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Controlled differential equations

Standard ordinary differential equation

b=V, yo=£¢€R% 1e[0,1]

V:R? = R? smooth
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Controlled differential equations

Standard ordinary differential equation
ye=Vo), y=£eRY 1€[0,1]
V : RY = R smooth
Controlled differential equation
dy, = Vydx, yo=£&€RY, 1e€[0,1]

» V: R4 - R smooth

» x, path taking values in R¢
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Controlled differential equations

Standard ordinary differential equation
ye=Vo), y=£eRY 1€[0,1]
V : RY = R smooth
Controlled differential equation
dy, = Vydx, yo=£&€RY, 1e€[0,1]

» V : R? = R smooth
» x, path taking values in R¢
» x; may contain component ¢, i.e., includes

dy, = Vo(y)dt + V(y)dx;
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Examples of controlled differential equations

dy, = VOy)dx, yo=&¢€RY, te[0,1]

» x; smooth:
= V(yt)xt
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Examples of controlled differential equations

dy, = VOy)dx, yo=&¢€RY, te[0,1]

» x; smooth:
Ve = V)X
» x, = Wy(w) is a path of a Brownian motion, i.e., y; = y/(w) is
pathwise solution of the stochastic differential equation

dyi(w) = V(y(w)dWw)

(Ito, Stratonovich or some other sense?)
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Examples of controlled differential equations

dy, = VOy)dx, yo=&¢€RY, te[0,1]

» x, smooth:
e = V(yDx
» x, = Wy(w) is a path of a Brownian motion, i.e., y; = y/(w) is
pathwise solution of the stochastic differential equation

dyi(w) = V(y(w)dWw)

(Ito, Stratonovich or some other sense?)

» x; = Z;(w) for some other stochastic process, such as fractional
Brownian motion, y, = y,(w) is pathwise solution of the
corresponding stochastic differential equation
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Integral form

dy, = Viy)dx,, yo=£&eRY, 1e]0,1]
Assume that x; is not smooth, say
lxs — x|

sup ———— —||x||c,<oo},a/<1
S#t | _tl

x € CY[0,1;R®) = {x € C([0,1];R%)
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Integral form

dy, = Viy)dx,, yo=£&eRY, 1e]0,1]
Assume that x; is not smooth, say

sup lxs — x|
s#t |8 — 1"

x € CY[0,1;R®) = {x € C([0,1];R%)

= ||x||c,<oo},a/<1

» While x does not “easily” make sense, maybe the integral form
does:

1
Yt = ‘f +f V(ys)de9 re [09 1]
0
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Integral form

dy, = V(ypdx,, yo=&€eRY 1e[0,1]
Assume that x; is not smooth, say

sup lxs — x|
s#t |8 — 1"

x € CY[0,1;R®) = {x € C([0,1];R%)

= ||x||c,<oo},a/<1

» While x does not “easily” make sense, maybe the integral form
does:

1
Yt = ‘f +f V(ys)de9 re [09 1]
0

» Notice: If x € C%, then generically y € C* (and no better), as well.
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Integral form

dy, = V(ypdx,, yo=&€eRY 1e[0,1]
Assume that x; is not smooth, say

- x|

x € CY[0,1;R®) = {x e C([0,1;R®) |s

= ||x||c,<oo},a/<1

s;tt | - |a

» While x does not “easily” make sense, maybe the integral form
does:

1
Yt = ‘f +f V(ys)d-xS9 re [09 1]
0

» Notice: If x € C%, then generically y € C* (and no better), as well.
» Need to make sense of expressions of the form

!
fysdxs, x, y € C7([0,1])
0
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Young integral

!
f Vsdxg, x,y € CY([0,1])
0

Recall the Riemann-Stieltjes integral:

1
f ysd-xs = lim E ys (xr = Xy)
0 |P|—0 ~——
[s,f]eP

=Xt

% a finite partition of [0, 1]
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Young integral

!
f Vsdx, x,y € CY([0,1])
0

Recall the Riemann-Stieltjes integral:

1
f ysdxs = lim E Vs (X1 = x5) (%)
0 |P|—0 —
[s,f]eP

=Xt

% a finite partition of [0, 1]
Theorem (Young 1936)

(a) Lety € CA([0,1];R), x € C%([0, 1];R) with0 < a,8 < 1 and
a + > 1. Then (%) converges and the resulting bi-linear map
1 , . . 1
(x.y) — [ ysdx is continuous, i.e., ' IA yxdxs| < Casp(1yol) Iyllg I1¢llo-

Rough paths and rough partial differential equations - March 18, 2016 - Page 6 (48) %



Young integral

!
f Vsdx, x,y € CY([0,1])
0

Recall the Riemann-Stieltjes integral:

1
f ysdxs = lim E Vs (X1 = x5) (%)
0 |P|—0 —
[s,f]eP

=Xt

% a finite partition of [0, 1]

Theorem (Young 1936)

(a) Lety € CA([0,1];R), x € C%([0, 1];R) with0 < a,8 < 1 and

a + B > 1. Then (%) converges and the resulting bi-linear map

(6,9) =y ysdx, s continuous, i.e., | [ ysdxy| < CavpllyoD Iyl -
(b) Let o + 3 < 1. Then there are y € C#([0, 1];R), x € C%([0, 1];R)
such that (x) does not converge, i.e., such that different sequences of
partitions yield different limits (or none at all).
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Young integral Il

dy: = V(y)dx;, yo=£&€R?, 1€[0,1]

Let x € C([0,1];R%), @ >  and V € CX(R?;R?*). Then the usual
Picard iteration scheme converges and the controlled differential
equation has a unique solution.
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Young integral Il

dy: = V(y)dx;, yo=£&€R?, 1€[0,1]

Let x € C([0,1];R%), @ >  and V € CX(R?;R?*). Then the usual
Picard iteration scheme converges and the controlled differential
equation has a unique solution.

Let 0 < H < 1. The fractional Brownian motion with Hurst index H is
the Gaussian process (on [0, 1]) with W}’ = 0, £ [W/| = 0 and

E[WIWH] = 2 (P + 27—l = 5P7).

» fBm with H = % is standard Brownian motion;

» Paths of W¥ are a.s. a-Hélder for any & < H (but no a > H).
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Young integral Il

dy: = V(y)dx;, yo=£&€R?, 1€[0,1]

Let x € C([0,1];R%), @ >  and V € CX(R?;R?*). Then the usual
Picard iteration scheme converges and the controlled differential
equation has a unique solution.

Let 0 < H < 1. The fractional Brownian motion with Hurst index H is
the Gaussian process (on [0, 1]) with W}’ = 0, £ [W/| = 0 and

E[WIWH] = 2 (P + 27—l = 5P7).

» fBm with H = % is standard Brownian motion;
» Paths of W¥ are a.s. a-Hélder for any & < H (but no a > H).

Hence, we can solve fractional SDEs for H > %
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Rough drivers as limits of smooth drivers

dy, = Vy)dx;, yo=¢€RY, 1e0,1]

» Classical theory works for smooth x, say x € C* ([0, 1];R®)
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Rough drivers as limits of smooth drivers
dy, = V(ydx, yo=£€R?, 1€[0,1]

Classical theory works for smooth x, say x € C* ([0, 1]; R¢)

v

Choose sequence x" of smooth paths converging to x

v

Assume that corresponding solutions y"* converge to some path
y € ([0, 1; RY)
Call y solution of the controlled equation

v

v
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n. 1 ' ,1 2 1 tn,2 n,1
o =5 Ox’;dx’; ~3 Oxs dx
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

7= —% (fo‘t sin (nzs)2 ds + jo‘t cos (nzs)2 ds)
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n. 1 ' ,1 2 1 tn,2 n,1
o =5 Ox’;dx’; ~3 Oxs dx

Even though x" — 0in ||-||,, we have z} — _%t-
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n. 1 ' L1 2 1 ln,2 n,1
4= Ox';dx'; ~3 Oxs dx’;

Even though x" — 0 in |||, we have 2/ — —1r.

Relevance for controlled differential equations: choose

1 0
Vi) =| 0 1 |, yeR?
%)’2 _%yl

t

dy) = V()dxi,  yo=(0,1/n,0).

Then y! = (x:"l,x”’2 z?) solves
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n . 1 ' ,1 2 1 ! n2 y.n,l
4= Ox’sldx's’ ~3 Oxs dx’;

Even though x" — 0 in |||l.,, we have 7" — _%f- J

» The example is not just an instance of “poor choice of norm”:
replacing ||-||. by any other reasonable norm is vulnerable to the
same type of example.
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n . 1 ' ,1 2 1 ! n2 y.n,l
4= Ox’; dx’ ~3 Oxs dx’

Even though x" — 0 in |||l.,, we have 7" — _%f- J

» The example is not just an instance of “poor choice of norm”:
replacing |-l by any other reasonable norm is vulnerable to the
same type of example.

» “Curing this example will cure all other counter-examples.”
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A counter-example

X} = (sin(n*)/n, cos(n*/n), 1€ [0,27]

Consider the area function

n . 1 ' ,1 2 1 ! n2 y.n,l
4= Ox’sldx? ~3 Oxs dx’

Even though x" — 0 in |||l.,, we have 7" — _%f- J

» The example is not just an instance of “poor choice of norm”:
replacing ||-||.. by any other reasonable norm is vulnerable to the
same type of example.

» “Curing this example will cure all other counter-examples.”

» Does not work in dimension e = 1 (Doss—Sussmann
transformation.)
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Ito stochastic integration

Suppose you want to cover the case x; = Wy(w), a standard Brownian
motion.
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Ito stochastic integration

Suppose you want to cover the case x; = Wy(w), a standard Brownian
motion.

Brownian motion is a martingale: i.e., the increments are orthogonal
(in L?(Q)) to the past: for bounded f, we have

Z=f(Wyo<uss) = E[ZW,] =0for0 < s < 1.
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Ito stochastic integration

Suppose you want to cover the case x; = Wy(w), a standard Brownian
motion.

Brownian motion is a martingale: i.e., the increments are orthogonal
(in L?(Q)) to the past: for bounded f, we have

Z=f(Wyo<uss) = E[ZW,] =0for0 < s < 1.

This strong geometric condition allows to define

!

f Z,dW; = lim Z, W, in probability,

0 [P]=0
[u,v]eP

provided that Z is adapted (i.e., Vs : Z; is 0 (W,)o<u<s)-Measurable)

and square integrable w.r.t. dt ® P.
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Ito stochastic integration

Suppose you want to cover the case x; = Wy(w), a standard Brownian
motion.

Brownian motion is a martingale: i.e., the increments are orthogonal
(in L?(Q)) to the past: for bounded f, we have

Z=f(Wyo<uss) = E[ZW,] =0for0 < s < 1.

This strong geometric condition allows to define

!

f Z,dW; = lim Z, W, in probability,
0 =0 [u,v]eP

provided that Z is adapted (i.e., Vs : Z; is o (W, )o<u<s)-measurable)

and square integrable w.r.t. dr ® P.

Standard Picard iteration allows to solve stochastic differential
equations.
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The rough path principle

dy: = V(y)dx;, yo=£&€R?, 1€[0,1]

x rough, i.e., not contained in any C*([0, 1]; R®), @ > %
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The rough path principle

dy = V(y)dx, yo=€€R? te[0,1]
x rough, i.e., not contained in any C*([0, 1];R®), a > 3.
Let @ denote the solution map x — y for x smooth (discontinuous).

Rough path principle
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The rough path principle

dy: = V(y)dx;, yo=£&€R?, 1€[0,1]

x rough, i.e., not contained in any C*([0, 1];R®), @ > 3.

Let @ denote the solution map x — y for x smooth (discontinuous).

Rough path principle

()
X—=)
X

Enhance x to a rough path x, such that the solution map ¥ : x — yis
continuous (in rough path topology).
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The rough path principle
Rough path principle

Enhance x to a rough path x, such that the solution map ¥ : x — yis
continuous (in rough path topology).

» By continuity of ¥, can define y as limit of smooth solutions
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The rough path principle

Rough path principle

Enhance x to a rough path x, such that the solution map ¥ : x — yis
continuous (in rough path topology).

v

By continuity of P, can define y as limit of smooth solutions
Morally, x = (x, fo' X ® dxs)
Rough path theory does not help with actual construction of x.

v

v

v

Use Ito/Stratonovich stochastic integral in case of Brownian
motion. No pathwise construction of x = x(w), but pathwise
construction of y = y(w) given a path of x.
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Outline

B Rough path spaces
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Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! t e
Xy = f Xsu ®dx, = (f xls,udxli)
K N i,j=1
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Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! ! e
Xy = f Xsu ®dx, = (f xé,udx{t)
s s ij=1

How do increments of of x behave? Let s < u < ¢, then

t
Xgp = f X5y ® dx,
S

u t
Xgu + Xy = f X5y ®dx, + f Xy ® dx,
A u
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Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! ! e
Xy = f Xsu ®dx, = (f xé,udx{t)
s s ij=1

How do increments of of x behave? Let s < u < ¢, then

t
Xgp = f X5y ® dx,
S

7 t
Xy + Xy = f Xgp ® dx, + f (xs,v - xs,u) ® dxv
s u

Rough paths and rough partial differential equations - March 18, 2016 - Page 13 (48)



Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! ! e
Xy = f Xsu ®dx, = (f xé,udx{t)
s s ij=1

How do increments of of x behave? Let s < u < ¢, then

t
Xgp = f X5y ® dx,
S

!
Xy + Xy = f Xgp ® dx, — Xou @ Xyt
s
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Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! ! e
Xy = f Xsu ®dx, = (f va,udx{t)
s s ij=1

How do increments of of x behave? Let s < u < ¢, then

t
Xgp = f X5y ® dx,
S

!
Xy + Xy = f Xgp ® dx, — Xou @ Xyt
s

Theorem (Chen’s theorem)

Xyt — Koy — Xyt = Xou @ Xyy
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Chen’s relation

Let x : [0, 1] — R® be a smooth path, x,; := x; — x; and consider

! ! e
Xy = f Xsu ®dx, = (f va,udx{t)
s s ij=1

How do increments of of x behave? Let s < u < ¢, then

t
Xgp = f X5y ® dx,
S

!
Xy + Xy = f Xgp ® dx, — Xou @ Xyt
s

Theorem (Chen’s theorem)

Xyt — Koy — Xyt = Xou @ Xyy

Note x;, — x;; + f; — fs leaves Chen’s relation invariant.
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Rough path space

Let £ < & < 5. The space of a-Holder rough paths £ ([0, 1], R®) is the
set of pairs x = (x,x), x : [0,1] = R¢, x : [0, 1]*> = R¢ ® R¢ such that

» Chen’s relation holds;

ol oo il
00, |[[x|lpy = sup ——
o S PR L

> |lxllq = sup s
s#t |0 —
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Rough path space

Let 1 < & < 1. The space of a-Holder rough paths ¢ ([0, 1],R¢) is the
set of pairs x = (x,x), x: [0,1] = R¢, x : [0, 1]> = R* ® R¢ such that
» Chen’s relation holds;
|XSJ| |Xs,t|

> llxll, = sup 00, |l = sup
| , S PR L

%“ is not a linear space, but a closed subset of a Banach space.

v

v

For a < %, need to add iterated integrals of order up to | £ .

v

I-ll, is @ semi-norm; can be turned into a norm by adding |x|.

v

The construction works for paths x with values in a Banach
space V, when choosing an appropriate version of V@ V.
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Rough path metric

Notice that ||x||, + IIx]l», IS Not homogeneous under the natural
dilatation A (/lx, Azx).

Definition
The homogeneous rough path (semi-) norm is defined by

Ixlle = llxlle + VIl
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Rough path metric

Notice that ||x||, + IIx]l», IS Not homogeneous under the natural
dilatation A (/lx, Azx).

Definition
The homogeneous rough path (semi-) norm is defined by

Ixlle = llxlle + VIl

| \

Definition
Given x,y € € ([0, 1]; R®), define the inhomogeneous «-Hblder rough
path metric by

Qa(X,y) = sup o = 35 (s = ]

+ |xo — yol .
st t=s1" o Jr— @

%“ ([0, 1];R°) is a complete metric space under g,.
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Geometric rough paths

Let x be a smooth path. Then
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Geometric rough paths

Let x be a smooth path. Then

! !
Lj b _ i Jogi
X+ X, = f X Xudu + f Xy X, du
N N
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Geometric rough paths

Let x be a smooth path. Then
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Geometric rough paths

Let x be a smooth path. Then

i,j B 0 ]
X +X, = XSJX‘;J

Rough paths and rough partial differential equations - March 18, 2016 - Page 16 (48)



Geometric rough paths

Let x be a smooth path. Then

i,j B 0 ]
X+ X, = xs,txé,t

Definition
A rough path x € ¥ ([0, 1]; R¢) is called geometric—symbolically,
X € fgg“ ([0, 1]; R®))—iff

1, ,: o 1
sym(x) =  (x2 + x.f;f)jj:l =5 (x.®x,).
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Geometric rough paths
Let x be a smooth path. Then
Lj Mo i
Xop T X5 = xs,txé,t

Definition
A rough path x € ¥ ([0, 1]; R¢) is called geometric—symbolically,
X € fgg“ ([0, 1]; R®))—iff

1, ,: o 1
sym(x) =  (x2 + x?’.’)szl =5 (x.®x,).

| A

Theorem

For a smooth path x define I>(x) := (x,x) with x| := fs ! x’;’udxi. Then
¢y contains the closure of the subset of ¢** obtained as image of
smooth paths under I,.
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Brownian rough path

Given an e-dimensional Brownian motion B = B(w).
» |s there a rough path B = (B,B)?
» Is it unique, which properties does it have?
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Brownian rough path

Given an e-dimensional Brownian motion B = B(w).
» |s there a rough path B = (B,B)?
» Is it unique, which properties does it have?

!
Blstc; = f B&u ®dB, = lim Z Bx,u ® Bu,v
) s Pcls.1], 1Pl—0

[u,v]eP
t
BStrat _fB ®OdB Z B ®B
st T S,u u s,(u+v)/2 u,y
s

lim
Pc[s 1], |P|—>0 vleP
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Brownian rough path

Given an e-dimensional Brownian motion B = B(w).
» |s there a rough path B = (B,B)?
» Is it unique, which properties does it have?

!
Blstc; = f Bx,u ®dB, = lim Z Bx,u ® Bu,v
) s Pcls.1], 1Pl—0

[u,v]eP
!
BSYal .= f B, ® odB, =
S

Z BS J(u+v)/2 ® Bu v
u,v]eP

lim
Pelsi, IP1-0

For any a < 1 we have
» Blto .= (B,]B”O) € €% ([0, 1];R¢) P-a.s.
» BStrat .— (B BS"af) € €2 ([0.11:R) € € ([0, 1]:R®) P-a.s.

B'® is not geometric: sym(B!0) = Zu®Pu (=9l
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Outline

Integration against rough paths

Rough paths and rough partial differential equations - March 18, 2016 - Page 18 (48)



Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct

1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0
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Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct
1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0
Idea of Riemann-Stieltjes integral for smooth x:

Tt
fx) = flx) +O(t = s]) = f fx)dxy, = f(xg)xg, + o(|t = s)
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Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct
1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0
Idea of Riemann-Stieltjes integral for smooth x:
f
F0) = £+ Ol = s = [ fudn, = Fxns, + ofl = 5)

1
= v[(; Swdx, = l})llglo Z f(xs)xs,t +o(1)

[s,t]leP
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Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct

1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0

Idea of Riemann-Stieltjes integral for rough x:

!
) = fxs) + Ot — ") = f FOrdxa = fGr)xss + Ot = 52)

= |¢1>i|mo Z f(x5)xs, does not exist in general
U [s.1eP
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Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct

1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0

Idea of Riemann-Stieltjes integral for rough x:

!
ﬂm=fua+av—wvijﬁﬂmwmzﬂmnw+0w—#ﬂ

= |¢1>i|mo Z f(x5)xs, does not exist in general
U [s.1eP

Instead (for 1 < @ < 1):

() = f(x5) + Df(x5)xs, + O(t — s**)  (for f € C3)

Rough paths and rough partial differential equations - March 18, 2016 - Page 19 (48) %



Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct

1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0

Idea of Riemann-Stieltjes integral for rough x:

ﬂm=fUQ+OW—¢5$JﬂﬂmMm=ﬂ&Mw+0W—#%

=>|71)i|m0 E f(x5)xs, does not exist in general
e
[s,f]eP

Instead (for 1 < @ < §):
() = f(x5) + Df(x5)x5, + O(t — sI**)  (for f € C})

= f f(xu)dxu = f(xs)xs,t + Df(xs)xs,t + O(lt - S|3a/)
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Integration of 1-forms — motivation

Forx € €2 ([0, 1];R®) and f : R — R%*¢, we want to construct

1 . .
f f(xg)dx; oreven z= f f(xg)dx; oreven z= f f(xg)dxg
0 0 0

Idea of Riemann-Stieltjes integral for rough x:
!
fQx) = flxs) + Ot = s|") = f fOadx, = f(xg)xs, +O(t = sI°%)

= |71)i|m0 E f(xs)xs, does not exist in general
-
[s,t]leP

Instead (for 1 <o < 1):

Fx) = f(xs) + Df(x5)x5, + Ot — s**)  (for f € C3)

!
= f f(xu)dxu = f(xs)xs,t + Df(xs)xs,t +O(t - S|3a)

1
= fo‘ f(xg)dx = |713i|T0 Z (f(xs)xs,t + Df(xs)xs,t)

[s,r]eP
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Integration of 1-forms

Theorem (Lyons)

Leta > § andx € ([0, 1];R®), f € C? (Re, Rdxe). Then the rough
integral

1
L f(xs)dxs = |¢l)i|TO Z (f(xs)xs,t + Df(xs)xs,t)

[s,1]eP

exists and satisfies
<

f f)dx, — f(xs)xs,t - Df(xs)xs,t

3 3
Carlfllez (Il + Il el ) 12 = 52

Moreover, fo' f(x,)dx, is a-Hblder continuous with

fo fOu)dx,

1
< Ca llfllc2 max (Ixllas xlla’) -
a
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Integration of 1-forms — Existence |

First some notation:

ys = f(x),
Vs = Df(xy),

— ’
st = YsXspt T VXt

[1]

0= _=
—S Ut T =it

We prove convergence

lim > &, = lim | E= f g,
tP1=0 [s,t]leP PI=0 Jp

i.e., the limit does not depend on the sequence of partitions.
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Integration of 1-forms — Existence Il

Lemma

1Ell0,30 = IEllg + 168134 < o0 with [I6lg == sup |6 /11 — sl .
s<u<t

> Clearly, [Vll, < IDfllo Xl < 0, [¥'lly < ||D?£]|.. Il < oo
» Consider R = ys; — yiXs and g(€) = f(xs + &xsy), € € [0, 1].

» By Taylor’s formula, there is & € [0, 1] s.t.

1 1
Ry = g(1) — g(0) - ¢'(0) = Eg”(f) = Esz(xs +Exgp) - (Xsps Xsp)
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Integration of 1-forms — Existence Il

Lemma

v = Il + 16Z 3 < 0o with [I6Zlls = sup 6| /11 — s
s<u<t

=
=

> Clearly, [yl, < IDfll lIxlly < o0, 1¥lly < ||D2f], l1xlly < 0.
» Consider R == ys; — YiXsr and g(€) := f(xs + Exgy), € € [0, 1].
> Hence, [IRllo, < 3 ||D* /] lIxII3.
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Integration of 1-forms — Existence Il

Lemma

=
=

v = Il + 16Z 3 < 0o with [I6Zlls = sup 6| /11 — s
s<u<t

Clearly, ylly < IDflle Ixlly < 00, 1V'lly < [|[D*f], Iy < co.
Consider Rst = ysr— y;xs,t and g(¢) = f(xs + &xsp), £ € [0, 1].
Hence, IRl < 1 [|D1]|., 13-

Using Chen’s relation x;; = x;, + x,; + X5, ® X,;, We have

v

v

v

v

6Es,u,t = (,sts,t + ylsxs,t) - (ysxs,u + y;xs,u) - (,Yuxu,t + y;xu,t)
~YsuXur + YsXsu ® Xug — (Vy = ¥5) Xug

—Ryu ® Xy — ()’1,4 - )’;) Xyt O
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Integration of 1-forms — Existence Il

Sup. [Bos— f 2| < 2 68y ¢Ba) [t — s (%)
PcC[s,t] P
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Integration of 1-forms — Existence Il
—_ —_ 3 — 3

sup |2, [ =l < 262l G0 - 5 1

PcC[s,t] P

Indeed, let P C [s, t] with r .= #P. If r > 2, then

2|t -
Ju<v<w: [uyv],[v,wlePand |w—ul < | 1S|'
-
Hence,
. _ (20— s\
E— | 8] =|0Zuw| < 16250 -1/
P\(v) P "
Iterating the procedure until #P = 1 gives the assertion. O
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Integration of 1-forms — Existence Il

Lemma

sup 2316813, £(3a) |t — s (%)

PcC[s,t]

=
—s,t

|
h)
1]
IA
A\

Lemma

lim sup
ENO max (1P| 1P )<e

f=-[.4-
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Integration of 1-forms — Existence Il

Lemma

Es’t_fE
P
Lemma

W.Lo.g., £ c P. By definition of [ Z and (x), we get
jf" \L’ [u,vz]eP( , jﬁ;’ﬂ[u,v] )
f e f Bl < 2%
P P

sup < 237|162, £Ba) It = s (x)

Pcls,t]

lim
eNo max(|7>| |7>'|)<e

i

[u,v]eP

— 3 3a-1 3a—-1
(B 62, Y| W—uP” = O(PPe") = o)
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Integration of 1-forms and rough differential equations

> o Vixdx, v
> Jo VOdx; ?
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Integration of 1-forms and rough differential equations
> o Vixdx, v
t
> Jy VOdx, 2

Given x € €% ([0, 1];R®), y € € ([O, 1];Rd) with @ < 1, itis generally
not possible to construct o
f V(ys)dx;
0

unless there is z € € ([0, 11; R**¢) with z = (x, y)—and the result il
depend on the choice of z.
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Integration of 1-forms and rough differential equations
» fo Verdx ¥
t
> Jy VOdx, 2

Given x € €% ([0, 1];R®), y € € ([O, 1];Rd) with @ < 1, itis generally
not possible to construct o
f V(ys)dx;
0

unless there is z € € ([0, 11; R**¢) with z = (x, y)—and the result il
depend on the choice of z.

» Picard iteration for dy, = V(ys)dxs, yo = &:
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Integration of 1-forms and rough differential equations
» fo Verdx ¥
t
> Jy VOdx, 2

Given x € €% ([0, 1];R®), y € € ([0, 1];Rd) with @ < 1, itis generally
not possible to construct o
f V(ys)dxg
0

unless there is z € € ([0, 11: R**?) with z = (x,y)—and the result wil
depend on the choice of z.

» Picard iteration for dy, = V(ys)dxs, yo = &:
10 =¢ then y® = ¢+ [; V(\")dx, defined v/
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Integration of 1-forms and rough differential equations
» fo Verdx ¥
t
> Jy VOdx, 2

Given x € €% ([0, 1];R®), y € € ([0, 1];Rd) with @ < 1, itis generally
not possible to construct o
f V(ys)dxg
0

unless there is z € € ([0, 11: R**?) with z = (x,y)—and the result wil
depend on the choice of z.

» Picard iteration for dy, = V(ys)dxs, yo = &:
10 =¢ then y® = ¢+ [; V(\")dx, defined v/
2 Yy = £+ V(©)x, then y? = £+ [ V(y{")dx, defined v/
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Integration of 1-forms and rough differential equations

> fot Vix,)dx, vV
> VOdx, ?

Given x € €% ([0, 1];R®), y € € ([0, 1];Rd) with @ < 1, itis generally

not possible to construct o
f V(ys)dxg
0

unless there is z € € ([0, 11: R**?) with z = (x,y)—and the result wil
depend on the choice of z.

» Picard iteration for dy, = V(ys)dxs, yo = &:

10 =¢ then y® = ¢+ [; V(\")dx, defined v/

2 Yy = £+ V(E)x, then y? = £+ [ V({)dx, defined v/
3 V(o) # f(x,), but “looks similar’
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Outline

1 Integration of controlled rough paths
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Controlled rough paths

Definition

Given x € C° ([0, 11;R), y € C ([0, 1];R?) is called controlled by x, iff
there is y’ € C® ([0, 1]; R¥¢) - R™¢ = L(R¢,RY) - s.1.

— ’
Rs,t = Vot — Vs Xsit

satisfies [|Rll, < 0. We write (y,y") € D2 ([0, 1]:RY).
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Controlled rough paths

Definition
Given x € C° ([0, 11 R%), y € C ([0, 1];R?) iss called controlled by x, iff
there is y’ € C® ([0, 1]; R¥¢) - R™¢ = L(R¢,RY) - s.1.

Rs,t = Vs T y;xs»t
satisfies [|Rll, < 0. We write (y,y") € D2 ([0, 1]:RY).

If £ € C2(RRY), y := f(x), Y = Df(x), then (y,y") € D2 ([0, 1; R).

vy
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Controlled rough paths

Definition
Given x € C° ([0, 11 R%), y € C ([0, 1];R?) iss called controlled by x, iff
there is y’ € C® ([0, 1]; R¥¢) - R™¢ = L(R¢,RY) - s.1.

o ’
Rs,t = Vst — VsXsit

satisfies [|Rll, < 0. We write (y,y") € D2 ([0, 1]:RY).

i A

If £ € C2(RRY), y := f(x), Y = Df(x), then (y,y") € D2 ([0, 1; R).

i A

D2 s a Banach space under (y,y’) — |yo| + |y6| + 103 Yy 20 With

105, 2 = Ml + 1Rl -
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Integration of controlled rough paths

Theorem (Gubinelli)

Letx € 6 ([0, 1];R%), (.y") € D2 ([0, 1], R¥*¢).
a)The integral

1
j(; ysdxs = ISEII—I}O Z (ysxs,t +y;Xs,t)

[s,f]eP

exists and satisfies

[
3
f Yl = Y5t = Y| < Cor (I1¥llg IRllpg + Iixclloe ]|, ) 1t = s
S

b) Set (z,7') := ([ ysdXs. ). Then (z,2) € D2 ([0, 1];R) and
(,Y') & (z,7') is a continuous linear map with

12 2,2 < Il + (1| Wl + C (1l [[R7]], + 5l [7]],) -
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®)
3,y') € D ([0, 1]; Rd), then we can define y € R4 by

Yst = |%1|r—r>10 E’ Eu,y =Yu ®yu,v + (y; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®y'(a®b) =y (a)®y(b).

3
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®y'(a®b) =y (a)®y(b).

Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define

=), 2= De(y) ® y;.
Then (z,7) € D3 ([0, 1]; R™).
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®ya®b) =y ey ).
Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define
=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

llzlle: < ligllc2 [1yllq
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®ya®b) =y ey ).
Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define
=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

21l < 106 oyl [ [, + 7]l 12 0 3l
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®ya®b) =y ey ).
Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define
=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

I1Z1l,, < el [[¥[l, + [l lelles vl
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®ya®b) =y ey ).
Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define
=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

Zos = ZoXss = @) — ©(s) — DO(y)y;Xs s
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®ya®b) =y ey ).
Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define
=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

st — Z;xs,t = (‘p(yt) —o(ys) — DQD(ys)ys,t) + De(ys) (ys,t - y’sxs,t)
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),
Y ®y'(a®b) =y (a)®y(b).

Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define

7 =90, 7 = De(y) ® ;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

’ 1 ’
st = L Xst = §D290 s + EY5) Os.t0 Y5.2) + Do(Ys) Vst — Vi Xisit)
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Remarks on controlled rough paths

Controlled rough paths are rough paths: Given x € € ([0, 1]; R®),
3,y') € D ([0, 1]: Rd), then we can define y € R4 by

Yst = |‘}1>i|TO =, E'u,y =Vu®Yyuy + (y,; ® y;)xu,w
P

st,y=(.y) €% ([0,11:R?). Here, y ® y’ € LR, R™),

Y ®y@eb)=y(@ey D).

Composition with regular functions: For x, (y,y") as before, let
¢ € CAR%R") and define

=90, 2= Do) ® y;.
Then (z,7') € D2 ([0, 1];R"). Indeed,

1
25 = 25l < 5 ellez IV + Tl [[y-.. = ¥ x..[|,
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The choice of x matters

Letx = (x,x) € €2 ([0, 1];R®) and f € C2 ([0, 1];R**¢). Then
X=X e?(0,11,RY), X:=x, X =Xy + ) fS).

As DX = D2, we may integrate (y,y') € D2 ([0, 1]; R%¢) against
both.
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The choice of x matters

Letx = (x,x) € €2 ([0, 1];R®) and f € C2 ([0, 1];R**¢). Then
X=X e?(0,11,RY), X:=x, X =Xy + ) fS).

As DX = D2, we may integrate (y,y') € D2 ([0, 1]; R%¢) against
both.

1
j;ysd_s_ lim Z (s + 5 (x5 + () = f(9)))

[s,t]eP

= Jim > Oty + im0 D V(0 = f5))
[s,1]eP [ JEP

1
= f ysdXx; + f Vidf(s)
0 0
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The choice of x matters

Letx = (x,x) € €2 ([0, 1];R®) and f € C2 ([0, 1];R**¢). Then
X=X e?(0,11,RY), X:=x, X =Xy + ) fS).

As DX = D2, we may integrate (y,y') € D2 ([0, 1]; R%¢) against
both.

1
j;ysd_s_ lim Z (s + 5 (x5 + () = f(9)))

[s,t]eP

= Jim > Ot ¥ + im0 D V(0 = f5)
[s,t]eP [ JEP

1
= f ysdx; + f Vidf(s)
0 0
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The choice of x matters

Let x = (x,x) € €° ([0, 1]:R*) and f € C2 ([0, 1]; R*<). Then

X = (}7 g) € (ga ([07 l]aRe) 1) x = X, §S,t = Xs,t + f(t) - f(s)‘
As D3 = D2, we may integrate (y,)') € D ([0, 1 R"”) against
both.

1
j;ysd_s_ lim Z (s + 5 (x5 + () = f(9)))

[s,t]eP

= Jim > Ot ¥ + im0 D V(0 = f5)

#1=0 [s,t]eP [t]eP

1
= f ysdx; + f Vidf(s)
0 0

As a +2a > 1, fy’df is defined in the Young sense.
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Outline

H Rough differential equations
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Picard iteration revisited

Let x € €2 ([0, 1];R9), V : RY — R¥*¢ smooth, consider

dys = V(yo)dxs, vo=&eR?
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Picard iteration revisited

Let x € €2 ([0, 1];R9), V : RY — R¥*¢ smooth, consider
dys = V(yo)dxs, vo=&eR?

10 =¢ then y® = ¢+ [ V(\")dx, defined v/
Moreover, (D, V(y®)) € D2 ([0, 1];RY).

Rough paths and rough partial differential equations - March 18, 2016 - Page 31 (48)



Picard iteration revisited

Letx € € ([0, 1];R¢), V : RY — R%¢ smooth, consider
dys = V(yo)dx,, yo=&€R?

10 =¢ then y® = ¢+ [ V(\")dx, defined v/
Moreover, (D, V(y®)) € D2 ([0, 1];RY).

2 (voyW), DV @ V(y©) e D2 ([0, 1];RW), hence
¥ =g+ [ V)dx, defined v/
Moreover, (@, V(y(1)) € D2 ([0, 1];RY).
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Picard iteration revisited

Letx € € ([0, 1];R¢), V : RY — R%¢ smooth, consider
dys = V(yo)dx,, yo=&€R?

10 =¢ then y® = ¢+ [ V(\")dx, defined v/
Moreover, (D, V(y®)) € D2 ([0, 1];RY).

2 (VD) V) @ V() € D2 ([0, 1; R*¢), hence
¥ =g+ [ V)dx, defined v/
Moreover, (@, V(y(1)) € D2 ([0, 1];RY).

3 (VO), DVHP) e Vi) e DX ([0, 1];R"X"), hence
¥ =g+ [ V(P)dx, defined v/
Moreover, (y¥, V(y?)) € D3 ([0, 1]; R").

4 ...
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Existence and uniqueness

Theorem (Lyons; Gubinelli)
Givenx € €7 ([0,1];R%), } <a < 5, VeC; (Rd;Rdxe), £eR? Then
there is a unique (y,y’) € D>* ([0, 1]; Rd) such that

!
VYt e [0, 1] LY = -f +f V(ys)dxs,
0

with y' = V().
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Existence and uniqueness

Theorem (Lyons; Gubinelli)
Givenx € €7 ([0,1];R%), } <a < 5, VeC; (Rd;Rdxe), £eR? Then
there is a unique (y,y’) € D>* ([O, 1]; Rd) such that

73
Vl‘ € [0, 1] o yl‘ = g +f V(ys)dxs,
0

with y' = V().

> If V € C3, obtain a local solution.

» Existence requires V € C? for some y > é -1—ie,Vis
Ly |-differentiable with | y|-derivative in C?~7J,

» Uniqueness requires V € C” for some y > é

» For the smooth case “a = 17, this essentially recovers standard
results from ODE theory.
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Sketch of the proof of existence and uniqueness—1

» Given (v,y") € D2, T < 1, we have
(z,7) = (V(y), DV(y)y’) € D2* and we can define

Mz D¥([0,T];RY) — D**([0,T];RY), (y,y’)|—>(§+ f | zsdxs,z).
0
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Sketch of the proof of existence and uniqueness—1

» Given (v,y") € D2, T < 1, we have
(z,7) = (V(y), DV(y)y’) € D2* and we can define

Mz D¥([0,T];RY) — D**([0,T];RY), (y,y’)|—>(§+ f | zsdxs,z).
0

» For T small enough, one can show that the closed subset

Br:={ () € DX (10, THR) | 3o = £,y = V(®),

03N <1}

x,2a

is invariant under M.
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Sketch of the proof of existence and uniqueness—2

» For T small enough, My is a contraction on By, i.e., for

0., (0.Y) € Br:
’ fovid 1 =\ 7
IMr(.3) = Me G50 < S 110 =55 =350 -
Need to estimate V(y,) — V(y;5) by ys —ys, but in rough path
sense, i.e.,

[(Ve) =V, (V) = VO, 5, < const|| =35 =3[0 -

Consider
1
V) -VH) =g,y -y), ga,b):= fo DV(ta + (1 — )b)dt

g€ C}and ligllcz < const|[Vllcs.
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Davie’s construction of RDE solutions

1 1
dy =V(y)dx, yyo=£&eRY, xe€¥(0,1];R%), 3<@<3

» From (v, V(y)) € D>, we know that

Yo = V@xe +O0 (It = 57).

As 2a < 1, this Euler scheme will not converge.
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Davie’s construction of RDE solutions

1 1
dy=V@y)dx, yo=¢eRY xe%9([0,11;R), 3<@<3

» From (v, V(y)) € D2®, we know that
Yo = V@xe +O0 (It = 57).

As 2a < 1, this Euler scheme will not converge.
» From integration of controlled rough paths and the RDE, we know

Vsa = Vs + (VO30 +O (It - s1*7)
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Davie’s construction of RDE solutions

1 1
dy=V@y)dx, yo=¢eRY xe%9([0,11;R), 3<@<3

» From (v, V(y)) € D2®, we know that
Yo = V@xe +O0 (It = 57).

As 2a < 1, this Euler scheme will not converge.
» From integration of controlled rough paths and the RDE, we know

Vst = V(ys)xs,t + DV(.YS)V(ys)Xs,t +o0 (lt - SD
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Davie’s construction of RDE solutions

1 1
dy =V(y)dx, yyo=£&eRY, xe€¥(0,1];R%), 3<@<3

» From (v, V(y)) € D>, we know that
Yo = V@xe +O0 (It = 57).

As 2a < 1, this Euler scheme will not converge.
» From integration of controlled rough paths and the RDE, we know

Vst = V(ys)xs,t + DV(YS)V(ys)Xs,I +o0 (lt - SD

The Milstein scheme is converging (with rate 3a — 1 — €). I
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Davie’s construction of RDE solutions

1 1
dy=V@y)dx, yo=¢eRY xe%9([0,11;R), 3<@<3

» From (v, V(y)) € D2®, we know that
Yo = V@xe +O0 (It = 57).

As 2a < 1, this Euler scheme will not converge.
» From integration of controlled rough paths and the RDE, we know

Vst = V(ys)xs,t + DV(.YS)V(ys)Xs,t +o0 (lt - SD

The Milstein scheme is converging (with rate 3a — 1 — €). l

» Including iterated integrals of order up to N will give a scheme
with rate (N + 1)a — 1 — ¢, provided V is smooth enough.

Rough paths and rough partial differential equations - March 18, 2016 - Page 35 (48) %



Universal limit theorem

Theorem (Lyons)

Letx, X € €7 ([0, 1];R%), 1 <a < 1, £, eR? and
0. Vo). G, V) € D2 ([0, 11:R?) the unique solutions to

dy = V(y)dx, yo=¢,

dy = V@di’ S;O = f

Let||x]l,, IX]l, < M < oo. Then there is a constant C = C(M, a, ||V||c,§)
such that

Iy =3y < € (j¢ =& + 00 (x. ).

This result can be extended to the full rough path y and'y.
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Outline

A Applications of the universal limit theorem
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Stochastic differential equations
For V € C;(RY; R™®), Vy : R — R Lipschitz, consider

dY, = Vo(Ypdt + V(Y)dB,, Y, =~¢&.
Recall the Ito and Stratonovich Brownian rough paths B'® and BS'",
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Stochastic differential equations
For V € C;(RY; R™®), Vy : R — R Lipschitz, consider
dY; = Vo(Yydt + V(Y)dB;, Yo=¢&.
Recall the Ito and Stratonovich Brownian rough paths B'® and BS'",

Theorem

a) For any w such that B"°(w) € €®, denote by Y = Y(w) the unique
solution of the RDE

dY,(w) = Vo(Y(w))dt + V(Yi(w)dB(w), Yo(w) = &.
Then Y is a strong solution of the above Ito SDE.
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Stochastic differential equations

For V e CJ(RY; R¥“), Vj : RY — R Lipschitz, consider

dy, = Vo(Yydt+ V(Yy) odB;, Yy=~¢&.
Recall the Ito and Stratonovich Brownian rough paths B'® and BS'",
Theorem

a) For any w such that B"°(w) € €®, denote by Y = Y(w) the unique
solution of the RDE

dY,(w) = Vo(Y(w))dt + V(Yi(w)dB(w), Yo(w) = &.
Then Y is a strong solution of the above Ito SDE.

b) For any w such that BS"(«w) € €, denote by Y = Y(w) the unique
solution of the RDE

dYy(w) = Vo(Yi(w))dt + V(Y (w)dB"™(w), Yo(w) = &.
Then Y is a strong solution of the above Stratonovich SDE.
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Wong-Zakai theorem

B" ...piece-wise linear approximations of a Brownian motion B

dy! = V(Y)dB!, Yo=¢, Ve R, RP).

Y”" converges a.s. to the Stratonovich solution

dY,=V(Y))odB;,, Yy=~&.

More precisely, we have ||Y — Y|, — 0 a.s. for a < 1.
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Wong-Zakai theorem

B" ...piece-wise linear approximations of a Brownian motion B
dY! =V(Y"dB}, Yo=§& Ve CyRE,R™).
Y" converges a.s. to the Stratonovich solution

dY,=V(Y)odB;, Yo=¢&.

More precisely, we have ||Y — Y"||, — 0 a.s. for @ < %

> Consider B”, == [' B! dB], show that [|B" - BS™||, — 0as.

S,

» Apply the universal limit theorem:

|¥ = ¥"||, < const g, (B”,Bs”at).
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Wong-Zakai theorem

B" ...piece-wise linear approximations of a Brownian motion B

Ay} = V(Y"dB], Yo=¢, Ve Ci(R,RP),

Y" converges a.s. to the Stratonovich solution

dY, = V(Y,)odB,, Y,=C¢.

More precisely, we have ||Y — Y"||, — 0 a.s. for @ < %

» Non dyadic pice-wise linear approximations possible, lead to
convergence rate % — a — e—in C?. By working in spaces with
lower regularity, one can get to 1 — e.

» The result also holds—mutatis mutandis—for fractional Brownian

motion with H > 1.
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Outline

Rough partial differential equations
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A class of stochastic partial differential equations

du = Fluldt + ) Hi[ul o dWi(w), u(0,x)=g(x), xeR,

i=1
Flu] = F(x,u, Du, D*u),
H[u]l = Hi(x,u,Du), i=1,...,e

We assume

Transport noise: H;[u] = {8;(x), Du)
Semilinear noise: H;[u] = H;(x, u)
Linear noise: H;[u] = (Bi(x), Du) + yi(x)u
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A class of stochastic partial differential equations

du = Fluldt + Z H;[u] o dW,i(a)), u(0,x) = g(x), xeR",
i=1
Flu] = F(x,u, Du, D*u),
H[u]l = Hi(x,u,Du), i=1,...,e

We assume

Transport noise: H;[u] = {8;(x), Du)
Semilinear noise: H;[u] = H;(x, u)
Linear noise: H;[u] = (Bi(x), Du) + yi(x)u

1. Solve the equation with mollified noise

2. Show that limiting solution only depends on rough path W
3. Use flow-transformation method as technical tool
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A class of stochastic partial differential equations

du = Fluldt + Z H;[u] o dW,i(a)), u(0,x) = g(x), xeR",
i=1
Flu] = F(x,u, Du, D*u),
H[u]l = Hi(x,u,Du), i=1,...,e

We assume

Transport noise: H;[u] = (B;(x), Du)
Semilinear noise: H;[u] = H;(x, u)
Linear noise: H;[u] = (Bi(x), Du) + yi(x)u

1. Solve the equation with mollified noise

2. Show that limiting solution only depends on rough path W
3. Use flow-transformation method as technical tool

Rough paths and rough partial differential equations - March 18, 2016 - Page 41 (48) %



Flow transformation method

du = F(x,u, Du, Dzu)dt + (B(x), Du) o dW,, u(0,x) =g(x) (%)

Apply a (W-dependent) transformation turning (x) into a deterministic
“classical” PDE, provided that W is smooth. J
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Flow transformation method
du = F(x,u, Du, Dzu)dt + (B(x), Du) o dW,, u(0,x) =g(x) (%)

Apply a (W-dependent) transformation turning (x) into a deterministic
“classical” PDE, provided that W is smooth. J

Let y; = ¢;(¢) denote the flow of the ODE y, = —B(y,)W;, yo = &€ € R™.

Rough paths and rough partial differential equations - March 18, 2016 - Page 42 (48) %



Flow transformation method
du = F(x,u, Du, Dzu)dt +(B(x), Du) o dW;, u(0,x) =g(x) (%)

Apply a (W-dependent) transformation turning (x) into a deterministic
“classical” PDE, provided that W is smooth.

Let y; = ¢;(¢) denote the flow of the ODE y, = —B(y,)W;, yo = &€ € R™.
Theorem
u is a classical solution of

du = F(x,u, Du, D*u) + (B(x), Duy W

if and only if v(t, x) := u(t, ¢;,(x)) is a classical solution to
d,v = F#(t, x,v, Dv, D*v)

with

F? (t, oi(x), 1, p, X) = F(x, T, <p, Dgot_1> , <X, D(,ot_1 ® Dcpt_1> + <p, thpt_1> .
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Rough path analysis and PDE theory |
du = F(x,u, Du, D*u)dt + {B(x), Du) o dW;, u(0,x) = g(x) ()

1. Pick W ¢ %g“ ([0, 1]; R®) together with a sequence W€ of smooth
paths approximating W.
2. By the universal limit theorem for RDEs, we have
Fei= p¢ 0 e
¢ and ¢ denoting the flows of

dy = —=B(y)dW¢, dy = -B(y)dW, respectively.
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Rough path analysis and PDE theory |
du = F(x,u, Du, Dzu)dt + (B(x), Du) o dW,, u(0,x) =g(x) (%)

1. Pick W ¢ %g“ ([0, 1]; R®) together with a sequence W€ of smooth
paths approximating W.
2. By the universal limit theorem for RDEs, we have

Fe = F 2% pe
¢ and ¢ denoting the flows of
dy = —-B(y)dw¢, dy = —B(y)dW, respectively.
3. Define the rough path solution

du = F(x,u, Du, D*u)dt + (B(x), DuydW, u(0,-) =g

as limit u€ for e — 0.
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Rough path analysis and PDE theory Il

For the third step we need a (deterministic) PDE framework for
solutions u € U and initial conditions g € G such that

(i) For g€ € G, the approximate problem
ouc=F (x, u, Du‘, Dzue) +{(B(x), Du) W¢ (%)

admits a unique solution u € U.
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Rough path analysis and PDE theory Il

For the third step we need a (deterministic) PDE framework for
solutions u € U and initial conditions g € G such that

(i) For g€ € G, the approximate problem
ouc=F (x, u, Du‘, Dzue) +{(B(x), Du) W¢ (%)

admits a unique solution u € U.

(ii) u® € U solves (x) if and only if ve(z, x) == u(t, ¢5(x)) € U solves

A = FE(t, x,v¢, Dve, D)
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Rough path analysis and PDE theory Il

For the third step we need a (deterministic) PDE framework for
solutions u € U and initial conditions g € G such that

(i) For g€ € G, the approximate problem
ouc=F (x, u, Du‘, Dzue) +{(B(x), Du) W¢ (%)

admits a unique solution u € U.

(ii) u® € U solves (x) if and only if ve(z, x) == u(t, ¢5(x)) € U solves
A = FE(t, x,v¢, Dve, D)

(ili) When g€ — g € G and F€ — F'—as seen for F = F¥—then
vé — 19, the unique solution to 9,° = FO(z, x,v°, Dy .D*WY).
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Rough path analysis and PDE theory Il

For the third step we need a (deterministic) PDE framework for
solutions u € U and initial conditions g € G such that

(i) For g€ € G, the approximate problem
ouc=F (x, u, Du‘, Dzue) +{(B(x), Du) W¢ (*)
admits a unique solution u € U.
(ii) u® € U solves (x) if and only if ve(z, x) == u(t, ¢5(x)) € U solves
A = FE(t, x,v¢, Dve, D)

(ili) When g€ — g € G and F€ — F'—as seen for F = F¥—then
vé — 19, the unique solution to 9,° = FO(z, x,v°, Dy .D*WY).

(iv) v¢ =% in U implies that u¢ — u°, with v0(z, x) = u°(z, ¢ (x)).
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Rough viscosity solutions

For our model problem, the concept of viscosity solutions satisfies the
requirements for U = BC([0, 1] x R"), G = BUC(R") provided that
» Fis degenerate elliptic and satisfies some technical conditions;
» For all Cg-diffeomorphisms ¢, comparison holds for F¥.
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Rough viscosity solutions

For our model problem, the concept of viscosity solutions satisfies the
requirements for U = BC([0, 1] x R"), G = BUC(R") provided that
» Fis degenerate elliptic and satisfies some technical conditions;
» For all Cg—diffeomorphisms ©, comparison holds for F¥.

Theorem
Given § <a < 3, W € 6 and a We e C' ([0, 1];R®) such that

e—0 g

W€ = (W€, W) — W, W¢, = f W, ® dW;.
in ¢ ’ 0 ’
Consider the unique viscosity solution u¢ € BC to
Au€ = F(x,us, Duf, D*u) + (B(x), DuY We, u(0,) = g.
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Rough viscosity solutions

For our model problem, the concept of viscosity solutions satisfies the
requirements for U = BC([0, 1] x R"), G = BUC(R") provided that

» Fis degenerate elliptic and satisfies some technical conditions;

» For all Cg—diffeomorphisms ©, comparison holds for F¥.
Theorem
Given § <a < 3, W € 6 and a We e C' ([0, 1];R®) such that

We = (W€, W) % W, We, = fot WE, ® dWE.
Consider the unique viscosity solution u¢ € BC to
Au€ = F(x,us, Duf, D*u) + (B(x), DuY We, u(0,) = g.
» Ju = lim,o u¢ € BC (locally uniformly). u only depends on W.
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Rough viscosity solutions

For our model problem, the concept of viscosity solutions satisfies the
requirements for U = BC([0, 1] x R"), G = BUC(R") provided that

» Fis degenerate elliptic and satisfies some technical conditions;

» For all Cg—diffeomorphisms ©, comparison holds for F¥.
Theorem
Given § <a < 3, W € 6 and a W€ € C' ([0, 1] R®) such that

We = (W€, W) % W, We, = fot WE, ® dWE.
Consider the unique viscosity solution u¢ € BC to
Au€ = F(x,us, Duf, D*u) + (B(x), DuY We, u(0,) = g.
» Ju = lim,o u¢ € BC (locally uniformly). u only depends on W.

» The transformation v of u is the unique solution of
d,v = F#(t, x,v, Dv, D*v) in BC, ¢ being the flow of dy = —B(y)dW.
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Rough viscosity solutions

For our model problem, the concept of viscosity solutions satisfies the
requirements for U = BC([0, 1] x R"), G = BUC(R") provided that
» F is degenerate elliptic and satisfies some technical conditions;
» For all Cg—diffeomorphisms ©, comparison holds for F¥.
Theorem

Given § <a < 3, W € 6 and a W€ € C' ([0, 1] R®) such that

e—0 g

W¢€ = (W€, W*) o W, Wg, = fo Wi, ®dW;.
Consider the unique viscosity solution u¢ € BC to
Au€ = F(x,us, Duf, D*u) + (B(x), DuY We, u(0,) = g.
» Ju = lim,o u¢ € BC (locally uniformly). u only depends on W.

» The transformation v of u is the unique solution of
d,v = F#(t, x,v, Dv, D*v) in BC, ¢ being the flow of dy = —B(y)dW.

» The solution map (W, g) — u is continuous.
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Levy area is not a continuous map

Theorem (Lyons *91)

There is no separable Banach space 8 c C ([0, 1]), such that
1. ﬂo<a<% C?([0,1]) c B;
2. the bi-linear map

(f,8) — fo S($)g(s)ds

defined on C* ([0, 1]) x C* ([0, 1]) extends to a continuous map

BxB - C(0,1]).

Rough paths and rough partial differential equations - March 18, 2016 - Page 46 (48) %



Viscosity solutions

Consider G : R" x R x R™ x R™™ — R continuous and degenerate

elliptic, i.e.,
B>0= G(x,u,p,A) <G(x,u,p,A+ B).

A continuous function u is a viscosity supersolution of
~G(x,u, Du, D*u) > 0

iff for every smooth test-function ¢ touching u from below in some
point xg, we have
~G(xo, ¢, Dg, D*¢) = 0.

u is a viscosity subsolution iff for every smooth test-function ¢
touching u from above in some point xy, we have

_G(xo’ ¢’ D¢7 D2¢) <0.

Finally, u is a viscosity solution if it is both a viscosity super- and
subsolution.
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Comparison

Consider viscosity solutions to the problem
(Ou—F)=0.

Assume that u is a subsolution of the problem with initial condition
u(0,-) = ug and v is a supersolution with initial condition v(0, -) = vy.
The problem satisfies comparison iff

uy <vo=>wu<von[0,T] xR".
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