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Energy models for heterogeneous semiconductor devices

mass and charge and energy transport described by

e continuity equations for densitiesn, p
of electrons e~ and holesh™ on Qg

e balance equation for the
density of the total energy e on 2

e Poisson equation for the
electrostatic potential ¢ on 2

strongly coupled PDEs, different domains of definition,
heterogeneous materials, mixed boundary conditions

restrict ustothe  stationary energy mode!
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Stationary energy model

f—n In
V- (V) = TPt
f In €21
R reaction rate of the direct electron-hole recombination-generation

e +ht=0
Jns Jp particle flux densities of electrons and holes
Je flux density of the total energy
€ dielectric permittivity
f prescribed charge density

system has to be completed by

state equations, kinetic relations, mixed boundary conditions
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Stationary energy model: state equations, kinetic relations

¢n, ¢p —€electrochemical potentials of electronsand holes, T —lattice temperature

use variables |
(% 1 z1, Z, defined on g
“\TT T%) 74, 74 defined on ©
state equations:
— Hn(-, Z), P = Hp(, Z)
reaction:;

R=r(,2 (e - 1)
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Stationary energy model:kinetic relations

fluxes:
jn UnnT Uin ‘En VZ]_
Ip — = UpnT UppT 'Ep V2, on 2o

fi= ) ouT@+RT).i=np T= > owT&+PT)+ PT)
k=n,p I,k=n,p

jo= —kT?Vzg on 4

conductivities i, «, onn, opp > 0, onp = opn > 0 depend nonsmoothly on x and
smoothly on the state variables, P,, P, - transported entropies

Onsager relations are fulfilled
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Stationary energy model: strongly coupled system (1)

an(z) ap(z) as(2 0 / Vz, / —R(2)
_y. | 8@ ax(@ ax(@) O Vz; | _ | —R®@ on O
az1(2) ax(2) am(@ 0 || Viz 0 °
0 0 0 e )\ vz \ f —h®®
az3(z3) O Vzz\ _ (0O
S(E @) (3) e
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Stationary energy model: boundary conditions (2)

z=2z°,i=1....4  onlp,

VoY il1238ik(X, 2 VZe =g’ i =1,2,3,  onTyo,
v-(eVzy) = g%  onTyo,

V- Zkzl,z,gaik()(, 2)Vze=0,1=1,2,

V- 8g3(z) = Q) v (eVZy) = gyt
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Notation

Go=QoUTI'noUTI'not, G=QUTIN, I'n=TnoUI'n1

Xs = (Wy3(Gp))? x (Wy*(G))?,
Ws = (WHS(Q0))% x (WHS(R))?
define vectors of data

w:(ZD,g,f), ZD:(ZJI_D,...,ZE), g:(gjl_\lov---vgéll\lovgfl-}\llvgél‘r\ll)

H =W, x L¥[Tno)* x L¥([Tn1)? x L¥(Q)

look for solutionsin theform z = Z + z°, where zP corresponds to afunction fulfilling
the Dirichlet boundary conditionsand Z represents the homogeneous part of the solution

Mg = {(z,zD) e Xqx Wy |Zi+2°] <7, i =1,2, on Qo

1
—‘L’<23—I—Z§)<——, |Z4—|—ZE|<‘L'OI’]Q}, ge (2, p]l, t>1
T
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Weak formulation of the stationary energy model

For @ Mg x L®(Tno)* x L®(Tn1)? x L%(Q) — Xz

3

(FarZow) i, = [ | 3 a2V Vi +eVze- Vi ox

Qo " j k=1

+/ {R(-,zwlwz)+h<-,z>w4}dx—f fyadx
Qo Q
T / {

A33(+, 23)Vz3 - V3 4+ eVzy - Vm}dx

Q)

1

g% dr — [ (@Ms+ g)yadl, ¥ e Xq

4
NO j—1 I'Nnt

1

Problem (P):
Find (g, 7, Z, w) suchthat q € (2, pl, = > 1, (Z, w) € Xq x H,

Fq,t(Z, w) — Oa (Za ZD) S Mq,‘c-
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Existence and uniqueness of thermodynamic equilibria

data compatible with thermodynamic equilibrium

Q= {w=(zD,g, fyeH:z° =const, g°=0,i =1,2 3,

ght=0, 22 +22 =0 zg><o}

Theorem 1. Let w* = (z°*, g*, f*) € Q begiven.

1) Thenthereexistqo € (2, pl, 7 > 1and Z; e Wol’qo(G) such that
(2*,2°*) = ((0.0,0, Z}), 2°) € Mg, and Fy, -(Z*, w*) = 0.
In other words, (o, 7, Z*, w*) isasolution to (P).

i) z¥ = Z* 4+ zP* isathermodynamic equilibrium of (1), (2).

i) If (§,7, Z, w*) issolution to (P) then Z = Z* in Xg with§ = min{qgp, §} holds.
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Results

Lemma 1. (Differentiability)
For all parameters r > 1, all exponentsq € (2, p] the operator

For @ Mg x L®(Tno)* x L¥([Tn)? x L®(Q) — Xz,

IS continuously differentiable.

Proof: Differentiability properties of Nemyzki operators (Recke' 95)

Lemma 2. (Fredholm property and injectivity of the linearization)

Let w* = (z°*, g* f*) € Q begiven. Let (qo, 7, Z*, w*) be the equilibrium solution
to Problem (P) (see Theorem 1). Then there existsag; € (2, gog] such that the operator
0z Fq, - (Z*, w*) Isan injective Fredholm operator of index zero.
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Sketch of the proof

(Lo Z V), = | (Zm( YV Zi- Vi +6VZs- w4+zz )

Qo i,k=1

1=3

+ / (égg(-, Z3))VZ3- Vi3 +eVZy- Vs + Z Zi Wi)dX,
2

4
(Kq Z, )%, = / (. 22+ Zo) (s + W) + 00, 2) - Za— 3 Zy 0 | o
i=1

)

/QZZ yidx, ¥ e Xq.

11=

Kq compact
Ly injective, surjectivefor q € (2, 1]  (surjectivity result in Theorem 3)

Banach'’s open mapping theorem, Nikolsky’s criterion —
0z Fq, - (Z*, w*) Fredholm operator of index zero,

0z Fq, - (Z*, w*) injective []
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L ocal existence and uniqueness of steady states

Theorem 2. Let w* = (zP*, g*, f*) € Q, and let (qo, 7, Z*, w*) be the equilibrium so-
lution to Problem (P) according to Theorem 1.

Then thereexistsq; € (2, qo] such that the following assertion holds. There exist neigh-
bourhoodsU c Xq, of Z*and W C H of w* = (z°*, g*, f*)andaC'-mapd: W — U
suchthat Z = & (w) iff

Foc(Z,w) =0, (Z,Z2°)eMg.., ZeU, w=(" g f)eW.

For dataw = (z°, g, f) near w* = (zP*, g* f*) e Q there exists alocally unique
solution z = Z + zP of the stationary energy model (1), (2).
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Surjectivity result for Lg,

consider A: Xq — X3,

4 4
(AL, V)%, = / { Y dVZi- Vi + Y diZiy fdx
L0 i=1

k=1
4 4
/ E 1V Z - Vi + E diZiyildx, ZeXq ¥ € Xq

assume: o
dik, di e L*°(R2p), I,k=1,...,4, dik, di e L*(£21), I,k =3,4,3 M, m> 0such that

Z dirticti > mit|2,. Z Zd.ktk| <M3tj2, VteR* m<d <Mae inQ

=1 k=1
4 _ 4 4 5 ~
> dititi = mit|%., Z Y dit| < MAtE, VteR?, m=<d <MaeinQ
1,k=3 i=3 k=3

14 lwlilal's



Surjectivity result for Lg,

et WEG) — W2(G), (el v) = / Uy + VU - Vo)dx
G
q>2 Jyc = JZ,G|W&,q(G) : Wol’q(G) — W~19(G) continuous,
existsr (G) > 2suchthat J; g isontofor q € [2,1(G)] (Groger’89)
Mg.6 = sUup{[|ullys, : U €Wy (G), 1 dg.cUllw s <1}, Mag =

analogousdly for Gg

‘Jq = (‘Jq,Goa ‘Jq,Goa ‘Jq,Ga ‘Jq,G)
Jg i Xg = X§ Isontoforq € [2,F],f = min{r (Gp), r (G)}

Mg := sup{ljullx, : U € Xq, [[Jqullx:, < 1}

Mg < max {(Mr.c,)’, (M¢ 6)’}, =t+5

F

Q|-
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Surjectivity result for Lg,

Theorem 3. The operator A maps Xq onto Xg, provided that g € [2, '] and

2
41/2-1/d (1 _ 1)1/2 <1
q M2 :

Proof. Leth € X3, q € [2,f], define Qn 1 Xq — Xq by

M
QnZ:=27Z-— WJq_l(AZ —h), Ze X,

2

_ m<\ 1/2 _
IQhZ = QnZllx, < 4" Mg(1— 25) " 1Z - Zlx,

mé2\ 1/2 mé2- 1/2
gt (1-5) " > (1= 15) <1 forg 2
M2 M?2

Banachs Fixed Point Theorem []
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Assumptions

(A1) €, Qo are bounded Lipschitzian domainsin R?,
G, Gg areregular in the sense of Groger’ 89

(A2) e L®(Q),0<eg<eX) <e’<o0inq.

Definition.

Let V = R? x (—o0, 0) x R.

Thenb: Qo x W — Risof theclass Dy iff b isaCaratheodory function, which is con-
tinuously differentiable with respect to the second argument and for which the function
Itself as well as its derivative with respect to the second argument are locally bounded
and locally uniformly continuous.

b: Q1 x V; — Risof the class D, if in the definition V and 2 are substituted by
Vi = (—00, 0) and ;.
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Assumptions

(A3) ax: QxV — Rareof theclass(Dy), i1, k=1, 2, 3.
For every compact subset K C V there existsan ax > 0 such that

3
Z ak(X, 2)&& > ak ||| foral ze K, dl £ e R®andf.aa x € Q.
k1

dzz . Q1 x Vi — R, isof theclass (D,),
for every k > 1 there existsan & > 0O such that
asz(X,2) > g foral ze [k, —1/k] andaa x € Q.

(Ad) Hi: QxV — R, i =n,p,areof the class (D),
h=H,—Hp: Q xV = R, h(X, z1, 2, z3, -) iISmonotonic increasing
forall ze R? x (—o0,0) x Randaa. x € Q.
lh(x, 2)| < c.e®#l for all
(21, 20, Z3) € [—K, kK]? x [-k, —=1/K], zZ2 € R and aax € Q.

(A5) R(x,2) =r(x,2)(e#t2 - 1),r : Qo x V — R, isof theclass (Dy).
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Outline of the proof of Theorem 1

1. £: HFG) — HXG),
(5(¢),(/3>H01(G) :/9{8V(¢—|—ZE*)-V(/3 — f*qs}dX— . QL,\IO*(/SdF— ) gé'l\'l*quF

+/ h(, (0, 0,0, ¢) + z°*) ¢ dx V¢ € Hy(G)
Qo

IS strongly monotone, hemicontinuous, existsaunique solution ¢ € Hol(G) of £(¢) = 0.

2. higher regularity ¢ € WH%(G), gg > 2 (Groger’ 89),
existst > O suchthat (qo, 7, Z*, w*) with Z* = (0, O, O, ¢) iIsasolution to (P)
z* = Z* 4+ zP* isathermodynamic equilibrium of (1), (2)

3. uniqueness (indirect proof)
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