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AsTRACT. We study linear rough partial differential equations in the setting of [Friz and
Hairer, Springer, 2014, Chapter 12]. More precisely, we consider a linear parabolic partial
differential equation driven by a deterministic rough path W of Holder regularity o with
1/3 < @ < 1/2. Based on a stochastic representation of the solution of the rough partial
differential equation, we propose a regression Monte Carlo algorithm for spatio-temporal
approximation of the solution. We provide a full convergence analysis of the proposed
approximation method which essentially relies on the new bounds for the higher order
derivatives of the solution in space. Finally, a comprehensive simulation study showing
the applicability of the proposed algorithm is presented.

1. INTRODUCTION

We consider linear rough partial differential equations in the setting of Friz and Hairer [14]
Chapter 12], see also Diehl, Oberhauser, Riedel [[13]] and Diehl, Friz and Stannat [[12], i.e.,

d
—du = L(u)dt + Z T (u)dWH,
k=1
uT,) =g,

where the differential operators L and I' = (I'y, ..., [ ;) are defined by

1
Lf(x) = 5 trace ()@ D2 f(x)) + (b(x) , Df(x)) + c(x) f(x),
Lif(x) = Bir(x), D (X)) + yi(x) f(x),

see Section [2] for more details. We stress here that W is a deterministic rough path (of
Holder regularity o with 1/3 < @ < 1/2), i.e., the PDE above is considered as a deter-
ministic, not a stochastic equation. (This does not, of course, preclude choosing individual
trajectories produced by a stochastic process, say a fractional Brownian motion.)

The goal of this paper is to provide a numerical algorithm for solving the above rough
partial differential equation together with a proper numerical analysis of the algorithm
and numerical examples. More precisely, we want to approximate the function (¢, x) —
u(t, x) as a linear combination of some easily computable basis functions depending on x
with time dependent coeflicients. Such approximations can then be, for example, used to
solve optimal control problems for linear rough PDEs. In this respect, our approach can
be viewed as an alternative to the space-time Galerkin proper orthogonal decomposition
method used to solve optimal control problems for the standard linear parabolic PDEs (see,
e.g. [4] and references therein). We analyze the corresponding approximation error which
turns out to depend on smoothness properties of the solution u. As a by-product of this
analysis, we also proved regularity of the solution u in x of degree larger than 1 under
suitable conditions.
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Stochastic partial differential equations driven by Brownian motion have, of course,
many potential applications for instance in filtering theory ([27]) and mathematical finance
([6l), see also [21]] for more examples. In many of these cases, it can be beneficial to
go beyond the classical case and, for example, allow fractional Brownian motion, which
allows for auto-correlation of the noise in time. Our framework naturally covers such
extensions, concentrating on the (technically more challenging) case of Hurst index H < %

1.1. Literature review. Terry Lyons’ [24] theory of rough paths provides a determinis-
tic, pathwise analysis of stochastic ordinary differential equations. This has interesting
consequences both from a theoretical point of view—often based on the continuity of
the solution w.r.t. the driving noise (which is not true in the classical stochastic analy-
sis framework)—and from a practical point of view—see, for instance, [23]]. We refer to
[17, [14] for background information on rough path theory.

Nonetheless, the seemingly obvious step from rough ODEs the rough PDEs turns out
to be quite difficult, mainly because of two essential limitations of standard rough path
theory: regularity of the vector fields driving the differential equation (lacking in the case
of (unbounded) partial differential operators), and the restriction to paths, i.e., functions
parametrized by a one-dimensional variable. While not relevant for this paper, we should
mention that the second restriction was overcome by seminal work of Hairer [20], thereby
allowing space-time noise.

Despite those difficulties, rough partial differential equations (driven by a true path, i.e.,
a “noise” component only depending on time, but not space) have become a thriving field
in the last few years, and several approaches have been developed to extend rough path
analysis to rough PDEs (RPDEs). Most approaches are based on transformations of the
problem separating the roughness of the drivers from the non-regularity of the differential
operators. A series of papers by Friz and co-authors derives existence and uniqueness
results for some classes of RPDEs by applying a flow-transformation to a classical PDE
(with random coeflicients), for instance see [7, |16]. Other works in this flavour are based
on mild formulations of the RPDE, e.g., Deya, Gubinelli and Tindel [10].

Some more recent works have focused on more intrinsic formulations of rough PDEs,
trying to extend classical PDE techniques to the rough PDE context. This paper is based
on the Feynman-Kac approach of Diehl and co-authors [12, [13] [14], which is presented
in more detail in Section In a quite different vein, Deya, Gubinelli, Hofmanova and
Tindel [9]] have provided a rough Gronwall lemma, which makes classical approaches to
weak solutions of PDEs accessible.

Despite the increasing interest in rough PDEs, so far no numerical schemes have been
suggested to the best of our knowledge. In this context, let us again mention [9]], which
could open up the field to finite element methods, as it provides variational techniques for
some classes of rough PDEs. Of course, an abundance of numerical methods exist for
classical stochastic PDEs and PDEs with random coefficients, see, for instance, [22].

In this work, we will use the stochastic representation of [12] in order to build a regres-
sion based approximation of the solution u(t, -) of the rough PDE, a technique that has been
successfully applied both to stochastic PDEs by Milstein and Tretyakov [26] and to PDEs
with random coeflicients by Anker et al. [2].

1.2. Outline of the paper and main results. Diehl, Friz and Stannat [12] provide a solu-
tion theory to the rough partial differential equation above by means of a stochastic repre-
sentation, i.e., they construct a stochastic process X which is driven by a stochastic rough
path Z constructed from a Brownian motion B and our rough path W driving the rough
PDE. The solution u# of the rough PDE then is given as a conditional expectation of a
functional of X, see Section[2]and, in particular, (2.6) for more details.

For the numerical approximation of u(t, -), it is very important to understand the regu-
larity of this map. Note that the regularity in ¢ quite clearly corresponds to the regularity
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of the driving path W, whereas regularity in space alone can be much better depending on
the coefficients and the terminal data g. In the theoretical work [12]], spacial regularity of
u is obtained from regularity of the stochastic process X in its initial value X, = x, which
is well understood for rough differential equations. In order to show regularity of u one,
however, needs to interchange differentiation with expectation, and the required integrabil-
ity conditions were only available for the first derivative (see Cass, Litterer, Lyons [8]), but
not for higher derivatives. In Section 3| we extend these results to higher derivatives, which
enables us to show the following theorem, see Corollary

Theorem 1.1. Let u(t,x) be as above. Assume that g is k-times differentiable with g
and its derivatives having at most exponential growth. Assume further that b and 8 are
bounded, (2 + k)-times continuously differentiable with bounded derivatives, o is bounded
with (3 + k)-times continuously differentiable with bounded derivatives, and vy and c are
bounded, k-times continuously differentiable with bounded derivatives. Then u(t,-) is k
times continuously differentiable and we provide explicit bounds on the derivatives.

For any fixed ¢ > 0, the spacial resolution of the function x — u(t, x) can be approxi-
mated using regression with respect to properly chosen basis functions ¢, ..., ¥k, K € N.
More precisely, with respect to a specific probability measure u on the state space R”, we
try to minimize the error in the sense of Lz(y), i.e., we would like to find

arg min lu(t, x) — ()| u(dx).
pespan{yy,...yx} JR?
The above loss function can, however, only serve as a guiding principle, since u(t, x) is
not available to us. Instead, we replace the above loss function by a proper Monte Carlo
approximation: denoting the actual stochastic representation of u by V = V(, x, w) in the
sense that u(t, x) = E[V(t, x)], we consider samples V" of V obtained by

(1) sampling initial values x” according to the distribution u;
(2) sampling the solution of X started at X, = x driven by independent (of each
other and of x"™) samples of the Brownian motion.

Finally, we construct an approximation ¥ of u(z, -) by (essentially) solving the least squares
problem
M

1
arg min Z — |"V('”) - ﬁ(x(m))iz
pespan{y,..., ‘pK}m:I M
via a “pseudo-regression” procedure (also used in [2] for PDEs with random coefficients)
that is presented in detail in Section[d]) We obtain (cf. Theorem [4.1)):

Theorem 1.2. Under some boundedness conditions on the solutions and its stochastic
representation, there is a constant C > 0 (which can be made explicit) such that

E[ lu(t, x) — v(x)|2u(dx)] < K, inf lu(t, x) — w(x)|* u(dx).
R? M wespan{yy,...0k} JRn

In order to find an approximation u(t, x) on a time grid 0 < #; < ... < 1y < T the entire
procedure (2)) has to be repeated for every time step, i.e., we generate samples of X starting
in x at the respective initial time 7. In Section we propose an alternative regression
type algorithm which allows for approximating the solution u(t, x)on0 < #; < ... <, <T
using only one set of trajectories of the process X with Xo = x™,

Under somewhat more restrictive assumptions, our approximation u satisfies

K log(M)

E[ y [u(ty, x) — u(ty, x)| PX,] (dx)] < C[ i

¢ inf f lu(tr,x) — WP Py, (d)|
Vil Jrn !

wespan{i/y,...,
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for [ = 1,...,L. We note that the above estimate is much more involved compared to
Theorem owing to the fact that the exact distribution Py, (which essentially plays the
role of ) cannot be assumed to be known and, therefore, has to be approximated itself.
In order to bound the corresponding approximation errors
inf ||u tl?‘ - : ||22 5 l: la'-'9L’
fespaniy,.. gk} (1) = f Ol

where the measure o is either 4 or Py, , one needs to specify the basis functions.

In Section we show that in the case of piecewise polynomial basis functions, the
approximation error can be bounded (up to a constant) by K™* with x = @, provided
that each function u(z, -) is g + 1 times differentiable, irrespective of the chosen regression
type, and the support of p above is finite. Now the smoothness of u(#, -) follows from the
smoothness of the coefficients of the underlying PDE and g via Theorem [I.T}

A last puzzle piece is still missing if we want to provide a fully implementable approx-
imation scheme, since we still need to solve the rough differential equation describing X.
Here we employ a (simplified) Euler-type scheme including approximations of the needed
signature terms by polynomials of the path itself, see Bayer, Friz, Riedel and Schoenmak-
ers [5] for details. The scheme is recalled in Section[5} In the current context, the rate of
convergence of the scheme is (almost) 2« — 1/2, see Theorem [5.1] for details. Finally, we
give several numerical examples in Section[6}

Remark 1.3. The scope of this paper is solving deterministic rough PDEs, i.e., PDEs
driven by a deterministic but rough path W. What happens when W is instead assumed to
be random — implying randomness of u? If we apply the same algorithm as above, but with
the samples of X based on i.i.d. samples of W, then the regression based approximation is
an estimate for E[u(t, x)] (see [2] for the case of regular random noise). Of course, we can
also use a regression approach for solving the full random solution u(z, x; w). In this case,
we need to choose basis functions in both x and w. This means, proper basis functions need
to be found in w — or rather, in W. The signature of W provides a useful parametrization
for purposes of regression, see, for instance Lyons [23]. We will revisit this question in
future works.

2. STOCHASTIC REPRESENTATION

We consider rough partial differential equations in the setting studied [12}[13}[14]. Given
a d-dimensional a-Holder continuous geometric rough path W = (W, W), % <a< %, we
consider the backward problem on R”

d

2.1a) —du = L(u)dt + Z Ty (u)dWH,
k=1

(2.1b) w,) =g,

where the differential operators L and I' = (I'y, ..., [ ;) are defined by

1
2.2) Lf(x) = 5 trace ()@ DX f(x)) + (b(x) , Df(x)) + c(x) f(x),
(2.3) L f(x) = Br(x), Df(x) + yi(x) f(0),

for a suitable test function f : R” — R and given functions o : R” — R™" b : R" — R",
c:R'">R B :R'"> Ry :R" >R, k=1,...,d. All functions are “smooth enough”.
A function u = u(z, x; W) is called a “regular” solutiorﬂ to lb ifu e C* and

T d T
u(t, x) = g(x) + f Lu(r, 0)dr + )" f Tiu(r, x)dW-,
t =1 Yt

][12] also provide a weak notion of solution. In what follows, the construction for both notions of solutions
is the same, but weak solutions can be established under weaker regularity conditions on the coefficients.
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where the integral is understood in the rough path sense requiring I'vu, I';I'vu to be con-
trolled by W as functions in ¢.

Solutions to the above rough PDE in the above sense are constructed by Feynman-Kac
representations. We introduce an m-dimensional Brownian motion B, which will essen-
tially be used to construct a diffusion process with generator L. Specifically, let

2.4) dX, = o(X))dB; + b(X,)dt + B(X;)dW,,

where the dB-integral is understood in the Itd sense. More precisely, (2.4) is understood as
arandom (via B) rough ordinary differential equation with respect to a (m +d)-dimensional
rough path Z = (Z,Z) defined by

Blté 1 . B,
2.5) 7, = (Bf), z,=|, BN [ W, @dB,)
Wi [ B edw, W,

The following existence and uniqueness theorem is (part of) [12, Theorem 2.8].

Theorem 2.1. Assume that the coefficients satisfy oi, B, i € CZ(R"), c, g€ C‘b‘(R”). Define
T

T
(2.6) u(t,x; W) := E™ [g(XT) exp (f c(X,)dr + f y(X,)dW,)} , (t,x)€[0,T]xR".

Then u € C2’4 ([0, T1 x R™) solves the problem 2.1)) in the regular sense. The solution is

unique among all 02’4 ([0, T X R™) “which are controlled by W”. Moreover, if g addition-
ally has exponential decay, then the same is true for u.

Remark 2.2. The authors of this paper are in doubt to what extent Theorem 2.1 was indeed
proved in [12]], in particular with respect to regularity. Differentiability of u in space is
obtained by the corresponding differentiability of the solution map x = Xy +— X; of the
mixed stochastic/rough differential equation (2:4). Cass, Litterer and Lyons [8] (see also
[15]) have proved the existence and integrability of the first variation of RDEs like ([2.4),
i.e., the first derivative, which extends to the statement that u € C%! in the above theorem.
However, to the best of our knowledge, this result has not been extended to higher order
derivatives in the literature before. We fill this gap in Section 3] see Theorem [3.1] for the
result on regularity of the flow of an RDE and Corollary [3.3] for the extended version of
Theorem 2.1l above.

Remark 2.3. It is possible to consider the problem (2.1]) for slightly more general operators
L and T, by adding to L and I' an autonomous term, say /(x) and n(x) € R?, respectively.
This will result in an extended stochastic representation

2.7 E[sXyp + 20|, 1<T, xeR”,

for the solution of (2.1), where X;* = x, and

(2.8) Yieli=exp ( f c(X")dr + f 7(X§”‘)dW,),
1 t

T
ZEe0 = f[ e (n(X)dt + 77 (X,) dW,).

Remark 2.4. By defining a mean-zero process 710 g5 the solution to
de = YsFT(Ss XS)dBSs Z =0

for an arbitrary column vector function F(s,y) € R™, y € R", and Y; given in @, we
obtain another modification of the standard stochastic representation, @D which provides
a stochastic representation with a free parameter that has smaller (point-wise) variance if
this parameter is chosen accordingly. Indeed, from Theorem it is a trivial observation
that

2.9) E[sXpOYps! +Zp'0|, 1<T, xeR’,
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is a stochastic representation to the solution of (2.I). In fact, via the chain rule for geomet-
ric rough paths it is possible to show that the variance of the random variable

1,0\ 1, 1 —t,x,1,0
XY + 72y

vanishes if F satisfies " Du+ F = 0. (Cf. Milstein and Tretyakov [25]] for this result in the
standard SDE setting.) Of course such an “optimal” F involves the solution of the problem
itself, and as such is not directly available. A comprehensive study of constructing “good”
variance reducing parameters F' in the present context is deferred to subsequent work.

Remark 2.5. From a regression point of view, it might be simpler to consider the Dirichlet
problem on a domain D c R", i.e.,

d
—du = L(u)dt + Z T () dWF,
k=1

w(T,x)=gkx), xeD, u(,x)=f(x), xedD.
There are a few challenges here:

e A new existence and uniqueness theorem following the lines of [[12]] is required.
In particular, the Feynman-Kac representation in terms of stopped processes has
to be derived.

e Numerical schemes for stopped rough differential equations have, to the best of
our knowledge, not yet been considered.

3. REGULARITY OF THE SOLUTION

In order to understand the convergence of the regression based approximation to u« as a
function of the input data (including the rough path W), we need to control the derivative
0.u(t, x) and higher order derivatives explicitly in terms of the data.

We start with an e-dimensional weakly geometric rough path Z with finite p-variation
norm (2 < p < 3)E] Recall that standard stability estimates for solutions of rough differen-
tial equations driven by Z lead to estimates of the form

exp (IZllpar V 1ZI)-var)

see, for instance, [17, Theorem 10.38]. If we replace Z by a Brownian rough path, we
see that terms of the above form are not integrable, due to the pth power. Hence, these
estimates, which are sufficient (and sharp) in the deterministic setting, are impractical in
the stochastic setting. Cass, Litterer and Lyons [8] were able to derive alternative estimates
for the first derivative of the solution flow induced by a rough differential equation, which
retain integrability in (most) Gaussian contexts, cf. also [[15]. In the following section, we
extend their results to higher order derivatives.

3.1. Higher order derivatives of RDE flows. Consider the rough differential equation
t
3.1 X' =x+ f V(X)) dZ, € R",
0

where V € C(R", L(R®, R")). Formally, the derivative X" := D, X* should solve the equa-
tion

f
XV =1d+ f DV(X)(dZs)XD e R™"
0
with

DV: R" — L(R", L(R*,R")) = L(R%, L(R", R")).

Note that Z as defined in (Z3) is not weakly geometric. As outlined below, we have to transform the
equation (2:4) for X into Stratonovich form first.
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The higher order derivatives of the vector field V are functions
D'V R" - L(RMH®, LR?, R"Y) = LR, L(R")®,R"),
and the k-th derivative of the flow X® := DXX* should be a function
DX i R" — L((R™®,R").

Taking formally the second derivative in (3.1I)), we obtain the equation
X@ = fo t D*V(XH)(dZ)XP ® XV) + fo t DV(X*)(dZ)X?,
and for the third derivative,
X9 = fo D3 V(X (AZ)( XD o XV @ X(V) +2 fo t D?V(XH (XD @ X?)
+ fo t D*V(X*)(dZ)(XP @ XV) + fo t DV(X¥)(dZs)X?.

These formal calculations can be performed for any order k. The forthcoming theorem
justifies these calculations. Moreover, it provides estimates for the solution which are
especially useful for tail estimates when the equation is driven by a Gaussian process. For
given 0 < s < ¢t < T, these estimates are based on the following sequence of times 7;,
iteratively defined by 79 = s and

Tisl = inf{ Ti<u<t ’ ||Z”Z—Var;[r;,u] >« } At,

where « is a positive parameter. Define
(3.2) No(Z;[s,t]) =max{n|1,<t}.

For @ = 1, we will omit the parameter and simply write N instead of N;. The important
insight of [8]] was that ||Z||§,Wlr can often be replaced by N in rough path estimates, and that
N does have Gaussian tails when Z is replaced by Gaussian processes respecting certain
regularity assumptions. But for now we remain in a purely deterministic setting.

Next, we state the main theorem of this section. Since the proof is a bit lengthy, we

decided to give it in the appendix, cf. page[33]

Theorem 3.1. Fix s € [0,T] and let Z be a weakly geometric p-rough path for p € [2,3).
LetV e Ci*k(R", L(R®,R")) for some k > 1. Consider the unique solution X>* to

!
(3.3) X =x +f V(X39dZ, €R", te[sT].

Then for every fixedt € [s,T], the map x — X" is k-times differentiable. Moreover, the kth
derivative X,(k) = DX solves a rough differential equation which is obtained by formally

differentiating (B.3) k-times with respect to x. Setting w(u,v) = ||Z||ﬁ varuy) Ve have the
bounds
34

IXOp-is = IXO N piogory < CUVligae exp (C||V||g,2+k(N(Z; [s,T] + 1)) and
(3.5)
IXOlleo 1= X Py < 1XO1 + CUZI p-vargs, i1V ]Gz exp (C||V||gz+k<zv<z; [s, T + 1))
b

where C depends on p and k.
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3.2. Bounding higher variations of (2.4). In order to apply Theorem to the rough
stochastic differential equation (2.4, we first rewrite it in Stratonovich form which leads
to the following hybrid Stratonovich-rough differential equation

dX; = [b(X;) — a(Xpldt + o(X;) o dB, + B(X)dW,

(3.6) _

where a(-) = % Y, Doi(+) - o4(+) is the Itd-Stratonovich correction, o7 is the ith column
of o and b() := b() — a("). Equation (3.6) is now indeed of the form (3.I) if we set
V= (’b\, o,B): R" = L(R'*"*4 R") and consider the joint (geometric) rough path lift Z of
t - (¢, B;, W,) =: (B,, W,) obtained from the Stratonovich rough path lift of the Brownian
motion B and W (recall that d is the dimension of W, m is the dimension of the Brownian
motion B). The lift Z is given as in , but B is substituted by the Stratonovich integral
BSY, cf. [13]] for further details.

Applying the bounds of Theorem to the solution of equation (3.6) with initial con-
dition X, = x, we see that the expected value of the norm of the kth variation D*X is
bounded in terms of the moment generating function of N(Z; [¢, T]). In [13l], such bounds
are provided considering the moment generating function of ||Z||f,,var. The following is a
version of [13} Corollary 23], which differs in two respect: first, we consider the moment
generating function of N(Z; [z, T']) instead of N(Z; [t, T1)?, and secondly we try to make
the constants explicit (instead of only providing the existence of the exponential moment).

Lemma 3.2. Given é <p<3andd >0, welet

Kp(8, W) := E [exp (S |1ZII} )]

p-var[t,T]

assuming that § is small enough such that k < oco. Then for all A > 0 we have the bound

p/2
3.7) E [exp (AN(Z; [1, T]))] < exp (2“/’4[@ ]+ V2rdoe ',

where o .= VT — 1.

Proof. Choose K > ‘,w and define

ro =2YPKP, a:=1 (0. W)

B exp(6K?)’
where @ denotes the c.d.f. of the standard normal distribution and we note that 0 < a < 1

by our conditions. The result follow from the Fernique type estimate in [[13} Theorem 17],
which shows that

a =0 (),

PNZILTY >N <1-0fa+ 5], r2m

a
(The choice of constants follows from [13, Lemma 19, Theorem 20, Lemma 22, proof of
Corollary 23], for g = 1.) Using this estimate, the integration by parts formula

E [exp(AN(Z;[t, T])] = fm P (N(Z; £, T]) > /ll log x) dx
0

and the estimate 1 — ®(x) < %e‘xz/ 2 (where the Gaussian tail estimate applies, i.e., for
r o= }llogx > rp) together with the trivial estimate of any probability by 1 (where the

estimate does not apply, i.e., for r = % log x < ry), directly gives

(3.8) E[exp(AN(Z;[t,T])] < e¥ + \/go'/l exp 2oA(cA—a)) X - -

1
-‘-xerf0($(a—20'/l+ 2%—))
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Note that K> >

> (l;log(ZKp) implies @ > 0. Using the trivial bound erfc < 2, we further
obtain

E[exp(AN(Z; [1, T])] < 2" K" + V2roae V.
The right hand side is now minimized by K = (ls log(2«,), which gives (37). a

Finally, we consider bounds for the derivatives of the solution u(z, x) of (2.I). For ease
of notation, we will formally only consider the case c =0,y =0, i.e.,

u(t, x; W) = E™ [g(X7)].

However, note that we do allow g and its derivatives to have exponential growth in what
follows, and it is thus easy to incorporate the general setting by extending the state space.
For this, we just need to add an additional component Y, solving

dY, = c(X,)ds + y(X)dW,, Y, =0,

and consider
u(t, x; W) = E" [g(X7) exp(Y7)] .

Corollary 3.3. Let u(t, x, W) be as above. Assume that g is k-times differentiable and that
there are constants £y, {» > 0 such that

ID'g(x)| < &1

forall x € R"andl = 1,...,k. Assume that ’b\, o and B are bounded, (2 + k)-times
differentiable with bounded derivatives, and let K > 0 be a bound for their norms, i.e.

Bl V llorllgawe V [1Bllow < K.
Then there are constants C = C(p, k) and C; = Ci(p) such that
(0Kut, x, W)| < C1ae2HD (14 (T = (L€ + OK?)

log (2Kp(6, W)

pl2
X exp [(§2C1 + C)K?P [1 + [ 5 )] + (T — )(LC + O)K?

|

where we use the same notation as in Lemma[3.2]
Proof. Recall that the solution X,* to
dX" = DX dv + o(X5Y) o dB, + BX)dW,; X" =x
equals the solution to
dXy* = V(X;)dZ,; X;*=x

where V = (b, o, 8): R" — L(R!*"*4 R") and Z denotes the joint geometric rough path lift
of v— (v, B,, W,). Iterating the chain rule, we see that

=1 i +...+i1=k

where 1 <ij,...i; < kand 4, __; are nonnegative integers which can be calculated explic-
itly (using e.g. Faa di Bruno’s formula). Thus we obtain

As in the proof of Theorem [3.1] one can see that there is a constant C; depending only on
p such that

X7 < 1+ NS LT + 1< | + CHlIVIZ, (NZs [ TD + D) + 1
b
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The bounds of Theorem [3.1]imply that
DX+ DX < (1 + ClZlpvarsin Vg exp (CIVIL  (NZ [ T + 1)))1
< 204 CIZ e IV g e exP (Cuvngﬁk(zv(z; [, T]) + 1))

for a constant C depending on p and k. Therefore, we see that there is a constant A depend-
ing on k only such that

Ohutt, 1 < 62 HVE (exp (LG IV (VE: [6TD + 1)

.....

We use [[15, Lemma 4, Lemma 1 and Lemma 3] to see that for every / = 1,.. .k,

UIVlIgzI1Zllp-varge )’ < exp(kIIVllg?kQN(Z; [£,T]) + 1)).
This implies that
05utt, 0] < CAIVE (exp (GC1 + OIVIL (NZ 1 TD + 1) ).
Now we use Lemma[3.2]to obtain the bound

CHACHVE (exp (@€ + OV (NEZ: 11, T) + 1))

H(+DHLE+ONVI

< Clide 5 E (exp (@1 + OV N 15, T1D))

< C{]/legzq)‘l”) (1 + ‘/271-(7’ — t)({zcl + C)”V”Z‘Z”‘)
b

log (2x,(5, W)

p/2
X exp [(g“zcl + OlVI,.. [1 + 2“"[ 5 )] +2(T = (&Cy + C>||V||gm]]

and our claim follows. |

4. REGRESSION

From the numerical point of view it is desirable to have a functional approximation for
the solution u, i.e., to have an approximation of the form

K

(4.1) u(t, x) ~ ) agp(),

k=0

for some natural K > 0, where (4(x)) are some simple basis functions and the coefficients
(a(1)) depend only on . Such an approximation can be then used to perform integration,
differentiation and optimization of u(t, x) in a fast way. In this section we are going to use
non-parametric regression to construct approximations of the type @.I). First we turn to
the problem of approximating u(z, x) for a fixed ¢ > 0 and then consider approximation of
the solution u in space and time. While the first problem can be solved using a simplified
version of linear regression called pseudo-regression, for the second task we need to use
general non-parametric regression algorithms.

4.1. Spacial resolution obtained by regression. The representation implies,

X 0,x
2) e, X0 = B [0y,
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where (F)o<;<r denotes the filtration generated by B. (Recall the notation introduced in
Remark [2.3]) From (2.9) we observe that for s > 1,

0.x S 0.x 0.x
Y;’X’ o exp [f c (X;’X' )dr +y" (X;’X' )dwr]
t
= exp [f ¢ (X?’X) dr+y" (X?x) dW,]
t

x| [ e (x0)dr 4y (X07)aW, | yo
= exp [j(;[C(Xg’x) dr + ,y-r (X?’x) dW,] = Yto’x’l .

(4.3)

Due to (.3), {.2) yields

(4.4) u(t, X") = Eg,

0,x,1
t

YO,X,l
g(X7) YT ] :

We now aim at estimating u(z, x) for a fixed #, 0 < ¢t < T, globally in x € R”, based on
the stochastic representation (4.4)). Let us consider a random variable U ranging over some
domain D c R”, with distribution u. Given U, we then consider the random trajectory

( xou

which is understood in the sense that the Brownian trajectory B is independent of U. At
time s = 0 we sample i.i.d. copies U, ..., Uy of U. We then construct a collection of
“training paths” O, consisting of independent realizations

4.5) DY, = {(ngllm;m, YSO,‘ZI,,l,l;m)

0,U,1 )
Xy 0<s<T’

OSsg|m=1,...,1\4},

again based on independent realizations of the Brownian motion B. Next consider for a
fixed time 1, 0 < ¢ < T, the vector Y® € RM, where

YO,’llm Jm
. 0, U, T
(4.6) Y=g (XT ’”) ST
t

Now let i1, ..., ¥k be a set of basis functions on R” and define define a matrix M® e R¥*K
by
. 0,Uynsm
MG = e (355,
In the next step we solve the least squares problem
| o K 2 . _1 .

~O — i ® _ () — (1) (1) (1) (U]

4.7) Y = arygegll(mM Z (ym ; Mmk)’k] = ((M ) M ) (M ) VA

m=1

This gives an approximation

K
(4.8) W, x) =t x5 D) = Y Fw)
k=1

of u. Thus, with one and the same sample (4.5) we may so get for different times 7 and
states x an approximate solution u(z, x). Let us first consider the particular case r = 0, where
we have
0) . 0 0, Uy 10, U1
MO =g (Uy), YO = g (xpHrm) vyt
and then (4.7) reads

1

1 T -l T
4.9) 7)7(0) = M (M (M(O)) M(O)) (M(O)) YO,
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Instead of the inverted random matrix in we may turn over to a so called pseudo-
regression estimator where the matrix entries

M
[% (MO)" M<°>] = %’; Uk (Up) Y (U

ki

are replaced by their limits as M — oo, i.e., by the scalar products

Gu = Wi Y1) = f Vi (2) ¥ (2) p(dz).
D

That is, we may also consider the estimate

(4.10) (0, x) := @0, x; D) = Z $Op(x) with
k=1
N | T
4.11) 7O = Mg '(M(O)) YO

The interesting point is that in (¢.10) we may freely choose both the initial measure, and
the set of basis functions. So by a suitable choice of basis functions (i) and initial measure
M, we may arrange the matrix G to be known explicitly, or even that G = 1d (the identity
matrix), thus simplifying the regression procedure significantly from a computational point
of view. Indeed, the cost of computing in is of order MK? while the cost of
computing (@.11) is only of order MK.

It should be emphasized that the function estimates (#.8)) and (.10) are random as they
depend on the simulated training paths (4.3). In the next section we study mean-squares-
estimation errors in a suitable sense for the particular case (4.10), and for the general case
(4.8), respectively.

4.1.1. Error analysis. For the error analysis of the pseudo-regression method (#.10) we
could basically refer to Anker et al. [2], where pseudo regression is applied in the context of
global solutions for random PDEs. For the convenience of the reader, however, let us here
recap the analysis in condensed form, consistent with the present context and terminology.
For the formulation of the theorem and its proof below, let us abbreviate (cf. and

E10n)
V= gXp" )Y ! v(@) = u(0,2), () = (0, 2),
m . g(Xg’(u(m);m)Yg’(u(’”)'l;m, M = M(O), Y = y(O)’ ¥ = 5,(0).
Theorem 4.1. Suppose that
V)| <A and Var[VIU =z] < o?, forallze D,
0 < Amin < Amin (G%) < Amax (G¥) < Amars forall K =1,2,...,
where Apin (QK ) and Amax (QK ) denote the smallest, respectively largest, eigenvalue of

the positive symmetric matrix GX = (g, J)1<' k" Then it holds,
i,j<

&~

4.12) E jz; [9(z) — v(2)|* u(dz) < méx (0'2 + Az) %+

&~
g
=

+ inf f w(z) — v(z)* u(dz).

wespan{y/i,...,
Proof. Let vK be the projection of v on to the linear span of 1, ..., ¥k, i.e.,
(4.13) vE = arginf f W(z) — v(2)I* u(dz).
wespan{y,...k}
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Then, with y° := (3}, .., 7)™ € RX defined by

K
(4.14) V= Vo
k=1

and a € RX defined by ay := (i, v), it follows straightforwardly by taking scalar products
that

(4.15) Yy =G la.
By the rule of Pythagoras it follows that,

4.16) E f [9(2) - v@F u(dz) = E f [5(2) - V¥ @[] udz) + f V@) - v udz).
D D D
With ¢ := (i, ..., k)" it holds by that,
E fD [#2) V¥ @ utdz) = f@ Ey w0 -y @) udz)
2
=fE‘(inM—aT)glt//(z) u(dz)
D M
_ i TAf_ AT 21 T ~1 l Ty _
- [ E[(My M-a )g YT OG (MM v a/)],u(dz)

1 T T| -1 1 T
E(MM M—a')g (MM y—(l)],

since
f YW Q)| m(d2) = Wi i) = G,
‘We thus have that

- K/ \|2 1 L Ty _
0SEL|V(Z)—V(Z)| pldz) < ~ E’MMJ @

min

= ZVar[ MTJ} ,

mmkl k

using that

1 T m m
E[MM y]k = —EZwk((LI( )y

m=1
- FE (lﬁk((u(l))E [(V(l)lru(l)])
= Wk, v) = .
Now, by observing that

1, - 1< o)
Var [MM y]k Var [M ;tﬁk(‘u Vv
1
= MVar (lﬂk(ﬂ“))(v“))
- %E Var [yt YV |+ Var E [t v |
— 2
= —E (W (‘L{(l))Var [(V(l)ﬂ[(l)]) + Mvarwk(ﬂ(l))v ("L{(l))

o +A2

gkk’

one has

ZVar[ MTy] A 65) < T A T

mln k=1 mm min
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and then (4.12) follows. O

4.2. Spatio-temporal resolution obtained by regression. If we want to approximate

u(t, x) in space and time, we can perform regression on a given set of trajectories for dif-

ferent time points 7. Let us fix a time grid (¢1,...,f;) with0 <#; <t <... <t < T and

consider regression problems

| M K 2

4.17) fyﬂ) = argmin— Z yﬁ,? - Z Mfrl,)kyk]
k=

yeRK M m=1 1

= (Mo o) () o, =

where
) ._ 0,Uypsm
Mmk T (//k (XI/ )
and
YO,’LIN,,I;m
() ._ 0,Upsm\ T _
Y0 =g(x] )—YWWW, [=1,...,L
1

This would give us a decomposition
K
@, x) =W, Oy = Y FPyx), I=1,...,L
k=1

of u. Furthermore, the coefficients 3,*/{0 can be interpolated to provide us with the approxi-
mation of the form (@.I)). The convergence analysis of the estimates is more involved
and follows from the general theory of non-parametric regression, see Section 11 in [19]
Assume that
O,W Y(J,'ll.l
(Al) max;-y,.r SUP,cRrn Var [g(XT Yg.’ll.l
Ul
(A2) max;;
for some positive constants o and A. Then we denote by u a truncated regression estimate,
which is defined as follows:

xou
1

:Zj|§0'2<00,

L SUP g [u(t), X)] < A < 00,

.....

0 utt, if [(t, )| < A,
u(t, x) = Tault, x) = Z X)A if [u ).C)I
Asgnu(t,x) otherwise.

Under (A1)-(A2) we have the following Lz-upper bound (see Theorem 11.3 in [19])

_ B K
(18) BNt )~ un e, ) < &(0? + A2(log M + 1)) %
+8 inf ) = FOPare
fESpanl[IL,}l !!!!! w[(} ||u( 1 ) f( )“LZ(PXI,)
forall/ = 1,...,L, where ¢ > 0 is a universal constant. Note that the use of the measure

Py, in (4.18) is essential and Py, can not be in general replaced by an arbitrary measure p
as in the case of pseudo-regression algorithm.

Instead of linear regression, we could use a nonlinear one. Let us fix a nonlinear class
of functions ¥, and define

M
u(t;, x) = argmin % Z ( yff,') —y ( Xro’,fu,,,;m))Z _

ye¥y m=1

Under a stronger assumption that |[Y®| < A with probability 1 forall/ = 1,...,L and a
constant A > 0, we get (see Theorem 11.5 in [19])

_ Vi
(4.19) Elfi(t,) = u(tr. Niap, < (e + calog M) =2
gl

: 2
+2 flel‘l{-’f;,; ”M(f[, ) - f(.)”LZ(PX,,)’
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forall/ =1,..., L, where the constants ¢y, ¢, depend on A;, Viy,, is the Vapnik-Chervonenkis

dimension of ¥, and u is a truncated version of u. The advantage of using nonlinear classes

consists in their ability to significantly reduce the approximation errors inf sy, |lu(t;, ) —

f (-)||i2 Py )’ while keeping the complexity Vy,, comparable to the linear classes. One pop-
gl

ular choice of ¥, is neural networks.

4.3. Rates of convergence. There are several ways to choose the basis functions ¥, . .., k.
In this section we consider the so-called piecewise polynomial partitioning estimates and
present L*-upper bounds for the corresponding projection errors
(4.20) gl () = Ol = ) = (e, )l
for some fixed 7 > 0 and some generic measure ¢ on R”. For instance, in (4.18) 7 and o
may taken to be #; and Py, I = 1,..., L, respectively, and in #.12) we may take t = 0
and o equal to . The piecewise polynomial partitioning estimate of u works as follows:
We fix some g € N that denotes the maximal degree of polynomials involved in our ba-
sis functions. Next fix some R > 0 and a uniform partition of [-R, R]" into S” cubes
Ci,...,Csn. That is, [-R, R] is partitioned into S subintervals with equal length. Further,
consider the set of basis functions ¥/ 1, ...,y g With j € {1,..., 8"} and ¢y, 1= ( Z”) such
that ¢ 1(x), ..., ¥}, (x) are polynomials with degree less than or equal to g for x € Cj,
and ¥ 1(x) = ... = ¥jc,,(x) = 0 for x ¢ C;. Then we consider the least squares projection
estimate u(t, x) for x € R", based on K = S"c,,, = O(5"q") basis functions. Let us define
the operator D as

3 f(x)
Ox{" - Oxy
for any real-valued function f, @ € Nj and |a| = a1 +...+a,. Forr e Ngand L; : R" - R,
we say that a function f: R" — Riis (r + 1, Ly)-smooth w.r.t. the (Euclidean) norm | - |
whenever, for all @ with || = 3}/, @; = r and all R > 0, we have

ID?f(x) =D fWI < Ly)lx =y, x€R", |y-uxlw <1,

i.e., the function D® f is locally Lipschitz with the Lipschitz function L; with respect to the
norm | - | on R". Let us make the following assumptions.

(A3) The function u(t,-)is (q + 1, L,)-smooth with

f LX(x) o(dx) < C? < o0
Rn

for some constant C,, > 0.
(A4) It holds

D f(x) :=

f u*(t,7) 0(dz) < B,R™”
{lzlco>R}

for some v > 0 all R > 0.
The following result holds.
Lemma 4.2. Suppose that (A3) and (A4) hold, then
C2 (RayXerD
[(g+ D)!2n (?)

where < stands for inequality up to an absolute constant.

(4.21) lue(t, ) = u(t, 7y < +B,R,

Remark 4.3. Notice that the terms on the right-hand-side of (#.21)) are of order

4.22) (R )Z(M

S
provided that we only track R and S and ignore the remaining parameters, such as g and
kp(6, W). Let us assume that both terms in (#.22) are of the same order. Then we get

+R7,
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R=0(S vflzm)”) and thus R™ = O(S -2 ). Together with the fact that the overall number

. . . __2vgsh .
of basis functions K is of order S”, we have R™” = O(K™ »+=@+D)), Thus there is a constant
D > 0 such that

D
2
e, ) = u(t. gy, < 2

2v(g+1)

with x = m

The following result is based on Corollary [3.3]and gives sufficient conditions for (A3)
and (A4) to hold.

Corollary 4.4. Let u(t, x, W) be as above. Assume that g is q + 1-times differentiable (in
x) and that there are constants {1,{> > 0 such that

(4.23) ID'g(x)] < &M

forallx e R"andl =1,...,q + 1. Assume that o is bounded, (4 + q)-times differentiable
with bounded derivatives, b and B are bounded, (3 + q)-times differentiable with bounded
derivatives, and let K| > 0 be a bound for their norms, i.e.

(4.24) lloligsea V 11bllgaa V IBllg3 < Ki
with’b\denoting the Stratonovich corrected drift as given in (3.6). Suppose that

f ¥ o(dx) < oo,
then (A3) holds with

pl2
log (2«,(5, W)
C,<Dyexp|| ———| |+D».

0

for some constants Dy = D1(q, K1, {1,{) and D, = D»(q, K1, (1, (3). Moreover, (A4) holds
for some v > 0 and B, depending on K, T, 1, (.

Using to the parameter allocations in Remark [4.3] we end up with the following conver-
gence rates for the regression procedures proposed in Section 1] and Section 4.2} respec-
tively.

Corollary 4.5. Suppose that the conditions @.23) and @.24) are satisfied. Moreover as-
sume that

fe%‘xlu(dx) < 00,
then under assumptions of Theorem 4.1, the latter reads,
K Dy,
E v(z) — 2u(d7) < Dy — + =,
L) [7(2) = v(2)I” p(dz) st &

for some constants D3, D4 > 0.

Corollary 4.6. Suppose that the conditions @.23) and @23) are satisfied. Moreover as-
sume that

erKzIX\PX” (dx) < 00, l = 1, ey La

then under assumptions (Al ) and (A2)

_ K Dg
E”u(tls ) - M(tlv ')”iZ(pXt[) < DS(IOgM + I)M + F9

for some constants Ds, Dg > 0.
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5. SiMpLIFIED EULER SCHEME FOR ROUGH DIFFERENTIAL EQUATIONS

For the computation of the optimal coefficients y in and it is required to
construct the vector Y with components Y, defined in that depends on paths of the
solution to equation @]) For that reason, we introduce an Euler scheme which allows us
to numerically solve (2.4).

As in Section [3] we consider the hybrid Stratonovich-rough differential equation with
0<t<r<T:

G0 dXPT =X - a(Xih)| di + o(XE) 0 dB, + BXE)AW,, Xy = x,

where a(-) = % >, Do) - o(+) is the Ito-Stratonovich correction and o; is the ith column
of 0. Again, the above hybrid equation is defined as an RDE driven by the joint rough path
of B and W. This geometric joined rough path Z& is given as in but B is substituted
by the Stratonovich integral BS". Below, we set 3(~) :=b(-) —a()and V(-) := [o’(~) ﬂ(-)]
for the simplicity of the notation.

First of all, lett = r; < rp < ... < r; = T be an equidistant time grid with step size
h. In the numerical experiments later on the path W will be specified as a trajectory of a
fractional Brownian motion with Hurst index % <HZXZ % For this situation the following
scheme provides a meaningful approximation X,, of X};":

3
—_ _ — 1 _ . )
(5.2) Ko = X + X+ Vi VAR )ONZY L ANZE
=1 "

where V; is the ith column of V, I(x) = x, V;V;(x) = DV;(x) Vi(x) and A Z' = Z} —Z .
Notice that we use Einstein’s summation convention in (5.2) which we indicate by the

upper indices for the components of Z.
This simplified Euler scheme was first introduced in [11]] and also investigated in [5]].
In the following, we state a result from [5]] on the strong order of convergence to (5.2).

Theorem 5.1. Let W be a d-dimensional, continuous, centered Gaussian process with
independent components. Moreover, we assume that each component W', i € {1,...,d},
has stationary increments with a concave variance function

o21) = E|Wh, - Wi, 720,

where 0'?(‘1') =0 (T%’l) as T — 0 for some p € [1,2). Let X be the solution to (H} and X be

its approximation based on , where Z; = ( W};‘”) ) for fixed w € Q. Then, for almost all
paths of W and for any 1 < p < o, there is a constant C such that

1
S |1pl? ~, 1_0.5-
‘E max_|X, - X, |"|" < Chi™"7°,
k=1

..... i

where h is the time step of the Euler method and 6 > 0 is arbitrary small.

Proof. This theorem is a consequence of [S, Theorem 1] together with [[11, Theorem 1.1].
O

Remark 5.2.
e Theorem[5.1]covers the case of W being a fractional Brownian motion with Hurst
index % <H< % (é =2H).
e An almost sure rate for the scheme in (5.2) is proved in [I1, Theorem 1.1] in case
Z is a fractional Brownian motion.
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6. NUMERICAL EXAMPLES

We illustrate the methods by some numerical examples. First we study examples involv-
ing linear vector fields, for which the rough differential equation has an explicit solution.
This allows for easy comparison with a reliable reference solution. Later on, we consider
an example with non-linear vector fields without readily available reference values. All
examples take place in a two- or three-dimensional state space, and we assume that the
driving Brownian motion is one-dimensional (i.e., the PDE fails to be elliptic), whereas
the rough driver is two-dimensional in order to rule out trivial cases.

6.1. Numerical examples with linear vector fields. Let us investigate a particular ex-
ample for the RPDE (2.7). We set ¢,y = 0 such that by Theorem [2.1] the corresponding
regular solution is simply represented by

(6.1) u(t, ;W) = E[g(X;)],  (6,x) € [0, T xR,

where X" is the solution to (5.1) with initial time ¢ and initial value x. Below, we from
now on assume that

(6.2) b(x) =Ax, oix)=Cix and B;(x) = Njx,

fori=1,...,m,j=1,...,d, x € R" and where all coefficients A, C;, N; are n X n matrices.
6.1.1. Explicit solutions to linear RDEs. We can find an explicit representation for the
resulting linear RDE (compare[5.1) by introducing the fundamental solution ® to the linear

system. Using the Einstein convention, we formally define ® as the R™"-valued process
satisfying

r 1 m r ) T .
(6.3) O, =1+ f (A—E Cl-z](l)sds+ f Ci®; 0dB + f N;®,dW.
0 1 0 0

i=

For t < r we can easily see that the following identity holds:

T 1 m r ) r .
D07 =1+ f [A -5 > C?](I)S(D,‘lds + f Ci0,®;" o dB. + f N @D, dW.
t P t t

Consequently, equation (5.1)) with the linear coefficients is represented as
6.4 X" =00 'x, 0<t<r<T.

Case of commuting matrices. We now point out a case, in which @ is given explicitly. Let
all matrices A, C; and N; commute, then we have

| —

(6.5) ®, = f(r, B, W)) := exp ((A - Z CHr+C;B. + N;,W!|.
i=1

Using the classical chain rule for geometric rough paths
iy~ 9 i wi 9 i wi i, 0 i Wi W
df(r,B,,W;) = — f(r, B,, W))dr + — f(r, B., W}) o dB, + — f(r, B,, W;)dWj,
ot ob; GW‘/‘
we indeed see that f solves taking into account that

q
(6.6) exp (Z A,-]
i=1

for commuting matrices Ay, ..., A.

q
= exp(A;) and Ajexp(A;) =exp(A)A;

i=1
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Case of nilpotent matrices. We know from the above considerations that the fundamental
matrix © is given by @) if all matrices commute, i.e., the rough path structure does
not enter the solution at all. For that reason, we investigate another case with an explicit
solution. Let us again look at the linear RDE which is of the form:

AXdZS', relt,Tl,

d
6.7) dX, =

i=1
where di = m + d, Z# is the geometric joint rough path of Band W, A; = C;, Aj.,, = N;
fori = 1,...,mand j = 1,...,d. For simplicity, we assume to have a zero drift, i.e.,
A—33" CH=0
2 =14 =Y

The Chen-Strichartz formula, see [28]], provides a general solution formula in terms of
a infinite series in the general case, involving higher order iterated integrals of the driving
rough pathE] For simplicity, we shall only provide the solution in the step-2 nilpotent case,
i.e., we assume that

(6.8) Vi, j 1 [[AiA;], Al =0,
where [A, B] := AB — BA denotes the usual commutator of matrices.

Lemma 6.1. For 1 <i+ j<d let

gL (" i LT
a” = 5 Zt’stS - 5 Zt,SdZS
t t

denote the area swapped by the paths Z' and Z/, where the integrals are, of course, under-
stood in the sense of the rough path Z5. Then, we have

dy
X = exp (Z AZl, = ) [ALA j]a;{r] X,
i=1

1<i<j<d,

Remark 6.2. The unusual minus sign in Lemma [6.I] comes from the fact that the linear
vector field y — —[A, B]y is the Lie bracket of the linear vector fields y — Ay and y — By.
In the more general formulation involving general vector fields, the minus sign above,
therefore, turns into a plus sign.

Sketch of proof of Lemmal6.1] Formally, suppose that the paths 7 — Z are actually smooth,
so that can be replaced by the non-autonomous ODE

d
X, = ADX,, A(r) = Z AZL.

i=1

(Here, A(r) is considered a time dependent vector field.) The Chen-Strichartz formula
(also known as “generalized Baker-Campbell-Hausdorft-Dynkin formula”) [28], formula
(G.C-B-H-D)] involves n-fold Lie brackets of the vector fields A(s;) for different times s;,
j=1,...,n. Note that

[AGsD, Al = = > (2,2, - 212 [An A - x,
1<i<j<d,

while all Lie brackets of terms involving two or more Lie brackets vanish. The result is
then obtained by inserting into the formula. O

3The Chen-Strichartz formula is usually given for the smooth case, but one can repeat the proof for the rough
case, see, for instance, [3|] for the Brownian case in a free setting.
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6.1.2. Numerical example with commuting matrices. For the following numerical consid-
erations we now assume thatm = 1,n =d =2, T = 1 and g(x) = exp (—0.5 ||x||2).

We specify the matrices in (6.2) of the linear system. We introduce a matrix V which
satisfies the property V= = V:

L L
- )
2 V2

Using V, we then set

05 0\, (25 2 1oy, (21
A‘V(o 4.5)V‘(2 2.5)’ C“C‘V(o 3)"‘(1 2)’

05 0 105 30 |
N‘:V(o 1.5)V=(0.5 1) and NZ:V(O 1)V=(—1 z)'

Due to their special structure, all these matrices commute. Furthermore, we observe that
A= %Cz such that the drift is zero. Hence, the corresponding fundamental solution is of
the following simple form

~ 10 05 0\.1 (3 O\u.n
o =veol( Yo +(25 o3 i)y

exp (B, + 0.5W! +3W?) 0
=V V.
0 exp (3B, + 1L.5W! + W?2)

Inserting (6.4) into (6.1) with the above fundamental matrix and using numerical integra-
tion to estimate the expected value delivers an “exact” solution u of the underlying RPDE.
The goal of this section is to compare the exact solution with the solution that is obtained
from the pseudo-regression procedure from Section ]

We conduct the experiments for two different paths of W (see Figure[T). In both cases
we choose W' and W? to be fixed paths of independent scalar fractional Brownian motions
with Hurst index H = 0.4.

Time ¢
Time ¢

W2(t) -2 W) W2(t) —2 W(t)

Ficure 1. Two paths of a fractional Brownian motion with Hurst index
H=04.

Simulations for the first path (left picture in Figure[I). We compute a numerical approxima-
tion i of the RPDE solution u based on the pseudo-regression procedure, see Theorem f.1]
where for every fixed ¢ € [0, 1] the approximation i(z, -) is derived according to .10) and
(@TT). We start with the left driver in Figure [T} Within the numerical approximation we
encounter three different errors. The regression error itself depends on the number of basis
functions K and the number of samples M that we use to approximate the expected value
with respect to the probability measure u of the initial data. In order to generate the paths
of (5.I) that we require for the regression approach, we need to apply the Euler scheme
from Section[5} The error in this discretization depends on the step size 4 which is our
third parameter.
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We choose u to be the uniform measure on [0, 1] and zero elsewhere. Based on this
we choose Legendre polynomials on [0, 1]1* as an ONB (), __x of L*(R?, 41). To be more
precise, we consider the Legendre polynomials up to a certain fixed order p for every spatial
direction and then take into account the total tensor product between the basis functions of
different spatial variables, such that K = (p + 1)".

In Figure [2| we plot the regression solution i on [0, 1]* for three different time points.
Here, we use K = 36 Legendre polynomials, M = 10° samples and a step size & = 27° of
the Euler scheme (5.2). We observe in our simulations that i is a very good approximation
for the reference solution u for these fixed parameters. The plots for u look exactly as in
Figure[2] Since there is no visible difference between u and &, we omit the pictures for u.

a(t,-)
at,-)

Ficure 2. Pseudo-regression solution i(t,-), t = 0,0.84,0.99, of the

RPDE driven by the left path in Figure[T] The parameters are K = 36,
h=2"° M =105

Below, we investigate how sensitive the pseudo-regression approach is in every single
parameter. Therefore, we always fix two parameters and vary the remaining third one. All
the errors are measured in L*([0, 1]%), i.e., we compute [lu(t, -) — @(t, 2oy t € [0, 1],
or the corresponding relative error. In Figure[3] the absolute and relative errors are shown
for different step sizes h = 277,278,279, If we compare the curves with the largest step size
with the ones having the smallest step size, we can see that there is a remarkable difference.
We observe that the error is most of the times twice and sometimes up to three time larger
when using a four times larger step size. This can lead to an relative approximation error
of more than 10%. This implies that a small step size /& is recommended in order to ensure

a small error. This is not surprising since the order of convergence in % is worst out of all
parameters.

6 -10-2 ‘ -10-2 ‘
h=2"T7 o h=2"T7
h =278 = h =278
h =29 — h =29
10 -

[0.1]

I

I
/Tt )l g2

fult, ) - e, )
[0.1)2

Ju(t, ) = (t, )2

Time t Time ¢

Ficure 3. Absolute and relative error between RPDE and pseudo-
regression solution. The parameters are K = 36, M = 10% and h =
277,278,279,
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Now we fix the number of basis functions and the step size of the Euler method. For
different numbers of samples M = 10*,10°, 10°, we find the errors in Figure El We see
that it does not really matter whether 10° or 10° samples are used, whereas 10* samples
are probably too few, since the relative error can be up to 9%.

10-2 102
4 10 10
o M = 10%
5 8 A = 5 1
= M = 105
al - M =10
E =
= M = 10* = o )
T =
< =
= |
1
I I I I 0 I I I I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time t Time t

Ficure 4. Absolute and relative error between RPDE and pseudo-
regression solution. The parameters are K = 36, M = 10* 10°,10°
and h =27,

It remains to analyze the error in the number of basis functions. In Figure[2] the solution
looks relatively flat, such that it is not surprising that the parameter K only plays a minor
role. Since there is barely a difference when varying K, we state the logarithmic errors in
Figure 5| for K = 16, 81. The error for K = 36 lies between the curves in Figure [5]and is
omitted because it would have been hard to distinguish between the plots if it would have
been included. Even in the logarithmic scale there is almost no difference in the errors.
Moreover, we observe that for most of the time points, an additional error is caused by
taking too many polynomials. Thus, the approach is not at all sensitive in the parameter K
for this problem with the left driving path in Figure[I] This is not true for every driving
path as the following experiment will show. Using the right path in Figure [T) as the driver
instead will lead to a much larger error if we choose the same parameters as before.

a0
I I I 2 I I
o 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time ¢ Time t

Ficure 5. Logarithmic absolute and relative error between RPDE and
pseudo-regression solution. The parameters are K = 16,81, M = 10°
and h =277,

Simulations for the second path (right picture in Figure [I). We conduct a second experi-
ment with the same example as above. We only change the driving path, i.e., the left path
in Figure [1|is replaced by the right one. This leads to a very large relative L?-error for
M = 10% h = 2% and K = 36, see Figure In the worst case (t = 0.48) the relative
error is almost 80%. The reason for this can be seen in Figure [] where u(0.48, -) (left) is
compared with #(0.48, -) (right). The exact solution in this worst case is close to be a delta
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function which is generally hard to approximate. The pseudo-regression solution clearly
looks differently which shows that the parameter K depends on the underlying driving path.
If we increase the number of polynomials to K = 121, we can reduce the error in Figure[7]
but still many more basis functions would be required to obtain a small relative error which
is still large at every time point, where u is close to be a delta function.

u(t,-)

1

Ficure 6. Exact solution u(t,-) (left) and pseudo-regression solution
a(t,-) (right), + = 0.48, of the RPDE driven by the right path in Fig-
ure [T] (coefficients as in (6.2))). The regression parameters are K = 36,

h=2"2 M=10°.

“[0,1]2

lu(t,) = a(t, )] 2

[=2]

M

I I
0.4 0.6
Time ¢

(0,112

L ult )l

(0,112

lult,) =it )] 2

0.8

0.6

0.

'

0.2

T
— K=36
— K=121

I
WL

N
|

w'/ﬂ
w Jt\

0.2

0,4

0.6

Time t

0.8

Ficure 7. Absolute and relative error between RPDE and pseudo-
regression solution with parameters M = 10°, 4 = 27 and K = 36, 121.

6.1.3. Numerical example with nilpotent matrices. In Subsection [6.1.2] an example has
been considered that does not depend on the complete rough path but only on the path.
Therefore, we investigate another case, where still a reference solution can be derived but
this time it depends on the full rough path.

Let us consider an scenario that fits the framework (6.8). We set b,c,y = 0 in system
with terminal time 7 = 1 and terminal value g(x) = exp (—0.5 ||x||2). Moreover, we
define

(6.9) Bi(x) =Ax and fa(x)

where we assume m = 1, d = 2 and a three-dimensional space variable x € R3. Again, by
Theorem 21] the solution to (2.1) has the following stochastic representation:

(6.10) u(t, ;W) = E[g(X{)],  (6,%) € [0,11xR?,

o(x) = Ajx, = Azx,
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where X" satisfies the RDE

(6.11) dX, = AiX,dB, + A;X,W! + A;X,W?, X, =x, relsl]
Now we fix the coefficients such that (6.8) is fulfilled:
0 0 1 010 0 0 0
A;=10 0 0f, Ay=|0 0 Of, A3=]|0 0 I1{.
0 0 0 0 00 0 00

Notice that A% = 0 implies that the It6-Stratonovich correction term is zero in (6.11) such
that we automatically obtain a geometric driver in the equation. The driving path is again
a fractional Brownian motion with Hurst index H = 0.4. Now, since A; commutes with
A, and Az it can be seen that [A{,A>] = [Aj,A3] = 0. Furthermore, we observe that
[A;, A3] = A} which by Lemma@ leads to the following solution representation:

XM = exp (Al(Bzr atr) + A2Wzl + A3WT2J) X

o= 5 ([ whaws- [ waaw)
t

is approximated numerically by using piece-wise linear approximations to W' and W? on
a very fine time grid. Consequently, we have

where the term

. 0 W}, B,—a?

X : ’ I

X =explo o w2y |x=texp(Dy)x.
00 0

The matrix D, , is nilpotent with index 3, so that exp (D;,) = I + D,, + %D,z’, which then

leads to
. 1 W/, B,—a/2+0.5W! W2,
X =101 W2, X.
00 1

Inserting this into (6.10) and estimating the expected value with numerical integration pro-
vides the exact solution u of the underlying RPDE.

The probability measure within the regression approach has the same structure as before
but it is now defined on R, i.e., we choose 4 to be the uniform measure on [0, 17* and
zero elsewhere. So, the ONB of L?*(R?,u) is given by Legendre polynomials on [0, 1]3.
In Figure (8] the absolute and the relative error in L2([0, 1]*) between the exact and the
pseudo-regression solution is considered. The algorithm also works very well in this case
since the relative error is less than 1% for K = 64 basis polynomials, M = 10° samples
and a Euler step size of & = 27,

-10-3 -10-3

[0,1)3
©
T

\ |

[0,113

\ ]
\

Jluft )

- M “‘ L‘H\ R w = | . \ '\ ‘H
B AR Y (RN
£ ol UM TN
20 012 014 016 018 1 0 A 0 2 0.4 0. () 0‘.8 1
Time ¢ Time ¢

Ficure 8. Absolute and relative error between the RPDE with coefhi-
cients as in (6.9) and the pseudo-regression solution. The parameters are
K=64,M=10%and h =27°.
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The pseudo-regression i for several fixed time points is illustrated in Figure [9] In the
cubic domain the color represents the corresponding function value of #i(z, -) which is rela-
tively large if the color is red and relatively small if the color is blue. We omit the plots for
the exact solution since there is no visible difference to the regression solution.

05 . w %
04
A 0o %
1
08 08
05 . o 08
04
M 0o Y
Ficure 9. The pseudo-regression solution  @(t,-), ¢ =

0,0.14,0.43,0.61,0.78,0.99, of the RPDE driven a path of a fBm.
The parameters are K = 64, h = 279, M = 10°.

We conclude this section by discussing an alternative to the pseudo-regression, that
is the stochastic regression, where an approximation u(z, ) to u(t,-) is derived based on
(@) instead of @.IT). Within the stochastic regression the Euler scheme has to
be used only once, whereas we run (5.2) for every fixed # when computing the pseudo-
regression solution ii(z, ). Consequently, u can be computationally cheaper than # if the
Euler method is very expensive in terms of computational time. We determine the solution
of the stochastic regression u with the same paprameters as before and compare it with the
exact solution in Figure In this context, we modify our basis, i.e., we use Ui = g,
where ; are again Legendre polynomials (i = 1,..., K). This compensation is required
since i; takes very large values outside [0, 1]>. Now, we evaluate the basis functions at
samples of the solution to in order to compute M in . Since the paths of the
solution to leave [0, 1]° quite frequently, we would encounter a very large variance
and hence a large error when using the non-modified basis. With the basis (iJ;);-1...
see that the error in Figure [T0]is relatively small but it is clearly larger than the error of the
pseudo-regression in Figure [§]

6.2. Numerical example with non-linear vector fields. We conclude the numerical sec-
tion with an example which has no reference solution. We start with a similar setting as in
Sectionl@ i.e., we assume that ¢,y = 0. Hence, the solution of the underlying RPDE is
given by the expected value in (6.1)) but here non-linear vector fields enter equation (5.1)).
We define them as follows:

(612) b(x) — (sin(x1+2xz))’ o-(x) — ( xp+sin(x;) )’ ,B’(x) — (O.3cos(x1+xz) 0.2(x1+x2) ),

sin(2x1 +Xz) 2X1 +0.5 COS(Xz) sin(xz)—O.le Sil’l(X] Xz)—O.SXz
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Ficure 10. Absolute and relative error between the RPDE with coeffi-
cients as in (6.9) and the stochastic regression solution u. The parameters

are as in Figure ie,K=64, M=100and h =27°.

11. The

FiGure

pseudo-regression

a(t, )

a(t, )

solution

i), t
0,0.33,0.57,0.73,0.87,0.99, of the RPDE (vector fields as in @)
driven by a path of a fBm with H = 0.4. The regression parameters are
K =36,h=2"%and M = 10°.

where we suppose to have a scalar Brownian motion B (m = 1), a two-dimensional spaces
variable x = (}1) € R? as well as a two dimensional rough path W (n = d = 2). Moreover,
the terminal time and the terminal value of the RPDE are T = 1 and g(x) = exp (—0.5 ||x||2),
respectively. We fix the probability measure 4 like in Subsection [6.1.2] such that the ONB
is again represented by Legendre polynomials on [0, 1]>. We apply the pseudo-regression
approach to this case and illustrate the resulting solution i in Figurefor K=36,h=2"8
and M = 10°. Although there is no reference solution to determine the exact error, we
expect the approximation to be good because ii is relatively flat in space and does not show
an extreme behavior like in Figure [6]
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ApPENDIX A. PrOOF OF THEOREM [3.1]
A.1. Controlled p-variation paths. Recall that a function
w:{0<s<t<T}—[0,00)
is called control if it is continuous, w(t,t) = 0 for all ¢ € [0, T] and if it is superadditive, i.e.

w(s, u) + w(u, 1) < w(s, 1)

for all s < u < t. Examples of a control include w(s,?) = |t — s| or w(s,?) = ||Z||£_Var_[s q

provided Z is a p-rough path. We say that the p-variation of Z is controlled by a control
Junction wif |Zs,|P < w(s, t) holds for all s < t. For arbitrary control functions, the quantity
No(w; [, 1]) is defined exactly as in (3.2)) by replacing ||Z||£ varfuy) DY @, V).

The following definition generalizes the notion of a controlled path from Holder- to

p-variation rough paths.

Definition A.1. Let U and W be normed spaces. Let Z: [0,7] — U be a path whose
p-variation is controlled by a control function w. We say that a path y: [0,T] — W is
controlled by Z and w if there exists a path y': [0,T] — L(U, W) whose p-variation is
controlled by w so that for R” given implicitly by the relation
Vsr = yzZs,r + R?;!p
we have
IR

IRl pj2-wif0,r1 i= sup 7 <.
0<s<t<T (s, 1)

We will usually not explicitly mention the control w and just say that y is controlled by Z.
We denote by 95 ([0, T], W) the space of controlled p-rough paths. We will call a function
v’ with the given property a Gubinelli-derivative of y (with respect to Z).

It is an (admittedly lengthy) exercise to show that all classical estimates proven for
Holder rough paths can be generalized to p-rough paths and their controlled functions in
the sense above for p € [2, 3) when replacing |f—s| by w(s, t) in these estimates. Indeed, the
results follow by using an appropriate version of the Sewing Lemma for control functions
which was proven recently, even for discontinuous control functions, in [18, Theorem 2.2].
For instance, the corresponding results for rough integrals are summarized in the following
theorem.

Theorem A.2. Let U, W, W be finite dimensional vector spaces and 1. = (Z,Z) be a p-
rough path with p-variation controlled by w, p € [2,3). Lety € .95([0, T1,L(W,W)) and
z€ @5([0, T, W). Then

!
f Yudz, = (IE)s,t s Eu,v = YuZuy + y;Z;Zu,V
5

exists as an abstract integral (cf. [14, Lemma 4.2 and p. 49 eq. (4.6)]), and there is a
constant C depending only on p such that the estimate

t
f Yu dzu — Vslst — y;Z;ZJ,t
s
<C R yA ¢4 3p
= ”x“p—w;[s,t]“ ||p/2—w;[s,t] + | ||p/2—w;[s,f]||y Z ”p—w;[s,l] w(s, 1)

holds for every s < t. In particular, the map t fol Yo dz, is itself a controlled p-rough
path, both controlled by z with derivative y, and by Z with derivative y7'.

Proof. A combination of [14, Theorem 4.10 and Remark 4.11] generalized to p-rough
paths. O
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In the next lemmas, we prepare some estimates for rough integrals and solutions to
rough differential equations we are going to use at the end of this section. In the following,
U, W, W, Wi, W,, ... will denote finite dimensional vector spaces, and Z will be a fixed
weakly geometric p-rough path, p € [2,3), with values in U @ (U ® U), controlled by a
control function w. C > 0 will denote a generic constant whose actual value may change
from line to line and which might depend on the parameters specified before.

Lemma A.3. Let V: W — L(U,W) and let y: [0, T] — W be a solution to

(A.1) Vi=Xx+ fof V(ys) dZs.
Assume that
M- VIZllp-w <1 and |[Vlle2 < 1.
Then there are constants C and a depending only on p such that
IR p/2-0 < C(1 + No(w; [0, T1)).
Proof. For a > 0, set
IRY,/|

”Ry”p/Z—w;a = sup 5
0<s<t<T|t—s|<a u)(s, I)Z/p

Choose s < 7 such that w(s, 1) < . Then we have, using the estimate in Theorem[A.2]

Y | —
|Rs,t| -

f V) dZ V) Zss

<

f V) dZy — V(y3)Zs: — DY)V () Zss

< Ca' P (s, PP (IR lpj2-aia + IDVIVG)lp-i) + (s, ).

+|DV(y)V(ys)Zl

Using boundedness of V and its derivatives, one can check that
IDV@IVOIp-w < Clyllp-o < C.
Hence we obtain
IR p/2-wa < Ca'PIIR||pj2-csa + C.
Choosing a such that Ca'/? < 1/2, we obtain
IRl p/2-c: < 2C.

Now choose (1) such that 0 = 79 < 71 < ... < Ty < Ty41 = T with w(1;,741) < «@
and N = N,(w;[0,T]). Let s < ¢ be arbitrary. Choose i and j such that s € [1;_1,7;) and
t € (15,7j+1]. Then

LI W(s, ) PR |+ IR o |+ + IR
w(s, 02p = ST Tt T T R

+ |V(_V‘r,-) - V(y.f)”ZT,',T,'Hl +...+ |V()’r,-) - V(Ys)”ZTj,tD

L Rel V) = VONZir] |, VO5) = VOIIZe
Tl T e 0P wls, ) rot T wls, T Palr, nle
< 2C(No(w; [0, T]) + 1) + C(No(w; [0, T]) + 1), O

Lemma A4. Lety be a solution to (A1). Consider

=0+ f V) (dZy)z € L(W, W)
0
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where v: W — L(U, L(W, W)) is bounded, twice differentiable with bounded derivatives
and z: [0, T] — L(W, W) is controlled by Z. Assume that

¥l V VZllp-o < 1 and  |Vllz < 1.
Then there is a constant C and some « > 0 depending on p such that
1Z1lp-wstsn < Cws, 08 (Ilellcosan (1 + No(@w: [0, TD) + lellostst + 12 st
+ ellp-awstsa + 12 lp-cotsr + IR pj2-cofsa)
+ Ca (s, 0P (lzllositsa + I lloosts.) + Clizlleosgsy
and
IR p 2-wrtsar < Cex(s, )P (llloosn (1 + Na(@; [0, TD) + llellcotsat + 1 lloss
+ 1zl p-ewiis) + ||Z’||p—w;[s,t] + ”Rz”p/Z—w;[s,t]) + Cl|zllooss,n + ”Z,”oc;[s,t])
forall s <t.

Proof. Note first that the path ¢+ — y, is controlled by Z, and the path t — v(y,)z; €
L(U, L(W,W)) is controlled by Z as composition with a smooth function [14, Lemma 7.3].
Moreover, its Gubinelli derivative is given by

Oz = o))z + vz = Dvy)ODz + vz = Dv)V oz + vz

where we used (p-variation versions of) [[14, Lemma 7.3] in the first and second equality
and [14, Theorem 8.4] in the third. We start to prove the claimed estimate for R¢. The
Gubinelli derivative of { is given by £/ = v(y;)z; and

13
R, = f VONAZ)2u = V()@ 2
Hence we can estimate

e
IR, <

f vy )dZ,)z, — v(yS)(ZS)ZX,f - (V(ys)zs),zs,t + |DV(VX)V(YS)ZSZSJ + V(yS)Z;ZS,l|

s

< C (IR Npaartsr + IDYOIVEIZp-wotsn + 1DV lp-cgen) (s, 17
+ Cllzlleostst + 112 loosps, (s, 177
where we used Theorem [A-2]and that V, v and all its derivatives are bounded. We have
IR = vz = v(v)zs = V00 2620 = V)2 Zo
<0G = v(3y) = VD)) Zs )zl + V)@ = 25 = ZZe )l + ((V(35)) (21 = 26)Zs il
< CUR™ Ml 2-wrgsallzlloo + IR Np2-wts) + I2llp-asgs)eo(s, 7

using (v(v,))’ = Dv(y,)V(y,) and boundedness of the vector fields an their derivatives. As
in [14, Lemma 7.3], we can see that

IR 2o < C (VP sy + IR Np/2-artsn)
< C(1 + Ny(w; [0,T]))
where the second estimate follows from Lemma[A3] Thus
IR |p-wrss < Cllzlloo(1 + No(@3 [0, TD) + 1Rl p2-wssan + Izllp-wrtsn)-
Using the Lipschitz bounds for V, v and its derivatives, we can easily see that

”Dv(y-)v(y-)z-”p—w;[x,t] < C(”Z“cxr;[s,t] + ”Z”p—m;[x,t]) and
”DV(Y)Z.,”p—w;[s,t] < C(”Z,”m;[s,f] + ”Z/”p—w;[s,t])-
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Therefore, we find that
1
IR Ny 2wy < Cax(s, )P (IIzlloosgsn (1 + Na(w; [0, T1)) + zlloorgs.g + 112 lloosts.a
+ ”Z”pfw;[s,t] + ”Z’”pfw;[s,t] + ”RZ“p/me;[x,t]) + C(|IZ||0<>;[S,t] + ||Z’||00;[x,t])~

For £, we have

4
|§S,t| < w(s t)l/p |Rs,z| IV(yx)(Zs)Zs,zl
w(s,Hlp = 7 w(s, 1)2/p w(s, Hlp
< (s, ) PIR | pj2-agsay + Cllzlleosgsn
for all s < ¢ and the claim follows. O

Lemma A.5. Let A: [0,T] — L(U,L(W,W)) be controlled by Z, and let Z be weakly
geometric. Consider a solution ®: [0,T] — L(W,W) to

!
D, = @) + f A(s)dZy)D; € LW, W).
0
Then Liouville’s formula holds:
t
det(®,) = det(Dy) exp (Tr f A(s) dZs).
0

In particular, if det(®y) # 0, @, is invertible for every t > 0. In this case, the inverse
¥, := @;! solves the equation

Y, =0, - f Y, A(s)(dZy) € L(W, W).
0

Proof. Assume first that Z is smooth. In this case, Liouville’s formula is well-known, cf.
[1} (11.4) Proposition]. The statement about ¥ follows from the identity

do;! _ o dod,

= ol
dt odr !
which is true for matrices depending smoothly on 7. The general case follows by approxi-
mation of Z with smooth rough paths and continuity of the rough integral. O

Lemma A.6. Lety be a solution to (Ad). Consider a solution ®: [0,T] — L(W, W) to
f
D, = Dy + f v )(dZ,)D, € L(W, W)
0

where v: W — L(U, L(W,W)) is bounded, twice differentiable and has bounded deriva-
tives. Assume that

IVlp- VIIZllp-w < 1 and [Mc2 < 1.
Then @ is controlled by Z and there are constants C and a > 0 depending on p such that

IR?llp/2- < C(1 +®0l) exp(CNo(w; [0, T1))  and
[@lleo + [1@llp-> + 10 lleo + 1]l -0, < C(1 + [Dol) exp(CNo (w5 [0, TT).

The same estimate holds true for any solution ¥': [0,T] — L(W, W) to

W, = Wy - f W ()(dZy) € LOW, W)
0

when we replace ®y by P.



SOLVING LINEAR PARABOLIC ROUGH PARTIAL DIFFERENTIAL EQUATIONS 31

Proof. Note that @ is controlled by Z with derivative

(A2) (D) = v(y,)D;.

Using boundedness of v and its derivative and our assumptions on w, this implies that
10 lloosis1 < Cli®@lloosgs.r and 1D llp-wits) < CURHp-csgs + 1Plloosgsn)

for all s < ¢, therefore it is enough to bound ® to obtain bounds for ®’. Let K be a constant
such that

1Dl p-csf0,77 + IDPlcosf0,r7 < K.

Let @ > 0 and choose s < t such that w(s,f) < a. Using Lemma we have for
sufficiently small «

IRl j2-crfsy < CaPIR®|pj2-as) + Ca''PK (1 + No(w; [0, T1)) + CK.
Choosing @ smaller if necessary, we may assume that Ca’'/? < 1/2 and we therefore obtain
IR /2-wrgs.) < 2Ca"PK(1 + Ny(w; [0, T1)) + 2CK < CK(1 + No(w;3 [0, T1)).
Using the same strategy as at the end of the proof of Lemma[A.3] we can conclude that

IR®lp/2-wrio.r) < CK(1 + No(w: [0, ).

Using the results about linear rough differential equations in [15, Section 5], we see that
we can choose

K = C(1 + @) exp(CNy(w; [0, T1))

and the claim follows for R®. The estimates for ® can either be obtained by a direct
calculation similar to the one performed in Lemma [A.4] but also follow from the results
proven for linear rough differential equations in [[15, Section 5]. The estimates for ¥ can
be obtained in exactly the same way. O

Lemma A.7. Lety be a solution to (Ad). Let £: [0,T] — L(W, W) be of the form
i3
6= [Tz
0

for somev: W — L(U,L(W{,W)) andZ: [0,T] — L(W, W)). Assume that 7 is controlled
by Z. Consider

!
s=0as [Wada). weL@w
0
with @, as in LemmalA.6|where we assume in addition that ®y = Vo = Id. Assume that
IMlp- VIZIlp-w <1 and  |Vllg2 < 1.
Let k > 1 be a constant such that

o + Illp-o + I lleo + I llp-co + IR Nl < K-

Then z is controlled by Z and there are constants C > 0 and a > 0 depending only on p
such that

Izlleo + NIzl p-co + 112 lloo + 112 lp=c + 1Rl /20
< Ck(1 + |zo))(1 + w(0, T)P + w(0, T)*P) exp(CNy(w; [0, TT)).

Proof. 1t is clear that z is controlled by Z, and the Gubinelli derivative is given by
i3

g =0fao+ [ vda) v ocne) oo+ [

0 0

=v(y)z +V(y)z

!

(A3) ¥, d{u) +V(yi)z
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where we used Theorem {! = W)z, and the fact that ¥, = (®)7!. Fors < t, we
therefore obtain

Ri[ = st — Z;Zs,t
!
_ o, f W, Ly + Byzs — VO Zsr)2s ~ T ZsaTEs
S

!
= (Dl (f \Pu d(u - \P.YZS,Z + lPVRit) + (Dt\Psé/_;Zx,t + (I)x,tzx - (I);Zs,tzs _V(ys)(zs,l)’ix

!
= (Dt (f lI'lu dé,u - \Psgs,r + \PsRit) + Rg?;Zs + (q)t - q)s)‘ysv(ys)(zst)/z\s
s

R, (zO + f p, dg:,)
0

For the first term on the right hand side in (A-4), we can use the estimate in Theorem [A2)]
to see that

and by the triangle inequality,

IR, | < +

!
@, ( f W, dl, — Pl + LPSR?;)
+ |((Dt - ch)szv(ys)(Zst)/Z]

(A4)

f
@, (f VY, dg, — Yl + lIIsRi,t)

< CllDlorts1@ (s, DX (IR p 2-wstsar + 1L llp-aog )@ (5. 07 + 1 Nosgtll lleossn
+ 1 leoitsllIRE Nl 2t )-
Note first that
I Mp-wrsin < ¥ lp-artstI Neostsar + I oot a1 llp-arts
and
12 oo + 11 llp— < C.
From Lemmal[A.4] it follows that
IRl 2-atsat < Ck (@(s,0)"/P(1 + No(w: [0,T1)) + 1).

Using the estimates for @ and ¥ in Lemma[A.6] we therefore obtain

!
@, ( f Y, dl, — Wl + %Rﬁ,,) < Ckw (s, PP (1 + w(0, T)''? + w(0, T)*'?) exp(CNy(w; [0, T1))

for all s < t. For the second summand in (A-4), we can again use Theorem [A-2]to estimate

RY, (zO + f ¥, dgu)
0

< Cw(s, PR ||pj2-args

X (lzol + @ (0, )" PUIRENlp 2-argo.s) + 19 lp-arfo.s1)
+ I llosto. + (0, )7 Byl
using ¥y = Id, V[, = v(yo) and £ = W(yo)zo. With Lemma we obtain
1Zllooi0.51 < (0, T 71|l -0 < C((0, TYP + (0, TY'P)(1 + No(w; [0, T1)).

As above, we obtain the bound

;
R, (zo + f ¥, dgu)
0

< Ckw (s, *'P(1 + |zoD(1 + w(0, TP + w(0, T)*'?) exp(CN4(w; [0, T1))
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for all s < ¢. For the third term in (A.4), we have
(@ = POY TN Zo 2] < k5, D PPl p-wrsat [Pl lsstons
< Ckw(s, 1)*'? exp(CNy(w; [0, TT)).
Using all these estimates in (A.4)), we can conclude that

IRy 2-c < Ck(1 + l2oD)(1 + (0, T)'? + w(0, T)*'?) exp(CN,(w; [0, T1)).

! S
f \Pu dgu 20 + f lPu d[u
s 0

and as before, we obtain the estimate

2l p-o < Ck(1 + Izol)(1 + (0, )7 + w(0, T)*'7) exp(CN,(w; [0, T1)).

We proceed with z. For s < 1,

|z — 24| < D] +|0; — Oy

Similarly,
llzllee < Ck(1 + |2o])(1 + w(0, T)"'? + w(0, T)*') exp(CN,(w; [0, TT)).
From (A.3)), we see that
12 loosts.1 < Clllzlloorgs. + Elloosgs.n)
and
12Nl p-rs.1 < Cllzlloosgsn + Nzl peostse) + Rlooss,g + 2l p-cwrs.)
for all s < ¢, therefore the same estimates hold for z’. This proves the claim. O
Lemma A8. Let z € Z([0.T). LW, W))) and Z € 5[0, T, LW, W)). Then z®7 €
@5([0, T1,L(W® W, W, ® Wy)) with derivative
@Z®2(u) =T ®Z;+z;,® Tu), uelU
and remainder given by
R¥ =2,07,+R,9%, +2,®R,.

Proof. Follows readily from a short calculation. O

Proof of Theorem[3.1] W.l.0.g, we may assume s = 0, otherwise we may replace Z by
the time-shifted rough path Z,,. and solve the corresponding equation. Existence of the
derivatives and their characterization as solutions to rough differential equations is a clas-
sical result, cf. [14, Section 8.9] and [17, Section 11.2]. It remains to prove the claimed
bounds for X®. Let us first assume that ||V||C§+k < 1/« for some « > 1 and that w is some
control function for which

1Zll,-z vV 1IX -5 < 1

holds (the precise choice of x and w will be made later). We claim that in this case, there
are constants C, a and M depending on p and k such that

L)
IX©lleo + 1XPN,-5 + XY lleo + XDV I,z + IR 11,25

(A-3) < C(1+ @0, )" + &0, TY"'P) ex @
< , , pP(CNy(w; [0,T]))

holds. We prove the claim by induction. For k = 1, Xfl) =: @, solves

!
xV=1d+ f DV(XH)(dZ)X"
0
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and the bound (A.5) follows from Lemma (A.6). Let k& > 2 and assume that our claim

holds forall / = 1,...,k — 1. It is easy to see that X® solves an inhomogeneous equation
of the form
!
(A.6) x® =g+ f DV(xHX® dz,, e L(R")®,R")
0

where ¢: [0, T] — L((R")®, R")) can be written as

! !
L= D A fo D'VXHAZH) X ®--- @ XV) =: fo VIX))(AZ,)Z,,
2<i<k

i+ +i=k

the 4;, . ; being integers which can be explicitly calculated using the Leibniz rule. Note that
Z¥ is controlled by Z by the induction hypothesis and Lemma therefore the integrals
are well defined. Moreover, the estimate (A.3)) holds for Z* instead of X® again by the
induction hypothesis and Lemma [A.8] We also see that we can choose k > 1 depending
only on k to obtain IMIC% < 1. The equation (A.6) can be solved with the variation of

constants method: making the ansatz X,(k) = ®,C,, C; € L(R")®,R")), we can conclude
that X® can be written as

!
x® = o, f @;'dz,.
0

The claim (A-3) for X® now follows from Lemma We proceed with deducing the
bound (3.4) from (A.3). Note first that X* also solves the equation

!
X' = x+f V(XY dZs
0
where V = V/(K||V||C§+k) and Z = (K||V||C§+kz, K2||V||é§+kZ). Clearly ||\7||C§+k < 1/k, and

p-var;[s,r] p-var;[s.1] p-var;[s,1] p-var;[s.r]

w(s,0) = 12" +1X17 = KPIIVllgi+kIIZII" +IX17
is a valid choice for @. Therefore, (A.3)) holds for X® with this @. Next, [15} Corollary 3]
implies that there is a constant depending on p such that
Ni(X*;[0,T]) < C(N(Z; [0, T]) + 1).
Together with [15, Lemma 4], this implies that
00, )7 < N1 Zllp—varjor1 + IX p—varjor) < N1(Z; [0, T1) + Ny (X*5[0,T1) + 2
< C(N\(Z;10,T1) + 1) < Cexp(N1(Z; [0, T1)),
therefore also
@0, TP + (0, TYM'P < C exp(CN(Z; [0, T])).
From [[15, Lemma 3] and [5, Lemma 5], we see that
No(@; [0, T]) < 2No(Z; [0, T]) + 2N (X% [0, T]) + 2 < C(N{(Z; [0, T]) + 1)

for a constant C depending on « and p, and therefore on p only. Using these estimates,
(A.5) implies that there is a constant C depending on p and k such that

IX®ll,5 < Cexp(CNi(Z;10,T1))
holds. Using [[15, Lemma 1 and Lemma 3], we see that
Ni(Z;[0,T]) < K”IIVIIZ?kQNl(Z; 0. ThH+1
which shows that

X, 5 < C exp (CIVIL. M (210,71 + 1).

2+k
Cb
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Note that for every s < t, the estimate for X* in [17, Theorem 10.14] implies that

w(s,n) = IZII7 XN oo < IZI + ClZIY s 0L+ IZI

p—var;[s,t] p—var;[s,t] —Var;[O,T])

< CRVI {1+ K71V 000, T) s, ),

therefore

Xl < CllVIIows (1 + IVl (0, )7 ) 1XP, 5

and we can use again the estimates above to conclude (3.4). The estimate (3.3)) just follows
from
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