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motivation : macroscopic theory of matter based on first principles
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MICRO

label i =1,2,--- | N

t : time

N particles (e.g. N ~ 10%)

2 = (25,v;) € T¢ x R? : position, velocity of particle i RN g
teal. - L]

U : molecular potential (central)

d —
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.
arVi =
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deterministic dynamics:
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Thir, = T T, Phase space : (T? x RH)N
dzy -+ - dzy invariant

(xi(—t), —vi(—t)); solution

conservation of mass, momentum, energy

(no boundaries; no “N = o0”)
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label i =1,2,--- N
t : time ° ] )
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U : molecular potential (central) e .
d deterministic dynamics:
Ezi =V; ,
, Newton’s laws
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hydrodynamics

MACRO f
/\/\ Euler, Navier-Stokes, heat...

af = Qf) (U coded in coefficients)

+ fluctuations

(revealing the coefficients)
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not easy

/

observed macroscopic behaviour corresponds to “typical” configurations

A state is a probability measure on the N particle phase space.
Initial measure : W.
Evolution : W(t) = WyoT.,.
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(revealing the coefficients)
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Example
N =1

Lorentz
gas

Sitnai billiard

z=(z,v) € R x S!

t — z(t) : free flow + elastic reflection

z(t)=2"+ j(f v(s)ds  (finite horizon)

Initial data: uniform distribution over the basic cell and over S!
1nals e () — e [
Scaling : 2°(t) = ex (7)

TheOI‘em. [Bunimovich - Sinai ’81] Lg(f) = /2D b(t)

D positive diffusion matrix, b(t) standard Brownian motion.

“I will not discuss derivations which include some external randomness in the dynamics by the Varadhan school.
T will also not
Those cases show what we could do if only our mathematics was better.” [J. Lebowitz]

ss the derivation of a diffusion equation for non-interacting particles moving among Sinai billiards.



MICRO N particles

label i =1,2,--- | N
t : time
2 = (25,v;) € T¢ x R? : position, velocity of particle i
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+ random initial data

(z(t)); random variables

f = f(t7 Z)/\/\
chaos propagation
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t : time
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deterministic dynamics:
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label i =1,2,--- /N
t : time

2 = (zi,v;) € T¢ x R? : position, velocity of particle i

U : molecular potential (central)

do oy deterministic dynamics:
dt - , )

Loy = =Y, VU (@i — @) 7 Newton’s laws

(2i(0), v:(0)) = (a7, v)) « “idd. ~ fO(z,0)” Flow : (2 O)z ( i(1))i

N — 0o Kinetic Limit + random initial data

e—0 Netd <« 1 and/or U, < 1 (2i(t)); random variables

KIN Qu(f. )(z) = [ Blo—ve,w) [f'fi = [ 1]
/ Boltzmann (gas dynamics)
(at +tv- V.’Iﬁ) f + w.f = w\ Ned < 1, Us(x) = U(x/e)

longrange - collisions gy, f)() = V, [ a(v—v.) [£.V] ~ [V L]

Landau (plamm physics, Balescu-Lenard)

(other: waves, quantum) Net~ 1, Us(x) = v U(z/e)



Kinetic Limait (in any fixed time interval [0, ], ¢ > 0)

* reversible — irreversible (time’s arrow)

* memory (unbounded order) — Markov property

* N-particle interaction — nonlinearity (even small)

dynamical instability

LN

40
¢ Boltzmann failure



Kinetic Limait (in any fixed time interval [0, ], ¢ > 0)

*

reversible — irreversible (time’s arrow)

* memory (unbounded order) — Markov property

* N-particle interaction — nonlinearity (even small)

Long times (t ~ t. — o gently)

microscopic system
(N particles)

— A

kinetic theory
(Boltzmann, ...)

— A

hydrodynamics
(heat, Euler... ideal gas)

[Grad’s program, ’58]

hydrodynamics

[Morrey’s program, ’55]
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Probability measures

Grand canonical phase space : Q=U;>0Qn, Qn= (T4 x R4,
State of the particle system : (abs. cont.) prob. # on Q.

Density functions : {Wp,} >0
W, : Q,, — R* Borel function
Wiz, 2, ) = Wy, 2j, 00, 24y )
ano %gfgn Wn =1.

Average particle number : EIN] =Y >0pn, Pn = Jo, Wa-
Scaling: W, =W}, E=E., €>0.

Low-density limit : e = 0, Ec[N] — oo, E[N]e? ! =1 (E[N]e? ~¢).

Yo

U (x) = U(%)
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Correlation functions

Correlation functions : {p%} ;=0
p; :Qj— R*

1
P?(Zl,--- 1 Z2j) = Zkzoﬁfgk Wf+k(zl,"' ,Zj+k)dzj+1 "'dzj+k

Inverse formula : .
_ (=1
I/ng(zl’..- VZj) = ZkzOTka p§+k(z1,~.. 1 Zjrk)dzjs1 - dzjg

Moment formula :
p5(21) =Ee L)L 6. (21)]

p5(21,22) = Ec X, 24, 6zl‘_€1 (Z1)5zl€2 (22)]

Jo, 05 =EeIN(N=1)--(N = j+ DI.

Rescaled correlation functions : Ff = ef(d‘“pj. (BG limit : fo, Ff —1).



Molecular chaos



Molecular chaos

Assume that Ff < h®/ for some suitable h e L1(Qy).



Molecular chaos

Assume that Ff < h®/ for some suitable h e L1(Qy).

We say that the state is chaotic (in the sense of molecular chaos) if there
exists a smooth function f:Q; — R* such that, weakly as measures, for
all j=1,

llm Ff = fei.

The function f is the macroscopic (kinetic) profile.



Molecular chaos

Assume that Ff < h®/ for some suitable h e L1(Qy).

We say that the state is chaotic (in the sense of molecular chaos) if there
exists a smooth function f:Q; — R* such that, weakly as measures, for
all j=1,

llm Ff = fei.

The function f is the macroscopic (kinetic) profile.
The patrticle state approximates f.

Empirical measure : 76, (@) =¥ ¥ | p(25)

Tomp (@) — fo, f@ Ve € C)(Q) in probability.



Molecular chaos

Assume that Ff < h®/ for some suitable h e L1(Qy).

We say that the state is chaotic (in the sense of molecular chaos) if there
exists a smooth function f:Q; — R* such that, weakly as measures, for
all j=1,

llm Ff = fei.

The function f is the macroscopic (kinetic) profile.

The patrticle state approximates f.

Empirical measure : 76, (@) =¥ ¥ | p(25)

Tomp (@) — fo, f@ Ve € C)(Q) in probability.

This is the statement that we aim to propagate dynamically.



Molecular chaos

Assume that Ff < h®/ for some suitable h e L1(Qy).

We say that the state is chaotic (in the sense of molecular chaos) if there
exists a smooth function f:Q; — R* such that, weakly as measures, for
all j=1,

llm Ff = fei.

The function f is the macroscopic (kinetic) profile.
The patrticle state approximates f.

Empirical measure : 76, (@) =¥ ¥ | p(25)
Tomp (@) — fo, f@ Ve € C)(Q) in probability.

This is the statement that we aim to propagate dynamically.
However, this is not possible...
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Quantitative chaos

Moment generating function :

Ee [exP (Tomp @) | = 1+ o1 4 o, 05 (€

d-1

w_l)

Cumulant generating function :
log [, [exp (6 s ”nemp(w))] Yjs1 6 ]j. Jo, f} (e -1)%



Quantitative chaos

Moment generating function :
_ 1 d-1 ®j
|y )
Cumulant generating function :
— -jd
IOg [EE [exp( (= U”emp((p))] Z]>1 E— j! fQj fg (eq) - 1)®]

where the cumulants (f7) ;=1 are defined by
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Quantitative chaos

Moment generating function :
_ 1 d-1 ®j
|y )
Cumulant generating function :
— -jd
IOg [EE [exp( (= U”emp((p))] Z]>1 E— j! fQj fg (eq) - 1)®]

where the cumulants (f7) ;=1 are defined by

fi=F

f=F-FeF

fi=F{-F5®F;--+2F{ ® F{ ® F{

fi=F-F;QF ---—F;®F;---+2F, ® F; ® F; --- —6F; ® F; ® F{ ® F}

Inverse formula: F%(Z;) = i, Zaeg»]k Ik, ‘ (Zo)

ij(ZI,"’,Zj), ZAz(Z[)ZEA) Uz(o-ly'”)ak)!
?f”jk the set of partitions of {1,---, j} in k parts.
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Example

“Maximally chaotic state” (MCS) :

n(d 1)

%Wﬁ(zl,'--,zn):—z £ ¥ (zy, 2 WE (X1,

Z¢ : partition function

f:Q1 — R* : smooth macroscopic density

1//2()61,"‘,xn)ZHi<jexp(_ﬁU(@)) ’ p>0

yxn) ’

n=0
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Example

“Maximally chaotic state” (MCS) :

—n(d—
aWh(n, o zn) = - S T Oz, 2 YE (X, ) nz0
Z¢ : partition function

f:Q1 — R* : smooth macroscopic density
i x) = [ieexp (U (L)), p>0

Remark : For f(x,v) = Mﬁ(u), Maxwellian with inverse temperature 8, we recover
the Gibbs state.

Exercises

x| <1
SetU=Up e (0)=14 " o
- 0 x| =1
(Q1) Show that the second cumulant f; —0in L, in the BG limit.
(Q2) Is the convergence true in L°°? Find a pointwise estimate for fzf.

(Q3) Find an L! estimate on ffjz2.



Definition. The fluctuation field (¢ is

(o) = é (e ()~ Ec [ ()]

Exercises

(Q1’) Compute the covariance of the fluctuation field in terms of the first
cumulants fF, f5

(Q2’) Deduce that, for the hard-core MCS, ¢* converges to white noise.
(Q3’) For which other potentials is this still true?
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Dynamics

Newton’s flow on Q : T (Tt(”'g))n

Potential : U, (x) = U (£)

Initial state : #{f

Time-evolved state : #¢(1) =#f o T¢,

Density functions : {WE (O} p=0, WE=WE(t, 21, ,25)

Liouville Equation : (07 +X; ;- Vi, = Xz VUe(x; — xj) -V, )WE =0
Wilimo= W, n=0,1,2-

BBGKY Hierarchy :

(az +Xi ViV —Xizj VUe(x; — x§) -Vu,-) ps=Li S VU (x; = xj11) VPl dzjn
Remark : r.h.s. O(1) for rescaled functions

Cumulant Hierarchy : --- [Ernst - Cohen ’81]



1.2. A warm-up problem



N =1 Lorentz gas at low density
. z=(v,v) €TI xS, d>2
t — 2°(t) : free flow + elastic reflection

Hard core scatterers, radius € > 0

) randomly distributed

Density of scatterers : e (¢=1)

Initial data: probability distribution of scatterer centers {%VV;(cl, e ,c”)}



N=1 Lorentz gas at low density
. z=(z,0) €TI xS, d>2
t — z5(t) : free flow + elastic reflection

Hard core scatterers, radius € > 0

: randomly distributed
. . Density of scatterers : e~ (@1
ZO
Initial data: probability distribution of scatterer centers {#VV;” (eq,--- ,cn)}

Hyp. (i) 3A, ¢ > 0 such that FjE < Ad
(i) Ir € C(T?) such that lim._,o F7 = 7 outside diagonals



N=1 Lorentz gas at low density
. z=(z,0) €TI xS, d>2
t — 2°(t) : free flow + elastic reflection
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N =1 Lorentz gas at low density

. z=(z,0) €TI xS, d>2

t — 2°(t) : free flow + elastic reflection
Hard core scatterers, radius € > 0

randomly distributed

Density of scatterers : e~ (@1

20

Initial data: probability distribution of scatterer centers {%VV ey c,,,)}
Hyp. (i) 3A, ¢ > 0 such that F} < Ac
(i) Ir € C(T?) such that lim. F; = r® outside diagonals

Theorem. [Gallavotti *69, Spohn '78] Zs(t) = Z(t)
z(t) Markov jump process with forward equation

(O +v-Va) [ =7(x) fgan[v- Wl { f2,0 = 2v - wlw) — f(z,v)}dw

P (dtidw, - - - dtgdwy) = £ TLr(a(t) p(t]) - wildtydwy - - - dtgdey,
on path space Ay = Uk;OAt,IﬁAtk = {(tl,wl, cee ,tk,wk),o <t <l <tiw; € Sdﬁl}.
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Proof. (main ideas)

Recall

P(dndw, -dtrdwr) = 3 1 rx@) [v(E]) - 0l dhdw, -+ dirdog
Ak ={(t1, w1, tr,wp), 0< t; <+ < tp < t,w; € S41}

PE=2

Step 1: bad set A, c Ak
Ne={3Fiell,--,k}t; | x(z;) is crossed twice }

Lemma. P (A4;)=0.

Good set : o < Ay \ N, compact
= for € small, each scatterer is hit at most once in <.
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Step 2 : parametrization

e 4 * L Lorentz path
Gallavotti '69: “The proof is based on several simple changes of variables...”
€1,y — 11,01, b, W2, ((x°, v°) fixed)
scatterers — paths

Lemma. dc;=e?1v(t)) wil-dtdw;
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Step 3 : background

—1g—n

For simplicity : d =2, %‘fzie‘g =T Ze=1, n=0.

-1

P (o) =% [derdop 1y Timso S [dc)-dch, (1=1ge¢(cr,00)-

Ze

“tube” I ¢(c1,

-1
PE (.Q{) ~ eZE
= %e‘kfdclmdckh{

ek fdeydegly Lo &7 (1-2e0)™

<o, Cp) =26t

= %f,\nkdtldwl---dtkdwk [L[v(£) - 0i)-1, — P(sf) as € — 0.

O



Question.

0 x| <1
Replace U = Uy ¢. (x) =
0 x| =1

with U=Uk(x)=ﬁ ,k>o0.

Is the theorem still valid?



2. Hard sphere dynamics



2.1. Hard sphere gas: law of large numbers






{):Cizvi QF = {Ixi—xk|>efori;tk}c(de[Rd)n

/
v:=v;—wlw-(v;—v .
{, ol @imvl e sdel

v;c = v tolw-(v; —vE)]

o

scaling
N = number of spheres; &= sphere diameter
rate of coll. = E.[N]e?~! —1;  ‘volume’ density =E¢[N]e? ~¢
e—0 : lowdensitylimit (Boltzmann-Grad limit)
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Given n, ¢, the hard-sphere flow T : Qf — Q, is undefined for:
e grazing collisions : w-(v;—vg) =0
e multiple collisions : @Q
e accumulating collisions (infinite collisions in finite time)

Proposition. [Alexander '75, Vaserstein '79] The hard sphere flow T}"'E) exists
for all times ¢, almost everywhere in QF, with respect to the Lebesgue
measure. It admits the standard flow properties.



Q © KIN

y o (v, ve) — (v, 0))
(% G@ *
v?i‘ \U* V=0 —wlw- (v—u,)

o= v+l - (v — 0]
O

v, Uy ~ 1.1.d.

f=rftxv) (x,v) e T4 x R4 d=2
@r+v-Vi) f=Q(f, f)

Q(f,f)(x,v)=fuwf§d_1 [w'(v—v*)]+{f(x,v’)f(x,vi)—f(x,v)f(x,v*)}dwdu*
fle=0= fo

Properties : 4 [(1,v,0)f(t,x,v)dxdv=0, < [flogfdxdv=0.
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Theorem. (Lanford 75) (d = 3)

Let the initial probability distribution of hard spheres { } over
Un (T3 x R (W, supported in QF) satisfy the two assumptlons.

(i) 3A, @, >0 such that F{ ; < AH{ZI o0 PV

(i) 3fo e CHT3 xR, [ fy =1, such that limg_o Fy ; = £27, uniformly on
compact sets outside the diagonals {x; = xi, i # k}.

Then there exists a time T = T'(a, f) > 0 such that, V¢ € [0, T), in the
Boltzmann-Grad limit, molecular chaos is valid and

N
Tomp(6,0) =€ Y (2 (1) — st Rsf(t)qo
i=1 x
VoeC)(T* xR?) .

Note. Lanford used the hard-sphere BBGKY hierarchy
(written by Cercignani in '72).



Remark. Topology encodes irreversibility.

B ={@,,2)e0f,  3sel0,0,30,),  In-x;kswi-vpl<ef

° F;:"(O) converges on %ﬁ MO collisions towards the future

° F]‘?(t) does not converge on @g (1) collisions towards the past
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Proposition. The hard sphere MCS
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Elements of proof
Step 0 : initial state
Let foe CHT3 xR3), [fo=1, |fol <e® P o' B >0.

Proposition. The hard sphere MCS

€
WOVL _ 1 g2n

P =z f0®n192’ n=0 (HSMCS)

satisfies the hypotheses.

For simplicity, we will assume the initial state is the HSMCS from now on.
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Microscopic flow :

Zy=(2), 2% — Z5 (0 = (Z5 (D), -, 25(), tel0,T]

well defined (almost surely) for arbitrary T.
Fix T > 0.
Definition. [Sinai '72]

(i) Two particles are neighbours if they collided during the time interval [0, T'.

(i) A dynamical cluster is any maximal connected component of the neighbour
relation (i).

(iii) A cluster path A = A([0, T1) is the trajectory in [0, T] of dynamical cluster (ii).
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24 = partitions of A

(Zg/ - (ZIEV(I))IE[O,T]) = Az} € P 70 )

t€(0,T]

cluster path decomposition

Empirical measure on cluster paths : 5,,,(A) = €2 ¥; 81, 0,7 (1)



Step 1 : we can define a bad set as for the Lorentz gas.

A good cluster path is a path A of size |A| = ¢ with exactly
¢ —1 collisions.

bad



Step 2 : parametrization

(Z(l)’ ) 22) — A= (L%:xcm; V{P; h,wy, -, t[_l,(,()[_l)
particles — cluster paths

cluster path space: A1 = Upen (T2} x T2 x R3¢ x [0, T/ 71 x 26D

Ingredients describing the cluster path
A=(z1(8), -+, 2¢(1)) 1efo, 1) Of size £:

\//4
1 3

2

« atree graph 97 on ¢ vertices

« the center of mass at time zero x¢m,
) (o1 « the collection of velocities V})
 impact times and angles (#;, w;) € [0, T] x S?

(ignoring recollisions)

dzg=dAe® ™ ] [we(valte) - vp(te)],
e={a,B€E(Ty)
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Lemma. Let 1 be a good cluster path. Then

. 1 E_Zk k
E. [nemp(/l)] -5 ];) 7 [ av0) - aviag 63, iljlouimj
i

e dv(l) = dl%fow e=ta,pieETn [we - (va(te) - Uﬁ(te))]+

12#2 = 1 2,1, disconnected }

disconnection relation

Ai b Ak

-,
VOO
Ai

overlaps : expansion of constraints (1 - 1/li~lk)
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. 1 £—2k k
Ee [y ()] = Z};{)dev(/lo)...dv(/lk) 82, () iljlou’”f
i#j

“Boltzmann factor” : v, (Ao, -, An) =11;; 120, =i j (1 - 1,1i~1j)

5




Step 3 : background

. 1 E—Zk k
E, [ﬂemp(?l)] = ZEOT dv(dg) - dv(Ag) 6, (D) iljlou’”f
i#j

“Boltzmann factor” : v, (Ao, -, An) =11;; 120, =i j (1 - 1,1i~1j)
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cluster tubes I¢(1)




Step 3 : background

. 1 E—Zk k
E, [ﬂemp(ﬁ)] = ZEOT dv(dg) - dv(Ag) 6, (D) iljlou"”f
i#j

“Boltzmann factor” : v, (Ao, -, An) =11;; 120, =i j (1 - 1,1i~1j)

5

cluster tubes I¢(1)

Question. How many effective terms in w4 ?



H : smooth test function on the space of cluster paths.
(Rescaled) Cumulant gen.func. :
-2
FE(T, H) = e2logE, [es ”ng(H)] =£2logk, [eZiH(’li([O'Tm] (CGF)

Remark : E¢ [ngmp(/l)] =0, 98(T, uH)‘u_O.

Remind : .#(T, H) = ? ¥ j=; 5;# Jo, f]g (ef - 1)®j (f]‘E cumulant of 78, (1)
Proposition. [Bodineau - Gallagher - Saint-Raymond - S. '22]
There exists T >0 and a constant C (depending only on fy, | Hllco) such that

17 =Ty jIm2e2U

for € small enough and all j = 1, and the expansion of the CGF converges
absolutely.



Further consequences.



Further consequences.

Theorem. The emp. meas. on cluster paths in [0, t] converges:

Vo >0, [Pg(

ngmp(H)—fA dY(t,/l)H(A)‘>6):O, tel0,T)

V H smooth on A;, where Y (t) solves the Boltzmann-cluster equation:

JaxwnHEW = [ dY©0,)HQ)
+3 [drdodY @D dY@AVT @ [Wim =) 0] 6w ;@)

JEAx
x {H(m/\ 1*1”1”'"’) “HQ) - H(/l*)}
Yli=0 = folem, v 8p=1, Yli<y, 51 =0

where [A A A% js the merging of the clusters due to a binary collision
between particles i and j at time T with scattering angle w.
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Define
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For times short enough, f solves the Boltzmann eq. with initial datum fj.



Lemma.

Define
f(t,z):=de(t,Mmz (21 (1)

For times short enough, f solves the Boltzmann eq. with initial datum fj.
Corollary.

Let
R(t,x,v) = ff(t,x, Vi) [0+ (V=) dodvy

be the free-flight time rate. For times short enough, the Boltzmann-cluster
distribution is given by (t > max; t;)

1L — [T R(s,zi(s)ds
Y1, = [[e o Fo5D fyzon ] |we+(vatte) - vpto) |
=1 e={a,BleE(T7) +

(for the 2D Lorentz gas e‘2ff0(z1 (0)) 1‘[5?:1 [wj . vl(tj)] J






Toy model (Kac):
- no space dependence
- - (= va)ly — |S?7

kk—z
n(t,k)=de(l’,ﬂ.)é5g=k= -1

k=1 =kt

(ete_t)k

V2mtk3/2



Toy model (Kac):
- no space dependence
- - w-v)ly — 877!

K2 (et
n(t, k =de MO poj= ——tF e e
(-5 (A0 ek = Gy Nz
Hard spheres:

05 t 1.0 1.5

Fig. 5 Sizes of all clusters for a single realization of the system (logarithmic scale).

0
-1
-2
-3
-4
-5
-6

t=1.456

t=0.976

0 0 1 2 3

ol

1 2
logyo(cluster size)

Fig. 6 Cluster size distribution before, at and after the gelation time (log-log scale). The solid lines show the
power law with exponent —3



3. Long time results



Long time results

@ Dispersing cloud in RY. [lliner - Pulvirenti ‘89, Denlinger '18]
Equation as in Theorem 0.
[Deng - Hani - Ma preprint]

@ Tracer particle. [van Beijeren - Lanford - Lebowitz - Spohn '80,
Bodineau - Gallagher - Saint-Raymond ’16]
Qrs(8) (%, V) = fps fs2 [0+ (v = v)] M (v2) {g(x, V) — g (x, )}
M) = 2m) "% exp (-v?/2)

equilibrium
|

‘/;\/‘\

(z1(8),m(1))
. h .

+ perturbation

@ Fluctuation field. [Bodineau - Gallagher - Saint-Raymond - S. '24]



