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Rigorous derivation of the Boltzmann equation

Represent the expansion in terms of integrals of the initial datum.
Def a n−collision, j−particle tree, G (j , n) = {k1 . . . kn} s.t.

k1 ∈ Ij , k2 ∈ Ij+1, . . . kn ∈ Ij+n

where Is = {1, 2, . . . s}.

A natural graphical representation. For instance G (2, 5) given by
1, 2, 1, 3, 2 :
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Rigorous derivation of the Boltzmann equation

Each branch (say j + `) represents a new particle (with incoming or
outgoing velocities according to σ` = −1 or σ` = 1 respectively)
created at time t` by a previous particle (branch)
k` = 1, . . . j + `− 1.
The set of all such trees is denoted by G(j , n). In the following we
shall write ∑

k1...kn

′ =
∑

G(j ,n)∈G(j ,n)

.

Note that the number of terms is j(j + 1) . . . (j + n − 1).
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Rigorous derivation of the Boltzmann equation

ζε(s) = (ξε(s), ηε(s)) the positions and velocities of the particles
created up to the time s. If s ∈ (tr , tr+1) we have j + r particles
whose positions and velocities are:

ξε(s) = (ξε1(s), . . . , ξεj+r (s))

and
ηε(s) = (ηε1(s), . . . , ηεj+r (s)).

The particle j + r is created at time tr by particle i in the position

ξεj+r (tr ) = ξεi (tr )− σrωrε

with velocity

ηj+r (t−r ) = vj+r + ωr · (ηεi (t+
r )− vj+r )ωr (

σr + 1

2
)

If σr = 1 the pair (ηεi (t+
r ), vj+r )) is post-collisional.
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Rigorous derivation of the Boltzmann equation

Then also the velocity of the direct progenitor i changes according
to the formula ηi (t

−
r ) = ηi (t

+
r )− ωr · (ηεi (tr )− vj+r )ωr .
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Rigorous derivation of the Boltzmann equation

Given the initial position and velocities of the new created
particles, the (backward) flow is Φ−t , the H-S flow, up to the next
creation in which the procedure is repeated.

Note that the particles can collide between two creation instants
tr , tr+1.
These collisions outside the creation times are called recollisions.
Note that recollisions are unlikely, but they are the main
responsible of the different behavior of the particle dynamics from
the Boltzmann evolution.
The configuration ζε(s) depends on G (j , n), on the creation times
(t1, . . . tn), on the sequence σn and on the velocities of the created
particles vj+1, . . . , vj+n.
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Rigorous derivation of the Boltzmann equation

Next we set

tn = (t1, . . . , tn),

ωn = (ω1, . . . , ωn)

Vj ,n = (vj+1, . . . , vj+n)

σn = (σ1, . . . , σn), σj = ±1.

Define

dΛ(tn, ωn,Vj ,n) =χ({t1 > t2 · · · > tn})dt1 . . . dtn

dω1 . . . dωndvj+1 . . . dvj+n.

With these definitions we rewrite the Dyson expansion
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Rigorous derivation of the Boltzmann equation

f εj (Zj ; t) =

N−j∑
n=0

αεn(j)
∑

G(j ,n)∈G(j ,n)

∑
σn

(−1)|σn|

∫
dΛ(tn, ωn,Vj ,n)

n∏
i=1

B(ωi ; η
ε
ki

(ti )− vj+i ) f ε0,j+n(ζε(0)),

where B(ωi ; η
ε
ki

(ti )− vj+i ) = ωi · (ηεki
(ti )− vj+i )) and ki is the

progenitor of the particle j + i .

αεn(j) = ε2n(N − j)(N − j − 1) . . . (N − j − n + 1).
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Rigorous derivation of the Boltzmann equation

We now treat the solution to the Boltzmann equation in the same
manner. Let f solve B eq.n.

fj(Zj ; t) = f (t)⊗j(Zj) (1)

Then fj(t) solves the Boltzmann hierarchy:

(∂t +

j∑
k=1

vk · ∇xk
)fj = Cj+1fj+1, (2)
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Rigorous derivation of the Boltzmann equation

Cj+1 =

j∑
k=1

Ck,j+1

Ck,j+1 = C+
k,j+1 − C−k,j+1

C+
k,j+1gj+1(x1, . . . , xj ; v1, . . . , vj) =

∫
dvj+1

∫
S2

+

dωω · (vk − vj+1)

[gj+1(x1, . . . , xj , xk ; v1, . . . , v
′
k . . . , v

′
j+1),

C−k,j+1gj+1(x1, . . . , xj ; v1, . . . , vj) =

∫
dvj+1

∫
S2

+

dωω · (vk − vj+1)

gj+1(x1, . . . , xj , xk ; v1, . . . , vk , . . . , vj+1)].

The same as H-S hierarchy putting ε = 0.
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Rigorous derivation of the Boltzmann equation

fj(t) =
∞∑

n=0

∫ t

0
dt1

∫ t1

0
dt2 . . .

∫ tn−1

0
dtn

S(t − t1)Cj+1 . . . S(tn−1 − tn)Cj+nS(tn)f0,n+j .

where
f0,n+j = (f0)⊗(n+j)

and S(t)gj(Xj ,Vj) = gj(Xj − Vj t,Vj) is the free flow.
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Rigorous derivation of the Boltzmann equation

We can do the same tree expansion as before readily arriving to
the following expression

fj(Zj ; t) =
∞∑

n=0

∑
G(j ,n)∈G(j ,n)

∑
σn

(−1)|σn|

∫
dΛ(tn, ωn,Vj ,n)

n∏
i=1

B(ωi ; ηki
(ti )− vj+i ) f0,j+n(ζ(0)),

where B(ωi ; ηki
(ti )− vj+i ) = ωi · (ηki

(ti )− vj+i )) and ki is the
progenitor of the particle j + i .
Here the backward flow ζ(s) is constructed as before with the
difference that the new particles are created exactly in the same
place of their progenitor. Obviously we do not have recollisions
(particles are points). In other words everything goes as before just
putting formally ε = 0.
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Rigorous derivation of the Boltzmann equation

Hypotheses on the initial data
1) f0 is a continuous, bounded probability density, s.t. , for some
β > 0

f0(x , v) ≤ Ce−βv2

2) Initial datum for the Boltzmann hierarchy

f0,n+j = (f0)⊗(n+j)

We cannot assume the same initial datum for the H-S hierarchy.
Correlations at time zero due to the h-s non-overlapping condition.
We require

3) f ε0,j(Xj ,Vj) ≤ z je−βV 2
j

4) limε→0 f ε0,j = f ⊗j
0

uniformly on compact sets outside the manifold

{Zj |xi = xs , for some i 6= s}.
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Rigorous derivation of the Boltzmann equation

Lanford ’75

Theorem

There exists t0 > 0 s.t., for t ≤ t0 and for all j = 1, 2, . . .

lim
ε→0

f εj (t) = fj(t) a.e.

Moreover
fj(t) = f (t)⊗j a.e.,

where f (t) solves the Boltzmann equation.
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Rigorous derivation of the Boltzmann equation

Compare the two series expansion

fj(Zj ; t) =
∞∑

n=0

∑
G(j,n)∈G(j,n)

∑
σn

(−1)|σn|

∫
dΛ(tn, ωn,Vj,n)

n∏
i=1

B(ωi ; ηki (ti )− vj+i ) f0,j+n(ζ(0)),

and

f εj (Zj ; t) =

N−j∑
n=0

αεn(j)
∑

G(j,n)∈G(j,n)

∑
σn

(−1)|σn|

∫
dΛ(tn, ωn,Vj,n)

n∏
i=1

B(ωi ; η
ε
ki

(ti )− vj+i ) f ε0,j+n(ζε(0)),

αεn(j) = ε2m(N − j)(N − j − 1) . . . (N − j − n + 1).

Outline the differences.
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Rigorous derivation of the Boltzmann equation

αεn(j)→ 1.

For a.a. Zj , 0 ≤ s ≤ t
ζε(s)→ ζ(s)

We have convergence term by term.

This is deeper than it can
appear at first sight. It remains to control the remainder of the
two series.
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Rigorous derivation of the Boltzmann equation

Remind

f εj (t) =

N−j∑
n=0

∑
σ1,...,σn
σi =±1

∑
k1,...,kn

′(−1)|σn|
∫ t

0

dt1

∫ t1

0

dt2 . . .

∫ tn−1

0

dtn

αεn(j)Uε(t − t1)C ε,σ1

k1,j+1 . . .U
ε(tn−1 − tn)C ε,σn

kn,j+nU
ε(tn)f ε0,n+j .

where

C ε
j+1f

N
j+1(x1, v1, . . . xj , vj) = −

j∑
k=1

∫
dn

∫
dvj+1n · (vk − vj+1)

f N
j+1(x1, v1, . . . xk , vk , . . . , xk + εn, vj+1)
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Rigorous derivation of the Boltzmann equation

Suppose that |vi | ≤ C . To simplify (large velocities are not a
problem).

|n · (vk − vj+1)| ≤ C

Then
‖C ε

j+1f
N
j+1‖L∞ ≤ Cj‖f N

j+1‖L∞

The generic term is uniformly bounded by

tn

n!
Cnj(j + 1) . . . (j + n − 1) ≤ (2z)j(tC )n

if ‖f0,j‖L∞ ≤ z j . The series is converging for t small.
Same estimate for the Boltzmann hierarchy.
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