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Generalized Holtsmark fields



Setting

©)
e O = {{c,,}neN, #{cn}pen NK < oo} O (c(/Q‘\) Q
v : uniform Poisson meas. with A =1 O
o 1={Q1, Q@ @ Q) QER O o O

W @ probability meas. in the set /

e Q® I set of charged scatterer conf. O O O

o= 1{(en @)}, €01

Lo e IUDTIL ((Q) U Y cR’
(v@p) (Niz [Uun]) = HjL:1 (n))! / boond ed
Class of potentials s>1/2

Cs ::{CD € C*(R*\ {0};R) s.t. ®(x) = ®(|x])and JA#£0, r > max(s,2)

1|V (000~ Ze)| < e

o (x)—

s.t., for |x| > 1, ]
X




Definition: Let be ® € €; and w € Q® /. The random field {F (x) : x € R*} is
a generalized Holtsmark field if 3U C R® open with 0 € U s.t.

F(x)w=Fy(x)w= lim FI(JR)(x)w
R— o0

where FL(/R)(X) = — Z Qi Ve (x —cn) (%)

cnE€ERU

¥ x € R® and the convergence is in law.

Theorem [N., Simonella, Veldzquez 2018]

Let be ® € C;. Then the limit field F exists for potentials € Cs and defines a
random field if:

1. s>2 or Z,‘L:1 Qip(Q;) =0 (‘neutrality’) and s>1/2

o FY=FP [ Veldy<oe and s>1/2

lyl<1
’/ “ (Translation Invariance)
Lgfww
2. 1<s<2 and IU\{\y\<l} v( |y1‘5)dy =0 (Dependence on the geometry)
2

3. s=1 and [, V(ﬁ)dy =0 (Translation invariance is lost)



Theorem [N., Simonella, Veldzquez 2018]

Let be ® € C;. Then the limit field F exists for potentials ® € C; and defines a
random field if:

1. s>2 or ZJ.L:I Qi (Q) =0 ('neutrality’) and s>1/2

or FL(jR) = FL(jR)’O, / VO (y)|dy <oco and s>1/2
lyl<1
(Translation Invariance)

2.1<s<2 and fU\{M<%} v( |yl‘s)dy =0 (Dependence on the geometry)
3.s=1 and [, V(p;)dy =0 (Translation invariance is lost)

Comments:

o Fors<2 37 Q,V®(x—cn) only conditionally convergent.

e In absence of neutrality we need a stringent assumption on U (cf. (2), (3))
(geometrical condition on the cloud scatterer distribution).

e Small displacements of the domain U can yield limit random force fields with a
non-zero component in one particular direction (cf. (2))



Theorem [N., Simonella, Veldzquez 2018]

Let be ® € C;. Then the limit field F exists for potentials € Cs and defines a
random field if:

1. s>2 or Z,‘L:1 Qin(Q;) =0 (‘neutrality’) and s>1/2

or  FR = R0 VO (y)|dy < oo and s>1/2
v v lyl<1 g
yl<

(Translation Invariance)

2. 1<s<2 and fU\{\y\<%} v( |y1‘5)dy =0 (Dependence on the geometry)
3. s=1 and fUV(ﬁ)dy =0 (Translation invariance is lost)
Comments:

e In R? the critical value is s = 1. The Theorem can be adapted for s > 0.
The Coulombian case corresponds to a logarithmic potential.
If s <1 a nontrivial condition on the geometry of the finite clouds is required.

e The result holds also for time-dependent random fields.
([N., Veldzquez, Winter 2019])



Theorem [N., Simonella, Veldzquez 2018]

Let be ® € Cs. Then the limit field F exists for potentials ® € Cs and defines a
random field if:

1. s>2 or Z,'L:1 Qip(Q;) =0 (‘neutrality’) and s>1/2

or FLR) = FLR)’O, / [V (y)|dy <oco and s>1/2
lyl<1

(Translation Invariance)

2. 1<s<2 and fu\{\y\< 1 V( :)dy =0 (Dependence on the geometry)

3.s=1 and [,V (M) =0 (Translation invariance is lost)

Strategy:

Pointwise convergence of the J—point characteristic function of F((}R)(X)I
J
<R>( Dy YaL e ).:E[e ( F® )]
m (s, ) xp f;m v (k)

=E [H I exp (—iQnk- VO (yi — cn))] , VJ>1

k=1cp,eRU



The importance of electroneutrality for Coulombian potentials

In the case of Coulombian potentials ® (x) = ﬁ the random force field

Fu(x) satisfies a system of stationary (Maxwell) differential equations.

For almost every w = {(cn, Qj,)}, . the function ¢ (x) := Fy (x)w is a

weak solution of

neN

divey=>"Q;,0(-—c,) , curlep=0.
If the random force field {F(x) : x € R3} is translation invariant

and E[|F (x)|] < oo for any point x € R® = Zle Qin(Q) =0.

e electroneutrality is necessary in order to obtain the translation invariance!



Dynamics of the tagged particle and Kinetic Limit

The type of linear kinetic equation arising in the scaling limit
strongly depends on the microscopic details of the interactions

(dependence on the decay as well as on the singularities of the potential)!



Kinetic Limit
Consider {® (x,¢); € > 0}. ¢ tuning the mean free path
e mean free path {.: typical length that the tagged particle must travel to have

a change in velocity comparable to |v|
characteristic speed O(1)

e typical distance between scatterers d =1
characteristic distance for deflections O(1)
1

e collision length . (— 0)
If \¢ exists then the characteristic time between collisions is Tgc =

d(x,e) = IX\S Ae = €.
® (x,e) = eG (x), G globally bounded = No collision length

Ex:
Kinetic limit : o l=d</{ as €¢—0 (KL1)
statistical independence of the deflections at distances O(¢.)

Y &-30)

(ElNo)0t)] <= \ B0 ] E otk



Dynamics of the test particle

e (x(t),v(t)): position and velocity of the tagged particle. (xo, vp) in. data.

Y — F(x,e)w
o T'(xo, vo;€;w) : Hamiltonian flow. f € M, (R3 x R?)
Goal : £ (Lot lox,v) = E[f(T %t (lox,v;e;-))] as € = 07?
Tool : to control the deflections at distances larger than \. split ® as
b (x,e) = Pg(x,e) + ¥ (x,¢€)
x|

¢B(X, 5) = (D(X’g)n(I\l/IL)L) <D,_(X,E) = <D(x, 5) [1 — n(M—)\E)]7 M >0

big deflections within A2 deflections at distances >\,

neC® (R st 0<n<1,n(x[)=1if[x| <1, n(|x]) =0if |x| >2



Dynamics of the test particle
o (x(t),v(t)): position and velocity of the tagged particle. (xo, vo) in. data.
& = F(x,e)w
o T'(xo,vo;&;w) : Hamiltonian flow. fo € M, (R? x R3)
Goal : £ (et lex,v) = E[f(T %t (lex,v;e;-))] as € - 07?
Tool : to control the deflections at distances larger than A, split ® as
b (x,e) = Pp(x,e) + P (x,¢€)
x|

5 (x,c) = ¢(X,E)H(A%E) Ou(xe) = o)1= n(50)]. M>0

big deflections within Ao deflections at distances >\,

At distances O(\:) the particle is deflected for an amount O(1) by ®5.

Time scale T, in which the deflections produced by ®; become relevant ?



Test Particle Deflections produced by &,
Consider the dynamics in the Holtsmark field Fi(x,¢)w for t € [0, T]
T
T small = x(t) ~wt & Dr(s)w ::/ Fi(wt,e)wdt (change of velocity)
0
e Characteristic function: m(TE) (0) =E[exp (if - Dr (e)w)] , 0 €R?
o Characteristic time for the deflections:
T 2
o(T;e) = sup / dy(@ / Vi@, (vt —y,¢) dt)
10]=1Jr3 0

e Landau time scale T;: o(Te)=1



Test Particle Deflections produced by &,
Consider the dynamics in the Holtsmark field Fi(x,¢)w for t € [0, T]

.
T small = x(t) ~wt & Dr(s)w ::/ Fi(wt,e)wdt (change of velocity)
0

e Characteristic function: m(TE) (0) =E[exp (if - Dr (e)w)] , 0 €R?
e Characteristic time for the deflections:

T 2
o(T;e) = sup/ dy((%/ Vi@, (vt —y,¢) dt)
R3 0

[0]=1

e Landau time scale T;: o(Te)=1
e 1=d < (¢ becomes {l.=min{Tpgs, Tt} >1 as €¢—=0

= the time scale for the kinetic evolution is the shortest among Tgc, T,

Different cases:
T.> Tge or T < Tgs or % — C, €(0,00) as ¢ =0



Collisions vs. diffusion

Family of potentials:  {® (x,¢); € > 0}, P(,e)els, s>1/2

¢(x,5):w<ﬁ>, ve (B (o))

e

A sA
V(y)~ s, VW (y)~——2 as |y|— o0, 0£AER.
lyl |

.. . 1
Collision length: \. = e. Boltzmann-Grad time scale: Tgg = = -
15



Collisions vs. diffusion

Family of potentials:  {® (x,g); € > 0}, ®(,e)eCs, s>1/2
O (x,e) =WV (@) . wec? (R3\{0}>

A sA
V(y)~ s V() ~ =2 as |yl so00, 0#AER.
Iyl lyl

.. . 1
Collision length: A\, = €. Boltzmann-Grad time scale: Tgeg = — .

g2
Theorem [N., Simonella, Velazquez 2018]
s>1 s=1 1/2<s<1
lims Teg:e) <6 (M
! siF())U( 86;€) < 0 (M) T, ~ 1 . - 1 3%
metlog (2) | e~ (W
lim (M) =0 x :
M— o0

Hence T, <K Tgg as e—0 if s<1

*Small deflections due to interactions at distances larger than M. become irrelevant as M — oo in the timescale Tgg



Collisions vs. diffusion

Theorem [N., Simonella, Velazquez 2018]

s>1 s=1 1/2<s<1
limsupo (Tgg;e) <6 (M 1 1
E_}F(’) (Tee: ) (M) Tim — . _ 1 ey
A2e IOg (g) L WA2€25
lim 6 (M)=0 % °
M— oo

Hence T, < Tgg as e—0 if s<1

Remark: For the Ideal Rayleigh gas (not interacting background affected by

the tagged particle) the diffusive time scales are the same.
Different type of diffusion coefficient !
(Diffusion not restricted on the sphere of constant velocity: the energy

of the tagged particle is no longer conserved in the collisions!)

([N., Veldzquez, Winter 2021, 2022])




The Coulombian Logarithm

What is the effect of &,7?
Dyadic decomposition A, := [2kM5,2k+1M5] between Me and the m.f.p. e =~ T.t

log (%)

“ #{ A = log 2

Deflection Dy due to particles in Ay : E[Dy] =0, E[(Dx)?] ~&*T.t

Variance of the total deflection D := 3", Dy :

V _ _ Iog(%) 2
ar(D) =Y _ Var(Dy) = “og2 © T.t~t
k

= Var(D)~t & T.= WCP)' := T, with C =3 (Landau timescale)



The Coulombian Logarithm in the interacting particle case

What is the effect of &, ?

Dyadic decomposition Ax := [2Me, 2" Me] between Me and L. = -

(Debye screening

iR

ength)

Debye screening cutoff

#{Ad = 'Oglggs;)

I 2M.

Me

Same computations performed for the Lorentz Gas

. _ ¢ _.
= Total deflection Var(D) ~t <« T.= eg(1)] = In
The difference is in the numerical factor € = % !



Correlations when T, < Tge (s < 1)

Deflection

¢Te
D(xo,v;(TL):/ Vi® (xo + vt,e)wdt xo0, v € R, lvl=1, (>0
0

Theorem [N., Simonella, Veldzquez 2018]
e s=1: E[D(x,v;¢T)D(xo + v(TL,v;¢TL)] = O(Tie?) -0 as e =0

3 2
and l/ <0/ dth¢L(VCTL—y7€)> dy - K’C|0L|27 k> 0.
2 R3 0 =1 I
W=9-Fv ©

ol o/

o s (3,1): E[D(x1,vi;{TL)D(x2, v2; CTL)] = CK(X,V)#0 as e—0
TLX:(XQ—Xl), TLV:(V2_V1)

CTyL 2
Al %/ (9/ dtvxm(vm—y,s)) dy = kPP, m>0,
]R3 0 E—r

(non vanishing correlations on macroscopic times!)



Kinetic equations

On the correct kinetic scale the tracer particle distribution

fo(lot, box,v) = By [f(T %" (Lex, v;&;+))] = f(t,x,v) solution to
e—

Claim:

[s > 1] Linear Boltzmann equation
L
(Ocf + v - Vif) (t,x,v) = Zu(Qj) / B(viw; @) [f (t, x,|v|w)—f (t,x,v) ] dw
j=1 s?

[s 1] Linear Landau equation
=

(0 + vViF) (t,x,v) = KA, (t,x,V), k>0

[s € (% 1)} Stochastic differential equation with correlated noise
x(T + d7) — x(7) = v(7)dT
v(r +d7) = v(7) = D(x(7), v(7);dr), D=0((dr)"), B€(0,1)



How sensitively the time scales Tgg, T, and the kinetic equations
depend on the specific details of the interaction ?
), Ge€Cs, s>1/2.

Consider different families of potentials ® (x,e) = G (|x

A
e GeC*(R*\{0}) and G(x)~ xF |x] = oo,
B
G(X)NW as |x] =0, r>0.
e Collision length: A\, = E%. Boltzmann-Grad timescale: Tgg = 5_%.
s>1 s=1
limsupo (Tge; ) < 6 (M) limsup o (Tge;e) < 6 (M)
r>1 e—0 e—0
0(M) =0, M— oo (M) =0, M— oo
1
=1 T~
r L™ B2 log (e))| c
r<l - T <T
C L~2| (5)|’ LK I'pe
r<l TLN?7 T. < Tge e?|log




How sensitively the time scales Tgg, T, and the kinetic equations

depend on the specific details of the interaction ?

Consider different families of potentials ® (x,£) =G (|x]|), G € Cs, s > 1/2.

e GeC*(R°\{0}) and G (x) ~ A as |x| — oo,

Ix[?
B
G(X)NW as |x] -0, r>0.

. 1 . _2
e Collision length: A\. =er.  Boltzmann-Grad timescale: Tgg =¢ .

Kinetic description?

s>1 s=1 1/2<s<1
r>1| Boltzmann eq. Boltzmann eq. | ® 25 > 3—r Boltzmann eq.
e 25 < 3—r Stochastic eq.

r<1| Landau eq. Landau eq. Stochastic diff. eq.

with correlations




Summary

e Conditions on the interactions to have a kinetic description:

weak enough interaction to have ¢, > d. Then:

e if the fastest process yielding particle deflections are binary collisions
with single scatterers = linear Boltzmann eq.

e [f the deflections due to the accumulation of a large no. of small
interactions yield a relevant change in the direction of v before a
binary collision takes place = linear Landau eq.

(The deflections over times of order T; must be uncorrelated.)

e Potentials for which this lack of correlations does not take place.
Then macroscopic deflections must be taken into account.

e The proof of the independence of the deflections is the crucial step

towards any rigorous derivation of the kinetic equations !
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