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Super-diffusive motions

Main features
@ long ballistic “flights*®
@ short disorder motion
This yelds a super-diffusive behavior

E(|X;[2) ~ t° for§ > 1

that characterizes many natural
systems, and is mainly connected to
motion in disorder media

@ light particle in an optical lattice;

@ molecular diffusion in porous
Super-diffusive trajectory media:

@ predator hunting for food.
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Motivations and model
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Models for super-diffusions

® (Ck)ken i.i.d. real r.v’s in the domain of attraction of an
a-stable r.v., with « € (0, 2]:

P(Ck > x) ~ cx™“,  for x — oo

Note: o € (0,2) = E((?) = ccand a € (0,1) = E(|¢k|) =
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Models for super-diffusions

® (Ck)ken i.i.d. real r.v’s in the domain of attraction of an
a-stable r.v., with « € (0, 2]:

P(Ck > x) ~ cx™“,  for x — oo

Note: o € (0,2) = E((?) = ccand a € (0,1) = E(|¢k|) =
@ Randomwalk: So =0, Sp:=>}_;(,neEN

Non standard LT (from «-stability)
e o€ (0,1):if Z; a-stable r.v.
Sno d, z

nt/e nseo

o ac (1,2]:if u = E(¢) and Z; centered a-stable r.v.
Sn —pn g s

nt/e  nsoo
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Lévy flights and Lévy walks

Schlesinger, Klafter['85], [Zumofen, Klafter 93], Barkai, Dubkov ['17]

LEVY FLIGHTS
Random walk on RY with jumps length given by a sequence of i.i.d.
a-stable- r.v., with a € (0, 2). (but infinite second moment)
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LEVY FLIGHTS
Random walk on RY with jumps length given by a sequence of i.i.d.
a-stable- r.v., with a € (0, 2). (but infinite second moment)

LEVY WALKS
Stochastic processes (X;)>0 on RY obtained by linear
interpolation of Lévy flights (with jumps covered at velocity vp).
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Lévy flights and Lévy walks

Schlesinger, Klafter['85], [Zumofen, Klafter 93], Barkai, Dubkov ['17]

LEVY FLIGHTS
Random walk on RY with jumps length given by a sequence of i.i.d.
a-stable- r.v., with a € (0, 2). (but infinite second moment)

LEVY WALKS

Stochastic processes (X;)>0 on RY obtained by linear
interpolation of Lévy flights (with jumps covered at velocity vp).
Lévy walks give rise to superdiffusive motion with

)

£ if € (0,1
1.2) for t — oo

B x { fa oo
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Lévy flights and Lévy walks

Schlesinger, Klafter['85], [Zumofen, Klafter 93], Barkai, Dubkov ['17]

LEVY FLIGHTS
Random walk on RY with jumps length given by a sequence of i.i.d.
a-stable- r.v., with a € (0, 2). (but infinite second moment)

LEVY WALKS

Stochastic processes (X;)>0 on RY obtained by linear
interpolation of Lévy flights (with jumps covered at velocity vp).
Lévy walks give rise to superdiffusive motion with

2 ifae(0,1)
1,2)

E(|X:[?) o { B it ( fort — oo

The super-diffusive behavior is intrinsic to the walker motion, and
independent of the media. Good behavior but naive models.

Alessandra Bianchi University of Padova - Italy RW on Lévy-type random media



Motivations and model
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Lévy random media

Define the environment w = (wk)kez as the renewal P.P. on R
wo =0, wk—wk—1="Ck Lévy random medium

with (Ck)kez i.i.d. positive r.vs in the domain of attraction of an a-stable
law, a € (0, 2]

W.2. W.y We=0 Wa 0, W R
;"—T'—’\'V—’-“‘v NP’ il

% % 4 W %
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Motivations and model
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Lévy random media

Define the environment w = (wk)kez as the renewal P.P. on R
wo =0, wk—wk—1="Ck Lévy random medium

with (Ck)kez i.i.d. positive r.vs in the domain of attraction of an a-stable
law, a € (0, 2]

W.2. W.y We=0 Wa 0, W R
;"—T'—’\'V—’-“‘v NP’

% % 4 W %

>

k

Remark: Since wyx = Z ¢j, Vk > 0 (and similarly for k < 0) setting
j=1

o\ = “”37?7/;['”(] x € R, and Z = a-stable Lévy process on R,

(@)xer % Z = (Z)xer  in (D(R,R), Jy)
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Random walks on Lévy random media

Let S = (Sp)nen be an underlying RW on Z with i.i.d. centered
increments (&))jen s.t. E(£7) < o0
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Random walks on Lévy random media

Let S = (Sp)nen be an underlying RW on Z with i.i.d. centered
increments (&))jen s.t. E(£7) < o0
@ RW on a Lévy medium: Y = (Yj)en With Y, == wg,.
In other words Y/, is the position of scatterer labeled by S,
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Random walks on Lévy random media

Let S = (Sp)nen be an underlying RW on Z with i.i.d. centered
increments (&))jen s.t. E(£7) < o0
@ RW on a Lévy medium: Y = (Yj)en With Y, == wg,.
In other words Y/, is the position of scatterer labeled by S,

@ Generalized Lévy-Lorentz gas X = (X;);>o is obtained as
linear interpolation of Y:

e define the T, as the length of the walk Y up to jump n,

Th = Ta(S,w) Zm — Yi_4|,  collision time
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Random walks on Lévy random media

Let S = (Sp)nen be an underlying RW on Z with i.i.d. centered
increments (&))jen s.t. E(£7) < o0
@ RW on a Lévy medium: Y = (Yj)en With Y, == wg,.
In other words Y/, is the position of scatterer labeled by S,

@ Generalized Lévy-Lorentz gas X = (X;);>o is obtained as
linear interpolation of Y:

e define the T, as the length of the walk Y up to jump n,
Th = Ta(S,w) Zm — Yi_4|,  collision time

o fort e [Ty, Thi1), set Xi := Y, +sgn(&ni1)(t — Th),

Lévy-Lorentz gas (Barkai, Fleurov,Klafter['00]) corresponds to S simple and symmetric.
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Motivations and model
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Goal: Analyze the super-diffusive behavior of ( Y,)nen and (X;)t>o:
@ Case «a € (1,2]: Integrable media
@ Case a € (0, 1]: Non-integrable media
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Motivations and model
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Goal: Analyze the super-diffusive behavior of ( Y,)nen and (X;)t>o:
@ Case «a € (1,2]: Integrable media
@ Case a € (0, 1]: Non-integrable media

We will consider:

@ the quenched law of X and Y, denoted P,,, for any fixed
medium w.

@ the annealed law of X and Y, denoted PP, obtained averaging
P,, over the environments.
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Scaling limits and moments
0000000

Integrable media: « € (1, 2]

Scaling limits
@ Annealed and quenched CLT: (B., Cristadoro, Lenci, Ligab6 ['16])
Set u = E(¢), m = E(|¢]), and 02 = Var(¢) and. For P-a.e. w

d
° % — N(0, ?0?) wurt. P,

o limiyoo % ZN(0,42) wrt. P,
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Integrable media: « € (1, 2]

Scaling limits

@ Annealed and quenched CLT: (B., Cristadoro, Lenci, Ligab6 ['16])
Set u = E(¢), m = E(|¢]), and 02 = Var(¢) and. For P-a.e. w
d

° % — N(0, ?0?) wurt. P,
. d o2

o limi_oo % = N(0,2%-) w.rt P,
— convergence of finite-dimensional distributions follows
— The annealed CLT (w.r.t P) then follows trivially
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Integrable media: « € (1, 2]

Scaling limits

@ Annealed and quenched CLT: (B., Cristadoro, Lenci, Ligab6 ['16])
Set u = E(¢), m = E(|¢]), and 02 = Var(¢) and. For P-a.e. w
d

° % — N(0, ?0?) wurt. P,
. d o2

o limi_oo % = N(0,2%-) w.rt P,
— convergence of finite-dimensional distributions follows
— The annealed CLT (w.r.t P) then follows trivially

@ f-CLT for Lévy-Lorentz gas: (Magdziarz, Szczotka ['18])

Set Yt(") = % fort > 0. Then, w.rtto P,

(¥{")izo = uB in (D(RY,R), J1)

where B is the standard Brownian motion on R.
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Scaling limits and moments
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Integrable media: « € (1, 2]

Moments

@ Quenched moments of Y: (B., Cristadoro, Lenci, Ligabé ['16])
The quenched moments of Y, and X; scale diffusively for o € (1, 2].
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Scaling limits and moments
[e] Jelelelele]e}

Integrable media: « € (1, 2]

Moments

@ Quenched moments of Y: (B., Cristadoro, Lenci, Ligabé ['16])
The quenched moments of Y, and X; scale diffusively for o € (1, 2].

@ Annealed moments of the Lévy-Lorentz gas: (Burioni, Caniparoli,
Vezzani ['10], based on simulations and heuristic arguments)

2420 —a?
) R e € (0,1)  superdiffusive behavior
E(X)~q t3—e ifae[1,3]  superdiffusive behavior
t ifa e (3,2) diffusive behavior
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[e] Jelelelele]e}

Integrable media: « € (1, 2]

Moments

@ Quenched moments of Y: (B., Cristadoro, Lenci, Ligabé ['16])
The quenched moments of Y, and X; scale diffusively for o € (1, 2].

@ Annealed moments of the Lévy-Lorentz gas: (Burioni, Caniparoli,
Vezzani ['10], based on simulations and heuristic arguments)

2

2+2a—«
) R e € (0,1)  superdiffusive behavior
E(X)~q t3—e ifae[1,3]  superdiffusive behavior
t ifa e (3,2) diffusive behavior

@ Moments of the Lévy-Lorentz gas: (Zamparo ['22])
As an effect of averaging over the environment,

E(X?) ~ 5% ifac 1, g] superdiffusive behavior
! t ifoae($,2) diffusive behavior
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Scaling limits and moments Gel nodels Conclusions
[e]e] lelelele]e}

N n-integrable media: a € (0,1) - Process Y

Theorem 1 (B., Lenci, Péne ’20).
Forne N, let Y = (Y("(t))~o such that

) Y,
V(1) = n1[/”2i, forallt>0.

Under P and taking n — oo, the finite-dim. distributions of Y (")
converge to those of Z o B.

Remark:
@ The process Y displays superdiffusive behavior with scaling
exponent 1/2q.
@ The result can not be extended to a functional limit theorem
w.r.t to the Skorokhod topology as Z o B has discontinuities
without one-sided limits.
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Scaling limits and moments
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Proof (ideas):
From definitions, it turns out that

o oM — (w[’:"]> Az « — stable process
Ne / xer
- S
o S _— (“f”) . B invariance principle
nz /o
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Proof (ideas):
From definitions, it turns out that

o M= (w[,:x]> A4 o — stable process
ne /J xer
a(n) Sint w i i e
o S = [ 2H B invariance principle
nz /i>o
V(g = I (), B0)
= Y\(t) = ijea = @ o S\(t) X
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00080000
Proof (ideas):
From definitions, it turns out that

o M= (w[,:x]> A4 o — stable process
Ne / xer
a(n) Sint w i i e
o SV = ; B invariance principle
nz /o
() il _ () 5 &)
= Y'(1) = ijea =@ o S\(t) X

Back to the process X:
Recall that X; := Y, + sgn(&nv1)(t — Tp) for t € [Ty, Thit).
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00080000
Proof (ideas):
From definitions, it turns out that

o M= (w[,:x]> A4 o — stable process
ne xeR
a(n) S[nt] w
o SV = ; B invariance principle
nz Ji>o
() il _ () 5 &)
= Y'(1) = ijea =@ o S\(t) X

Back to the process X:
Recall that X; := Y, + sgn(&n+1)(¢
(n (¢

) Ty) for t € [Th, Thi1).
For a suitable scaled process (T

(1))>0 [to be given!], we get

= s = oWk o §lka) o (F() (1))~
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Key point: Scaling analysis of collision times (Tp)nen
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Key point: Scaling analysis of collision times (Tp)nen

n

Toi= > Y= Yial = > Na(k)k

k=1 keZ
where N, (k)=t{j € {0,...,n} : [k,k+1] C [Sj—1, S|}
= number of times S,, jumps over the edge (k,k + 1)

(Th)nen thought as RW in random scenery on bonds.
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Key point: Scaling analysis of collision times (Tp)nen

n

Toi= > Y= Yial = > Na(k)k

k=1 keZ
where N, (k)=t{j € {0,...,n} : [k,k+1] C [Sj—1, S|}
= number of times S,, jumps over the edge (k,k + 1)

(Th)nen thought as RW in random scenery on bonds.

By [Kesten, Spitzer '79], the RWRS on (vertices of) Z is

KEZ

Toi=) (5= Na(k)G,n€N
j=0

where Nj(k) = 4{j € {0,...,n} : S; = k} are local times of S.
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Scaling limits and moments
00000080

‘Convergence of RWRS: Kesten- Sp|tzer process

Theorem 2 (Kesten, Spitzer °79).

Leta € (0,1) . UnderP, and taking n — oo, it holds

1+

F) = (T["S]> Yy A in(D(RT,R), &),
nzao / s>0

+oo
where  A(t) = / Li(x)dZ(x) Kesten-Spitzer process,
L = (L+(x))xer is the local time of the Brownian motion B and Z
is an a-stable process on R.
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Scaling limits and moments
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Non-integrable media: « € (0, 1) - Process X

Assumption on the underlying RW: E(|¢1[2/%1¢) < oo .

Proposition 1 (B., Lenci, Péne ’20).
Leta € (0,1) . Under P, and taking n — oo, it holds

3 T w
T ;:( [”S]> Yo A in(D(RT,R), Jy).
s>0

RW on Lévy-type random media
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ntegrable media: a € (0,1) - Process X

Assumption on the underlying RW: E(|¢1[2/%1¢) < oo .

Proposition 1 (B., Lenci, Péne ’20).

Leta € (0,1) . Under P, and taking n — oo, it holds

i T
() ::( E’fj) YA in(D(RY,R), ).
s>0

Theorem 3 (B., Lenci, Péne ’20).

Under P, and taking n — oo, the finite-dimensional distributions of
X .= ( J(([fﬂ(y)) converge to those of Z o Bo A~ 1.
2 t>0

Remark: The process X displays superdiffusive behavior with
scaling exponent 1/(a + 1).
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Generalized models
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Random Walks on Lévy random media (1)

Starting idea: The results of [Kesten, Spitzer '79] on RWRS apply
to the following more general setting:
@ Scenery on Z: ((k)kez i.i.d. ~ a-stable r.v.s corresponding to
w = (wk)kez with wx — wk—1 = (k
@ Underlying RW on Z: S = (Sp)nen With i.i.d. increments
(&k)kez ~ [B-stable r.v’s
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Generalized models
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Random Walks on Lévy random media (1)

Starting idea: The results of [Kesten, Spitzer '79] on RWRS apply
to the following more general setting:
@ Scenery on Z: ((k)kez i.i.d. ~ a-stable r.v.s corresponding to
w = (wk)kez with wx — wk—1 = (k
@ Underlying RW on Z: S = (Sp)nen With i.i.d. increments
(&k)kez ~ [B-stable r.v’s

Goal: Scaling limit of Y - RW on the Lévy medium

Remark: The study of X requires a control on collision times T,
that is missing under these weaker assumptions on the moments
of the underlying RW. (open problem)
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Generalized models
[e] Jelelele]

: Results

Recall that Y, = ws,, n € N, with w the Lévy medium.

Theorem 4 (B., Bet, Lenci, Magnanini, Stivanello '21).

Let o« € (0,1) (medium with infinite mean)

e If3€(0,1)orp € (1,2] withE(&) = 0, then, under P, the
finite-dimensional distributions of( ) > , converge to

nt/aB 5
those of Z% o 7P,

e Ifp e (1,2] withE(&) = p # 0, then, under PP,

Y, .
<m[7fl> s sgn(w)ul/*Z®  in (D(RT,R), o)
s>0
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nd moments Generalized models
[e]e] lelele]

: Results

Theorem 5 (B., Bet, Lenci, Magnanini, Stivanello "21).

Leta € (1,2] withv := E((k) (medium with finite mean) :
e If3e€(0,1)orp € (1,2] withE(&) = 0, then, under P,

Y,
<n1[’}j> =5 vZ°  in(D(RY,R), %)
s>0

e Ifg e (1,2] withE(¢) = p # 0, then, under P,

n n—o00

Y
<[”$]> LN vuld in (D(R+7R)7J1)
s>0
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nd moments Generalized models
[e]e] lelele]

: Results

Theorem 5 (B., Bet, Lenci, Magnanini, Stivanello "21).

Leta € (1,2] withv := E((k) (medium with finite mean) :
e If3e€(0,1)orp € (1,2] withE(&) = 0, then, under P,

Y,
<n1[’}j> Y, 7% in(D(RF,R), )
s>0

e Ifg e (1,2] withE(¢) = p # 0, then, under P,
n n—o0

Y
<[”$]> LN vuld in (D(R+7R)7J1)
s>0

— Fluctuations_around the mean: scaling and functional
limit theorem for Y(")(t) := Yjpq — vpu[nt].
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Generalized models
[e]e]e] lele]

First passage time and leapover

In the same general setting, consider:

@ Ladder times of Y: (7)nen,
70=0,7n=1p(Y):=min{k >7p_1 : x> VY. }.neN
with 74 first passage time on R™.

@ Ladder heights of Y: (Y;,)nen,
with Y7, leapover (first positive value of Y).

Goal: Characterize the law of Y;,, n € N
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Generalized models
[e]e]e] lele]

First passage time and leapover

In the same general setting, consider:
@ Ladder times of Y: (7)nen,
0=0,Th=7a(Y) :=min{k >7p_1: Ye>Y, ,},neEN
with 74 first passage time on R™.

@ Ladder heights of Y: (Y;,)nen,
with Y7, leapover (first positive value of Y).

Goal: Characterize the law of Y;,, n € N

Remark:
@ By construction, the ladder times of Y coincide with those of
the underlying RW, S: 7,(Y) = 7,(S), n € N.
@ The dependence among the increments of Y makes the
analysis of its ladder heights non-trivial.
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Classical results: Ladder times and heights of S

Let S be a RW with i.i.d. symmetric increments on R.
Then (75)nen and (S;, ) nen have i.i.d. increments with law

n

1/2
5

P(71 > x) ~ cx™ as X — +o0o

[Sparre-Anderson '53] - cont. jumps; [Mounaix, Majundar, Schehr ’20] - discrete jumps.
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Classical results: Ladder times and heights of S

Let S be a RW with i.i.d. symmetric increments on R.
Then (75)nen and (S;, ) nen have i.i.d. increments with law
°

1/2
5

P(71 > x) ~ cx™ as X — +o0o

[Sparre-Anderson '53] - cont. jumps; [Mounaix, Majundar, Schehr ’20] - discrete jumps.

@ If the increments of S are in the domain of a 3-stable law,
P(S;, > x) ~cx P2 asx — +o0

[Sinai ’57]; [Rogozin ‘64, '71] - without centering; [Greenwood, Omey, Teugels '82],

[Greenwood, Doney '93] - for the joint law of (74, S-,).
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Results: Ladder heights of Y

w i.i.d. o — stable increments

. . Y, =
S iid. 3 — stableincrements *© "~ “Sn

Recall: {

Theorem 6 (B., Cristadoro, Pozzoli '22).

If S has symmetric increments, and for all n € N,
@ Ifa e (0,1):P(Y;, >x) ~cinx ®#2  asx — oo
@ Ifae (1,2:P(Yy, > x) ~cnx B2 asx — oo
with ¢, co explicit constants.
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w i.i.d. o — stable increments

. . Y, =
S iid. 3 — stableincrements *© "~ “Sn

Recall: {

Theorem 6 (B., Cristadoro, Pozzoli '22).

If S has symmetric increments, and for all n € N,
@ Ifa e (0,1):P(Y;, >x) ~cinx ®#2  asx — oo
@ Ifae (1,2:P(Yy, > x) ~cnx B2 asx — oo
with ¢, co explicit constants.

Proof (ideas):
@ Express Y as a suitable RWRS on bonds;
@ Derive a simplified formula characteristic function of Y, ;
@ Apply a generalized Spitzer-Baxter identity.
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Open Problem: Process in 2D




Conclusions
[e] le}

Conclusions

@ Lévy Lorentz gas as a RW in random media, with collision times =
RWRS — convergence to Kesten Spitzer process

If « € (1,2) : (integrable media) quenched CLT for discrete and continuous
time processes [BCLL16]. Quenched diffusive behavior.

If « € (0,1) : (non-integrable media) annealed functional LT for discrete
and continuous time processes [BLP’20]. Annealed
superdiffusive behavior.
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Conclusions

@ Lévy Lorentz gas as a RW in random media, with collision times =
RWRS — convergence to Kesten Spitzer process

If « € (1,2) : (integrable media) quenched CLT for discrete and continuous
time processes [BCLL16]. Quenched diffusive behavior.

If « € (0,1) : (non-integrable media) annealed functional LT for discrete
and continuous time processes [BLP’20]. Annealed
superdiffusive behavior.

@ Generalized RW in random media with « € (0,2] and 5 € (0, 2]. For
different ranges of the parameters:

e Functional limit theorems [BBLMS’21].
e Tail distributions of the ladder heigths [BCP’22].
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Conclusions

@ Lévy Lorentz gas as a RW in random media, with collision times =
RWRS — convergence to Kesten Spitzer process

If « € (1,2) : (integrable media) quenched CLT for discrete and continuous
time processes [BCLL16]. Quenched diffusive behavior.

If « € (0,1) : (non-integrable media) annealed functional LT for discrete
and continuous time processes [BLP’20]. Annealed
superdiffusive behavior.

@ Generalized RW in random media with « € (0,2] and 5 € (0, 2]. For
different ranges of the parameters:

e Functional limit theorems [BBLMS’21].
e Tail distributions of the ladder heigths [BCP’22].

@ Construction of Lévy media on R?: Open problems:

e Transience or recurrence when « € (1, 2).
e Scaling and limit theorems when « € (1,2).
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Thank you for your attention!
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