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motivation : macroscopic theory of matter based on first principles
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A state is a probability measure on the N particle phase space.

Initial measure : W0.

Evolution : W(t) = W0 ◦ T−t.
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(

t
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“I will not discuss derivations which include some external randomness in the dynamics by the Varadhan school.

I will also not discuss the derivation of a diffusion equation for non-interacting particles moving among Sinai billiards.

Those cases show what we could do if only our mathematics was better.” [J. Lebowitz]

Lorentz
gas
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Kinetic Limit (in any fixed time interval [0, t], t > 0)

* reversible → irreversible (time’s arrow)

* memory (unbounded order) → Markov property

* N-particle interaction → nonlinearity (even small)

Long times (t ∼ tε → ∞ gently)

microscopic system kinetic theory hydrodynamics
(N particles) (heat, Euler... ideal gas)

hydrodynamics

(Boltzmann, ...)

[Grad’s program, ’58]

[Morrey’s program, ’55]



1.1. Basic tools from statistical mechanics



Probability measures

Grand canonical phase space : Ω=⋃
n≥0Ωn , Ωn = (Td ×Rd )n .

State of the particle system : (abs. cont.) prob. W on Ω.

Density functions : {Wn}n≥0

Wn :Ωn →R+ Borel function
Wn(· · · , zi , · · · , z j , · · · ) =Wn(· · · , z j , · · · , zi , · · · )∑

n≥0
1
n!

∫
Ωn

Wn = 1 .

Average particle number : E[N ] =∑
n≥0 n pn , pn = 1

n!

∫
Ωn

Wn .

Scaling : Wn =W ε
n , E= Eε , ε> 0 .

Low-density limit : ε→ 0 , Eε[N ] →∞ , Eε[N ]εd−1 → 1 (Eε[N ]εd ∼ ε).

Uε (x) =U
( x
ε

)
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n , E= Eε , ε> 0 .

Low-density limit : ε→ 0 , Eε[N ] →∞ , Eε[N ]εd−1 → 1 (Eε[N ]εd ∼ ε).

Uε (x) =U
( x
ε

)



Correlation functions

Correlation functions : {ρεj } j≥0

ρεj :Ω j →R+

ρεj (z1, · · · , z j ) =∑
k≥0

1
k !

∫
Ωk

W ε
j+k (z1, · · · , z j+k )d z j+1 · · ·d z j+k

Inverse formula :
W ε

j (z1, · · · , z j ) =∑
k≥0

(−1)k

k !

∫
Ωk
ρεj+k (z1, · · · , z j+k )d z j+1 · · ·d z j+k

Moment formula :



ρε1(z1) = Eε[
∑N

i=1δzεi
(z1)]

ρε2(z1, z2) = Eε[
∑

i1,i2 δzεi1
(z1)δzεi2

(z2)]

· · ·∫
Ω j
ρεj = Eε[N (N −1) · · · (N − j +1)] .

Rescaled correlation functions : F ε
j = ε j (d−1)ρεj (BG limit :

∫
Ω1

F ε
1 → 1).
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Molecular chaos

Assume that F ε
j ≤ h⊗ j for some suitable h ∈ L1(Ω1).

We say that the state is chaotic (in the sense of molecular chaos) if there
exists a smooth function f :Ω1 →R+ such that, weakly as measures, for
all j ≥ 1,

lim
ε→0

F ε
j = f ⊗ j .

The function f is the macroscopic (kinetic) profile.

The particle state approximates f .

Empirical measure : πεemp(ϕ) = εd−1 ∑N
i=1ϕ(zεi )

πεemp(ϕ) −→ ∫
Ω1

f ϕ ∀ϕ ∈C 0
b (Ω1) in probability.

This is the statement that we aim to propagate dynamically.

However, this is not possible...
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Quantitative chaos

Moment generating function :

Eε

[
exp

(
πεemp(ϕ)

)]
= 1+∑

j≥1
1
j !

∫
Ω j
ρεj

(
eε

d−1ϕ−1
)⊗ j

Cumulant generating function :

log Eε
[

exp
(
ε−(d−1)πεemp(ϕ)

)]
=∑

j≥1
ε− j (d−1)

j !

∫
Ω j

f εj (eϕ−1)⊗ j

where the cumulants ( f εj ) j≥1 are defined by

f ε1 = F ε
1

f ε2 = F ε
2 −F ε

1 ⊗F ε
1

f ε3 = F ε
3 −F ε

2 ⊗F ε
1 · · ·+2F ε

1 ⊗F ε
1 ⊗F ε

1

f ε4 = F ε
4 −F ε

3 ⊗F ε
1 · · ·−F ε

2 ⊗F ε
2 · · ·+2F ε

2 ⊗F ε
1 ⊗F ε

1 · · ·−6F ε
1 ⊗F ε

1 ⊗F ε
1 ⊗F ε

1

· · ·
Inverse formula: F ε

j (Z j ) =∑ j
k=1

∑
σ∈P k

j

∏k
i=1 f ε|σi |

(
Zσi

)

Z j = (z1, · · · , z j ), ZA = (zℓ)ℓ∈A , σ= (σ1, · · · ,σk ),

P k
j the set of partitions of {1, · · · , j } in k parts.
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Example

“Maximally chaotic state” (MCS) :
1
n! W

ε
n (z1, · · · , zn) := 1

Zε

ε−n(d−1)

n! f ⊗n(z1, · · · , zn)ψε
n(x1, · · · , xn) , n ≥ 0

Zε : partition function

f :Ω1 →R+ : smooth macroscopic density

ψε
n(x1, · · · , xn) =∏

i< j exp
(
−βU

(
xi−x j

ε

))
, β> 0

Remark : For f (x, v) = Mβ(v), Maxwellian with inverse temperature β, we recover
the Gibbs state.

Exercises

Set U =Uh.c. (x) =
{
∞ |x| < 1

0 |x| ≥ 1
.

(Q1) Show that the second cumulant f ε2 → 0 in L1, in the BG limit.

(Q2) Is the convergence true in L∞? Find a pointwise estimate for f ε2 .

(Q3) Find an L1 estimate on f εj , j ≥ 2.
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Definition. The fluctuation field ζε is

ζε
(
ϕ

)= 1

ε

(
πεemp(ϕ)−Eε

[
πεemp(ϕ)

])

Exercises

(Q1’) Compute the covariance of the fluctuation field in terms of the first
cumulants f ε1 , f ε2
(Q2’) Deduce that, for the hard-core MCS, ζε converges to white noise.

(Q3’) For which other potentials is this still true?



Dynamics

Newton’s flow on Ω : T ε
t (T (n,ε)

t )n

Potential : Uε(x) =U
( x
ε

)

Initial state : W ε
0

Time-evolved state : W ε(t ) =W ε
0 ◦T ε

−t

Density functions : {W ε
n (t )}n≥0, W ε

n =W ε
n (t , z1, · · · , zn)

Liouville Equation :
(
∂t +

∑
i vi ·∇xi −

∑
i, j ∇Uε(xi −x j ) ·∇vi

)
W ε

n = 0

W ε
n |t=0 =W ε

0,n n = 0,1,2 · · ·
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1.2. A warm-up problem



N = 1

z = (x, v) ∈ Td × Sd−1 , d ≥ 2

t → zε(t) : free flow + elastic reflection

Lorentz gas at low density

zε(t)

Hard core scatterers, radius ε > 0

Density of scatterers : ε−(d−1)

randomly distributed

z0

Initial data: probability distribution of scatterer centers
{

1
n!W

ε
n(c1, · · · , cn)

}
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on path space Λt = ∪k≥0Λt,k,Λt,k = {(t1, ω1, · · · , tk, ωk), 0 < t1 < · · · tk < t, ωi ∈ Sd−1}.
P (dt1dω1 · · · dtkdωk) =

1
Z

∏
i r(x(ti))[v(t

+
i ) · ωi]+dt1dω1 · · · dtkdωk



Proof. (main ideas)

Recall

P (d t1dω1 · · ·d tk dωk ) = 1
Z

∏
i r (x(ti ))[v(t+i ) ·ωi ]+d t1dω1 · · ·d tk dωk

Λt ,k = {
(t1,ω1, · · · , tk ,ωk ), 0 < t1 < ·· · < tk < t ,ωi ∈Sd−1

}

Pε = ?

Step 1 : bad set Nk ⊂Λt ,k

Nk = { ∃i ∈ {1, · · · ,k}, ti | x(ti ) is crossed twice
}

Lemma. P (Nk ) = 0.

Good set : A ⊂Λt ,k \Nk compact

⇒ for ε small, each scatterer is hit at most once in A .
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Step 2 : parametrization

Lorentz path

Gallavotti ’69: “The proof is based on several simple changes of variables...”

c1,c2, · · · −→ t1,ω1, t2,ω2, · · · ((
x0, v0

)
fixed

)

scatterers −→ paths

Lemma. dci = εd−1[vε(t−i ) ·ωi ]−d ti dωi
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Step 3 : background

For simplicity : d = 2, W ε
n

n! = 1
Zε

e−ε
−1 ε−n

n! , Zε ≃ 1 , n ≥ 0.

Pε (A ) = e−ε
−1

Zε
ε−k

∫
dc1 · · ·dck 1A

∑
m≥0

ε−m

m!

∫
dc ′1 · · ·dc ′m

(
1−1T ε(c1,··· ,ck )

)
.

“tube” T ε(c1, · · · ,ck ) ≃ 2εt

Pε (A ) ≃ e−ε
−1

Zε
ε−k

∫
dc1 · · ·dck 1A

∑
m≥0

ε−m

m! (1−2εt )m

= e−2t

Zε
ε−k

∫
dc1 · · ·dck 1A

= e−2t

Zε

∫
Λt ,k

d t1dω1 · · ·d tk dωk
∏

i [v(t−i ) ·ωi ]−1A → P (A ) as ε→ 0.
□
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Question.

Replace U =Uh.c. (x) =
{
∞ |x| < 1

0 |x| ≥ 1

with U =Uk (x) = 1
|x|k , k > 0.

Is the theorem still valid?



2. Hard sphere dynamics



2.1. Hard sphere gas: law of large numbers





n

n
MICRO

scaling

MICRO



Given n,ε, the hard-sphere flow T (n,ε)
t :Ωε

n →Ωε
n is undefined for:

grazing collisions : ω · (vi − vk ) = 0

multiple collisions :

accumulating collisions (infinite collisions in finite time)

Proposition. [Alexander ’75, Vaserstein ’79] The hard sphere flow T (n,ε)
t exists

for all times t , almost everywhere in Ωε
n with respect to the Lebesgue

measure. It admits the standard flow properties.
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v v⇤

v0 v0⇤!

Boltzmann : v, v⇤ ⇠ i.i.d.

(v, v⇤) �! (v0, v0⇤)

v0 = v � ![! · (v � v⇤)]
v0⇤ = v⇤ + ![! · (v � v⇤)]

f = f (t , x, v) (x, v) 2Td £Rd d ∏ 2

(@t + v ·rx ) f =Q( f , f )

Q( f , f )(x, v) =
Z

Rd

Z

Sd°1

h
! · (v ° v§)

i
+

n
f (x, v 0) f (x, v 0

§)° f (x, v) f (x, v§)
o

d!d v§

f |t=0 = f0

Local solution:
C 0

≥
Td £Rd

¥
, k f kØ := sup

≥
| f |eØv2/2

¥
, Ø> 0

kQ( f , f )kØ0 ∑CØ,Ø0 k f k2
Ø

, Ø>Ø0 > 0 .

Hard-Sphere Boltzmann Eq.KIN

Properties : d
d t

∫
(1, v, v2) f (t , x, v)d xd v = 0 , d

d t

∫
f log f d xd v ≤ 0.



Theorem. [Lanford ’75)] (d = 3)

Let the initial probability distribution of hard spheres
{W ε

0,n
n!

}
over

⋃
n(T3 ×R3)n (W ε

0,n supported in Ωε
n) satisfy the two assumptions:

(i) ∃A,α,β> 0 such that F ε
0, j ≤ A

∏ j
i=1 eα−βv2

i

(ii) ∃ f0 ∈C 1(T3 ×R3),
∫

f0 = 1, such that limε→0 F ε
0, j = f ⊗ j

0 , uniformly on
compact sets outside the diagonals {xi = xk , i , k}.

Then there exists a time T = T (α,β) > 0 such that, ∀t ∈ [0,T ), in the
Boltzmann-Grad limit, molecular chaos is valid and

πεemp(t ,ϕ) = ε2
N∑

i=1
ϕ(zεi (t )) −→

∫

T3×R3
f (t )ϕ

∀ϕ ∈C 0
b

(
T3 ×R3

)
.

Note. Lanford used the hard-sphere BBGKY hierarchy
(written by Cercignani in ’72).
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Remark. Topology encodes irreversibility.

B
j±
ε (t ) =

{
(z1, · · · , z j ) ∈Ωε

j , ∃s ∈ [0, t ] , ∃i , j , |xi −x j ±s(vi −v j )| ≤ ε
}

F ε
j (0) converges on B

j+
ε (t ) collisions towards the future

F ε
j (t ) does not converge on B

j−
ε (t ) collisions towards the past



Elements of proof

Step 0 : initial state

Let f0 ∈C 1(T3 ×R3),
∫

f0 = 1, | f0| < eα
′−β′v2

, α′,β′ > 0.

Proposition. The hard sphere MCS
W ε

0,n
n! = 1

Zε

ε−2n

n! f ⊗n
0 1Ωεn , n ≥ 0 (HSMCS)

satisfies the hypotheses.

For simplicity, we will assume the initial state is the HSMCS from now on.
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Microscopic flow :

Z 0
N = (z0

1 , · · · , z0
N ) → Z ε

N (t ) = (zε1(t ), · · · , zεN (t )) , t ∈ [0,T ]

well defined (almost surely) for arbitrary T .

Fix T > 0.

Definition. [Sinai ’72]

(i) Two particles are neighbours if they collided during the time interval [0,T ].

(ii) A dynamical cluster is any maximal connected component of the neighbour
relation (i).

(iii) A cluster path λ=λ([0,T ]) is the trajectory in [0,T ] of dynamical cluster (ii).
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P A = partitions of A

(
Z 0

N −→ (
Z ε

N (t )
)

t∈[0,T ]

)
=⇒ {λ1,λ2, · · · } ∈P(

Z ε
N (t )

)
t∈[0,T ]

λ1

λ2

λ3 λ4

(z01, · · · , z0N)

k1 = 2 k2 = 1 k3 = 4 k4 = 3

cluster path decomposition

Empirical measure on cluster paths : πεemp(λ) = ε2 ∑
i δλi ([0,T ])(λ)
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Step 1 : we can define a bad set as for the Lorentz gas.

A good cluster path is a path λ of size |λ| = ℓ with exactly
ℓ−1 collisions.

bad good



Step 2 : parametrization

(
z0

1 , · · · , z0
ℓ

)−→λ= (
Tℓ, xcm,V 0

ℓ
, t1,ω1, · · · , tℓ−1,ωℓ−1

)

particles −→ cluster paths

cluster path space : ΛT =⋃
ℓ∈N {Tℓ}×T3 ×R3ℓ× [0,T ]ℓ−1 ×S2(ℓ−1)

Ingredients describing the cluster path

• a tree graph Tℓ on ℓ vertices

1 2 3 4

1
2

3

4

• the center of mass at time zero xcm

• the collection of velocities V 0
ℓ

• impact times and angles (ti ,ωi ) ∈ [0,T ]×S2

(ignoring recollisions)

(t1,ω1)
(t2,ω2)

(t3,ω3)

λ= (z1(t ), · · · , zℓ(t ))t∈[0,T ] of size ℓ :

d Z 0
ℓ = dλ ε2(ℓ−1)

∏
e={α,β}∈E(Tℓ)

[
ωe ·

(
vα(te )− vβ(te )

)]
+



Lemma. Let λ be a good cluster path. Then

Eε

[
πεemp(λ)

]
= 1

Z̃ε

∑
k≥0

ε−2k

k !

∫
dν(λ0) · · ·dν(λk ) δλ0 (λ)

k∏
i , j=0
i, j

1λi/λ j

• dν(λ) = dλ 1
ℓ! f ⊗ℓ

0

∏
e={α,β}∈E(Tℓ)

[
ωe ·

(
vα(te )− vβ(te )

)]
+

• 1λi/λk
= 1{

λi ,λk disconnected
}

disconnection relation

λi ̸∼ λk

λi λk

overlaps : expansion of constraints
(
1−1λi∼λk

)
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Step 3 : background

Eε
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πεemp(λ)

]
= 1

Z̃ε

∑
k≥0

ε−2k

k !

∫
dν(λ0) · · ·dν(λk ) δλ0 (λ)

k∏
i , j=0
i, j

1λi/λ j

“Boltzmann factor” : ψε
k+1 (λ0, · · · ,λn) =∏

i , j 1λi/λ j =
∏

i , j

(
1−1λi∼λ j

)

.

cluster tubes T ε(λ)

Question. How many effective terms in ψε
k ?
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H : smooth test function on the space of cluster paths.

(Rescaled) Cumulant gen. func. :

I ε(T, H) = ε2 logEε
[

eε
−2πεemp(H)

]
= ε2 logEε

[
e
∑

i H(λi ([0,T ]))
]

(CGF)

Remark : Eε
[
πεemp(λ)

]
= ∂uI ε(T,uH)

∣∣∣
u=0

.

Remind : I ε(T, H) = ε2 ∑
j≥1

ε−2 j

j !

∫
Ω j

f̃ εj
(
eH −1

)⊗ j ( f̃ εj cumulant of πεemp(λ))

Proposition. [Bodineau - Gallagher - Saint-Raymond - S. ’22]

There exists T > 0 and a constant C (depending only on f0,∥H∥∞) such that

∥ f̃ εj ∥1 ≤ (C T ) j j j−2 ε2( j−1)

for ε small enough and all j ≥ 1, and the expansion of the CGF converges
absolutely.



Further consequences.

Theorem. The emp. meas. on cluster paths in [0, t ] converges:

∀δ> 0 , Pε

(∣∣∣πεemp(H)−
∫

Λt

dΥ(t ,λ)H(λ)
∣∣∣> δ

)
−−−→
ε→0

0 , t ∈ [0,T )

∀H smooth on Λt , where Υ(t ) solves the Boltzmann-cluster equation:




∫
dΥ(t ,λ)H(λ) =

∫
dΥ(0,λ)H(λ)

+ 1
2

∫
dτdωdΥ(τ,λ)dΥ(τ,λ∗)

∑
i∈λ

j∈λ∗

[
(vi (τ)− v j (τ)) ·ω

]
+ δxi (τ)(x j (τ))

×
{

H
(
[λ∧λ∗]i , j ,τ,ω

)
−H(λ)−H(λ∗)

}

Υ|t=0 = f0(xcm, v0
1)δℓ=1 , Υ|t<ti ,ℓ>1 = 0

where [λ∧λ∗]i , j ,τ,ω is the merging of the clusters due to a binary collision
between particles i and j at time τ with scattering angle ω.
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Lemma.

Define
f (t , z) :=

∫
dΥ(t ,λ)ℓ δz (z1(t ))

For times short enough, f solves the Boltzmann eq. with initial datum f0.

Corollary.

Let
R(t , x, v) :=

∫
f (t , x, v∗) [ω · (v − v∗)]+ dωd v∗

be the free-flight time rate. For times short enough, the Boltzmann-cluster
distribution is given by (t > maxi ti )

Υ(t ,λ) = 1

ℓ!

ℓ∏
i=1

e−
∫ t

0 R(s,zi (s))d s f0(zi (0))
∏

e={α,β}∈E(Tℓ)

[
ωe ·

(
vα(te )− vβ(te )

)]
+

(
for the 2D Lorentz gas e−2t f0(z1(0))

∏k
j=1

[
ω j · v1(t j )

] )
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For times short enough, f solves the Boltzmann eq. with initial datum f0.

Corollary.

Let
R(t , x, v) :=

∫
f (t , x, v∗) [ω · (v − v∗)]+ dωd v∗

be the free-flight time rate. For times short enough, the Boltzmann-cluster
distribution is given by (t > maxi ti )

Υ(t ,λ) = 1

ℓ!

ℓ∏
i=1

e−
∫ t

0 R(s,zi (s))d s f0(zi (0))
∏

e={α,β}∈E(Tℓ)

[
ωe ·

(
vα(te )− vβ(te )

)]
+

(
for the 2D Lorentz gas e−2t f0(z1(0))

∏k
j=1

[
ω j · v1(t j )

] )





Toy model (Kac):
- no space dependence
- [ω · (v − v∗)]+ −→ |S2|−1

n(t ,k) =
∫

dΥ(t ,λ)ℓδℓ=k = kk−2

(k −1)!
t k−1 e−kt ≃

(
ete−t )k

p
2πtk3/2

Hard spheres:
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Fig. 5 Sizes of all clusters for a single realization of the system (logarithmic scale).
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Fig. 6 Cluster size distribution before, at and after the gelation time (log-log scale). The solid lines show the
power law with exponent � 5
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versus dimension in the hard sphere case, with 95%-confidence intervals.
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3. Long time results



Long time results

1 Dispersing cloud in Rd . [Illner - Pulvirenti ’89, Denlinger ’18]

Equation as in Theorem 0.

[Deng - Hani - Ma preprint]

2 Tracer particle. [van Beijeren - Lanford - Lebowitz - Spohn ’80,

Bodineau - Gallagher - Saint-Raymond ’16]

QRB
(
g
)

(x, v) = ∫
R3

∫
S2 [ω · (v − v∗)]+ M (v∗)

{
g

(
x, v ′)− g (x, v)

}

M(v) = (2π)−3/2 exp
(−v2/2

)

(x1(t), v1(t))

.

equilibrium

+ perturbation

3 Fluctuation field. [Bodineau - Gallagher - Saint-Raymond - S. ’24]


