
Lecture L
A.Nota



Summer School:Probability & geometryon configuration space
July 2023

Lorentz Gas dynamics:particle systems & scaling limits
with sonne perspectives outte vol of long-zonge interactions

Alessia Moto

University of L'Aquila
alessie. NoteRumiveg. it



1) The Paradigm of Kinetic Theory of Geses
I systems constituted by a mylange number of
Lidentical) components whose mimoscopic behaviou

is band on the fundamentallows of
mechanics (Newton Equations)

6)Huge mumber of particles => behavior of
the system is too complicated to fellow
atMICROSCOPIC LEVEL and it is imposseble
to analyze

Ex: gotes, planetary rings, plasma, galaxies...



3)Instead:look of the collective behaviou of the

systemon scales much longer than the ones

charactelizing the mino dinamics.
1 4

6)Om such MACROSCOPI SCAES thesystem is mech
-

simple to analyze and it is descubed by
integra -defferentialequations for which te

analysis is more florible

·)The problem of dening these equations from
-

the micro dynamics though suitable scolung
limits is one of ter central problem in non-equelbru
statistical mechanic



MICROSCOPIC DESCMPTION
↓

z

:xi,vil Zoom onthe collisions Nparticles
sodameter

vi vi -

3
zi =(xi,vi) e IR3x1R- -2 1

=1, . .,
N

X

28
x, --s 0

KineticDlimit MESOSCOPIC DESCRIPTION

fixx+- 1R+,f =f(x,z
-> xv

[bt +-)f =2 -

FREE TRANSPORT CoLL.OP.



MICROSCOPIC DESCRIPTION

Newtoniondynomics fa (Xilt, wilt) i =1, --

(Nie) E xi(t)
=vilt)

- Il
vilt) =F (xi-xg(t)) " Fext

i,I
=

1

ei*f extel face-tracking
+ in. Ldt. (Xild), vilt))=(x,, (i) face
Astate of the N-particle systemis denated

EN =(XN,XN) =(x , --,XN, Ve, --va) -> BYxIN
blos space.



·I due tothefact that the particles en idental
--

8: =IREN x 123N/S ->permutation group.N

o Mi =1 vi =1, - N

i) Fig =F(xi - xy) =

- 3x (xi - x))
E interactionpotenteal, E: R +1R +

⑰((x))
RK:-BIRY => I! of

solutionto (N. Ep.).
eguesdently I! Er ->StEl



Hamiltonion
-

(n) n() =1vi2 +U(Xr)
Kin. Pot.

var =Es.Elx:-x)
permutation H(z) =4) r(z) t re SNconce

-RKcantier Fi =1, - - N

(eque. ((N.2y)



9:17Hapot e =

Land-wr
0 2 -aH

M

(2) =3
+s 2 - e

S arameten)

23 ↳pot. aiRt

inpot I / CERt
3) Inverse power low potentials

d(2) =s - 1
S-2



#TICALDESCMPTION?

introduce pob. monne with density88 (E
oftime t =e (88(Xn,Voldr)
Isotisfies i) fö(Xw,Yr)0 Leb. was

↓Ix2, vp EIR3Wx3N

i) ,f(x,)dXdk= 1

in 88 symmetuc in the

exchange of particles.



Using thewe ebstan

IfYt,z)=f=(St(zw))] tenere
↑ Doman

fN(t) is obtained by odving the livelle Jp.

- ⑧ ⑧(MH2+fN(t) +W0xwfM) -(xV)wf(t) =0
( 12 +(8,4y =0)-

N
I

Eri- xi EzOxiE:Tri



(LE) btE +W.N 2CH - EU:Orf =0

-

TICLIMIT (N, p..-
- Ne+DxeR

B.0.ht)
*s,k -0

/

(N2 =0(2)) m.fr.
-

IN-0 volume I
-

fraction
e e

N =100 2 = 18 cm
I

-4

Ne= 10?10 I 10 cul

,
N2 =10. I10

Chi
-Iri



i iOther Kinetic songs
-) mean-fieldlink ->v. (Collinee

I e) weall-compling lanf -> LadenEy. (daa)
collisione

o) High-deantylunst -> LenaereeEq.

Ref -> H. Spohn, Kinetic eg. from Mamultamen dynamics-
-

nockovien lants Re. Rod. Phys. 1980
-> n.Pulvient, S.Simonette; Propagation of choos-
and effective equations inkeet,They, 2016

->A. Note,J.Vazquez,R.Winter;Interacting particle systems withlang-range
interactions:scaling lunts & Kinetic equations, Ath Acc.Linzei, 201



Descuplion &2
8f +n.8 x1 =d(4,t).

GIA,t) :RxR'xR+IRt

1597alt, f7 (0) =f) drx du BIN-, w) [t'l's - 885]↑ ne

R3 $2 ↳

8=f(u)) if=f(02),fx =f(vz),f =f(0).
(v,or) -> Iwsing me. Iserincrney vel.



Rk: 1973
mydidationof

theB.E) [O. Confund]I Thutation: State I
DROPERTIES
-

alfil (I=g ...)
pes x,t ese prometers

(collusione ore locdited in space atimb

P3) collisions on electic. (Momention ore

kin. energy arred

v' +Vx =0 +0xI(+=(OR +(is)" 1/



meshome V
=n- I-i

-

V =r- vi

.......- -
- m

0
I4. I

O=

T - 24e

I:import parte.
w: scottingrector

0 +1
- d

Ble-es,) -
eintenne



B(I), w) =IVIIII) =IVI Gap to

E: B(IV), w)=1 V.w1 Ward-sphe IIntera- chasSvee:(differento -diffet B7
-

I BG

⑦I
reddation: EN, t -> f(t) I

Aut

I particle fis
magine

e

terrgue
ad.efB.G
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Recop · 18.07.2023

(B.Eg.) (1+ +N.1x)f =a(t.t)
/
f =f(t,x,r)
one-particle mob.&18,fiv) =(favadwo Blu,alf'fr-to) dearly

-

-

1R$2 collision Kernel f1 =f(0),f =foi)
PROPERTIES:
pi) & is quadotic
P2) space a time ore premeters inRadio,h
ps) Collisions on elettic (VAVaveva &mentur

Pu) collinous andwe of theti
seinen

(NN, w) -(u',ve, wI is an imvolution (t] =)



structure of thecoll. Kennel B
V !VI IVI

·) 0 =Blu-1,w) =B(Iv - vx),w.rn) ↳- = B(Ivv, 2050)
Ir-5a

IV =r. velocity) e
"CosO, O scotteringangle

a) B(w,V) =Il2(w,V)
- - ~all. Kennel scatteringcross-sec -ove Ha

descute

I(w, v)?Solve the SCARERNO PROBLEM
the probontiy
thate coll.

S - -

&(e,U)
talleplace

I
W I

2) 0=0(f,V) any, S 0
=π -z-

2min IVI

6) I(w,v) =sendo
t

Zmin s.t. 1=eet)



examples: most-Ex i) Ihard-sphere interactions. : V

= B(V,w =1w.V)
I =22
I

i) P(2) =Is-,x2 ind =3 inverse poelaw

B(IV),cosO) =IVIVbs(cosO)
5 = S-5

mer
Kinetic angula

l

Cross-Sec con-sec.

· 80 hard pot. Io softpot.
6 =0 nauvelhon Indecule

If = 1 hand-sphere, y = -3 Coulicb]



by:(ii) -> To,tro) implicitelyduf., locallyscott
and has a singularty et0=0

141

·ein &S-1 (sen) b,(cosO) =Ks, Ks>O
0-30

·I in bs(10)=4 [See: J.W. Jang, B.Kepka, A. Note,
St +0 J. Vélasques,Vanishing
H angular singulartyheret

Bs t Brad-sphere to the Hand-sphere5 -00

"In -Nx costo Arco,o B.E., ISP 2023.]

P5) Collisions involve only RELATEDES
(Boltzwarn malechosasruptan)



Ropector of Ha B. Eg.

f(x,7): =f,of(x,r,zdm MASS DENSITY;

X(xit): =1 flx,u, t de Buck vecouty; -ex,z)/,R
Elx,t:=ixit di (r-w)"flar, tder everoy [T=E)

H-Thorem

H(114) =(is/ins 114, 0,4 (log f(x, v, tl) dx der
ENTROPY FUNGIONAL

EHILICH =
-(r))dx 20

entropy dissipation



Trend to equilibrum
-
(v -w(x)
--

·lad eg.: Meix,w)= e 27(x)

. global e. ·Me(n) =n) e,i
T> 0

Iprinciple of them.: any non-eg. stateof an
~solded gar wolves towards

the equlibwim represent



Hemistic devnation of the B. Eq. (ferhand-sphere int)
N hard-spheres of roduis 4

En =(Xn,) IRxRN nerties cannot overlop
(xi - xj) 2

Space: Fa =AzxIRIN
1,1 =1, -N

M2 =3 x:(xi-xlu, i*]}
-

hard-core colt.

Dynamics free flow untilthe first time in which

xi(t) =Nitt
I port des amieot distance re

&E vilt) =8 (Ixy(t) -x,(k,2.Fi,y =1, - -N,ify)



Then an instantaneous elastic collision happens:

bd.
xi(t+) =xi(t -); Niltt) =vilt) -((Nilt-))-n)n

colt. S xy(t) =xq(t);Nj14 =NH
- ) +(m) -Ht).n)m

1

- vi
Xi

where m =

mij:
~,

Mig*
is

1

and after, egan full flow.e
En -> STE) =(x, +Vit, Ne, x2 +VatiVe, -atVat, (n)



RK:the houd-sphere flow En -> STEr) is timever.

R:St(Er) mot globally well-duf Enlo) du to
polhopossible
-

logica contations
-

3 MULTIPLE COLL

> GRAZING COLL. (i.e. M. (0,-) =0)
-"CLUSTERING"

but such pothdagles happen only for a set of
-

initial configuraton of vonishung mene
--

=>St a.e. def. Wiz.t. Lebengueb
-



-prob.means withdeely f8(z) dEn on Tr

-I portale manginas C to have a reduced
descuption

N

8 (z..-zj,ti = / da+1 ...
.. dzN fN(j,+,-r,t)

I 1R3(N-1?1R3(N-

filz,- 5,,t) =0 F1 >N

t-packle mang.:fixk, LeftofZe,zAnf
Goal Evolution Ep. Laf?
WithoutCollisions:f(x+Vit, v, t =0

(1=1ve.8x)1*



With Collisions: (17 +V. (x)12 =CoU7G-2)
2 dx,duidt =

loss of particles from theall lair of
--

thephone space in the trueinterna (t, ttdt)
-

Gdx,dudt= gain of particles entring tu all in of
thephone space in the trueinterna (t, ttdt)

in

..... =>(CUS(22)=(wie((amaufz(x,, v, x, the, V) (r-r-n).... -

e - -

"0(1) R$
=

-> X1 i
N

=>THE EQUATION *2++V,-8x,)71=aCLLYis NOT GOSED!

:(S) f(x,1,2,n) =1,4)x,,vi) f(xz,v2) ProPAGAtionof
CHAOS

IsI holds asymptotically (in the B.G. lunt)
- from I we - An Boettzmann Ea. (B.Ed.

Il
- obtan



Sferences -

2) CCerignoni, R. zanes, D. Pulvirent
The Motturatica Theory of DelateGee,Spage

1984

2) 2. Gignoni, The Battern Iquation and
its opplication,Springer 1988.

3) O.t. confond Time endution of lange dasid
systems. In "Dynamed Systems, theoryand
opplications". LectureNotesin Physics, Spurgu 1875



From e many body problem to an effective single-particle
system: te Losentz Ges (H.20ntz 1905)

2

Ci fixed conf. of Landomly-
distz. absta S infinitely)
-

- des heory
- "I 3,,--,...) centers
T

(x,v)
MICROSCOPIC DESCR. MESOSCOPIC DESCR.

Kinetic
x =v

N.Ee) (i = -2yx(x - (i) limit
(1++v.xx)f =)

i
-

+(x 10),V10) =x,v) in.cdt. crockovion) 2floSawswetenteeE oppox.

2 =f(v'), 8 =610



-Ru
->
0MICRO Te

N. 2. (N particles) Elen /Navier Ades

remetics ↑ fast whex.
scohig MESOSCOPIC 6

-+0

B. e (Kinetic eg.)
-

- -> -
e
sene

lemor ⑳ mydody name ad leteMIMO - MACho

sclang *1980 -

Niet. For

↳
Buniviache+-ne breutz

notcle
rate scopic athan
De

Aut 2. B.e.



ade:)d =2 i

.Lad-Sphere int I "
n
-

1

M
T(,v) I

I

12
f =send e

[-1,1]N

Grün-zam4 (d =(m. ~Idr

6)I: 1x 12 x112+->1+
22f +v.8x1 =(,,da(m-r)(f(0) - f(0))

1-524(f(r) - f(x)))*



The Linea Baltzman Eg. (fe hand-sphere Int.)e
Letfo e (x (12 xRY) x =(G) =1,4f(u)↓ 2= Siful
Since 2f(0) =c(k - I) f(v) (atc =1)
- - Source -

↓

[b +v.8x)f +1 = kb
-

(L.B.ec)
-S f(x,5,z) =e

+

fox- rt,r)+(set -kf)(x -rt- s),ys
↑e Ne
Dukamel SS)(2)(S)

Set q(x,w,t): =SH)fdx,w) =e
+

f(x - vt,v)
evolution san.

By iterating no forma series expension.



f(x,n,t) =S(t)fo(x,r) +mod) ...an-

SIt-tz) KS It.-tz)
.....

K8(tu) fo
&

Using the explicitform of S(t =D

éfo(x - rt,r) + If(x,x,t) = mic o Jtz (2--Sat
B.sa) ....afolx-not-tal-wittital

.....Untm, Nm)



where:)tilS.t. Oftenste-....t tot
COLLSION
T.MES

8 Intri. Entit (ti-tie) NExple)

-)IN;}*- sequence of velocities
N -V -2 -... ->N;

Nen=m-2IsN

Stockastc Frajectory. bet(x,u) (Rx(10) =1)

-(x,u)
I- se(tnito) Ss - Ns b(x - 5,0)
i - 1 +1

- 110- [ite,t) (x55) =x- IN (tr-tex);k=0

-(ti-It-s)) vi



In particular, for S =tm

S
x(- t)

=
x

- I
m-

Vi(tp-t-) - tmVm
x =I

v(-t) =v
m · (x,w)

·(X -vt,v)

5
+

(x,0)
in

8

(x - r(t - +z) -----Unter,Um)



The particle model IonentzGo in 1R2
R2

22 2

22 FIXED

30,3 centers ePoissan I

Ci

1

-

"
DISKS

Es noders
TC I

I

x,v)

P(ARG3nA) =N)
=eAlda--daw,AR

bounded

obstades may ade:for some oft lay-cre/22
-

e
25

C "
Ive allow for configurations (cyYs.t...

a cr



Dynamics (billond flow
Let (x, v) -> 1x$, an =(y - -,cn), (e) =1.

S

=>Tr:=(Xg/t, falt) zIR2xS/fort is defred by:

i) 12(xg(t) -x) *Iz J = IN

then

S Xq(H) =Nalt)(N.9 ig(t) =0

is) if IXg1) - pl=E for some ze] = IN we

use the boundary calt.

XE(t+) =xy(t- );EWalt=vaCT-(Val). m)m, m=



Kinetic Scaling:(low-density a B.G. Cimit)
The intensity M ->Ma:

=s-ld-17
M, M30,

dx

lug :=u ind =2)

RK: Me =<N > 1A A = R

Ma.2=<NC in.2 =Egg =sp to DILUITE
-

{--

M2.3
=(N)1A. =E2 =

x
=0(1)

Noldton:P-Pa, EI)-Es[..]: =Est ... Agmimix-cik
i



Given (x,v)e12 x$1, giver IN, to "smooth"

consider Tw(x,w) and define

(i) fax, r,t) = =Es [fo (Ter/x,wIl]

go: prove that fa -f where I soie
os E -e the Linear

Botte. Es
I.B.Fe



Thorem: (Gallavoth1972)
Letfo a L'W"*,Rx$), let Two and let
-

f(x,v,t) be def. Os in (D)
-

Then, for any teta,t] we have

lin, I19at) - ftlly =0 Lumint)
wher I solo

(2) +vex) f
=2(y(f(x) - f(r))

f(x,w,0) =fox,w)
RK:qualitative result! For a quantitative butt



thatcontrols the error in this Monkonon

opprobimection ["Error"Ca"72]

see for instance :

(a) Besile, Note,Peztoth, Pulcinenti Comm.Meth..Phys. 2
015

(0) Nota Spungu Proceedings in Mathemetics & Stastics 2013

(e) Lods, Nota, Winter Jourma stat.Phys. 2019

If we console also the effect of an extermal field?
(.) Noto, Saffico, Simonella Ann. Ens. H. Poincais, Prob.

& statist. (B), 2022



Stotegy-- constructive approach
based on e suitable change-
of vonables hich bods

to e Markovion approximation

(for the Lount process) descubed
by a linioBattzuann Eg.

Technical difficultes:same of the Landom

configurations lead to
trajectorier teat "remember"

too much preventing the
Mackovionts ofHa eret
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The metopic description of a lorents Ges is given by
a hmar Kinet quation

MICKO MESO

I*28,0(x-ci) (N.47
kinet bunt

(t +v.xx)f =2(f)

&FIx;EN
Reckovier approx)
h.S. =In.WI

.Boltzeg.:2f(r)= du Bn[f(er(a))-f(r)] cow-density
$1

·) London eg.:2f(r) =kArf(r) weak-compling



Thorem: (Gallavoth1972)
Letto a L'W"*(Rx$), let Tw0 and let
-

-

f(x,v,t) be def. Os in (D) fax, v,t) =EfflT]
Then, for any teta,t] we have

bin
2-
(fatt) - f(t)1)(x) Lumint)

wher I solo

(2) +vex) f
=2(y(f(x) - f(r))

f(x,w,0) =fox,w)
RK. qualitative result! For a quantitative sull



Roof (main steps)

Mfs(x,w,z) =e
-MilB=(x) /Bak)/o (der foltaxir))

Set BE(x):=Be(x) (Bc(x) ((x)(Ba(x))

-> distinguich the obstactes r=(4-,n) in to

INTERNAL Ors:if inf (xg) - s) - (i) =E
~ Se to,t]

↳EXTERNAL OBS.: if inf Ixz)- s) -cil>E
Se To,t]

and we decompose the configuration (N
=bnv5p



2n = (b), - - -bm) intermal obst.

5p =(51,
. . .,5p) extena dost. (2 =N- n)

N obstaces/instand
=>(*) different=N -n extend

ways

e=fax, r,7) =))EoSab(2) ↑

sext fo(TYx)EbbEdin(Bi(x)) Ex,) =Fabn (x,r)



TUBE
-

2t(x,wiz) =(y =BE(x):
t

I s- To,t] St.(y - x,- s)) -E

- 2(x,vibr) =((z)soX.**
OF WIDTH 29



Integrating over theexternal obstacles:

e) fax, ,t) =Emod (e-Malalba) SinteticDu
(E(x))

God: Removefrom to all tragectones that inwolve

"bod events"us multiple collisions.

Define
(4) 2esx, ,t) =5 dbe e-sel fo(Tx,)

bu
m0m!

(BE(x)) Ibne
setof obstaclesS 2

by thetaggedat)



1breAny =13bn internall exactly in coll.I
DI

Patological wuf:
↑

b1
Recollisions
(backward) by R

the tajectory returns to
a collision pointafter L(x,v)

bu

horing colleded

witha differentdatacle i



·)Interferences (beckward

bi
the trojectory

I encounters a new
b2

daFace in e point
1

in space which has

been deady
visited

33 T

bu
1

v x,v)



#If (T-" (x,01)] =ECflavil]



1 =1
Sarey bneRrIYeezyRnI
!"
n

int
Ip

Proposition.(Mankovien part
Let fr be def. as in (3). Then, Fg def es in (n)
setiofies: 0 =Falt) =Falt) =falt) where

3Falxir,t) =e2t(r)... fafate 11 -1 fo(j(x,n)
↳etaut flor(My =E (M) (f(x,w) =(x)-7),v)-t))



Nof: IZeball =I (a) (n (tit-tib bitt

=2avt
2

bi - stit)

(*)e
Mel2 (bell effe. Ettrl_éeMist_e -t

dbnkbuznItfolst-Dhz(x,,t) =e
-eptE (x)

=>0 chatt)(t) =fq(t)
e

=>we need to more that ha =Es.



·)order the obstaces, ie
bi colluded before by if i <I

·) fi: impact ti: =sup [inf (xg(t)-bik
parometer I ↑ es Oct2

hitting time
C.V.?

·)CHANGE OFVAMABLES · be, --bn-(e,t)...(frite)
-Will

0 =tn tm -
c...cctot

o) conversely, fixed the 2til;, 1904:we construct

the centers of the obstacte 36, 7, bi =bilfi,ti
and the flow (

- (x,v) =(x)-s),v)- s)) kse[o,t)



RK:) j(x,w) =T (x,n) !!!

6) AbenIty => jx,0) =Tan(x,0)
Coutside the pathol.corf.)
* (V) is e onetoon mp.

In thenew vordiles

A2neAnItly =(1 - Ap) =(1 - 1p)(1 - 1I)

and

=>using
(idbtrama

-e



he(x,,t =etal Jat(e für -el-efoltx)
=>h= =Fc)fimaorion)
and

0 = Fg(t) =fal =fq(t) -
-

Non Modorien
fa(t) =fModonen = Iz +"eror"RK: + fa

Since Es[4-1p)] -> 1(equov. EcTAp]
2-0



STEP(It: Compan Is withIsal. to(B.e)

i) we have pointwise con:Falx,0,t) -> f(x, with
E-0

2) thegeneric ten of theserverdefining Fa
is dominatedby

Il follet (ap) I terniteC

1) +2) asmatedFalt-f(H in [/R x$'

convergence

STEP.(1): compose Is with I ad to (B.es.)



B.Ef(a.f(x,wit) =e
t EM- fre

ja -- fr folg-ri)
-

x(+) =Y -n(t - ti) - N,(t- t) ----Utr

Sus-t =ve X, c

-1

x - vlt-ti)...Untr, Un



IIfsIH-filly = II falt-falIn+
1) monotonicty (of the constructive argument)
2) Conservation of man 8

Il folly=11Gall=111Il

=>D le 11 f2(H-f(H11, =0 ~E-o

ShortAt.: esge



WHAT HAPPENS FOR LONE-RANGE

INTERACTION PTENTIALS9
2

I BIX)for age]

key zemorks:1) For short-range potentials
the miximy eties of the condom
field = statistical independence

of the tractoria in thelimit!

2) Very slow decay of correlations of
the rondom field for long-vange



Literature 8

1)Note, Simonelle, Velazquez:On thetheory of
Lountz Geses withlong-lange interections. -

Rev. Moth. Phys., 2010
-

2) Note, Velazquez, Winter:Interacting particle systems
withlong-lange interactions:sealing limits and knet

equations, Att Acc. Naz. Lincei
Rend. UnceiMat Appl.

&

A 72021-3)Note, Velazewiz,Winter:Interacting particle systems
withlong-lange interactions:approximation by tagged partice
in random fields, Att Acc. Naz. Under Rend. Mot. Appel

C

Ze



Outene

Task1; Existence of thelimitstockostic force field &

-

Ig (fenedized Hattswort field generatedby the distrib -

- In -of sources yielding a utential -(x)2(x)
- S

2

and identification of conditions for
Chandra sekhertrodation invenience. Heltswork 193]

-

Tod 2: Estimatethediffusive time scale and identify
conditions for the manishing of correlations tou
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Generalized Holtsmark fields



Setting

• ⌦ =
n�

cn

 
n2N, # {cn}n2N \ K < 1

o

⌫ : uniform Poisson meas. with � = 1

• I = {Q1,Q2,Q3, ...,QL}, Qj 2 R

µ : probability meas. in the set I

• ⌦⌦ I set of charged scatterer conf.

! =
��

cn,Qn

� 
n2N 2 ⌦⌦ I

(⌫⌦µ)
�
\L

j=1

⇥
UU,nj ,j

⇤�
=

exp (� |U|)
QL

j=1 [µ (Qj) |U|]nj
QL

j=1 (nj)!

Class of potentials s > 1/2

Cs :=

n
� 2 C

2
�
R3 \ {0};R

�
s.t. � (x) = � (|x |) and 9A 6= 0, r > max(s, 2)

s.t., for |x | � 1,
���� (x)� A

|x |s
���+ |x |

���r
⇣
� (x)� A

|x |s
⌘��� 

C

|x |r
o

d ciai&
& (,0)

.
U CIR
I bounded



Definition: Let be � 2 Cs and ! 2 ⌦⌦ I . The random field
�
F (x) : x 2 R3

 
is

a generalized Holtsmark field if 9U ⇢ R3 open with 0 2 U s.t.

F (x)! = FU (x)! = lim
R!1

F
(R)
U (x)!

where F
(R)
U (x) := �

X

cn2RU

Qjnr� (x � cn) (?)

8 x 2 R3 and the convergence is in law.

Theorem [N., Simonella, Velázquez 2018]

Let be � 2 Cs . Then the limit field F exists for potentials � 2 Cs and defines a
random field if:

1. s > 2 or
PL

j=1 Qjµ (Qj) = 0 (‘neutrality’) and s > 1/2

or F
(R)
U = F

(R),0
U ,

Z

|y|<1

|r� (y)| dy < 1 and s > 1/2

(Translation Invariance)

2. 1 < s  2 and
R
U\{|y|< 1

2 }
r
�

1
|y|s

�
dy = 0 (Dependence on the geometry)

3. s = 1 and
R
U
r
�

1
|y|
�
dy = 0 (Translation invariance is lost)
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Theorem [N., Simonella, Velázquez 2018]

Let be � 2 Cs . Then the limit field F exists for potentials � 2 Cs and defines a
random field if:

1. s > 2 or
PL

j=1 Qjµ (Qj) = 0 (‘neutrality’) and s > 1/2

or F
(R)
U = F

(R),0
U ,

Z

|y|<1

|r� (y)| dy < 1 and s > 1/2

(Translation Invariance)

2. 1 < s  2 and
R
U\{|y|< 1

2 }
r
�

1
|y|s

�
dy = 0 (Dependence on the geometry)

3. s = 1 and
R
U
r
�

1
|y|
�
dy = 0 (Translation invariance is lost)

Comments:

• For s  2
P

cn
Qjnr� (x � cn) only conditionally convergent.

• In absence of neutrality we need a stringent assumption on U (cf. (2), (3))

(geometrical condition on the cloud scatterer distribution).

• Small displacements of the domain U can yield limit random force fields with a
non-zero component in one particular direction (cf. (2))



Theorem [N., Simonella, Velázquez 2018]

Let be � 2 Cs . Then the limit field F exists for potentials � 2 Cs and defines a
random field if:

1. s > 2 or
PL

j=1 Qjµ (Qj) = 0 (‘neutrality’) and s > 1/2

or F
(R)
U = F

(R),0
U ,

Z

|y|<1

|r� (y)| dy < 1 and s > 1/2

(Translation Invariance)

2. 1 < s  2 and
R
U\{|y|< 1

2 }
r
�

1
|y|s

�
dy = 0 (Dependence on the geometry)

3. s = 1 and
R
U
r
�

1
|y|
�
dy = 0 (Translation invariance is lost)

Comments:

• In R2 the critical value is s = 1. The Theorem can be adapted for s > 0.

The Coulombian case corresponds to a logarithmic potential.

If s  1 a nontrivial condition on the geometry of the finite clouds is required.

• The result holds also for time-dependent random fields.
([N., Velázquez, Winter 2019])



Theorem [N., Simonella, Velázquez 2018]

Let be � 2 Cs . Then the limit field F exists for potentials � 2 Cs and defines a
random field if:

1. s > 2 or
PL

j=1 Qjµ (Qj) = 0 (‘neutrality’) and s > 1/2

or F
(R)
U = F

(R),0
U ,

Z

|y|<1

|r� (y)| dy < 1 and s > 1/2

(Translation Invariance)

2. 1 < s  2 and
R
U\{|y|< 1

2 }
r
�

1
|y|s

�
dy = 0 (Dependence on the geometry)

3. s = 1 and
R
U
r
�

1
|y|
�
dy = 0 (Translation invariance is lost)

Strategy:

Pointwise convergence of the J�point characteristic function of F (R)
U (x):

m
(R)
⇣
⌘1, · · ·

2R3
, ⌘J ; y1, · · ·

2R3
, yJ

⌘
:= E

h
exp

⇣
i

JX

k=1

⌘k · F (R)
U (yk)

⌘i

= E
"

JY

k=1

Y

cn2RU

exp (�iQjn⌘k ·r� (yk � cn))

#
, 8 J � 1

-



The importance of electroneutrality for Coulombian potentials

In the case of Coulombian potentials � (x) =
1
|x| the random force field

FU(x) satisfies a system of stationary (Maxwell) di↵erential equations.

For almost every ! = {(cn,Qjn)}n2N the function  (x) := FU (x)! is a

weak solution of

div =

X

n

Qjn� (·� cn) , curl = 0.

If the random force field
�
F (x) : x 2 R3

 
is translation invariant

and E [|F (x)|] < 1 for any point x 2 R3 )
PL

j=1 Qjµ (Qj) = 0.

• electroneutrality is necessary in order to obtain the translation invariance!



Dynamics of the tagged particle and Kinetic Limit

The type of linear kinetic equation arising in the scaling limit

strongly depends on the microscopic details of the interactions

(dependence on the decay as well as on the singularities of the potential)!



Kinetic Limit

Consider {� (x , ") ; " > 0} . " tuning the mean free path.

• mean free path `": typical length that the tagged particle must travel to have
a change in velocity comparable to |v |

• typical distance between scatterers d = 1. characteristic speed O(1)

• collision length �" (! 0) : characteristic distance for deflections O(1)

If �" exists then the characteristic time between collisions is TBG = 1
�2
"

Ex: �(x , ") = "s

|X |s �" = ".

� (x , ") = "G (x) , G globally bounded ) No collision length

Kinetic limit : • 1 = d ⌧ `" as "! 0 (KL1)

• statistical independence of the deflections at distances O(`")

CEIDIODIT] ECOEID] a 2+0)



Dynamics of the test particle

• (x(t), v(t)): position and velocity of the tagged particle. (x0, v0) in. data.

⇢ dx
dt = v

dv
dt = F (x , ")!

• T
t
(x0, v0; ";!) : Hamiltonian flow. f0 2 M+

�
R3 ⇥ R3

�

Goal : f" (`"t, `"x , v) = E[f0(T�`"t (`"x , v ; "; ·))] as "! 0 ?

Tool : to control the deflections at distances larger than �" split � as

� (x , ") = �B (x , ") + �L (x , ")

�B

�
x , "

�
:= �

�
x , "

�
⌘
⇣ |x |
M�"

⌘

big deflections within�"

�L

�
x , "

�
:= �

�
x , "

�h
1� ⌘

⇣ |x |
M�"

⌘i

deflections at distances��"

, M > 0

⌘ 2 C
1 �

R3
�
s.t. 0  ⌘  1, ⌘ (|x |) = 1 if |x |  1, ⌘ (|x |) = 0 if |x | � 2

* A



Dynamics of the test particle

• (x(t), v(t)): position and velocity of the tagged particle. (x0, v0) in. data.

⇢ dx
dt = v

dv
dt = F (x , ")!

• T
t
(x0, v0; ";!) : Hamiltonian flow. f0 2 M+

�
R3 ⇥ R3

�

Goal : f" (`"t, `"x , v) = E[f0(T�`"t (`"x , v ; "; ·))] as "! 0 ?

Tool : to control the deflections at distances larger than �" split � as

� (x , ") = �B (x , ") + �L (x , ")

�B

�
x , "

�
:= �

�
x , "

�
⌘
⇣ |x |
M�"

⌘

big deflections within�"

�L

�
x , "

�
:= �

�
x , "

�h
1� ⌘

⇣ |x |
M�"

⌘i

deflections at distances��"

, M > 0

At distances O(�") the particle is deflected for an amount O(1) by �B .

Time scale TL in which the deflections produced by �L become relevant ?



Test Particle Deflections produced by �L

Consider the dynamics in the Holtsmark field FL(x , ")! for t 2 [0,T ]

T small ) x (t) ' v0t & DT (")! :=

Z T

0

FL(v0t, ")! dt (change of velocity)

• Characteristic function: m
(")
T (✓) = E [exp (i✓ · DT (")!)] , ✓ 2 R3

• Characteristic time for the deflections:

� (T ; ") := sup
|✓|=1

Z

R3
dy

⇣
✓ ·

Z T

0

rx�L (vt � y , ") dt
⌘2

• Landau time scale TL: � (TL; ") = 1

• 1 = d ⌧ `" becomes `" = min {TBG ,TL} � 1 as " ! 0

) the time scale for the kinetic evolution is the shortest among TBG ,TL

Di↵erent cases:

TL � TBG or TL ⌧ TBG or TL
TBG

! C⇤ 2 (0,1) as " ! 0



Test Particle Deflections produced by �L

Consider the dynamics in the Holtsmark field FL(x , ")! for t 2 [0,T ]

T small ) x (t) ' v0t & DT (")! :=

Z T

0

FL(v0t, ")! dt (change of velocity)

• Characteristic function: m
(")
T (✓) = E [exp (i✓ · DT (")!)] , ✓ 2 R3

• Characteristic time for the deflections:

� (T ; ") := sup
|✓|=1

Z

R3
dy

⇣
✓ ·

Z T

0

rx�L (vt � y , ") dt
⌘2

• Landau time scale TL: � (TL; ") = 1

• 1 = d ⌧ `" becomes `" = min {TBG ,TL} � 1 as " ! 0

) the time scale for the kinetic evolution is the shortest among TBG ,TL

Di↵erent cases:

TL � TBG or TL ⌧ TBG or TL
TBG

! C⇤ 2 (0,1) as " ! 0



Collisions vs. di↵usion

Family of potentials: {� (x , ") ; " > 0} , �(·, ") 2 Cs , s > 1/2

� (x , ") =  

✓
|x |
"

◆
,  2 C

2
⇣
R3 \ {0}

⌘

 (y) ⇠ A

|y |s , r (y) ⇠ � sAy

|y |s+2 as |y | ! 1, 0 6= A 2 R.

Collision length: �" = ". Boltzmann-Grad time scale: TBG =
1
"2

.

"2



Collisions vs. di↵usion
Family of potentials: {� (x , ") ; " > 0} , �(·, ") 2 Cs , s > 1/2

� (x , ") =  

✓
|x |
"

◆
,  2 C

2
⇣
R3 \ {0}

⌘

 (y) ⇠ A

|y |s , r (y) ⇠ � sAy

|y |s+2 as |y | ! 1, 0 6= A 2 R.

Collision length: �" = ". Boltzmann-Grad time scale: TBG =
1
"2

.

Theorem [N., Simonella, Velázquez 2018]

s > 1 s = 1 1/2 < s < 1

lim sup
"!0

� (TBG ; ")  � (M)

lim
M!1

� (M) = 0 ⇤

TL ⇠ 1

A2"2 log
�
1
"

�
TL ⇠

✓
1

WsA
2"2s

◆ 1
3�2s

Hence TL ⌧ TBG as " ! 0 if s  1

⇤Small deflections due to interactions at distances larger than M�" become irrelevant as M ! 1 in the timescale TBG



Collisions vs. di↵usion

Theorem [N., Simonella, Velázquez 2018]

s > 1 s = 1 1/2 < s < 1

lim sup
"!0

� (TBG ; ")  � (M)

lim
M!1

� (M) = 0 ⇤

TL ⇠ 1

A2"2 log
�
1
"

�
TL ⇠

✓
1

WsA
2"2s

◆ 1
3�2s

Hence TL ⌧ TBG as " ! 0 if s  1

Remark: For the Ideal Rayleigh gas (not interacting background a↵ected by

the tagged particle) the di↵usive time scales are the same.

Di↵erent type of di↵usion coe�cient !

(Di↵usion not restricted on the sphere of constant velocity: the energy

of the tagged particle is no longer conserved in the collisions!)

([N., Velázquez, Winter 2021, 2022])



The Coulombian Logarithm

What is the e↵ect of �L?

Dyadic decomposition Ak := [2kM", 2k+1
M"] between M" and the m.f.p. `" ⇡ T"t

#{Ak} =
log

�
T"t
M"

�

log 2

Deflection Dk due to particles in Ak : E[Dk ] = 0, E[(Dk)
2] ' "2T"t

Variance of the total deflection D :=
P

k Dk :

Var(D) =
X

k

Var(Dk) =
log

�
T"t
M"

�

log 2
"2T"t ⇠ t

) Var(D) ⇠ t , T" = C
"2| log( 1

" )|
:= TL with C = 3 (Landau timescale)



The Coulombian Logarithm in the interacting particle case

What is the e↵ect of �L ?

Dyadic decomposition Ak := [2kM", 2k+1
M"] between M" and L" = 1p

"

(Debye screening length)

#{Ak} =
log

⇣
t

"
p
"

⌘

log 2

Same computations performed for the Lorentz Gas

) Total deflection Var(D) ⇠ t , T" = C̃
"2| log( 1

" )|
=: TL

The di↵erence is in the numerical factor C̃ = 3
2 !



Correlations when TL ⌧ TBG (s  1)

Deflection

D (x0, v ; ⇣TL) =

Z ⇣TL

0

rx�L (x0 + vt, ")! dt x0, v 2 R3, |v | = 1, ⇣ > 0

Theorem [N., Simonella, Velázquez 2018]

• s = 1 : E
⇥
D(x0, v ; ⇣TL)D(x0 + v⇣TL, v ; ⇣TL)

⇤
= O(TL"

2) ! 0 as " ! 0

and
1
2

Z

R3

✓
✓ ·

Z ⇣TL

0

dtrx�L (v⇣TL � y , ")

◆2

dy !
"!0

 ⇣ |✓?|2 ,  > 0.

• s 2
�
1
2 , 1

�
: E

⇥
D(x1, v1; ⇣TL)D(x2, v2; ⇣TL)

⇤
! ⇣2K (X ,V ) 6= 0 as " ! 0

TLX = (x2 � x1) , TLV = (v2 � v1)

and
1
2

Z

R3

✓
✓ ·

Z ⇣TL

0

dtrx�L (v⇣TL � y , ")

◆2

dy !
"!0

 ⇣3�2s |✓?|2 ,  > 0.

(non vanishing correlations on macroscopic times!)

"O
=
0- 0.Fl



Kinetic equations

On the correct kinetic scale the tracer particle distribution

f" (`"t, `"x , v) = E![f0(T
�`"t (`"x , v ; "; ·))] �!

"!0
f (t, x , v) solution to

Claim:
⇥
s > 1

⇤
Linear Boltzmann equation

(@t f + v ·rx f ) (t, x , v) =
LX

j=1

µ
�
Qj

� Z

S2
B (v ;!;Qj)

⇥
f (t, x , |v |!)�f (t, x , v)

⇤
d!

⇥
s > 1

⇤
Linear Landau equation

(@t f + vrx f ) (t, x , v) = �v? f (t, x , v) ,  > 0

⇥
s 2

�
1
2 , 1

� ⇤
Stochastic di↵erential equation with correlated noise

x(⌧ + d⌧)� x(⌧) = v(⌧)d⌧

v(⌧ + d⌧)� v(⌧) = D(x(⌧), v(⌧); d⌧), D = O((d⌧)�), � 2 (0, 1)

I brAistwist
with

Aigl=K bi - Ne



How sensitively the time scales TBG , TL and the kinetic equations

depend on the specific details of the interaction ?

Consider di↵erent families of potentials � (x , ") = "G (|x |), G 2 Cs , s > 1/2.

• G 2 C
2
�
R3 \ {0}

�
and G (x) ⇠ A

|x |s as |x | ! 1,

G (x) ⇠ B

|x |r as |x | ! 0 , r � 0 .

• Collision length: �" = "
1
r . Boltzmann-Grad timescale: TBG = "�

2
r .

s > 1 s = 1

r > 1
lim sup

"!0
� (TBG ; ")  � (M)

� (M) ! 0, M ! 1

lim sup
"!0

� (TBG ; ")  � (M)

� (M) ! 0, M ! 1

r  1
r = 1 TL ⇠ 1

B2"2 |log (")|

r < 1 TL ⇠ C

"2
, TL ⌧ TBG

TL ⇠ C

"2 |log (")| , TL ⌧ TBG



How sensitively the time scales TBG , TL and the kinetic equations

depend on the specific details of the interaction ?

Consider di↵erent families of potentials � (x , ") = "G (|x |), G 2 Cs , s > 1/2.

• G 2 C
2
�
R3 \ {0}

�
and G (x) ⇠ A

|x |s as |x | ! 1,

G (x) ⇠ B

|x |r as |x | ! 0 , r � 0 .

• Collision length: �" = "
1
r . Boltzmann-Grad timescale: TBG = "�

2
r .

Kinetic description?

s > 1 s = 1 1/2 < s < 1

r > 1 Boltzmann eq. Boltzmann eq. • 2s > 3�r Boltzmann eq.
• 2s < 3� r Stochastic eq.

r  1 Landau eq. Landau eq. Stochastic di↵. eq.
with correlations



Summary

• Conditions on the interactions to have a kinetic description:

weak enough interaction to have `" � d . Then:

• if the fastest process yielding particle deflections are binary collisions

with single scatterers ) linear Boltzmann eq.

• If the deflections due to the accumulation of a large no. of small

interactions yield a relevant change in the direction of v before a

binary collision takes place ) linear Landau eq.

(The deflections over times of order TL must be uncorrelated.)

• Potentials for which this lack of correlations does not take place.

Then macroscopic deflections must be taken into account.

• The proof of the independence of the deflections is the crucial step

towards any rigorous derivation of the kinetic equations !
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