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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (2;’:1 wiS; — K)+, at least one weight positive
n large (e.g., n = 500 for SPX)

v

v

PDE methods
(Quasi) Monte Carlo method
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Fourier transform based methods

v

Approximation formulas
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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (2;’:1 wiS; — K)+, at least one weight positive
n large (e.g., n = 500 for SPX)

v

v

PDE methods
Pros: fast, general
Cons: curse of dimensionality, path-dependence may or
may not be easy to include
(Quasi) Monte Carlo method
Fourier transform based methods
Approximation formulas

v

v

v
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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (2;’:1 wiS; — K)+, at least one weight positive
n large (e.g., n = 500 for SPX)

v

v

PDE methods
(Quasi) Monte Carlo method
Pros: very general, easy to adapt, no curse of
dimensionality
Cons: slow, quasi MC may be difficult in high dimensions
Fourier transform based methods
Approximation formulas

v

v

v
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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (Z;’zl wiS; — K)+, at least one weight positive
n large (e.g., n = 500 for SPX)

v

v

PDE methods
(Quasi) Monte Carlo method
Fourier transform based methods
Pros: very fast to evaluate (“explicit formula”)
Cons: only available for affine models, difficult to
generalize, curse of dimensionality
» Approximation formulas

v

v
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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (2;’:1 wiS; — K)+, at least one weight positive
n large (e.g., n = 500 for SPX)

v

v

PDE methods

(Quasi) Monte Carlo method

Fourier transform based methods

» Approximation formulas

Pros: very fast evaluation

Cons: derived on case by case basis, therefore very
restrictive

v

v
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Methods of European option pricing

ut,S)=e " TVE[£(ST)| S

Example (Example treated in this work)

» f(S) = (Z:’zl wiS; — K)+, at least one weight positive
» n large (e.g., n = 500 for SPX)

v

PDE methods

(Quasi) Monte Carlo method

Fourier transform based methods

» Approximation formulas

Work horse methods: PDE methods and (in particular) (Q)MC
Particular models allowing approximation formulas (e.g., SABR
formula) or FFT (Heston model) very popular

v

\{

v

v
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Approximation formulas based on expansions in option parameters

» Expansions in large/small strike or large/small maturity
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Approximation formulas based on expansions in option parameters

» Expansions in large/small strike or large/small maturity

Example (Large strike expansion, Lee formula)

» 0xCall(Sy,T,K)=-P (St = K)
» For K > 1, this is a rare event (large deviation)
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Approximation formulas based on expansions in option parameters

» Expansions in large/small strike or large/small maturity

Example (Large strike expansion, Lee formula)

» 0xCall(Sy,T,K)=-P (St = K)
» For K > 1, this is a rare event (large deviation)

» Lee formula: m :=log(So/K), B related to moment explosion

T
lim —07(So.T.K) = -
m

m—=+00

» Extensions e.g., by P. Friz et al.
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Small noise expansion (stochastic approach)

» Consider the (one-dimensional) model

dStzo_(t,St)th, SOER
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Small noise expansion (stochastic approach)

» Consider the (one-dimensional) model

dS¢ = ea(t,S)dW,, S{=SoeR

Approximations for local vol baskets - November 28, 2013 - Page 6 (32)



Small noise expansion (stochastic approach)

» Consider the (one-dimensional) model
dS; = eo(t,S))dW;, S5=SoeR
> Expansion: S§ =S¢ + €S 1, + 1€2S2, + o(€?), with
t
S = f o (s,80)dWs,
0
!
S2,t = zf 0,0(s,S0)S l,des
0

» Wiener chaos decomposition
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Small noise expansion (stochastic approach)

v

Consider the (one-dimensional) model

dS¢ = er(t,SdW,, S§=SoeR

v

Expansion: S€ = So + €S 1, + €252, + o(€?), with
3
S = f (s, S0)dWs,
0

!
S2,t = 2[ axO—(S, SO)Sl,des
0

v

Wiener chaos decomposition

E[f(SD] = f(So) +ef"(SOE[S17]+
+3E(F/(SOE[Sar] + [ (SOE ST ,]) + -

» For non-smooth payoffs, extensions possible by Malliavin

weights.

v
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Small noise expansion (PDE approach)

> Price u(t,So) solves Lu = 0 with L¢ = 8, + 10?02 =

Lo+ 62L2
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Small noise expansion (PDE approach)

> Price u(t, So) solves L<u = 0 with L€ = 8, + 1620202 = Lo + €’L,

» Ansatz u€ = ug + eu; + %ezuz + .- gives (regular perturbation)

1
Loug + €Louy + e (ELouz + Lzuo) + 0(62) =0
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Small noise expansion (PDE approach)

> Price u(t, So) solves L<u = 0 with L€ = 8, + 1620202 = Lo + €’L,

> Ansatz u€ = ug + eu; + 3€u + - -+ gives (regular perturbation)
2 1 2
Loug + €eLouy + € zLouz + Loug |+ o0(e”) =0

» Formally, we get

1
uo(T,So) = f(So), Louo =0, Lou; =0, ELouz + Loup =0,...

T
uo(t,So) = f(So), ur =0, wux(t,80) = 2[ Louo(s, So)ds
t
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Small noise expansion (PDE approach)

v

v

v

v

Price u€(t, S ) solves Léu = 0 with L€ = 9, + 20202 =: Lo + €’L,

Ansatz u€ = ug + eu; + 3€*u + - -+ gives (regular perturbation)
2 1 2
Loug + €eLouy + € zLouz + Loug |+ o0(e”) =0

Formally, we get

1
uo(T,So) = f(So), Louo =0, Lou; =0, ELouz + Loup =0,...

T
uo(t,So) = f(So), ur =0, wux(t,80) = 2[ Louo(s, So)ds
t

For non-smooth payoffs, a singular perturbation in the fast
variable y := (x — K)/e can be used
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Outline

H Outline of our approach
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Setting

» Local volatility model for forward prices

dF(t) = o(F;(t))ydWi(), i=1,...,n,
(aWi(). dW;(1)) = pijdt
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Setting

» Local volatility model for forward prices

dF(t) = o(F;(t))ydWi(), i=1,...,n,
(aWi(). dW;(1)) = pijdt

» Generalized spread option with payoff (Z?:l wiF; — K)+, at least
one w; positive

» Goal: fast and accurate approximation formulas, even for high n
» n =100 or n = 500 not uncommon (index options)
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Setting

» Local volatility model for forward prices

dF(t) = o(F;(t))ydWi(), i=1,...,n,
(aWi(o), aW () = pydt

v

Generalized spread option with payoff ( Wil — K)+, at least
one w; positive

v

Goal: fast and accurate approximation formulas, even for high n

v

n =100 or n = 500 not uncommon (index options)

v

Black-Scholes model: o;(F;) = o;F;
CEV model: G'i(F,') = O'iFiﬁi

v
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Basket Carr-Jarrow formula

> Consider the basket (index) X', w;F;:

d )" wiFit) = Y wioi(Fi(0)dWi(r)
i=1 i=1
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Basket Carr-Jarrow formula

» Consider the basket (index) X', w;F;:
» Ito’s formula formally implies that

(i wiF;(t) — K]+ = (an w;iF;(0) — K)+ +
i=1

i=1

n T T
1
+ 21 Wi fo Ly wiriw>kdFi(u) + 5 f(; 05 wiF =k 5y g (F(u))du
i=
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Basket Carr-Jarrow formula

» Consider the basket (index) X', w;F;:
» Ito’s formula formally implies (with &(K) = {F| >, w;F; = K}) that

n + 1 T
C(F(0),K,T) =| > wiF{0)— K| +> f E |03, 5(Fw)dex) (F(w)) | du
i=1 2 Jo ’
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Basket Carr-Jarrow formula

» Consider the basket (index) X', w;F;:
» Ito’s formula formally implies (with &(K) = {F| >, w;F; = K}) that

n + 1 T
C(F(0),K,T) =| > wiF{0)— K| +> f E |03, 5(Fw)dex) (F(w)) | du
i=1 2 Jo ’

» Let p(Fy,F,1) := P(F(t) € dF | F(0) = Fy) and H,,_; be the
Hausdorff measure on &(K), then we have the Carr-Jarrow
formula

C(Fo,K,T) = (Z Wi F(0) — K] +
=1

1 (71 <
+5 f — | > wiwoi(F)o i(F )pi;p(Fo, F, w)H, - (dF)du.
2Jo Wl Jewy =
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Approximations

» Heat kernel expansion (to be discussed in detail later):
d(Fo, F)?

1
o5 gE)pEo.F. 1) ~ G exp( o

— C(Fo, F))
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Approximations

» Heat kernel expansion (to be discussed in detail later):
1 ox d(Fo, F)?

Qmry2 P 2

» By change of variables F, = Wi( -y w ,) on Ek:

[wl

(Wil

o5 gE)pEo.F. 1) ~ — C(F, F))

Hy1(dF) = —dF,---dF,_
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Approximations

» Heat kernel expansion (to be discussed in detail later):
1 d(Fo, F)?
Qo2 P 2
» By change of variables F,, = Wi (K — Z?:‘ll w,-Fi) on &g:
Il

(Wil

» Laplace approximation: with F* = argming.g, d(Fo,F) and
Gk = {(F1,...,Fu)l 205 wiF; < K)

d(FO P2 _dF F*)? . _dTon
f e COBYF, . dF,y ~ e 7 C(FO’F)f 2 dz
Gk R~

)2 o=l
w0 o ) (2m) 2

vdet O

o5 gE)pEo.F. 1) ~ — C(F, F))

H,_1(dF) =

dFy---dF,_
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Approximations

» Heat kernel expansion (to be discussed in detail later):
1 ox d(Fo, F)?

Qmry2 P 2

» By change of variables F, = Wi( -y w ,) on Ek:

(Wil

> Laplace approximation: with F* = argming.g, d(Fo,F) and
Gk = {(F1,...,Fu)l 205 wiF; < K)

d(FO P2 _dF F*)? . _dTon
f e COBYF, . dF,y ~ e 7 C(FO’F)f 2 dz
Gk R~

o5 gE)pEo.F. 1) ~ — C(F, F))

Hyo1(dF) = ——-dFy - dFyy

51 - SEF ) Qm'
vdet O
We rely on the principle of not feeling the boundary. J
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Matching to implied volatilities

Zn: wiFi(0) — K

-
J -
i=1

1 d(F.F*)

+ e CFF="5r= 324 o(T312), as T — 0.
2 V27 |wy| d(Fo, F¥)2 \/det O

Cg(Fo, K, T) = (
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Matching to implied volatilities

Cg(Fo, K, T) = ( w;iF;(0) — K] 4

i=1

1 d(F.F*)

+ e CFF="5r= 324 o(T312), as T — 0.
2 V27 |wy| d(Fo, F¥)2 \/det O

» Bachelier implied vol (with F = 2y wiFo):

O'3~0'3,0+T0'B,1 WithO'B,():
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Matching to implied volatilities

L

n arF
CB(FO’ K’ T) = ( WlFl(O) - K] +
=1

1 o dFgF*)
e COF)-"m—=3/2 4 5T3/2) a5 T — 0.

+
2 V27 |wy| d(Fo, F¥)2 \/det O

» Bachelier implied vol (with F = 2y wiFo):

, |Fo - K|
O'3~0'3,0+T0'B,1WIthO'B,0= —, 0B1 =
d(Fo, F*) |Fo|
» Black-Scholes implied voila:
_ ’10g (fo/K)’
ops ~0pso+ Tops i withopsg = W, oBs,1 = -

Approximations for local vol baskets - November 28, 2013 - Page 12 (32)



Greeks

» Goal: sensitivity w. r. t. model parameter « of the option price
Cs(Fo, K, T) ~ Cps(Fo,K,ops,T)

> Sensitivity: 8KCBS (f(), K, O BS » T) + Vs (Fo, K, O BS ,» T)aKO'BS
——— ~——
BS greek BS vega

» Recall that o ps 0, ops.1 explicit up to F*
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Greeks

» Goal: sensitivity w. r. t. model parameter « of the option price

Cg(Fo, K, T) ~ Cps(Fo,K, 085, T)

v

Sensitivity: 8,Cps (Fo, K, ops, T) + vgs (Fo, K, ogs., T30 s

v

Recall that o s 0, 0s,1 explicit up to F*

v

By the minimizing property: (')Fidz (FO,FK(G))|G:G* =0

v

Differentiating with respect to « gives

n—1

O,0r,d” (Fo, FR(G))|g. + > 0r0r,d” (Fo, Fx(G))g. 0, F} =0
=1

Up to the above system of linear equations for 9,F*, there are explicit
expression for the sensitivities of the approximate option prices. J
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Outline

Heat kernel expansions
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Heat kernels and geometry

dXt = b(Xt)d[ + (T(Xt)th,

1 .. & 0
L=-d/—— +b—, a=clc
2 Oxtox/ oxt

» Heat kernel: fundamental solution p(x,y, 7) of %u =Lu
» Transition density of X,
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Heat kernels and geometry

dXt = b(Xt)dt + (T(Xt)th,

1 .. & 0
L=-d/—— +b—, a=clc
2 Oxtox) oxt

» Heat kernel: fundamental solution p(x,y, 7) of (%u =Lu
» Transition density of X,

Take L = A on a domain D and relate:
» Geometrical properties of the domain D
» Partition function Z = ¥, e’

» Heat kernel
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Heat kernels and geometry

dXt = b(X[)d[ + (T(Xt)th,

1 .. & 0
L=—-a"’ - - +blf, =o!
2a oxtox/ oxt a=aa

» Heat kernel: fundamental solution p(x,y, 7) of (%u =Lu
» Transition density of X,

"Can you hear the shape of the drum?"(Kac ’66)

Take L = A on a domain D and relate:

v

Geometrical properties of the domain D

v

Partition function Z = Y,y e’

v

Heat kernel
E.g. —yx ~ C(n)(k/ vol D)*>" (Weyl, '46)

E.g. (forn=2):Z =2 _ % +O(1) (McKean & Singer, '67)

v

v
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The Riemannian metric associated to a diffusion

dX; = b(Xp)dt + o(X)dW;,

_ 1 ij 0 i 0 _ T
L_Ea 6xi8x1+b§’ a=o0 o

» OnR" (ora submanifold) introduce g"/ = a'/, Riemannian metric
tensor (g;0)! ., = (€7@ )"
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The Riemannian metric associated to a diffusion

dX; = b(Xy)dt + o(X)dW;,

_ 1 ij 0 i 0 _ T
L_Ea 6xi6x1+b§’ a=o0 o

» OnR" (ora submanifold) introduce g"/ = a'/, Riemannian metric
tensor (g0 _, = (7! )
» Geodesic distance:

1
dx.y) = z(o>=ixr,lzf(1>=yfo ‘/Z 8i/(ZO)E (D (D1
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The Riemannian metric associated to a diffusion

dX; = b(Xy)dt + o(X)dW;,

_ 1 ij 0 i 0 _ T
L_Ea axi8x1+b§’ a=o0 o

» OnR" (ora submanifold) introduce g"/ = a'/, Riemannian metric
tensor (g0 _, = (7! )
» Geodesic distance:

1
dx.y) = z(0>=ixr,lzf(1>=yfo ‘/Z 8i/(ZO)E (D (D1

» inf attained by a smooth curve, the geodesic
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The Riemannian metric associated to a diffusion

dX; = b(Xy)dt + o(X)dW;,

_ 1 ij 0 i 0 _ T
L_Ea axi8x1+b§’ a=o0 o

v

OnR”" (or a submanifold) introduce g"/ = a'/, Riemannian metric
tensor (g0 _, = (7! )
Geodesic distance:

1
dx.y) = z(0>=ixr,1zf(1>=yfo ‘/Z 8ij(2)Z (2! (1dt

v

» inf attained by a smooth curve, the geodesic
_ 1
» Laplace-Beltrami operator: A, = (det(g,- j)) 3 (det(gl J))z i (9?( 5
1, 0% .0 1 0
L==-d"——+b— =-A, + h'—
2% oxigni U ox 2% ox
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Heat kernel expansion

_ dz(xo,x)

PN(0, %, T) = [det(g(x)i)) Un (%o, X, T)%

> Un(x0,%,T) = Y1 u(x0,X)T*, the heat kernel coefficients
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Heat kernel expansion

_ dz(xo,x)

PrGX0, %, T) = |det(g(x)i)) Un (%o, X, T)%

> Un(x0,%,T) = Y1 u(x0,X)T*, the heat kernel coefficients
> 1o(X0, X) = VA(X0, X)e LhG@), 20 dt

A is the Van Vleck-DeWitt determinant:

A - ! det(-1 24 )
%0.%) = ieGon (- 55)

v

> D). A0) i the exponential of the work done by the vector
field 4 along the geodesic z joining x¢ to x with

P=p- L2 ~oij
n=b 2 4/det(g;j) 6x-/[ det(gu)g ]
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Heat kernel expansion — 2

The cut-locus of any point is empty, i.e., any two points are connected
by a unique minimizing geodesic.
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Heat kernel expansion — 2

The cut-locus of any point is empty. I

Theorem (Varadhan ’67)

b = 0, o uniformly Hélder continuous, system uniformly elliptic, then
limy_o T log p(x,y, T) = —3d(x,y)*.
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Heat kernel expansion — 2

The cut-locus of any point is empty. \

Theorem (Varadhan ’67)

b = 0, o uniformly Hélder continuous, system uniformly elliptic, then
limy_o T log p(x,y, T) = —3d(x,y)*.

Theorem (Yosida ’53)

On a compact Riemannian manifold, assume smooth vector fields and
an ellipticity property. Then p(x,y,T) — pn(x,y,T) = O(T") as T — 0.
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Heat kernel expansion — 2

The cut-locus of any point is empty. \

Theorem (Varadhan ’67)

b = 0, o uniformly Hélder continuous, system uniformly elliptic, then
limy_o T log p(x,y, T) = —3d(x,y)*.

Theorem (Yosida ’53)
On a compact Riemannian manifold, assume smooth vector fields and
an ellipticity property. Then p(x,y,T) — pn(x,y,T) = O(T") as T — 0.

Theorem (Azencott '84)

For a locally elliptic system in an open set U c R", x,y € U
s. L. d(x,y) <d(x,0U) + d(y,dU), we have

px,y,T) - pyx,y,T) = O(TN)as T — 0.
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The local vol case

» Domain R}, dFi(t) = oi(Fi(0)dWi(), i=1,...

1 i iy 0
» [ = Epijo-i(xl)o-j(xj)axiﬁxj

N
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The local vol case

» Domain RY, dFi(t) = oi(Fi(t))dWit), i=1,...,n
. : 2
> [ = %pijm(x’)a'j(xf)%
» Let A € R be such that ApAT = I,. Change variables
F — y — x according to

F; 2
Ldu 100 1 , 0
)’izf —i=1,...,n, x=A4y, L Ao (Fi)7
0 Xi

e - o=z
oi(un) 26;@2 2
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The local vol case

» Domain RY, dFi(t) = oi(Fi(t))dWit), i=1,...,n
. : 2
L = 1pjjoi(x)oj(x/ )_ax(?axj
Let A € R™" be such that ApAT = I,. Change variables
F — y — x according to

v

v

Fi 2
i du 10° 1 0
=i x=Ay, Lo = Aprl(F)—
Y fo G'i(u)’l el XEAY - 20x2 2 kT k)axl-

» Isomorphic (up to boundary) to Euclidean geometry:

d(Fo,F) = [xo — x|

v

Geodesics known in closed form
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The local vol case

» Domain RY, dFi(t) = oi(Fi(t))dWit), i=1,...,n
. : 2
L = 1pjjoi(x)oj(x/ )_ax(?axj
Let A € R™" be such that ApAT = I,. Change variables
F — y — x according to

v

v

F; 2
i du 10 1 0
= io o x=Ay, Lo L Agrl(F)—
Vi fo o) i n, x=Ay 2622 2 ik (Fk) P

v

Isomorphic (up to boundary) to Euclidean geometry:

d(Fo, F) = [xo — x|

v

Geodesics known in closed form

v

CEV case: oi(F;) = o-,-Fl.B", zeroth and first order heat kernel
coefficients given explicitly

Approximations for local vol baskets - November 28, 2013 - Page 19 (32) %



Outline

1 Numerical examples
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Implementation

» Optimization problem for F* is non-linear with a linear constraint

» With ¢; == FZ’: 0% 5, itis a quadratic optimization problem with
non-linear constraint

» Fast convergence of Newton iteration
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Implementation

v

Optimization problem for F* is non-linear with a linear constraint

v

With g; := FZ S, it is a quadratic optimization problem with

non-linear constraint

v

Fast convergence of Newton iteration

v

Given F*, C(Fy, F*) is a line integral along the geodesic; this
integral can be calculated in closed form in the CEV model.
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» Optimization problem for F* is non-linear with a linear constraint

» With ¢; == FZ (Tf& 5, itis a quadratic optimization problem with

non-linear constraint
» Fast convergence of Newton iteration

» Given F*, C(Fy, F*) is a line integral along the geodesic; this
integral can be calculated in closed form in the CEV model.

» Formulas can be evaluated in less than 2 seconds for n = 100
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Implementation

» Optimization problem for F* is non-linear with a linear constraint

» With ¢; == FZ (Tf& 5, itis a quadratic optimization problem with

non-linear constraint
» Fast convergence of Newton iteration

» Given F*, C(Fy, F*) is a line integral along the geodesic; this
integral can be calculated in closed form in the CEV model.

» Formulas can be evaluated in less than 2 seconds for n = 100

Our work relies on the principle of not feeling the boundary. J
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The initial guess in the Newton iteration

FlPiop)Fi

» Change of variable: g; = ————2—, F; = ( Fy P+ (1-Bai

1-B;

> AT l_(o-lo-]plj)lj 1

» Optimization problem: min q’ Aq : Yy wiFi(g) = K

)1/(1_,Bi)
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The initial guess in the Newton iteration

. Fl.liﬁi—Féi.'Bi 1-B;
Change of variable: ¢; = ~——5*—, F; = (Fm "+ (1 =Bigi

v

)1/(1—,3i)

-1 _
> AT = (00T pi) i

v

Optimization problem: minq”Aq : X%, wiFi(q) = K

n
Linearized constraint: Z w; (FO,,- + ngl.qi) =K

»
i=1
> Minimizer q; = ff,;f% A~'Fy with Lagrange multiplier
A=2 K-Fq , where FO,i = W,‘F(),i

—I‘:gA_lfo
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The initial guess in the Newton iteration

. Fl.liﬁi—Féi.'Bi 1-B;
Change of variable: ¢; = ~——5*—, F; = (FO,~ "+ (1 =Bigi

v

-1 _
> AT = (00T pi) i

v

Optimization problem: minq”Aq : X%, wiFi(q) = K

n
Linearized constraint: Z w; (FO,,- + ngl.qi) =K

»
i=1
> Minimizer q; = ff,;f% A~'Fy with Lagrange multiplier
A=2 K-Fq , where FO,i = W,'F(),i

—I‘:gA_lfo
q;, not good enough (unless coupled with “1/2-slope rule”)

v

v

Use as initial guess in Newton iteration

)1/(1—,3i)
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Numerical examples

» CEV model framework

» For CEV, the formulas are fully explicit apart from the minimizing
configuration F*

» We observe very fast convergence of the iteration, but the initial
guess is crucial.
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Numerical examples

CEV model framework

v

v

For CEV, the formulas are fully explicit apart from the minimizing
configuration F*

v

We observe very fast convergence of the iteration, but the initial
guess is crucial.

v

Reference values obtained using:
» Ninomiya Victoir discretization
» Quasi Monte Carlo based on Sobol numbers, Monte Carlo
for very high dimensions (n = 100)
» Variance (dimension) reduction using Mean value Monte
Carlo based on one-dimensional Black-Scholes prices
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CEV index implied vol — three-dimensional visualization

Te) —— Basket
S —5— St.1(Fy=10,B=0.3,0=0.9)
—— St.2(Fp=11,$=0.2,0=0.7)
—o— St.3(Fy=17,p=0.2,0=0.9)
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log(K/Fo)
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CEV index implied vol — three-dimensional visualization
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Spread option in dimension 10

» Recall: dF(t) = o Fi(t)’idWi(t)

B =1(0.7,0.2,0.8,0.3,0.5,0.5,0.6,0.6,0.3,0.3)
o =(0.8,0.6,0.9,0.6,0.8,0.4,0.9,0.9,0.3,0.8)
Fo = (10,13,11,18,9,10,17,16,13,17)
w=(-1,-1,1,1,1,-1,-1,1,1,1)

v

v

v

v
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Spread option in dimension 10

T | K=329 | K=338|K=341| K=344| K=353
0.5 | 3.6352 3.1609 3.0123 2.8684 2.4649
1 4.8959 4.4332 4.2857 4.1416 3.7292
2 6.6912 6.2385 6.0924 5.9487 5.5322
5 10.2656 9.8261 9.6825 9.5408 9.1251
10 | 14.2385 | 13.8122 | 13.6726 | 13.5298 | 13.1204
Table : Quasi Monte Carlo prices.
T | K=329 | K=338|K=341| K=344| K=353
0.5 | 3.6306 3.1562 3.0076 2.8637 2.4601
1 4.8844 44214 4.2739 4.1297 3.7174
2 6.6640 6.2109 6.0648 5.9211 5.5046
5 10.2020 9.7617 9.6182 9.4763 9.0604
10 | 14.1930 | 13.7635 | 13.6229 | 13.4835 | 13.0728

Table : Zero order asymptotic prices.
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Spread option in dimension 10

T | K=329 | K=338|K=341| K=344| K=353
0.5 | 3.6352 3.1609 3.0123 2.8684 2.4649
1 4.8959 4.4332 4.2857 4.1416 3.7292
2 6.6912 6.2385 6.0924 5.9487 5.5322
5 10.2656 9.8261 9.6825 9.5408 9.1251
10 | 14.2385 | 13.8122 | 13.6726 | 13.5298 | 13.1204
Table : Quasi Monte Carlo prices.
T | K=329 | K=338|K=341| K=344| K=353
0.5 | 3.6353 3.1610 3.0123 2.8684 2.4648
1 4.8976 4.4348 4.2873 4.1431 3.7307
2 6.7015 6.2487 6.1027 5.9590 5.5423
5 10.3507 9.9112 9.7678 9.6260 9.2100
10 | 14.6137 | 14.1863 | 14.0461 13.9069 | 13.4960

Table : First order asymptotic prices.
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Normalized errors

» Approximation error supposed to depend on “dimension-free”
time to maturity o7

» Use 7 := on 5o/ QZL w,-FO,,-) as proxy in local vol framework

> Normalized error: Re.2rer
a’

T | Dim.5 | Dim. 10 | Dim. 15 | Dim. 100
0.5 | 0.1555 | —0.0293 | 0.3085 | —-0.0143
1 |0.1481 | -0.0261 | 0.3162 | —0.0105
2 | 0.1429 | —0.0218 | 0.3222 | —0.0075
5 |1 0.1376 | —0.0129 | 0.3252
10 | 0.1328 | —0.0035 | 0.3198
o | 0.1704 | 0.3187 | 0.1073 0.2964

Table : Normalized relative error of the zero-order asymptotic prices.
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Normalized errors

» Approximation error supposed to depend on “dimension-free”
time to maturity o7

» Use o = O'N’B(F())/

» Normalized error:

ﬂ

" w;iFg;) as proxy in local vol framework
i=1 s
el. error

T
T Dim. 5 Dim. 10 Dim. 15 Dim. 100
05| -4.02x10™* | 1.76 x 107* | 8.76 x 1073 | 5.06 x 107>
1 | —947x107% | 358%x 1073 | 1.53x 107> | 2.08x 1073
2 | -1.63x1073 | 8.09x 1073 | -3.92x 107> | 3.89 x 1073
5 | =341%x1073 | 1.71x 1072 | -1.33x 1072
10 | -7.15%x 1073 | 2.67x 1072 | —2.82 x 1072
foa 0.1704 0.3187 0.1073 0.2964

Table : Normalized error of the first order asymptotic prices.
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First order prices

Price
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Strike
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Relative errors
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Delta

13 0.1 0.3 1
Fo=|9]| &=]07], g=07], w=]| 1
9 0.6 0.5 -1

1.0000 0.9142 0.7706
p=109142 1.0000 0.8429].
0.7706 0.8429 1.0000

» Objective: Compute the sensitivity (delta) w.r.t.Fo 3.
» Note that the option payoff is

PF)=(F1+F,-F3—-K)"
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Delta
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Relative error of delta
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