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Delocalisation

1D time:

Random Walk — Brownian bridge
Var,(h(0)) ~ n.
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1D time:

Random Walk — Brownian bridge
Var,(h(0)) ~ n.

2D time: graph homomorphisms Z? — Z
h(u) — h(v) = +1, if u~v.
o P(h) =uniform;
e favour flat points: P(h) x csaddle.

@ non-symmetric:

P(h) ox a# 170 L p#IN L cftsaddle,

Delocalisation: Var,(h(0)) — cc.
Expect: Var,(h(0)) ~ log n and — GFF.

Localisation: Vn Var,(h(0)) < C.
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>3D time: localisation expected. [Peled '10]: uniform measure, d > 3.
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Simulations: P(h) o c#saddles ¢ — 1.8
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Simulations: P(h) o c#saddles ¢ — 2
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Simulations: P(h) o c#saddles ¢ =2 4
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Simulations: P(h) oc c#saddles
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Six-vertex model, a,b < ¢

Gradient field:

type \ \ / / saddle points
AT
heights ‘%O 1% L ‘1%0 1%

) |
U%\l O%l 0%\1 0%1 0%1 04\1
a b b

weight a

Ice rule: two incoming + two outgoing edges.
Six local edge orientations.

P(h) X a#{\u'\} . b#{/‘n/} . C#Saddle.
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Six-vertex model, a,b < ¢

Gradient field:

we N S snddle, poes
heights —1%\0 1\#0 1 —1 2 —1%\0 1*0

) 8
U%\l O%l %\1 0%1 0%1 U%\l
a b b

weight a

N

(=}

Ice rule: two incoming + two outgoing edges.
Six local edge orientations.

P(h) X a#{\u'\} . b#{/‘n/} . C#Saddle.

Prop (positive association: FKG inequality)
Let a,b < c. Then, for any increasing F, G,

E(F(h) - G(h)) = E(F(h)) - E(G(h)).

[Fortuin—Kasteleyn—Ginibre'72], [Benjamini-Haggstrom—Mossel’00]
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Background

o free energy computation
[Yang-Yang ’66], [Sutherland '67], [Lieb '67]

Delocalisation

Localisation
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Background

o free energy computation
[Yang-Yang ’66], [Sutherland '67], [Lieb '67]
e dimers — GFF: a° 4+ b?> = 2
[Kenyon’00]

@ c-interacting dimers — GFF
[Giuliani-Mastropietro—Toninelli’14]

Localisation

i
v
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Background

o free energy computation

[Yang-Yang '66], [Sutherland '67], [Lieb '67]
dimers — GFF: a% + b? = ¢?
[Kenyon’00]

@ c-interacting dimers — GFF
[Giuliani-Mastropietro—Toninelli’14]

@ Localisation: a+ b < ¢
[Duminil-Copin—Gagnebin—Harel-Manolescu—
Tassion’16], [Ray—Spinka’19],[G.—Peled’19]

@ log-Delocalisation: a=b<c<a+b
[Lis’20], AN
[Duminil-Copin-Karrila—Manolescu—Oulamara’20] LREQURRRIRRY
@ Rotational invariance:

vVaz+b2+ab<c<a+b

[Duminil-Copin—Kozlowski-Krachun—Manolescu—
Oulamara’20]
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Result

Theorem (G.—Lammers '23)
Delocalisation for all a,b < ¢ < a+ b. If a = b: log-delocalisation.
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Result

Theorem (G.—Lammers '23)
Delocalisation for all a,b < ¢ < a+ b. If a = b: log-delocalisation.

o Still open: log-bound when a # b. b/c h o

. Delocalisation
@ Soft probabilistic arguments: 7

» graphical representations;
> correlation inequality;
> non-coexistence.

sk s

@ Delocalisation up to the critical point.
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» graphical representations;
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sk s

Delocalisation up to the critical point.

General: also in Lipschitz functions T — Z.

Application to the random-cluster:
continuity of the phase transition
(new proof).
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Result

Theorem (G.—Lammers '23)
Delocalisation for all a,b < ¢ < a+ b. If a = b: log-delocalisation.

Still open: log-bound when a # b. b/c h S

Delocalisation

Soft probabilistic arguments: 4
» graphical representations;
> correlation inequality;
> non-coexistence.

[
sk s

Delocalisation up to the critical point.

General: also in Lipschitz functions T — Z.

Application to the random-cluster:
continuity of the phase transition
(new proof).

For simplicity: fixa=b=1and c € [1,2].

Alexander Glazman (University of Innsbruck) Delocalisation of height functions 11th July, 2023 6/17



Step 1: Edwards—Sokal, domain Markov property

Heights mod 4 <> spins: 0,1 <> +, 2,3 < —.

Edge percolation E
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Step 1: Edwards—Sokal, domain Markov property

Heights mod 4 <> spins: 0,1 <> +, 2,3 < —.

Edge percolation ES®":
—1p0 1 A2
B e

oA oA

1 1

— Jr + —
97§— <
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Step 1: Edwards—Sokal, domain Markov property

Heights mod 4 <> spins: 0,1 <> +, 2,3 < —.

Edge percolation ES®":
—1p0 1 A2 1Yo
B e
! oA oAl
1 1
¢ 1
~ L
/ c
— A+ A = +
97§— -
I+ A+ A+
. ~ c—1
.. -
~ A+ A
-+ c i

even edges decouple odd spins:
circuits are domain Markov
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Step 1: Edwards—Sokal, domain Markov property

even edges decouple odd spins:

_ _ + [+ [+] [+
Heights mod 4 <~ spelnes. 0,1 +,2,3¢ —. I T T
Edge percolation ES®": TA-MZ-S 1+
+ -1 -+ [+
—1A0 1 A2 1Yo -
+ N
O ! 0OAL 0OA1L + +HY+ - +
-N+/1-1 {+
1 1 c 1 N - =D [+
/S ~ e + M+ M+ V] +
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97§— vy
A+ A+ +A+ +
~ c—1 N
. B
+
+
N+ + N\t +
:]_:Cl_ 4
+ c FA+
+
+
+

+ ¥+

circuits are domain Markov
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Step 1: Edwards—Sokal, domain Markov property

Heights mod 4 < spins: 0,1 > +, 2,3 < —. + T+ T+ J+
Edge percolation ES®": A+ A A+M =
+ - - +
—INDO 1N2 1Yo + - - + +
+\ -+ K+
0 1 0] 1 0] 1 " n n — -
1 1 c 1 “INFA A F
/ ~ = + - - - +
¢ + M+ M+ M+
— N+ iy - +
e .
+ +AN+ + 1
.o~ =
. C
" + M+
+N\+ C A+

even edges decouple odd spins:

circuits are domain Markov
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Step 1: Edwards—Sokal, domain Markov property

Heights mod 4 <> spins: 0,1 <> +, 2,3 <> —.
Edge percolation ES®":

—1/N 0 1 2 1 0
B e
0] 1 [0} 1 (0] 1
1 1 c 1
~ =
/ c
- +A\ - +
97§— -
+ +N\+ + 1
. lad C_
. c
-\t + N\t
+N\+ Cc +N+

even edges decouple odd spins:
circuits are domain Markov
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Step 2: joint FKG property

Spins 0®®" and edges ES®*": 5" = const on clusters of ES®".
Define: ES®"" U ES®Ve"~ = ES®e",
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Step 2: joint FKG property

Spins 0®®" and edges ES®*": 5" = const on clusters of ES®".
Define: ES®"" U ES®Ve"~ = ES®e",

Prop (G.—Lammers '23)
Let a,b < c. The triplet (o€"¢", ES®*"" —ES®"*"") satisfies the FKG inequality:
E[F(O_even’ ESEVEH) . G(O_even7 ESEVEH)] Z ]E[F(O_even’ Eseven)] . E[G(Ueven’ E]SEVE"I)]7

for any F, G increasing in 0" and ES®"*"" and decreasing in ES¢"" .

[Lis’19], [Ray-Spinka’19], [G.—Peled’19]: same for o**" only.
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Step 2: joint FKG property

Spins 0®®" and edges ES®*": 5" = const on clusters of ES®".

Define: ES®"" U ES®Ve"~ = ES®e",

Prop (G.—Lammers '23)

Let a,b < c. The triplet (o€"¢", ES®*"" —ES®"*"") satisfies the FKG inequality:
E[F(O_even’ Eseven) . G(Ueven7 ESeVen)] Z E[F(Ueven’ Eseven)] . E[G(Ueven’ E]SEVE"I)]7

for any F, G increasing in 0" and ES®"*"" and decreasing in ES¢"" .

[Lis’19], [Ray—Spinka’19], [G.—Peled’19]: same for c<'*" only.

Proof.
@ FKG for (ES®*"" —ES®*"") is satisfied by P7 := P(- | 0®'*" = 0);
Q the law of (ES®*"" —ES®*"~) under P? is  in o;
Q E[F-G] = [P7(F-G) > [P7(F)-P?(G) > [P7(F)- [P?(G) = E[F]-E[G].
L]

v
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even

Step 3: Ergodicity for o

Take ugy: marginal of P on oV

What are the maximal boundary conditions for o¢¢"?
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Step 3: Ergodicity for o"¢"

Take ugy: marginal of P on oV

What are the maximal boundary conditions for o¢V¢"?
Naive guess: 0" = 4+ on 9.
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Step 3: Ergodicity for o"¢"

Take ugy: marginal of P on oV
What are the maximal boundary conditions for o¢V¢"?
Naive guess: 0" = 4+ on 9.

Not enough: the measure on 2 also depends on ¢'*" outside.
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Step 3: Ergodicity for o"¢"

Take fugy: marginal of P on (0" ES®") .

What are the maximal boundary conditions for o¢V¢"?

Naive guess: 0" = 4+ on 9.

Not enough: the measure on 2 also depends on ¢'*" outside.
Solution: augment randomness and take ES®*"" = 1 on 0Q.

= weak limit g \, 1" exists, is ergodic and tail trivial.

Define P*: assign =+ to clusters of (ES®")* ~ 1/2 independently.

Qr11

Alexander Glazman (University of Innsbruck) Delocalisation of height functions 11th July, 2023 9/17



Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

Bl
+ 4+
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Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

1 A2 1YO0
OAMN1 OMN1
1 c
~‘N
-+ ) - +Y +
A+ A+ +A+
\N

1

C—
c

1

c
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Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

1 2 1 0
0 1 0 1
1 c
/ ~Y
—%ﬁ +3$— +i+ X ~ 2—C
C
+MA+ +MN+ +N+
c—1
\ ~
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Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

—1ho 1 A2 1Yo Super-duality

oAl oAl oAl (Echcn)* C ESodd
1 1 c o1
/e

-\ 0 - ++XN2—c
(&
+A + N+ +i+
c—1

N~
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Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

1 A2 1Yo Super-duality
oN1 oN1 (ESovcn)* C ESodd
1 c

1 / ~ 1
(&

-\ 0 - +Y + ~ 2—C

+$+ +$;+ +i+ X Cfl
D N E

Sample a part of (ES®*", ES®Y):
@ sample the exterior-most cluster of ES®°";
e inside of it: sample the exterior-most cluster of ES°4;
@ etc.
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Step 4: Coupled even & odd edges: ES®*" and ES°%

Coupled ES®" and ES°Y edge configurations [Lis'19].

1 A2 1Yo Super-duality
oAN1 oANL (ESCVCH)* C ESodd
1 c

1 / ~ 1
(&

-\ 0 - +Y + ~ 2—C

+%+ +$;+ +¥+ X Cfl
D N E

Sample a part of (ES®*", ES®Y):

@ sample the exterior-most cluster of ES®";

e inside of it: sample the exterior-most cluster of ES°4;

@ etc.
Conditioned on this, h(0) ~ Simple Random Walk on the clusters.
Goal: No infinite clusters in (ES®*" and ES°%).
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Step 5: Non-coexistence + super-duality = full ergodicity

No oo cluster in (ES®*")* = P* is ergodic = no oo cluster in ES°%.
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Step 5: Non-coexistence + super-duality = full ergodicity

No oo cluster in (ES®*")* = P* is ergodic = no oo cluster in ES°%.
Assume 3 an oo cluster in (ES®*")*. By [Burton-Keane’'89] and ES®*"-ergodicity,

P*((ES®")* has a unique oo cluster) = 1. *
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No oo cluster in (ES®*")* = P* is ergodic = no oo cluster in ES°%.
Assume 3 an oo cluster in (ES®*")*. By [Burton-Keane’'89] and ES®*"-ergodicity,

P*((ES®")* has a unique oo cluster) = 1. *

By super-duality (ES®*")* C ES° & comparison of bdry conditions give

P (ES°" has an oo cluster) > P (ES°™" has an oo cluster) > 1/2.  (*¥)
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Step 5: Non-coexistence + super-duality = full ergodicity

No oo cluster in (ES®*")* = P* is ergodic = no oo cluster in ES°%.
Assume 3 an oo cluster in (ES®*")*. By [Burton-Keane’'89] and ES®*"-ergodicity,

P*((ES®")* has a unique oo cluster) = 1. *

By super-duality (ES®*")* C ES° & comparison of bdry conditions give

P (ES°" has an oo cluster) > P (ES°™" has an oo cluster) > 1/2.  (*¥)

Theorem (Zhang'90s; Sheffield '05)

If 11 is a probability measure on {0,1}E(") that is FKG and shift invariant, then

w(3 unique primal and unique dual infinite clusters) = 0.

See [Duminil-Copin—-Raoufi-Tassion’19] for a short proof.
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Step 5: Non-coexistence + super-duality = full ergodicity

No oo cluster in (ES®*")* = P* is ergodic = no oo cluster in ES°%.
Assume 3 an oo cluster in (ES®*")*. By [Burton-Keane’'89] and ES®*"-ergodicity,

P*((ES®")* has a unique oo cluster) = 1. *

By super-duality (ES®*")* C ES° & comparison of bdry conditions give

P (ES°" has an oo cluster) > P (ES°™" has an oo cluster) > 1/2.  (*¥)

Theorem (Zhang'90s; Sheffield '05)

If 11 is a probability measure on {0,1}E(") that is FKG and shift invariant, then

w(3 unique primal and unique dual infinite clusters) = 0.

See [Duminil-Copin—-Raoufi-Tassion’19] for a short proof.
(*) and non-coexistence imply P*(ES®" has an oo cluster) = 0.
Compare with (**): contradiction with the red/blue symmetry.
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
Assume ES®" percolates under P*. Sample heights:

@ height 0 on the unique infinite cluster of ES®";

@ Simple Random Walk on alternating circuits of ES°dd and ES®°",
Let HF? be its law. Define HF' in a similar way using P*.
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
Assume ES®" percolates under P*. Sample heights:

© height 0 on the unique infinite cluster of ES®";

@ Simple Random Walk on alternating circuits of ES°% and ES®".
Let HF? be its law. Define HF! in a similar way using P*. We now show

HF® = HF'  [then also HF® = HF* = HF® 4 4, contradiction].
Define T-connectivity on (Z2)*": (i,j) ~ (i £1,j 4+ 1), (i + 2,j).
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
Assume ES®" percolates under P*. Sample heights:

© height 0 on the unique infinite cluster of ES®";

@ Simple Random Walk on alternating circuits of ES°% and ES®".
Let HF? be its law. Define HF! in a similar way using P*. We now show

HF® = HF'  [then also HF® = HF* = HF® 4 4, contradiction].
Define T-connectivity on (Z2)*": (i,j) ~ (i £1,j 4+ 1), (i + 2,j).

Non-coexistence {h > 2} vs {h < 0} under HF': oo many T<o-circuits.
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
Assume ES®" percolates under P*. Sample heights:

© height 0 on the unique infinite cluster of ES®";

@ Simple Random Walk on alternating circuits of ES°% and ES®".
Let HF? be its law. Define HF! in a similar way using P*. We now show

HF® = HF'  [then also HF® = HF* = HF® 4 4, contradiction].
Define T-connectivity on (Z2)*": (i,j) ~ (i £1,j 4+ 1), (i + 2,j).

Non-coexistence {h > 2} vs {h < 0} under HF': oo many T<o-circuits.

Sample h' ~ HF'.
Find the exterior-most T <o-circuit.
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Last nail: T-circuits

Recall our goal: no oo cluster in ES° (done!) nor in ES®*" (not yet).
Assume ES®" percolates under P*. Sample heights:

@ height 0 on the unique infinite cluster of ES®";

@ Simple Random Walk on alternating circuits of ES°% and ES®".
Let HF? be its law. Define HF! in a similar way using P*. We now show

HF® = HF*  [then also HF® = HF* = HF® + 4, contradiction].

Define T-connectivity on (Z2)*": (i,j) ~ (i £1,j 4+ 1), (i + 2,j).
Non-coexistence {h > 2} vs {h < 0} under HF': oo many T<o-circuits.

Sample h' ~ HF'.
Find the exterior-most T<q-circuit.
Outside define:

RO(i,j) :=1— h'(i — 1,j) ~ HF".
Conditioned on the exterior of the circuit:

HF® = HF! in the interior.
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Lipschitz functions; loop O(n) model at n = 2
h: Faces(Hex) — Z, so that h(u) — h(v) € {0,%1} if u ~ v. Measure:
P(h) oc x#lu~vi hZ(I}F = P(level lines) oc 27100Ps 7 edges

[Duminil-Copin—G.—Peled—Spinka’17], [G., Manolescu’18]:
Localisation for 0 < x < 1/\/§—|— . log-Delocalisation at x = 1/\/5 and x = 1.

0O 0 0O 0O 0O O 0O O 0 0 0 O

0O 0 0 0 0 0O 0O 0 0 0 0 O
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Lipschitz functions; loop O(n) model at n = 2
h: Faces(Hex) — Z, so that h(u) — h(v) € {0,%1} if u ~ v. Measure:
P(h) oc x#lu~vi hZ(I}F = P(level lines) oc 27100Ps 7 edges

[Duminil-Copin—G.—Peled—Spinka’17], [G., Manolescu’18]:
Localisation for 0 < x < 1/\/§—|— . log-Delocalisation at x = 1/\/5 and x = 1.

Theorem (G.—Lammers '23)
log-Delocalisation for all 1/\/5 <x<1. J

0O 0 0O 0O 0O O 0O O 0 0 0 O

0O 0 0 0 0 0 0O O0 0 0 0O

Alexander Glazman (University of Innsbruck) Delocalisation of height functions 11th July, 2023 13 /17



Lipschitz functions; loop O(n) model at n = 2
h: Faces(Hex) — Z, so that h(u) — h(v) € {0,+1} if u ~ v. Measure:
P(h) x x#luv h(u)Zh(v)} P(level lines) D7#loops , Fedges

[Duminil-Copin—G.—Peled—Spinka’17], [G., Manolescu’18]:
Localisation for 0 < x < 1/v/3 +¢. log-Delocalisation at x = 1/1/2 and x = 1.

Theorem (G.—Lammers '23)
log-Delocalisation for all 1/\/5 <x<1.

nA
RO\

Exponential decay
Lipschitz 2

1

1
— fig T = —F7
pravo=l ANAANNRRN N —
@ Ising 1 \.

Macroscopic loops

.
SAW 0

=y

1 1

1 1 3
24v2 V3 V2 V3
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Random-cluster model: continuity of the phase transition

72, p€(0,1), g>0. Box A, =(V,E) CL.
For a percolation configuration w € {closed, open}E,

P,,(o.)) o p#open X (1 . p)#closed . q#clusters.
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Random-cluster model: continuity of the phase transition

72, p€(0,1), g>0. Box A, =(V,E) CL.
For a percolation configuration w € {closed, open}E,

P,,(o.)) o p#open X (1 . p)#closed . q#clusters.

g > 1: FKG inequality = the weak limit P, 7 Pfr¢ is well-defined.
Also the wired measure: P,(-|w|on, = open) \, PWired,
Self-dual point:

— V4
Psd = Va+L
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Random-cluster model: continuity of the phase transition

72, p€(0,1), g>0. Box A, =(V,E) CL.
For a percolation configuration w € {closed, open}E,

P,,(OJ) o p#open X (1 . p)#closed . q#clusters.

g > 1: FKG inequality = the weak limit P, Pfree is well-defined.
Also the wired measure: P,(-|w|on, = open) \, PWired,

Self-dual point:

— 4
de_\/ﬁ-Q—l'

Theorem (G.—Lammers '23)

Let 1 < g < 4. Then, PWired = Pfree No infinite cluster at the self-dual line.

Works also for anisotropic weights (i.e. rectangular lattice).

Not a new result:

[Duminil-Copin-Sidoravicius—Tassion’15], [Duminil-Copin—-Li—-Manolescu’17]
New proof:

no use of parafermionic observable, Bethe Ansatz, Yang—Baxter.
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Discussion

Summary:

@ six-vertex and Lipschitz together;
@ RCM: continuity without integrability; ,
@ joint FKG: spins + Edwards—Sokal;

n A

Lipschitz 2

= T
24+v2-n

RS2

Exponential decay

. Ising 1
@ non-coexistence theorem:;
. . Macroscopic loops
@ T-circuit argument;
. . SAW >
0 1 1 1 :
@ Fourier transform of heights <> loops. =% & 1 V3o
b/c A /o
/ Delocalisation
o
1 2
K N N
@2 S 7
1 Lso @ G
V2OTTTUUNG N Qd Yy
2L AN AN .
V3 SN
(/X&:
: A
7/
o
\ 7
) ¢
Localisation:
11 »
Awve LoWe
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Discussion

71‘

Summary:

@ six-vertex and Lipschitz together;
Lipschitz 2

>\

Exponential decay

@ RCM: continuity without integrability; . b, =L
L i 24v2—n AR >~ Ve
@ joint FKG: spins + Edwards—Sokal; N
. Ising 1
@ non-coexistence theorem:;
. . Macroscopic loops
@ T-circuit argument;
. . SAW- -
@ Fourier transform of heights <> loops. i 1 V3o
b/c A /o
Future directions: a Delocalisation
. . s 1 ~
@ Lipschitz: localisation when x < 1/+/27? e ., 4
. . . 5 ¥ “
@ Lipschitz functions on Z3? 20N Koo X7 °
&
@ Loop O(n) at x.(n) without integrability? 7NN AN
-\
@ RSW/dichotomy without pi/2 rotations: & N
log-deloc when a # b? 3 ‘/)/
Localisation' /
@ random-cluster model: g < 17 AARAARRAANAY >
1 1
Awvs LW
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Lipschitz functions: site percolation duality

hmod4 |0 | 123
red spin 3 3 @ @
blue spin a @ @ a

0 0 000000000 0
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Lipschitz functions: site percolation duality

hmod4 |0 | 123
red spin 3 3 @ @
blue spin a @ @ a
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Lipschitz functions: site percolation duality

A-triangles in (Hex)*. hmod4 [0]1|2]|3
They form a triangular lattice. | red spin |||
blue spin a @ @ a
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Lipschitz functions: site percolation duality

A-triangles in (Hex)*. hmod4 [0]1|2]|3
-Fl;hey.forg; .triangular Iattice. red Spin 3 3 6 @ 0(%23328322&“&0-07{17100
ewrite [P(h): blue spin a @ @ a

]P’(h) x X#{uwv: hy#h} (XZ)#{uvweA: hluwF#const}

— (X2)|Aﬂ{red loops}| | (X2)|Aﬂ{blue Ioops}|'
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Lipschitz functions: site percolation duality

A-triangles in (Hex)*. hmod4 [0]1|2]|3
-Fl;hey.forg; .triangular |attice. red Spln a a 6 @ 0(%23328322&%0-07{17100
ewrite [P(h): blue spin a @ @ a

]P’(h) x X#{uwv: hy#h} (XZ)#{uvweA: hluwF#const}

— (X2)|Aﬁ{red loops}| | (X2)|Aﬂ{blue Ioops}|'

a a a . ~1— g2 decoupling:
(7) @ 221 e
. ~1—2?
2? 2? 1
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Lipschitz functions: site percolation duality

oToToTolo 000 0 0 0 0
0 000 000 09.® oo

A-triangles in (Hex)*. hmod4 |0]1]2)3
They form a triangular lattice. | red spin :} 3 @ @
Rewrite P(h): blue spin | @322 @

]P(h) x X#{UNV h,#£h,} _ (XZ)#{UVWGA hluwF#const}

— |Aﬂ{red loops}| | |Aﬂ{b|ue Ioops}|

a a . ~1— 22 decoupling:
-1 o
. ~1—2g?
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Lipschitz functions: site percolation duality

OOO *000 e
L

A-triangles in (Hex)*. hmod4 [0]|1]|2]|3
They form a triangular lattice. | red spin |EP|@|S|S
Rewrite P(h): blue spin | @SS | @

]P(h) x X#{uwv: hy#h,} — ( 2)#{quEA: h|uw#const }

2)|Aﬂ{red loops}| | 2)|Aﬂ{b|ue Ioops}|

. ~1— a2 decoupling;:
~ 21?2 ~ 22
. ~1—z2
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Lipschitz functions: site percolation duality

OOO *000 e
L

A-triangles in (Hex)*. hmod4 [0]|1]|2]|3
They form a triangular lattice. | red spin |EP|@|S|S
Rewrite P(h): blue spin | @SS | @

]P(h) x X#{LINVZ hy#h,} — ( 2)#{quEA: h|uw#const }

2)|Aﬂ{red loops}| | 2)|Ar‘|{b|ue Ioops}|

. ~1— a2 decoupling;:
~ 21?2 ~ 22
. ~1—2g?
SOOORC
& ) G&B CJ

FKG for (0, EST, ~ES™). Super-duality when x> > 1/2. { X 2900
As before: the limit P, — P* is ergodic.

Non-coexistence: {oc = +} and {o = —} don't percolate. o0
= there are co many blue loops = same for red loops. X
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Random-cluster model: BKW correspondence

[Temperley-Lieb’71], [Baxter—Kelland—Wu’76]

Symmetric: a=b=1, p=psq = \/\E/il' Write \/q = 2cos A.

]P(UJ) x p#open(l _ p)#closedq#clusters o \/a#lOOPS _ Z efA(O*O)
flw
]P(h) o C#saddles _ (ei)\/Z + ei)\/2)#saddles _ Z ei)\(mfm)/4.
iLlh
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Random-cluster model: BKW correspondence

[Temperley-Lieb’71], [Baxter—Kelland—Wu’76]

Symmetric: a=b=1, p=psq = \/\E/il' Write \/q = 2cos A.

]P(QJ) x p#open(l _ p)#closedq#clusters o \/a#lOOPS _ Z efA(O*O)

flw
]P(h) x C#saddles _ (ei)\/Z + ei)\/2)#saddles _ 2 :ei)\(mfm)/4
7FLh
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Random-cluster model: BKW correspondence

[Temperley-Lieb’71], [Baxter—Kelland—Wu’76]

Symmetric: a=b=1, p=psq = \[‘Cl Write /q = 2cos \.

]P)(w) x p#OPen(l _ p)#dosed q#clusters O( #|00p5 Z e MO-0)

7lw
]P)(h) o C#saddles _ (ei)\/Z /)\/2 #saddles __ 2 : e (~=—r)
Lh
A Y A Y A A
Y A Y A A A
A A Y Y A A
A A Y A A Y
Y A A A Y A
A A Y A A Y
A Y A Y A A
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Random-cluster model: BKW correspondence

[Temperley-Lieb’71], [Baxter—Kelland—Wu’76]

Symmetric: a=b=1, p=py = \/\E/il' Write \/q = 2cos A.

]P(OJ) o p#open(l N p)#closedq#clusters o \/a#'OOPS _ Z eiA(OfO) ‘
7lw

(eiA/Z + ei)\/2)#saddles — Z el‘)\(f\—F\)/‘l.

7Lh

P(h) o C#saddles _

Same holds with a defect line [Dubédat’11]:

Eey [/ =hD] = Egan[Fy o (#100ps(u), #loops(v))],

where Fy o(x,y) = cos*(A + ) - cos¥ (A — @)/ cos* ¥ \.
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Random-cluster model: BKW correspondence

[Temperley-Lieb’71], [Baxter—Kelland—Wu’76]

Symmetric: a=b=1, p=py = \/\E/il' Write \/q = 2cos A.

]P(OJ) . p#open(l N p)#closedq#clusters o \/a#'OOPS _ Z eiA(OfO) ‘
7lw
P(h) x C#saddles _ (ei/\/Z + ei)\/2)#saddles — Z ei)\(n—m)/4.

7Lh

Same holds with a defect line [Dubédat’11]:

Egy [ (") =P D] = Brom[Fa o (#1oops(u), #loops(v))],
where Fy o(x,y) = cos*(A + ) - cos¥ (A — @)/ cos* ¥ \.
Note: A € [0,7/3]. Fix a = 7/8 € (0,7/6). Then,

Egy [ =MD] > Proy(u 4 v).

By delocalisation: Egy[e/("(“)=h()] — 0, as |u — v| — oo.
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