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Parametric problems

For each w in a parameter set (2, let r(w) be an element
belonging to some problem in a Hilbert space V (for simplicity).

With r : {2 — V), denote U = Span r(f2) = span imr.

What we are after: other representations of r or { = Span imr.

To each function r : 2 — U corresponds a linear map R: U — R:
R:U>u— (r(-)|u)y € R=im R Cc R®.

By construction R is injective. Use this to make R a pre-Hilbert space:

Vo, € R (pl)r = (R™1¢|R™ ).

R~ is unitary on completion R.
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RKHS and classification

R is a reproducing kernel Hilbert space —RKHS— with kernel
se(wi,w2) = (r(wi)]r(we))y € RP*
Reproducing property:

Vo € R: (x(w,)|¢())r = ¢(w) =t (0uw; @) R*xR-

In other settings (classification, machine learning, SVM),
when different subsets of {2 have to be classified,
the space U4 and the map r : {2 — U is not given,

can be freely chosen = the feature map (the kernel trick).

Choose CONS {¢m}men in R: R71 =" Wi @ @, With Rw,, = @,
Let QR VD a= (al,ag,...) —> Zmamgpm cR.

= tensor representation R™1oQr : e D a— >, anpw, €U

gl:&é’ i - . o . % AEm -
@A U Braunschweig Institute of Scientific Computing /7},“%}‘ '—l
L, \:\ /pr 4 o

1
b N | |




‘Correlation’

Assume scalar product (-|-)g on R — Hilbert space Q.
If (£2,11) is a measure space, take Q = Lo(2, p1).

Define self-adjoint and positive definite ‘correlation’ operator C' in U by
u,v €U {Culv)y = (Ru|Rv) g = ( ((ulr(-))ul(r(-)|v)u) )o-
C=R'R;, [fQ=1Ly2): C=/[,r(w)@rw)pdw).]

= has spectrum o(C') C R,..

Spectral decomposition with projectors E'y

Cu = / ANdE\u = Z AU | W) 1 Vi, + / AdE .
0 Am€op(C)CRL R4 \op(C)
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Spectral decomposition

Often C has a pure point spectrum (e.g. C or C~! compact)
= last integral vanishes. In case o(C) = 0,(C):

mult. A\, mult. \m,

C’u:Z)\m Z v |l w)y vy Z)\ Z v QU ) U

If o(C') # 0,(C): generalised eigenvectors vy and Gelfand triplets
(rigged Hilbert spaces) for the continuous spectrum:

max mult.

Z /R (vy ® vy) u o, (dA).

Representation as sum / integral of rank-1 operators.
Numerical approximation will give a sum. Assumed from now on.
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Singular value decomposition

C' unitarily equivalent to multiplication operator M, with £ > 0O:
C = VMV* = (VM/?)(VM/?)*, with M* = M /.

This connects to the singular value decomposition (SVD)
of R = SM;/ZV*, with a (here) unitary S.

With v\, 5 := Rv,, € R
(Ru)(w) = (r(w) )y =Y v/ Am (On|)ys sm(w)

R=Y VA ($m ®vn).

Model reduction possible by truncating the sum.
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Karhunen-Loeve Expansion

For partly continuous spectrum we get

max mult.

Z \/_ fU)\, > 7)7((“)) Qn(d)‘)

With approximation or only point spectrum

= Z \/m Sm(W)Um, 1€ La(2)QU.

This is the Karhunen-Loeve-expansion, due to the SVD.
A sum of rank-1 operators / tensors.

Observe that 7 is linear in the s,,.

A representation of r, model reduction possible by truncation of sum.
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Kernel spectral decomposition

For ¢, € Q we have also (R*¢|R*)y; to compute R*,
for 1) € Q define an operator C' = RR* on Q = [Lo({2)] by

A

(C)(wn) = Gelwon, (Do [= / se(w1, wn) (ws) pu(dwn) |

(R G| R ) = (91C%) o //Q Ol oo, n) ) ) ).

Eigenvalue problem for C' gives (Mercer's theorem)

s(wy,wo) = Z A Sm(W1)Sm(w2),

{sm} is CONS in Q[ = L:E(Z) I, {VAm sm} is CONS in R.

R'O=Y VAmm(smld)o, R7'6=> A2 vm(smlo)e.
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Factorisations

R* (or truncation) now serves as a representation. This is a factorisation
of C, let C' = B*B be an arbitrary one. Some possible ones:

C = R'R=(VM,/?*)(VM,/*)* = CY?C'/* = B*B.

Each factorisation leads to a representation—all unitarily equivalent.
When C' is a matrix, a favourite is Cholesky: C' = LL*).

Assume that C' = B*B and B : U — H, let {ex} be CONS in H.
Unitary @ : o 2 a = (a1,...,Gn,...) = >, axer € H.

Let #(a) := B*Qa := R*a, i.e. R* : {5 — U. Then
R*R = (B*Q)(Q*B) = B*B = C.
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Integral decompositions

More decompositions and representations possible via C. Let
%(wlv w2) — fX g(wlv x)g(w% ZC) V(dCC)

Set gim () := (g(+, x)[sm) g to give
p: X 3z p):=> AN gm(x)vm = R'g(-,z) €U,

™m
We can arrange {/ = Span im r = Span im p.

Then p(x) gives a representation over X:
define R* : Lo(X,v) - U

B Lo(X.0) 5 f s R ::/Yp(x)f(a:) U(da) € U,

- C = R*R
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Representations

We have seen several ways to represent the solution space
by a—hopefully—simpler space.
These can all be used for model reduction, choosing a smaller subspace.
o The RKHS together with R~1.
e The spectral decomposition over o(C') or via VM;/Q.
e The Karhunen-Loeve expansion based on SVD via R*.
e Other multiplicative decompositions, such as C' = B*B.

e The kernel decompositions and representation on Lo( X, v).

Choice depends on what is wanted / needed.
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Examples and interpretations

If V is a space of centred RVs, r is a random field / stochastic process
indexed by {2, kernel s(w1,ws) is covariance function.

If in this case £2 = R% and moreover s(wi,ws) = c(wi — wa)
(stationary process / homogeneous field), then diagonalisation V' is
real Fourier transform, typically o(C'),, = () = need Gelfand triplets.

If 11 is a probability measure (u(f2) = 1), and r is a centred V-valued
RV, then C is the covariance.

If 2=1{1,2,...,n} and R = R", then s is the Gram matrix of the
vectors rq,...,7,.

If 2 =10,T] and r(w) is the response of a dynamical system, then R*
leads to proper orthogonal decomposition (POD).
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Further factorisation

We have found representations ind ®S, where
S =R, Ly(2), La(o @Lz R, 0n), fo, H, La(X),

Combinations may occur, so that S=5108851mr®...
This was only a basic decomposition.

Often the problem allows U = ), U.

Or the parameters allow § = ), S;.
In case of random fields / stochastic processes

S = Lo(2) 2 ®, La($2;) = Lo(RY,T) = @72, Lo(R,T) ...

SoU®S = (@;U;) @ (QyStk) @ (®,,S11,m) €

14
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Synopsis of Bayesian inference

Unknown quantities are uncertain, modelled as random.
This can be considered as a model of our state of knowledge.

After some new information (an observation, a measurement),
our model has to be made consistent with the new information,
I.e. we are looking for conditional probabilities.

The idea is to change our present model by just so much —
as little as possible — so that it becomes consistent.

For this we have to predict — with our present knowledge / model —
the probability of all possible observations and
compare with the actual observation.

15
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Setting for the identification process

General idea:
We observe / measure a system, whose structure we know in principle.
The system behaviour depends on some quantities (parameters),
which we do not know = uncertainty.

We model (uncertainty in) our knowledge in a Bayesian setting:
as a probability distribution on the parameters.

We start with what we know a priori, then perform a measurement.
This gives new information, to update our knowledge (identification).

Update in probabilistic setting works with conditional probabilities
= Bayes's theorem.

Repeated measurements lead to better identification.

16
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Mathematical formulation |

Consider operator equation, physical system modelled by A:
Alu) = f uwel, feF,
svweld:  (Au),v) = (f,v),
U — space of states, ' = U* — dual space of actions / forcings.

Solution operator: u = S(f), inverse of A.

Operator depends on parameters g € 9,
hence state u is also function of q:

Alusq) =f = u=5(f;q).

Measurement operator Y with values in ):
y=Y(gu) =Y (q5(f;q))
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Mathematical formulation ||

For given f, measurement y is just a function of g.
This function is usually not invertible = ill-posed problem,
measurement y does not contain enough information.

In Bayesian framework state of knowledge modelled in a probabilistic way,
parameters g are uncertain, and assumed as random.

Bayesian setting allows updating / sharpening of information
about ¢ when measurement is performed.

The problem of updating distribution—state of knowledge of q
becomes well-posed.

Can be applied successively, each new measurement y and
forcing f —may also be uncertain—uwill provide new information.
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Reminder of Bayes’s theorem

Assume that A is an event where we want more information,
and that B is a possible observation. If the conditional probability
P(A|B) =P(A), in other words
P(AN B) =P(A)P(B), then A and B are independent,

I.e. B contains no information regarding A. Otherwise
P(AN B) =P(A|B)P(B). As also P(AN B) =P(B|A)P(A):

P(B]A)
P(B)

—  P(A|B) = P(A).

Sir Harold Jeffreys: Bayes's theorem “is to the theory of probability
what Pythagoras's theorem is to geometry" .
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Model with uncertainties

For simplicity assume that © is a Hilbert space,
and g(w) has finite variance — ||q||g € & := Lo({?2), so that

¢ € L(2,Q) = QR [2(N)=QrS = 2.
System model is now
Alu(w);q(w)) = f(w) a.s. in w € {2,

state u = u(w) becomes U-valued random variable (RV),
element of a tensor space Z = U X S.
As variational statement:

voe# : E((Au(-);q()),v) =E(f(),v) = (f;v)-
Leads to well-posed stochastic PDE (SPDE).
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Measurement

With state u € Z =U ® § a RV, the quantity to be measured
2(w) =Y (qw),uw))) +ew) € :=YRS

is also uncertain—a random variable—plus a random error .
This is the predicted new measurement,
whereas the observation gives § € V.

Classically, Bayes's theorem gives conditional probability
P(M.|1,)
P(M)
expectation with this posterior measure is conditional expectation.

P(Iy| M) = P(Iq);

Kolmogorov starts from conditional expectation E (-| M),
from this conditional probability via P(I4|M.) = E (x| M.).

21
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Important points |

The probability measure P is not the object of desire.
It is the distribution of ¢, a measure on Q—push forward of PP

¢.P(E) :=P(q ' (E)) for measurable & C Q.

Bayes's original formula changes P, leaves ¢ as is.
Kolmogorov's conditional expectation changes ¢, leaves P as is.
In both cases the update is a new ¢,P.

P (a probability measure) is on positive part of unit sphere,
whereas ¢ is free in a vector space.

This will allow the use of (multi-)linear algebra
and tensor approximations.

22
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Example A — linear heat flow (MCMC)

Constant unknown conductivity, solved by 100 000
Markov chain Monte Carlo (MCMC) samples.
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Example B — non-linear heat flow (MCMC)

Conductivity as random field, 1000 MCMC samples.
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Update

The conditional expectation is defined as
orthogonal projection onto the subspace Ly(§2,P,0(2)):

E(qlo(2)) := Pa,q = argminQELg(Q,P,a(z)) lq — §\|2L2
Subspace 2, := Ly(£2,IP,0(2)) represents available information,

estimate minimises function @ = ||qg — (+)||* over 2.
More general loss functions @ than mean square error are possible.

The update, also called the assimilated value
qo(w) := Pg_q =E(q|o(2)), is a Z-valued RV
and represents new state of knowledge after the measurement.

Reduction of variance—Pythagoras: ||¢|7, = |l¢ — ¢ull7, + l¢allZ,
Doob-Dynkin: 2, ={p € 2 : ¢ = ¢o z,¢ measurable }

25
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Important points |l

|dentification process:

e Use forward problem A(u(w);q(w)) = f(w) to forecast
new state u¢(w) and measurement z(w) = Y (q(w),us(w))) + €(w).

e Perform minimisation of loss function to obtain update map / filter.

e Use innovation in inverse problem from measurement ¢ to update
forecast ¢ to obtain assimilated (updated) g, with update map.

e All operations in vector space, use tensor approximations throughout.

26
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Case with Prior Information

Here we have a prior estimate g¢(w) (forecast)
obtained by minimising over £/
and measurements z generating as before via Y a subspace 2., C 2.

We need projection onto &y = £+ + £, with reformulation as an
orthogonal direct sum: £y = 25+ 2o = 2B (Lo N Q]%) = 2:0 9,.

The update / conditional expectation /
assimilated value is the orthogonal projection

o = 45 + Po.q = q5 + q,

where g; is the innovation.

How can one compute g, or ¢; = Pg.q ?
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Approximation

Minimising loss @ equivalent to orthogonality: find ¢ € Lo(Y, Q)

Vo € P <<an¢(qa(qb)),v>>1;2 = (g — Qaav>>L2 =0,
& Dyp® =D, P o Dygqy, = 0 with qo(@) := @(2).
Approximation of 2., take 2,, C 2
2, ={pe2 : p=1),02 ¥, an" degree polynomial}
ie.o=H +1Hz+ . .+ FHVF ... 4 "HV",
where *H ¢ ZF(Y, Q) is symmetric and k-linear; 2V* := Sym(2®%).
With q.(¢) = qo((°H,...,*H,...,"H)) =>_7_ *H2zVk = Py q,
orthogonality implies
V0=0,....,n: Dy ®(q("H,....,"H,...,"H)) =0

28

5 ‘%% ) . . . . &‘, y W\
@88 TU Braunschweig Institute of Scientific Computing a4 l_l
W ‘//A[ {7 —



Determining the n-th degree Bayesian update

Theorem: For each n > 0, with the abbreviations

@) = E (peo"*) = /Q p(w) ® v(w) * P(dw),

and kH<Z\/(£+k)> — <Z\/€ 2 (kHZ\/k)> — F (Z\/E R (kHZVk)),
we have for the unknowns (°H, ..., *H ... "H)

(=0 Of e FH VR H (Y = (@),
0=1:°H{z) - -+ HEVIRY . 4 mH YO = (@ 2),

/= n - 0H<ZVn>...+kH<ZV(n+k>>...+nH<ZV(2n)>: (g ® 2™

a linear system with symmetric positive definite
Hankel operator matrix ((zV+%))), .

29
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Bayesian update in components

For short V/ =0,...,n:

n
k V(£+k VZ
> FH (V) = (g 2VY),
k=0
For finite dimensional spaces, or after discretisation,
in components (or a la Penrose in ‘symbolic index’ notation):

let g = (¢™), 2 = (27), and *H = (’“H;?jk) then:

Vi=0,....n 1 < ...< 00 < ... <2001 <...< Jpan

(271 220) (CH™) oo (2t gttt g0k (RHOLL )+
-+ <Z-71 c . Zje—i-l “ e Z]£+n> (nH;Z_|_1---]£-|-n) — <qu]1 “ e Z]£>.

(Einstein summation convention used)
matrix does not depend on m—it is identically block diagonal.

30
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Special cases

For n = 0 (constant functions) = ¢, = °H = (¢) (=E(q)).

For n = 1 the approximation is with affine functions
"H  +'H(z) =(q)
"H(2)+ H (2 ® 2)=(q ® 2)
—> (remember that [cov, .| = (¢® 2) — (q) ® (2) )
"H = (q)— "H(z)
H((z®2) — (2) ®(2)) =(¢ @ 2) — {q) ® (2)
= 'H = [cov, .][cov, .] 7! (Kalman's solution),

"H = (@) — [Covq,Z][COVz,Z]_1<Z>'
and finally

do ="H + "Hz = (q) + [covg,:][cov. ] 7 (2 — (2)).

31
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Simplification n =1

The case n = 1—linear functions, projecting onto 21—is well known:
this is the linear minimum variance estimate ¢,.

Theorem: (Generalisation of Gauss-Markov)

'q,(w) = qp(w) + K(§ — 2(w)),
where the linear Kalman gain operator K := 'H : % — 2 is

~1
K := [covg, ] ([covy,y] + [cove,]) — and z(w) = Y(gr(w)) + e(w).
Or in tensor space € 2 =0 S8: Yq,=qr+ (KR I)(§ — 2)
Classical Kalman filter is low order part of this update.
e.g. [Covg,,q.] = [COVQfan] - K[COVQf,y]T
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Schematic representation
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Sequential updating
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Computational issues

For linear systems and Gaussian noise = analytical Kalman filter.

Otherwise Monte Carlo simulation (MCS) for forward problem,
Markov chains (MCMC) or particle filters for update via measures.

Or forward problem via MCS, theorem (Kalman) on MCS ensemble,
covariances from ensemble = ensemble Kalman (EnKF) filter.

Here: forward problem with stochastic Galerkin / projection / collocation,
update by projection of theorem on stochastic Galerkin basis.

Two ingredients are needed:

1. a forward solver, to predict z(w),

2. a way to evaluate and apply the update / Kalman gain.
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Discretisation

Spatial and temporal discretisation of forward problem leads to:

36

A(u(w);q(w)) = f(w) and z(w) = Y(qs(w), S(f(w), qr(w))) + €(w),

where e.g. u(w) € Uy, C U (semi-discrete problem).

Update on discretisation: 'q,(w) = q¢(w) + K(§ — z(w)),_

with Kalman matrix K = cov(gy,y)(cov(y,y) + cov(e, €))
In tensor product Q; ® S the Kalman operator is K ® 1.

Stochastic discretisation S C S with Galerkin projector II : § — Sy
via “spectral stochastic” ansatz (Wiener's polynomial chaos
expansion—PCE) with Hermite polynomials H,(w) := H,(0(w)):

u(w) = ) ,cq7u*Hy(w) and similarly for g(w), y(w), and z(w).
)

T

«

K computed analytically, e.g. cov(qys,y) = >, <o Q?(y
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Update

On semi-discretisation, stochastic discretisation is
IRI 090,08 — 9, R Sk.
It commutes with K ® I, so the update equation (projection /
conditional expectation) may be projected on the fully discrete space.

With u:=[...,u%, ...| € Q) ® Sk the forward problem is
A(u;q) =fand z =Y(qr,S(f,qf)) + & € Vp ® Sp.

Updateon Q, ®S,: 'q,=qas+ (K I)(y—z).

Forward problem and update benefit from low-rank /sparse
approximation, e.g. q = Zj D ® S8,
Further tensor factorisation 9y ® S, = Qp ® (Q),,, Sk,m)—another story.

5’17‘/% i - . o . % AEm -
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Example 1: multi-modal distribution

(a)Nzl(i.) |

< .i \ 1 [ |

. . I /e

Setup: Scalar RV z with bi-modal R M SRS et o

“truth” p(x); Gaussian prior;
Gaussian measurement errors.

Aim: Identification of p(x).

10 updates of N = 10,100, 1000
measurements.

SR ) . . . . “5 y W\
ga@@E U Braunschweig Institute of Scientific Computing _ suf Qam
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Example 2: Lorenz-84 chaotic model

Setup: Non-linear, chaotic system
i = f(u), u=[z,y,2]

Small uncertainties in initial t

conditions ug have large impact. s

1.5

Aim: Sequentially identify state u;.

-0.5

Methods: PCE representation and
PCE updating and
sampling representation and

(Ensemble Kalman Filter) T T T T T

EnKF updating. ’
Poincaré cut for x = 1.

-1.5

S92 . . L . y AR
@l U Braunschweig Institute of Scientific Computing A\‘“V' | G
% 0\4*5 /,/!v! AR Y



10

Example 2: Lorenz-84 PCE representation

PCE: Variance
reduction and shift of
mean at update points.

Skewed structure clearly
visible, preserved by
updates.

TU Braunschweig

40 50 60 70 80 90
time (days)

Institute of Scientific Computing ,,\,R%E l: |-
4/»/A'»A »A’ _' _



Example 2: Lorenz-84 non-Gaussian identification

PCE
(a) Polynomial order P = /

X

jot

-1 3
=
fof

-1 3
X
ﬁ Y

-1 0 ) 1 2 3

X
truth X%

measurement +

@38 TU Braunschweig
?'ﬁ u\‘;‘$

EnKF

(a) N = 50 ensemble members

p(x)
I ‘1
>
[

—1 0 1 XXJT_ 2 3
(¢) N = 1000 ensemble members
=< 1
ot X
L P 2 !
—1 0 1 2 3
X
posterior prior

lg; AR Em
Institute of Scientific Computing ,1&}‘ | Y l
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Example 3: Diffusion

Model example diffusion with unknown diffusion coefficient,
A(u) = =V, - (k(z,w)Vu(z,w)) = f(or,w).

Fully discrete form of forward problem:

Au)=|) A;j@A |u=t.
J
The unknown parameter is ¢ = logk, as kK > 0,
and hence is not free (is in a cone) in a vector space.

The measurement y = Y (q, u) is local averaging around some points.

12
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Example forward solution

u var u

0.2
0.15

0.1 i \\“ w'\ \N |
0.05 ,lm V‘\\\ t‘wl )A’M\ ‘\ tﬁii A
0
1

13

gy, AR R
Institute of Scientific Computing /\m*}‘ | Y l
V. ad=



Measurement patches
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Convergence of update

Different truths:
ke =2, ky=24+0.3(z+y),

ke = 2.2 — 0.1(z” + y°).

Experiment | # patches ep | 1st 2nd  3rd  4th
1 447 0.45| 0.08 0.04 0.03 0.03
2 239 0.45 | 0.08 0.05 0.05 0.04
3 120 0.45| 0.07r 0.06 0.05 0.05
4 10 0.45 | 0.13 0.08 0.07 0.07

“Constant truth”: Decay of relative error ¢, in each experiment.

Definition of error :

AL
4%y § TU Braunschweig
?75 ¢«$

_ e = KtllL,

€q —

Il 2,

% AEm -
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Convergence plot of updates

10

Relative error €

-2 | \ ‘

2
Number of sequential updates
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Forecast and Assimilated pdfs

6 |
K
ﬂ x,
A- ]
LL
a
o
21 i

05 1

Forecast and assimilated probability density functions (pdfs)
for k at a point where k; = 2.
Computations with constant, linear, quadratic, random draw “truth”.

479% | . . o . 4% AEm -
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Accuracy constant truth

a) &_[%] b) €_ [%] c) | [%]

N\ \V/ /
y A ‘Vm(

it

WY

18

g j”‘ | . . o . 4% AEm -
@A U Braunschweig Institute of Scientific Computing /}m*}‘ | l
Ko, ‘//J[ {7 )



Elasto-plastic body with uncertainty

Let u = (v,ep,v) € I = U x & X AN be the state variable
(also random variables) of an elasto-plastic body,
a(-,-) the stored-energy bilinear form, " the elastic domain.

Then find u € H'([0,T], 5¢) and u* € H'([0,T], #*) such that
Vze ' alu(l), z) + (alt), z) = (f(t),2)),
Ve ((u(t), 2" —u*(t)) <O0.

Spatial and stochastic discretisation leads to:
find u(t) = (v(t),e,(t),v(t)) and u*(t) such that

Au(t) +a(t) = £(b),
Vz* € s (a(t),z" — u*(t)) < 0.

19
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Example: plate with hole

40-

30-

20_

10~

-10-

-20-

]

-20

-10

0

10

20

INIT
DET
[IsTO

Forward problem: the comparison of the mean values of the total
displacement for deterministic, initial and stochastic configuration

@38 TU Braunschweig
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Relative variance of shear modulus estimate

Apriori 1.update 4. update

4.5
18.2 6.5
6
18 4
5.5 =
117.8 Mo
3.5
: 4.5
. r117.6
4
_ 3
17.4 3.5
3
17.2 2.5
2.5

Relative RMSE of variance [%] after 4th update in 10% equally
distributed measurment points
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Probability density shear modulus

3 Probability density function of G
x 10
1.5 | | |
— Apriori
1L —Posterior
LL
a
o
0.5_ J B
0 | | f |
2 2.5 3 3.5 4 4.5 5
G x 10°

Comparison of prior and posterior distribution
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Cook’s membrane

initial
Ddeterministic
Dstochastic

‘(/,\ ., N _,‘,.V
L 'Ow,ww»wéxf/\& %/////V/ ]

Initial and deformed configuration
2
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Forward problem:comparison of the mean values of total displacement

for deterministic, initial and stochastic configuration
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Exceedence probability

. probability exceedance for shear stress under criteria
Oyl > 2
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shear modulus—mean
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3rd update
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Change of mean of shear modulus from apriori to 3rd update
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Update shear modulus—variance

Apriori

80
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30

11
20

10.8
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10.6

0 | | |
0 20 40 60

80

10

0

3rd update

11.9

11.85

118

=175
1.7
1.65

2

0 20 40 60

Change of variance of shear modulus from apriori to 3rd update
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Conclusion

1. Tensor representation linked with factorisations of
2. Bayes's theorem can be used for system identification
3. Bayesian update is a projection

4. Bayesian update can be done on spectral expansion
5. Needs no Monte Carlo

6. Works on highly nonlinear examples like elasto-plasticity
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