1’ = )l

1<j<n

n 1/2
+oT'? (Atz Iv- Uﬂi%/(dl)) max [[u’ — o

j=1

n 1/2
+CTY? ]| poo a1 (Atz V- (uw - Ui)l?)) :

=1

11



To bound the norms involving u{” we will assume that the family of meshes is quasi-uniform.
Then, the inverse inequality , the Sobolev embedding and are used to get

, , y e y
lulllLee < llefllze + il < CR™?|lefllo + |4 || oo
e = _
< Chm e llo + llw’ — @ || + |||l Lo
< Ch?|lejllo + Ch*?|lull2 + C|lul|2
< Ch™ e} llo + Cllull oo (2)- (46)

The term ||e] ||o was already bounded during the derivation of the velocity error estimate.
Applying the inverse estimate gives

n 1/2 n 1/2
<m§]w4ﬁﬁwwn> fg%*“<m§]Vw¢%) , (47)

j=1 j=1

where the term on the right-hand side is already bounded in . Using , and
assuming
lebllo = O(h™?) and At < ChY?, (48)

we finally reach

ALY B w') - B(uj, uf)| -1
Jj=1

" 1/2
S C(u7 875“7 6ttu7P7 T7 Hy Mil) 1Iélja‘<xn Huj - ui'lo + <Atz ||V ' (uj - ui)l%)

Jj=1

The bound of this term is finished by applying .
Inserting the derived inequalities in and going back to yields

[ARllo < BoC(u, B, Derw, p, Ty s 1) (Il€Rlo + A + At) + Bollor (VAR | =, -

The last term was already bounded in the derivation of the velocity error estimate, since it
is by the Cauchy—Schwarz inequality

2

<n(AD* Y llon(VADIZ,

j=1

lon (VA2 HMZMWb

j=1

Tp

TALY o (VA3

Jj=1

which is a term on the left-hand side of estimate (35)). The estimate fqr the pressure error
is obtained by applying finally the triangle inequality to the splitting p’ —p], = A} — A} and

using .

Theorem 2 Let the assumption of Theorem and the assumptions be satisfied, then
the following error estimate holds

< BoC(u, Ou, Opu, p, T, ,ufl) (||uo — u?LHo + A+ At) .

HAtZ(pJ -}

Jj=1 0
Let us observe that in the proof of Theorem [2] we have assumed that the family of meshes
is quasi-uniform while for the proof of Theorem [I] we only needed the assumption of having
shape-regular meshes. From now on, for simplicity, it will be assumed that the family of
meshes is both shape-regular and quasi-uniform.

12



4 Local projection stabilization with control of the
fluctuation of the velocity gradient

In this part we will concentrate on the LPS method based on the stabilization of the gradient.
The stabilization term S}, is defined by

Sh(up,vp) = Z Tv.k (05, (Vun), 05, (Vor)) k. (49)
KeTy

where 7, x, K € Tp, are non-negative constants. This kind of LPS method gives additional
control on the fluctuation of the gradient. In the sequel, we will use also the notation
with 7, replaced by 7,. For the stabilization parameter we will take 7,k ~ 1. The same
finite element spaces are used as in Section

Let us observe that the velocity and pressure spaces Y, and Y, respectively, are based
on piecewise polynomials of the same degree | and are the same space (apart from the
fact that the velocity space has d components). This property is essential for applying the
following lemma. This lemma can be deduced from [?, Theorem 2.2].

Lemma 3 Let O'{l s LA()? — Y{l be the interpolation operator defined in Section@ and
let w € Wh>(Q)* and vi, € Y. Then, it holds

Chllullwr.o [lvnllo,

I\(I—ai)(u~vh)|\o
h Cllullw.e [[vallo- (50)

(I = o3)(w-vn)lx

IN N

Lemma will be applied for j € {l — 1,1}. _ _
Remark 3 Lemma |3| holds true for v, € Y with several components or v, € Y} with
only one component.

Remark 4 In this section, in order to apply Lemma [3] we need that the velocity and
pressure spaces are the same. Then, the analysis holds for the LPS method based on the
term-by-term stabilization introduced in [?]. On the contrary, the analysis of the previous
section also holds for the standard one-level LPS method over triangular or quadrilateral
elements [?, ?] with slight modifications.

4.1 Error bound for the velocity

We consider the approximation of with the implicit Euler method in time and a LPS
method with LPS stabilization for the gradient of the velocity (49) and for the pressure.
Given uj) = Ihuo, find (u} ™ ppth) € (Xn,Qn), n >0, satisfying (6).

Wy, satisfying (13) and

We will keep the notation ), for the function defined in Section
and we will denote pp = Rpp", taking into account that R as defined Section |3.1| can
also be applied to scalar functions. The property analogous to reads

(" — Rup",qn) =0 VaneY, . (51)

Applying with ¢, = 1 and taking into account (p™,1) = 0 we deduce that py, € Qp.
With the notation , it is easy to see that (e}, ;) satisfies the same equation
as in Section and, consequently, . In the present analysis, the first term on the
right-hand side of and the last three ones will be treated differently.
Starting as for deriving yields
|b(uZ+17 uZJrl? eZJrl) - b('&;z”rla ﬁz+17 ez+1)|

~n+1 n+12 1 n+1y\ ~n+1 n+1
< IVaRleellen™ i + 5 (V- e ag™ en ™). (52)

13



To bound the second term on the right-hand side of 7 we decompose
((V en+1) n+17en+1) (53)
((v en+1) O_ib(,az-l»l . ez-’—l)) ((V €n+1), ([ _ o_l )('{LZ‘FI . e'Z-‘rl)) )

Using the error equation (I8) with (vh,qn) = (0,0}, (a; ™" - ep™")) gives for the first term
on the right-hand side of (53)

((V-er™),ah(a™ - er™)
= spres(ph T on(@y et + (V- &y an(ap e th). (54)
For the first term on the right-hand side in , arguing as in , we have
spres(pry s on (@ ep ™)
< OR*|pllioe sy + %IIGZ(VAZH)II{%, +Ch?|los (Vo (g - en™)[5-
For the last term above, applying (14), the inverse estimate , and , it follows that

|0k (Von (@™ - ep ™) < Ch2IIVUh(A"+1 en s

< CRPR|lon (@ - en g
< Clay i~ llen ™I,
so that
n+41 ~n+41 n+1
Spres(ph+ h(thr h+ ))
2s 1 * n+1 An 1 n+1
< Ch HPHLw(Hs)+§H0h( VAT, + Cllag ™ 7 ller 15 (55)

To bound the second term on the right-hand side of , we get with and
(V-en™ an(an™ - en™) < Ch*||ull Lo ggesny + Cllay ™ Lo ller 15

For the second term on the right-hand side of 7 we apply Lemma |3[ and the inverse
inequality to obtain

((7-erth), (= ahy(at - epth))

IA

CRIV - e lollar  lwr.llen ™ flo

Cllag ™ lwes llen™II5.

IA

Collecting all estimates, we reach
b gt et — b @t e )|
< O (g e + g R e 3 + OB (ploe ey + ol o)

+5loR (A, (56)

Remark 5 We like to emphasize the aspect that the only stabilization that was used to
derive the optimal estimate of the convective term (in which the constants do not depend
on inverse powers of the diffusion parameter) was the LPS stabilization of the pressure — a
stabilization term whose proposal does not possess any connection with dominant convection.

14



The last three terms on the right-hand side of will be bounded next. The term
14

Spres(ph+1 )\"H) can be bounded as in 1) using (|14) instead of , and replacing the
factor 1/4 multiplying the last term in (28) by 1/8. Also, arguing similarly to we have

Su(ap eyt = (oh(Varth),on(Verth)s,

< *Ilah(Ve"“)lln +lloh(Vay I,

*Sh( nhen™) +llon(Va Iz, -

Then, applying the L? stability of o7, @D, and yields

lon(Var ™7, < llonV(@y™ —u" |7, + lon(Va" |2,
< OV = a" G+ Ch* lullfeo o)
< ChQSHUHiw(HSH)v
so that
Su(ay ™ ep ™) < S (en™, n+1)+0h23||u”L°° (Hs+1)- (57)

Finally, to bound the last term on the right- hand side of , we use the orthogonality
condition of the pressure interpolation operator (51)), that the norm of the gradient contains
all terms of the norm of the divergence and ||Jh(V el ™|, < Vd||oy(Ver ™), holds,
that 7.,k ~ 1, and . to get

(>\n+1,V'€Z+1) n+1 _ﬁn+1 v.enJrl) _

—(p —("" =" oh(V ey )

< I =L loh (- e,

< VA =5, on (Ve

< O™ =R+ Gl (Ve I,

< O pllm gy + gSuler ™ en ™). (58)

Collecting all the estimates we reach

len 15 — lenlls + Atv||[Ver ™ |5 + Atllon (YA, + llor (Ve ™I,
< OAt(L+[IVag ™ pee + lah ™ 7= ) llen ™ 15 + Atll€r 13

+OAR (14 1) [l ey + Pl a1 ) -
From and we deduce
L4 [|Va] oo + (|8 | Z0e < Mu, My =1+ C(Jlullpoc sy + [[ull T 2)).  (59)

Summing up the terms, assuming that

AL < (60)
and applying Lemma [2| (Gronwall) leads to
lenlls + Atv > [IVehlls + At llon(VAIZ, + ALY lon(Vel)l?, (61)
j=1 Jj=1 Jj=1

< PTMu <|e2||3 + ALY 1€ 15+ CTh* ((1 + V)[[ulfoo (grotry + Ilpllioo(HsQ) .
=1
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Now, we can argue exactly as in Section to conclude
ni 2 j 112 * I\ 12 * i\ 12
lerlld + Atw Y [IVehll + At Y lon(VA)IZ, + ALY i (Vel)l?,
j=1 j=1 j=1

_ . tn
< T (uezu% +OTR, b + (i) [ Hawuu?)), (62)

to

with
R = (4 oy + el ooy + 100l oy + ol ey ) - (63)

The triangle inequality finishes the proof of the velocity error estimate.

Theorem 3 Let the solution of be sufficiently smooth in space and time and let the
time step be sufficiently small such that holds. Then, the following error bound holds
for2 <s<l

[u” = uplls + Atw >[IV’ — w5+ ALY lon (V' — )3,
j=1

j=1

FALY " on(V(w —u)))?, (64)
j=1
_ B tn
< ettt (Heﬂllg + TKuph™ + (At)Q/ [ Dsu [ dt) ;
to

where the constants on the right-hand side are defined in and .

4.2 Error bound for the pressure

The bound for the pressure follows the lines of Section with the exception of the bound
of the nonlinear term that can be handled as follows

[B(u",u") = B(up, up)||-1 < Sup b(u”, u" — uh, ¢)| + Sup b(u” — uk, up, §)]-
1= 1=

Arguing as before and recalling that V - w = 0, we can prove

[ B(w",u") — B(up, up)|-1 < (Ju”|lzee + |lukllze) [w" —uhllo + Sup I(V - up) g, up)|-
Pll1=1

The last term can be decomposed as follows
(V) up) = (V- ah (6 ul) + (V- i, (T — ob) (6 - ul): (65)

Since o}, (¢ - ul')) € Y, one can use the error equation for estimating the first term in
. Applying in addition the definition of || - ||-,, the choice of the stabilization
parameter, the stability of the projection, and the inverse inequality yields

(VUZ,UL(QZ)UZ)) < |5pres()\270'£z(¢'u2))| + |Spres(ﬁ2702(¢'uﬁ))\ (66)
< Ch(llorn (VA + lon (Vo) lIw,) ok (Vi (6 - ui))llo
< C(lon(VA)llr, + lon (Vo) ll-,) 6 - uhllo.

Applying Hélder’s and Sobolev’s inequality, we have

16 - wrllo < 19l 2allwrll L2/ @-1 < Cllollllunl L2ar @1,
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so that

s (Vw0 (9 ul)) < Clukllaaras) (02N, +OW Ipliirs) -
1=1
With the decomposition
up, —u" =ep +a, —u", (67)
the inverse estimate , , and @D, one obtains for the second term on the right-hand
side of
(V- up, (I = 03)(@-up)) < Ch (b7 leqllo + h*[|lu"|s+1) [uh g1 (68)

The product rule and a Sobolev embedding gives

lup - ol < C(llubllz=|oh + [[VunllL2as - |6l L24)
< Clllunllee + IVurllpzar@-n) 4]

Now, adding and subtracting «", using decomposition and applying the inverse in-
equality , , , and a Sobolev embedding we get

Vuillp2a/a-1 < C
to

e 02 o p2s 2 [ 2\
s (108 + TRk + (802 [ ouull) 4l |

Assuming that s > 3/2,

lehllo = Oh*?) and At < Ch*? (69)
gives || Vul||2a/a—1) < Lu, where
B _ B tn 1/2
B = 0 (TR + [ 0wlf) 4 Cllwlimgn (70)
to

Arguing as in , it follows that ||u}||re < L. whenever [e}|o = O(h%?) and At <
Ch*?, which coincides with in the case d = 3 and is weaker than in the case
d = 2. Inserting the estimates in leads to

s (V- (1= 0})(0- i) < Lu (leflo-+ A lon).
P

Collecting all estimates and taking into account that ||u™ —u}|o < |l€f]lo + Ch T |u"||s+1
yields

[B(u", w") = B(up, uy)|| 1
< Lulllerllo + lon(VA) I, +h° (Ipllzee ey + Rllwll Lo (mei1)) ],
and using gives

D AtBW W) - B(uj, uf)| -1
7=0

< L7 (s, el + 4 (Iplmcr + Allellcresn))

n 1/2
+T (Z AtIUZ(V/\iL)IIEP> ] -

j=1
Now, the bound for the pressure concludes as the bound of Section [3.2

Theorem 4 Let the assumption of Theorem@ and condition be satisfied, then it holds

l

< BoC(u, Oru, Dprw, p, T) (Jluo — ujllo + h® + At) .
0

ALY (P —pi)
j=1
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5 Local projection stabilization with control of the
fluctuation of the divergence

In this section, a LPS method is briefly studied, under the same assumptions as in Section
that uses instead of the stabilizing term (49) a corresponding term with the divergence

Sh(uh,vh) = Z Tu, K (UZ(V'Uh)7O'Z(V~’th))K, (71)
KeTh
with 7,k ~ 1, i.e., a local projection stabilization of the grad-div term is applied.

In Section [4] the stabilization with respect to the velocity enters the error analysis in
and . It can be readily checked that an estimate of form (57)) can be derived also
for . With respect to the other term, one applies similar steps as for deriving to
obtain

MLV ™) < I = Lok (Ve

A

n ATV 1 * n
Ol = ™R + Lo (V- e I,
Altogether, the formulations of Theorems [3|and [4 apply literally also to the LPS method

with the local grad-div stabilization (71)):

Theorem 5 Let the solution of be sufficiently smooth in space and time and let the
time step be sufficiently small such that (60) holds. Then, the following error bound holds
for the solution of (@) with Sy, defined in for2 <s <l

" = lld + Atw Y V(! —up)l§ + ALY on (Ve =),

Jj=1 Jj=1

ALY [lon(V(u! —up)l,
j=1

- - tn
< T (ue%né F TR (007 [ ouul dt) ,

to
where the constants on the right-hand side are defined in and .
Theorem 6 Let the assumption of Theorem@ and condition be satisfied, then it holds

l

Remark 6 Let us observe that assuming p € H*(Q) instead of p € H*(Q) we can write
(5‘2+17 V- e;LL+1) = _(VS‘Z-H? eZ-H)
< AR hller ™ o (72)

and then the first term is O(h*) for p € H*T'(Q) and the second one goes to the Gronwall
lemma. This means that for equal order elements only the stabilization of the pressure gives
the same rate of convergence as, for example, Galerkin plus grad-div, assuming enough
regularity for the pressure.

Let us also observe that assuming p € H*t'(Q) for the method of Section [3| i.e., global
grad-div stabilization plus LPS stabilization for the pressure, one can argue as in Section E|

and then apply instead of to get:

|b(uz+17 UZ+1: €Z+1) - b(ﬂz+17 ﬁ2+17 ez+l)|

< BoC(u, Oru, D, p, T) (Jluo — ujllo + h° + At) .
0

ALY (P —pi)
J=1

~n+41 ~n+4+1)12 n+12 2s 2 2
< O (I e+l 2w el 13+ 0 (Il arey + llEoe ares

1 * n
+§Hah(V/\h+1)H72'p'
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Then, applying (72) instead of (24) the factor ' disappears from :

lehlls + Atw Y [IVehlls + At Y lon(VALIT, + Atu Y IV - ehlls

j=1 j=1 Jj=1

< 2T (| nle + AtZ ||£U,L||o>
e (The ((1 v+ [l ey + Pl e ) )

As a consequence, pu ~ O(h) is a possible option for the stabilization parameter since
with this choice holds with K, , replaced by

o = (U 1l iy + v+ ) lll oo ey + 100l Foo ey + 1ol e a1y ) -

Let us finally point out that in view of the choice p ~ O(h) compared with p ~ O(1)
gives the same rate of convergence for the L~ norm of the velocity error but reduces the rate
of convergence for the divergence by half an order.

6 A method with rate of decay s+1/2 of the velocity
error for v < h

This section considers the method from SectionE[, which adds a stabilization term that gives
control over the fluctuation of the gradient of the velocity and the standard LPS term for
the pressure in the situation that v < h. It is shown that with a different choice of the
stabilization parameters and by assuming a higher regularity of the solution, both issues
compared with Section [4] the rate of the error decay for the left-hand side of can be
increased to s + 1/2.

We follow the analysis of Section [} Instead of choosing the LPS parameter for the
pressure as in , it will be assumed that

arhg < 7px < aohk, (73)
and instead of taking 7, x ~ 1, it will be assumed that
C1 hK S Tv, K S C2hK7 (74)

with nonnegative constants «i,az2,c1,ce. In the sequel, the assumptions for the spatial
regularity of the solutions are p € H**(Q) and u, dyu € H*1(Q)? at almost every time for
s> 2.

The analysus starts with a different estimate of the truncation error £"+1 defined in
. . In , the estimate of the term coming from this error is replaced by

a1z, ey +1||0 n+l _ntl
||£v;“1”0+T+(£v;“27eh )-
Then, instead of we get
lep 13 HeZH% len —BQHO nt1 oyl 2
V VA
+Sh( n+1 Z+1)
n+1 n+1 et ~n41 An+1 entl n+1p2 ||eZ+1H(2) n+l _n+l
< !b(uh sup e ) = by T ey )‘+‘|£vh,1”0+T+(£vh,Qveh )

+’ n+1 )\n+1 |+ |vAn+1 |O+ ’5pre%(ph+1 An+1)|

+ ’Sh n+1 n+1 | + ‘ )\n+1 V . €Z+1). .
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The term (ﬁg:’é, e} ™) can be decomposed in the form

b e ) — @ g e )

< (@) (ap "t — et "“)I+*I((V a ) (ap =), et

AT u” n n 1 N0 n n n
H((@h ™ = u™) - V)" e ) + S|V (@ - ep T (75)

An+l H

Since ||Vu™ ||z is bounded by the regularlty assumption and ||V - oo is bounded

in ., the second and third terms in can be bounded by

n+l n+1 n+1

CH’“HLOO(H?»)Hu loller™ " [lo-

Thus, we only need to bound the first and the last term in . Using integration by parts
gives the decomposition
@y - Ve —u" e ) = —(V-ap )@y ), e ™)

_(An+1 Ven+1 An+1 n+1).

Again, the first term can be bounded by C/||u/| oo (g3 ||y )t — um M ollefr ™ |o, so we only

need to bound the second one. Using that the range of ah s Ylh_1 and the definition
of u"+1 yields

(’&/24—1 Ven+1 An+1_ n+1)

_ (O_h(An+l Ven+1) 'a;LH_l n+1) (76)
= (on(apt oy Vel ™) ap !t — ) 4 (on(ap T - on Vel ) Tt — ).

We apply Lemma [3] to the first term to obtain

|(O_h(An+l ven-l»l) ﬁ"+1 _ n+1)|
< ChlV"“IleoollU Ver lollan ™ —u" o
< CllA"“le<>c|\6"“||0||w+1 u™ o,

where in the last inequality we have applied the L? stability of ah ~1 (7) and the inverse
inequality . For the second term of , we get with ( .

~n+1

|(oh (" - on Ve ™) ap Tt —u )

)

< C Z ||An+1 a}iVeh HL2(wK)HAn+1 n+1HL2(K)
KeTy
At Snl 1
< O Nap e o lonVer 2o lan T — "l L2
Keﬂl
N R 1
< Ollay i Z max e lan T — "“Hiqurg > mllonVert e ).

KeTy, KeTy,

This bound concludes the estimate of the first term on the right-hand side of . To bound
the last term on the right-hand side of , integration by parts and are applied
IV - (ap T —a™ Tt el ™)
R R AL )]
[ = o (Tu ) e )+ (@ = w0 (Vep ) T )
o

n = ol Vu e leh T o + [(ah T - u T on (Ve T ).

IANIA

ek
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The last term can be bounded arguing exactly as in . Thus, collecting all estimates and
using (1)) to bound [[a] || < Cllul oo 2y yields

|b(u"“7u"“7ez“) = by e )|
< Clluflse s lu™ —ap  ollen ™ o
+0Hu”Loo(H2) Z Jpax T, K’HATH_l n+1||L2(K)+ 1 Z TV,KHU;kzveZHHi?(K)
KeTy, wK KeT,
2 1 ~ 1 ~ 1 1
< CHu||L°°(H3)||un+ n+ H0+CHuHL°°(H2) Z maX TnyH e u"t ||L2(K)
KeT,
1
*H n+1||0+1 Z TV,KHU;;V@ZHHQL%K)
KeT,
< Ol s i) B = ¥+ e ™+ {Su(ei e, (77)
h

where we have bounded

. 2 2 2 2 2
}?g%{Tu,K}Hu”LOO(H% + |‘uHL°°(H2) < C”uHLOQ(H?’) + HUHLOO(H2) < CH“||L°O(H3)-

Thus, in the present case, instead of (22)), we have

len 8 _ llerlld | llen™ — eZHo 1 * )2
Lt - Ik ¢ BB L LIVt + ok (TN,
+7 Sh( Phen™)
< b n+1 n+1 n+1 b ~n+1 An+l n+1 TL+1 Heerl”g 78
< foluy T up e ™) = b(ay T Ay ey |+||€'Uh1 2 (78)

+‘ n+1 P! ’+ ||VA"+1||0+‘spre5(th )\n+1)’
+CHUHL0<>(H3) (max TVK) HAHJFIHoJr’S An+1 n+1 ‘Jr‘ )\n+1 V.en)l.

Next, we argue as in Sectionand appl, , and as starting point for estimating
the first term on the right-hand side of ((78). To bound the first term on the right-hand side
of , a similar approach as in is applied, taking into account the different stabilization
parameter and regularity of the solution,

spres(Dh s oh (@ - ep ™) (79)
< ON ey + gl (AT, 4 e ) o (V5 - DI,
Now, the bound of the last term of becomes different as in Sectionsince the application

of the inverse inequality gives rise to a term with factor A~!, compare . The triangle
inequality gives

lon(Von(an ™ ey ™NI5 < 20on(V@y™ - en ™)
+2]|0n(V(I = op) (@ - ey ™). (80)
For the second term on the right-hand side of , we apply the L? stability @ of oj, and
to get
CIV{ = ap) (@™ - e ™3

lon (VI —an)(@n™ - en ™5 <
< Cllap™ e len™Il6. (81)
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Utilizing the product rule, the triangle inequality, and (7)) gives for the first term on the
right-hand side of

lon (Y (@y ™ - en™)llo < ClIVa, < lleh™ o + lloh (Ver ™ ag ) o (82)

For the second term on the right-hand side of (82), we use the decomposition VeZJrl =
Jﬁl_lVeZH —+ U*VGZ_H, Lemma , and the inverse estimate to obtain

o7 (Ver ™ an )]l Chllag ™ lwisllon " Ver o + llon (o7 Ver ™ an™)llo

Cllap ™ s e lo + Cll (o7 Ve ag o (83)

INIA

For the second term on the right-hand-side of we get

lenVer a5 = D lenVer ™ ant 7z
KeTy
< Z ek o (a0 lloh Ver 72 )
KeTy,

= > mxlar T ieeomkllonVer ™ Iz k)
KeTy

< (e ik ) 1 i o (Ve IR, a
Altogether, we conclude from , , and that
Ik (VG e IR < Ol e eI (55)
+Ola e (o ik ) ok (Ve ).

Taking into account , , and (85)), we finally obtain for the last term on the right-hand
side of

Upantl _ntlyy2
(o ) i (V@i e )

< Chllag™ i llen ™ IIs

40l i (e ) (o k) I (Ve L. 0
Thus, assuming
1
Cllap 7o k)<= 87
l[ah™ N[z | max 7 | max 7,5 | < 76, (87)

with C being the constant of the last term of 7 estimate gives
« U an+l 1yy)2
(g ) i (V@i e )
AT n 1 n n
< Chllagt e ller ™ ls + Esh(eh+lveh+l)' (88)

From and we get now

N 2
SpreS(pZ+1702(uh+l : eZ-H)) < ChQH_l”T’HiOC(HSH) +Ch n+1||g’

&Z+1 le,co Heh

1 * n 1 mn n
+§Hah(V)\h+1)H3p + Esh(ehﬂﬁhﬂ)‘ (89)

Observe that is the counterpart of .
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To bound the second term on the right-hand side of , applying integration by parts,
, the Cauchy—Schwarz inequality, and Young’s inequality yields

(7 &) ol (@t erth)

— (e o (Voh(@i™ - ep))
lex 13

4eh
< O W full o oy + ehllon (Von (@it - eh ™)

IN

+ehllok(Von (g™ - ep ™ )3 (90)

with some € > 0. Now, the second term on the right-hand side can be estimated the same
way as the second term of . The parameter € can be chosen sufficiently small so that
1
Cehllap ™7 <= 91
ehlla;* e ((max k) < 55 (91)
and hence, the second term of can be bounded by .
Collecting terms and assuming that condition holds, instead of , we reach

plui gt ) — b e )|

AN AN n 1 * n
< c(nv W e+ Rl ) len I + Sl (VAR I,
SR, et ) + R (Il ey + &l nn))

Now, we argue as in Section taking into account that p € H**'(Q) and applying
and (74). The estimate of the fourth term on the right-hand side of uses the approach
of (26]) and the choice of the stabilization parameter . The seventh term is bounded by
(14) and the stabilization parameter . To get a higher order of the fifth term of ,
we have to assume that

v < h. (92)
Collecting all estimates gives, instead of ,

IIehHo+AwZHV6hllo+AtZ|\0h (VDI + ZHUh D7,
j=1 j=1
n
2T My, 02 j 2 2s+1 2 2
<e <|eh|o+2AtZ||sz,h,l|o+CTh ’ (||u||Loo<Hs+1)+|p|Lw<H5+1))>,
j=1

where
1+C (||VA"+1||L<><> + Al An+1||W1,oo) <M,=1+ C||u|\Loo(H3) (1 + Hu”Loo(HS)) . (93)

Note that we apply 1| and under the assumption d;u € H*T1(Q)? to bound ||£f;h’1 II3.
Then, instead of (62)), we obtain

lerlld +Ate Y viIVehlls + At lon(VAIZ, + ALY lon(Vep)ll7,

=1 g=t =
< 2TMu (Heg\|g+CTKu,,,h23“ +C(At)2/tn |I8ttu||3>,
to
with
Kup= (U4l ) 1l oy + 10l gresny + Dol resn ) o (94)

¢ being the value in (91f). The triangle inequality finishes the proof of the velocity error
estimate.
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Theorem 7 Let the assumptions of Theorem [J be satisfied, let in particular u,du €
L0, T; HTH(Q)Y) and p € L°°(0,T; H*TH(Q)). Let the stabilization parameters be chosen
such that s satisfied and let condition hold. Then, the following error bound is
valid

lu" =i l|d + Atw Y1V (! —up)ls+ ALY on (Ve I,

j=1 j=1

+Atz o (V(/ —ul))I7, (95)

tn
< Ce*TMu <||e2|\§+TKu,ph25+l+(At)2/ [|0ceu]|§ dt),

< ,
where the constants on the right-hand side are defined in and .

Remark 7 The bound for the pressure follows the steps of Section with the only
difference that due to the change in the size of the pressure stabilization parameter instead

of we get
(V- (i —u"),00,(¢ - up)) < Ch 2 (lo* (VA I, + 05 (VD7) 1,) 16 - it o,
and

sup (V- (up —u"),05,(¢ - uy))
llolli=1

< Cllupllgzasa-v (B0 (AR Iy + OB 2 bl oo e ) -

The factor h~'/? remains during the analysis in front of ||o},(VA})||-, such that a higher
rate of error decay for the pressure error cannot be proved with this approach.

The last term in the second line of has the same principal form as the last term
of . In contrast to the analysis for the velocity, we did not find a way to replace
the application of the inverse estimate by a more sophisticated approach that leads to an
improvement of the rate of error decay for the pressure.

7 Numerical studies
Numerical studies will be presented for the sake of supporting the analytical results. Simu-

lations were performed at a problem defined in Q = (0,1)? and the time interval (0, 5] with
the prescribed solution

. sin(rx — 0.7) sin(ny 4 0.2)
w = cos(t) (cos(mv —0.7) cos(my + 0.2)) ’
p = cos(t)(sin(x) cos(y) + (cos(1) — 1) sin(1)).

The version of the Scott—Zhang operator proposed in [?] was used for computing the
local projection. The numerical studies were performed with the code MOONMD (?].

The new contributions of this paper are the error bounds with respect to the spatial
discretizations; the first order convergence of the implicit Euler scheme is well known. That’s
why, the numerical studies aim to support only the derived spatial orders of convergence. A
standard approach consists in considering setups where the temporal error is negligible. This
approach requires the use of small time steps. In addition, noting that the actual temporal
discretization does not contribute to the spatial order of convergence, it is advisable to use
a higher order temporal scheme to be able to perform the simulations with a reasonable
number of time steps. As temporal discretization, the second order Crank—Nicolson scheme
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Figure 1: Grid 1 and 2, level 0.

was used, its analysis being included in the Appendix. With the Crank—Nicolson scheme
a small time step At = 0.001 was used. Hence, the temporal error possesses a negligible
impact on the first refinements of the coarsest grids presented in Figure [l The nonlinear
problems in each discrete time were solved until the Euclidean norm of the residual vector
was less than 107'3.

7.1 LPS with global grad-div stabilization

Here, method @ analyzed in Section |3} with the Crank—Nicolson scheme instead of the
implicit Euler method, will be studied.

The asymptotic choice of the LPS stabilization parameter is given in . From numer-
ical studies, we could see that 7, x = h2 is an appropriate selection with respect to the
accuracy of the computational results. From the statements of Theorem [I] and [2] it follows
that the grad-div stabilization parameter should be a constant. Numerical tests showed that
u=0.1is a good choice. In addition, since in the considered example the pressure solution
is smooth, it would be possible to obtain in the last term of

¢

B2 [Ipl e gt

such that also the choice p ~ h is possible without reducing the order of convergence. Thus,
also results for u = 0.1hx will be presented. Note that p ~ h is the choice that is proposed
for the equal-order SUPG/PSPG /grad-div stabilized finite element method of the Oseen
equations, compare [?, Rem. 5.42].

Besides a number of standard errors, an error is monitored that is an approximation of
the left-hand side of . The approximation consists in considering instead of the pressure
term, the term

ALY HlIVE - )b (96)
j=1

with 7, = h? and h = ho27', | being the index of the level with ho = v/2 for Grid 1 and
ho = 1 for Grid 2. Using , the pressure term on the left-hand side of can be estimated
from above with times a constant.

Results presented with the P»/P» pair of finite elements are presented in Figure [2| and
with the P3/Ps pair of spaces in Figure These results agree with the analytical predictions.
Concerning the grad-div stabilization parameter there are only minor differences in the
results. For the P3/Ps pair of spaces, u = 0.1hx gives a somewhat better approximation of
the pressure. Considering the individual terms, one can observe that the convergence of the
velocity error in ||(w — up)(T)| 22 is generally faster than the convergence of the left-hand
side of and that the L?(0,T; L?(Q)) error of the pressure gradient converges slower in
some cases.
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v=10", 7, g =hi, p=0.1 v=10", 7, g=hj, p=0.1

levels levels

v=10"", 7, g =hi, p=0.1hy v=10", 7, g =hj;, p=0.1h

. .
4 5
levels levels

[V (u—u,)] \Lz(o,mz(n))
[[p—py | \LZ(O,T,L‘Z(Q))
(=, ) (D] ()

IV (=)l |L2(0.,T:L2(Sl))
|IV-(u—w, )||L2(0,T;L2(xz))
Ihs of Thm. 1

FTE1T

Figure 2: LPS with global grad-div stabilization, P,/Ps pair of finite element spaces, Grid 1
(left) and Grid 2 (right), dotted line: slope for second order convergence.

Figure[d] displays a representative result for the dependency of the errors on the viscosity.
It can be seen that all errors, in particular the approximation of the error on the left-hand
side of , are bounded for ¥ — 0. This behavior coincides with the analytical prediction.

7.2 A method with rate of decay s+ 1/2 of the velocity error
for v < h

Simulations for the method analyzed in Section [f] were performed on the irregular Grid 2,
to prevent any superconvergence effects, for v = 1078, such that condition is satisfied,
and for the final time T" = 0.5. The remaining setup of the simulations was as described in
Section [T-11

The methods incorporating the fluctuations of the velocity gradient were implemented as
follows. Generally, the nonlinear problems were solved with a fixed point iteration (Picard
iteration). Since the matrix representing the fluctuations of the gradient possesses a wider

26



v=10", 7, x=hi, p=0.1 v=10", 7, g=hi, p=0.1

levels levels

v=10"", 7, g =hi, p=0.1hy v=10", 7, g =hj;, p=0.1h

levels levels

Figure 3: LPS with global grad-div stabilization, Ps/Ps pair of finite element spaces, Grid 1 (left)
and Grid 2 (right), dotted line: slope for third order convergence, same legend as in Figure

level 5, 7, x=h%, p=0.1 level 5, TI,_;\»:’L}Z(, 1=0.1hy

1 1072 1074 10°° 10°% 10~

Figure 4: LPS with global grad-div stabilization, P,/P, pair of finite element spaces, Grid 1,
behavior of errors with respect to »~!, same legend as in Figure

stencil than all other matrices for the velocity-velocity coupling, we put the term with the
fluctuations of the velocity gradient on the right-hand side in the Picard iteration. In order
to achieve a satisfying rate of convergence of this iteration, numerical tests showed that the
parameters {7, x } should be rather small. In addition, we could see that increasing these
parameters above a certain value leads to a notable increase of the errors. Altogether, for
the irregular Grid 2, 7o,k = 0.0lhx turned out to be an appropriate choice. In view of
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v=10"%, 7, ,=10"" hy, 7, =10"% hy

lhs of Thm. 5

Figure 5: A method with rate of decay s + 1/2 of the velocity error for v < h, computational
results on Grid 2.

condition , the LPS parameters for the pressure were chosen to be 7p x = 10" *hx.

An error bound for the considered method was derived in Theorem [[l In the numerical
simulations, the terms with the fluctuations on the left-hand side of (95|) were approximated
by

ALY (VI —=p)7,, ALY llon(V (I’ — )|,
j=1 Jj=1

where I, is the Lagrangian interpolant. With the interpolants of the solution, these terms
can be simply computed by matrix-vector operations with the matrix of the fluctuations.

Computational results are presented in Figure One can observe the proposed rates
of decay of the velocity error. Having a detailed look on the individual contributions of
the error, we could see that the L? error and the fluctuations of the velocity gradient were
dominant.

A Appendix: Analysis of the Crank—Nicolson me-
thod

A.1 Local projection stabilization with global grad-div stabi-

lization.
We now consider the approximation of given by the Crank—Nicolson method, where
given ul), we look for approximations (uZ"'l,pZH/Q) € Xpn xQn,n=0,1..,N-1,
satisfying

UZ+1 —uy n41 n+l  n+l n+1/2

—ap o vr ) Tr(VuyT Von) 6wy uy T on) = (P Vo)

+Sn(uptton) = (F7TV20n) Von € X,
(V- upb ™ qn) + spres (0 7%, 00) = 0 Vg € Qn,
where Sp, and spres are as in Section and, here and in the sequel, for any sequence (¢")aZ,
gk denotes
nt+l _ g"+ 9n+1
9 T
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and for for any function g(¢) we denote

nt1/2 _ (tn +ing1 nt1 _ g(tn) + g(tnt1)
g N ) - 2

Besides the notation in (17)), we also denote
~n ~n n—1/2 in—1/2 n—1/2 n—1/2 n—1/2 n—1/2 n—1/2
€p =U, —U /7 )‘h / =Py /*p /7 )‘h /:ph /*ph /-
Instead of the error equation (18)), we now have
eyt — ep 1 1 1 1
(hi’v ) v(Ver™, Von) +b(ag ™ ay ™ on) — blup T un T on)

RV o) + (V- en ™ an) + spres (N % an) + Suleh ™ o) (97)

= (évh s vR) + (€ n+17qh) + V(Vez+ Von) + SpreS(pn+ /2 »qn)
+Sn(@it vn) = (T2 V o),
where
~n+1 ~n+1 ~n—+1
£”h = ﬁvh,l + Evh,Q’
Znt1 aptt —
(&, 1,vn) = — (8tun+1/2 _ hTh’vh>
_b(un+1/2’un+l/2 v )+b(un+l En+17,vh)7
zn+l n n ~n ~n
(gvh,%vh) = —b(u +17ﬂ i vn) + b( + uhﬂ,vh).

Observe that the first term in @ coincides with that in , and the only difference
between the rest of the terms in both formulae is that in @ they have either an underscore,
or a tilde, or a superscript n + 1/2 instead of n + 1. Consequently, except for the first term
of @, we will repeat the arguments we used for in Section

Now, for the first term of , notice that taking vy, = gZ"'l, we have

en — e o) = _llen ™8 llenlls
At TR C2At 2At
which are exactly the first two terms on the right-hand side of . Thus setting (v, qn) =
(ep™t, )\ZH/Q), instead of , we get

||en+1“0 lerlld n+1 nt1/2 ntl _n+l
B — Rl DIV on(OATT IR, + Sulen e
n+1 n
n+1 n+1 n+1 ~n+1l an+1 n+1 H Vp H H +1||0
< fblun T up e ) —b(ag T a T e | + D) 5 (98)
AT+ LI o + [spres (8772, 00H)

+|Sh n+1 n+1 }_,'_ n+1/2 V-§Z+l) )

Observe that
é';LL+l _ QZ+1 +2n+l _ un+l/2.

Applying a Taylor series expansion gives

tnt1 thy1/2
w2 = / (tny1 — t)Opru(t) dt +/ (t — t,)Beru(t) dt,

tnt1/2 tn
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so that

n n At 3 tn+1
=2 < S0 [ ol ar (99)

tn

+L g1/,

Similar results hold for the spatial derivatives of u" Consequently, instead

of (27)), we now have

(A
24

Thus, recalling Remark [2| and repeating the same arguments that lead from to in
Section [3| now from (98) we get

tn+1
v ~n s
SIVERTHIE < Con™ ([ullfoo gros1) + / V|| VOuullf dt.
tn

lenls + Atw > IVehlls + At Y ok (VAT2)IE, + Atnd IV - ehlls

=1 j=1 j=1
- o | H o0 —~

< llenlld +) At <1+2|VU?LIIL°° o | llenlla + Aty €, 18
j=1 j=1

+ CTh* ((1 + v+ )|l foo oty + (1 + Mfl)HpH%OC(HS))

(an*
4

tn
/ 1/||V8ttu||(2) dt.
0

For the terms ||e] || in the first sum of the right-hand side we notice that

2
e 13 < (”eh”O + e M8),
so that it follows that

ller5 + Atvz IVerls + Atz ok (VXTI + Atuz IV - ehlls

Jj=1 = j=1
y 5 = At
< T <4||e2|3+m2||svh|o+(j I u||vattu|3dt>
=1 0

+ O™ (TH? (14 v+ )l ey + (14 1) PR e ) )

For the truncation error éfjh = éih 1 +éfjh 5, We notice that éj o can be estimated in exactly

the same way as Ef’th in (40). For the first term on the expression of E
expansion reveals

w1, @ Taylor series

u]+1 —u’

. 1 [ti+t 1 [ti+1i/2
At — 8tu3+1/2 = — / (tj+1 — t)28tttu(t) dt + 5 / (tj — t)28mu(t) dt
t

tj+1/2 J
so that arguing as in (37]) we have

NPy
uy uy

EPWEESYE
At v

2 3 [fit h ti+1 5
<c@o [ At/ Jou(@)|l? dt.  (100)

0 t

For the rest of the terms in the expression of 51;, 1, applying [?, Lemma 2], (99), and . we
have

sup (b T2 w72, ) — b, qb)\

PELZ(N)?, |lpllo=1

C (1wl + 112} =2 = s

) t 1/2
c||uf||2(/ ||vanu||3dt) (A2,
tj—1

IN

IN

30



Thus, similarly to Section |3 for the Crank—Nicolson method we conclude the following
result.

Theorem 8 Let the solution of be sufficiently smooth in space and time, such that all
norms appearing in the formulation of this theorem are well defined, and let the time step be
sufficiently small such that holds. Then, the following error bound holds for 2 < s <1:

lu” = uills + Atv > V(! — a5 + At lon (Ve 2 —p IR,

=1 =1
+ARY IV w3 (101)
=1
) ) tn
< Ce*TMu <||e2||§ + TK,ph** + (At)4/ (10secwal[§ + [l oo pr2) | Ore Vu][3) dt) ,
to

where M, is defined in and IA(u,p is the constant in Theorem .

Observe the the left-hand side of differs from that of in that the quantities in
the sums are averaged in and the pressure terms are evaluated at half times. Notice
also that the right-hand sides of and differ only in the o(At) terms.

For the pressure, again we follow closely the analysis in Section [3.2} Let us define

P ATV Ap =AY AR
j=1 Jj=1
Instead of , we now have

(AR V-vi) = (ef —ebion) + At S (V(w ™2 — uj), Vo)

Jj=1

+ Atz (b(uj_l/Q,uj_l/Q,'uh) — b(gﬁ,g{l,vh))
j=1

+ARY (V- (72— ), Vo)
j=1

. o joage wl -t
+ (AR Vo) + ALY | O -t ) (102)

j=1

Observe that also holds now with the new meaning of A}, and that in view of (102)),
instead of , we now have

sup (Ah7 V- Uh)

h 0 =1/2 _ i
enpll-1+ |len||l-1 + Atv VvV (u’ —u
onex, [Voallo leill-1 + llehll- Sl wl)llo

j=1

n n
FALS B2 0 ) - Bl )1+ Atu S |1V - o

j=1 j=1
FAL N o+ ALY
j=1 j=1

The first and fifth terms on the right-hand side above can be estimated as in Section [3.2]
applying now Theorem [8| instead of Theorem This is also the case of the third and the
fourth terms on the right-hand side of if we write w/ /2 —u) = w2~ +ul —ul
and apply with u replaced by Vu when necessary. Also, using and , we

Y
j-1/2 _ Uy — Uy

X (103)

6t'u,

—1
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estimate the sixth term on the right-hand side of (103]), so that with the same arguments
as in Section we obtain

IARllo < BoC(u, Buws, Berers, p, T, i, ") (llenllo +h° + (A1)?) + Bollon (VAR) |-,
and conclude with the following result.

Theorem 9 Let the assumptions of Theorem@ and the assumptions be satisfied, then
the following error estimate holds

HAt S —pi )| < BoC(u, B, Bueru, p, T, ) (luo — ubllo + A7+ (AL)?).
j=1

0

Observe that the main difference between the analysis in the present section and that
in Section 3| is that most errors e} and éj are replaced by their averages, e; and &},
all errors Aj; and ;\Z by their values at mid time levels, )\271/2 and 5\271/2 and that, in
the truncation errors, besides that arising from the temporal discretization, we have the

presence of some extra terms involving quantities w" — u" Y 2. which are estimated as

in . Notice however that the arguments are the same in both sections. This is also the
case if we replace the backward Euler method by the Crank-Nicolson method in Sections[4]
and[6] Interested readers will find no difficulty in extending the analysis in these sections

to the Crank-Nicolson method as it is done in the present section.
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