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Nonequilibrium free energy

1
o WNZW Z (/N )0y /N
x/NeA

e vV {rN ~p}~1

V-D(p)Vp=0
filp(x)) = Az) 2 < oA

@ D(p) diffusion coefficient D(p) = (1/2)1
@ f equilibrium specific free energy  f(a) = aloga+ (1 —a)log(l —a)
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Nonequilibrium free energy

1
o WNZW Z (/N )0y /N
x/NeA

e vV {rN ~p}~1

V-D(p)Vp=0
filp(x)) = Az) 2 < oA

@ D(p) diffusion coefficient D(p) = (1/2)1

@ f equilibrium specific free energy  f(a) = aloga+ (1 —a)log(l —a)
@ y#p

e v {r"N ~q}~ e~ NS ()

@ S (-) nonequilibrium free energy
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Equilibrium x Nonequilibrium

@ )\ constant v;' no correlations

1 —
Sx(y) = /A{vlog%ﬂl—v]logl ’Z}d:c
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Equilibrium x Nonequilibrium

@ )\ constant v;' no correlations

1 —
Sm%>=tﬁ{vbg%+ﬂl—ﬂk%1 g}dw

@ d=1 A=(0,1) M0)#A1) v [n(=/N)in(y/N)]=0(N1)

@ Derrida, Lebowtiz, Speer (2002) Bertini, De Sole, Gabrielli, Jona-Lasinio, L. (2002)
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Hydrodynamic limit

Q 7 Z Nen2 (/N )0y /N
x/NeA
e 7 — vy(x)dx

@ De Masi, Presutti et al. 80’s

~w, [0,T]] ~ 1

Q Pv[ﬂ'N

Guo, Papanicolaou, Varadhan 86

@ Stationary solution p  globally attractive
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Action Functional

@ Kipnis, Olla, Varadhan (1989), Donsker, Varadhan (1989), Quastel, Rezakhanlou,
Varadhan (1999), Bertini, L., Mourragui (2010)

u(t,-) tel|-=T,0]
Buiny 1~ [T,0]] ~ e N Tmo

K(p)H=-V - (x(p)VH) H(z)=0 z€0A

e P e P

mobility: x(a) = a(l —a)l

Ii_7 o (u) = /_Tdt/Adx [Opu—V - D(u)Vu] K (u) "' [;u—V-D(u)Vu]
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Quasi-potential

e 170 (u)
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Quasi-potential

e 170 (u)

@ Fix 8% u(_lrjlﬂf)j:ﬁ I[—T,O] (’LL)
u(0)="y
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Quasi-potential

e 170 (u)

@ Fix 8% u(_lrjlﬂf)j:ﬁ I[—T,O] (’LL)
u(0)="y

@ inf inf [j_ =V
inf inf [oro(u) = Va(y)

u(0)="
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Quasi-potential
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I, (u)

Fix inf Ij_ u
R 7,0) (1)
u(0)="y

inf inf I;_ =V
inf o Iz (u) = Va(y)

u(0)="

Bodineau and Giacomin (2004), Farfan (2010)

V Is the nonequilibrium free energy:

AT ) e NRO)

Holds for large class of systems in any dimension
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Quasi-potential

e 170 (u)

@ Fix 8% inf I[—T,O] (’LL)

u(=T)=p

u(0)="y
@ inf inf [I;_ =V

inf inf [oro(u) = Va(y)
u(0)="

@ Bodineau and Giacomin (2004), Farfan (2010)
@ V), Is the nonequilibrium free energy:
@ vV {aN m A}~ e N0
@ Holds for large class of systems in any dimension
@ DLS, BDGIL d =1, few models, Explict formula for V) (v)
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1. Transformations
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Basic assumptions
1. Local density u(t¢, x) and current j = j(t, x)
Ou+V-j=0
2. Constitutive equation j = J(t, u(t)):
J(t,p) = —D(p)Vp+ x(p) E(t) ,

@ D(p) diffusion coefficient x(p) mobility

3. Boundary condition
f/ (u(t,:z:)) = At,z) , x € ON .

@ f is the equilibrium specific free energy

L 4. Einsteinrelation D(p) = x(p) f"(p)
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Energy balance

Wio.r) = /0 Tdt{— /8 o) N(t,2) () ) + / dv j(t, @) - E(t,x) }

A

@ Second law of thermodynamics (Clausius inequality)
W[O,T] [)\7 Eap] > F(U(T)) o F(p) )

@ [ equilibrium free energy:

F(p) = /A dz f(p(x))
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Energy balance

Wio.a1 = /O at{ - /a do(@)Mt,a)j(t,2) - Ale) + /A do j(t,2) - B(t,2)} |
e A= f'(u(t)) D(p)=x(p) f'(p) J(t,p)=—-D(p)Vp+ x(p)E()

Wor = [ af = [ do )i+ [ i) B0},
_ / i /A de { =V [f/(u(t)) j(O)] + (1) - B(t)}
:/ dt/dx = @)V - g(@t) — [ (u@)Vu(t) - ) + 5(t) - E(t)]

/dt—/da;f /dt/dx] )7i(t)
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2. Equilibrium states: J(u) =0
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Reversible and quag static transfor mations

e £ =0
@ Spatially homogenous equilibrium )\ = cte

@ py=cte  f'(px)=A
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Reversible and quag static transfor mations

Q

Q

Q

Q

E=0

Spatially homogenous equilibrium A = cte

pr=cte  f'(pn) = A

Ao A1

ﬁO :/5>\0 _>/51 :/5>\1

At) = Ao, £ <0

At) =M\, t>T
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Reversible and quag static transfor mations

@ £F=0

@ Spatially homogenous equilibrium )\ = cte

@ py=cte  f'(px)=A

Q A\ M\

Q@ po = Pry — P1 = P

@ ANt)=X,t<0 AXt)=X,t>T

@ reversible transformation: energy exchanged is minimal

@ guasi static transformation: variation of the chemical potential is
very slow
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Reversible and quag static transfor mations

W = /dt—/d:z:f /dt/dwg )it
= F(p /dt/dxj )75 (t)

@ No reqgularity assumption of the chemical potential in time
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Reversible and quag static transfor mations

- /dt—/dl‘f /dt/dwg i
- / dat / da () - x(u(t)) 71 (1)

@ No reqgularity assumption of the chemical potential in time

@ Smooth A(t)  As(t) = A(68)  us(t)
@ J(t,p)=J(p)=—-D(p)Vp D(p)=x(p) f"(p)

W= F(p / dt / da V f (us(t)) - x(us(t))VF (us(t) |
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Reversible and quag static transfor mations

W = F(p) — F(po) + / i /A 02 ' (us (1)) - x(us (£)V ' (us(8))

@ pr ) As(D)
Q Vf/(ﬁAg(t)) =0

/ dt / dx V ’LL5 (p)\é(t))} (Ué(t))v [f/(u5 (t)) — f/(ﬁka(t))}

@ us(t) = pasr) = O(0)
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Reversible and quag static transfor mations

W = F(p) — F(po) + / i /A 02 ' (us (1)) - x(us (£)V ' (us(8))

@ pr ) As(D)
Q Vf/(ﬁAg(t)) =0

/ooodt /AdZEV[f/(Ud(t))_f/(ﬁka(t))} X(us(0))V [ (us(t) = f'(Pase))]

@ us(t) = pasr) = O(0)

@ Reversible transformation W = AF

@ No special property of A(%)

=
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Excess wor k

Q )\(O) = )\0 00
@ Transformation \(t) A(t) — A1 p1

@ excess work:

Wex = WINE, p] —minW = / dt/d:cj

@ j(t) = J(u(t)) = =D(u)Vu x(p) 1" (p)

/dt/dazw J(u(t))
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Excess work and quasi-potential

@ Relaxation path: (Mg, pg) A fort >0 wu(t) — p1

W[\, 0] / dt/d:ch J(ut))
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Excess work and quasi-potential

@ Relaxation path: (Mg, pg) A fort >0 wu(t) — p1

WelAr. o] = /dt/dazw (u(®))
@ Vfi(p1)=0

W At 0] = /dt/dx L))V - J(u(t))

/ dt/dw — f'(p1)] Oru(t)

= [ e [760) = 7p0) = (21} (p0 = 71)] = Vi 70

@ W, Is not the difference of a thermodynamic potential
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3. Nonequilibrium states
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Adjoint hydrodynamics

@ Ju+V-Ju() =0
@ Adjoint hydrodynamics chemical potential X fixed
@ O+ V- -J*(u(t)) =0

dVa(p)
op

@ {T(0)+ ()} = —x(0)V
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Adjoint hydrodynamics

@ dut+ V- J(ult)) =0

@ Adjoint hydrodynamics chemical potential X fixed

@ O+ V- -J*(u(t)) =0

oV (p)

o SO+ T () =—x(p) TS

@ R(p) = 54I(0) + T (1)} = —x(0)V

@ o) = 54(0) — T (0)} = (o) -

oV (p)
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Adjoint hydrodynamics

@ Ju+V-Ju() =0
@ Adjoint hydrodynamics chemical potential X fixed
@ O+ V- -J*(u(t)) =0

dVa(p)
op

@ {T(0)+ ()} = —x(0)V

oVx(p)
0p

@ R(p) = 54I(0) + T (1)} = —x(0)V

@ RAp) =5 {0) ~ T (0} = T(p) ~ R(p)

o [ dwRp)x(p) R =0
A
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Work to maintain stationary state

@ A ult)=pn 0<t<T

Wio.1 = /O Tdt% /A dz f(u(t)) + /O L /A dz §(8) - x(u() 15 ()

:/O dt/Adx J(u(t)) - x(u(t) " T (u(t))
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Work to maintain stationary state

@ A ult)=pn 0<t<T

Wio.1 = /O Tdt% /A dz f(u(t)) + /O L /A dz §(8) - x(u() 15 ()

:/O dt/Adx J(u(t)) - x(u(t) " T (u(t))

a J(p) =J5(p) + JA(p)

e Jg(p) = —X(p)VW;[Ep)
o 0P _ g J2(px) =0

op
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Work to maintain stationary state

@ A ult)=pn 0<t<T

Wor = [ g [do ) + [ ar [ do s xwo) e
_ / i / dx J(u(t)) - x(u(t) T (u(t))
0 A

a J(p) =J5(p) + JA(p)

a Jg(p) Z—X(p)Vng(p)
o« 2O Ry ~0

Wior =T /A dz T3(5) - ()~ T2 (5)
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Renormalized wor k

@ FixT >0 profilep ch. pot. A(?)
e u(t) j(t) t>0

Wi [A ol = Wiomy [, p)- / dt / da T3 (u(t)) x (u(t) LI (u(t))
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Renormalized wor k

@ FixT >0 profilep ch. pot. A(?)
e u(t) j(t) t>0

Wi [A ol = Wiomy [, p)- / dt / da T3 (u(t)) x (u(t) LI (u(t))

@ Orthogonality J2 (u(t)), JA% (u(t))

Wil = F@@)=F()+ | at [ do 2O0) () R u(o)

A thermodynamical theory for nonequilibrium systems — p.20/24



1

Clausiusineguality
Wil = F@@)=F()+ | at [ de 200) x((©) " R u(o)

Q )\(t) — )\1
o J3Y(u(t)) — I3 (51) =0

W gl = Flp) = Plo)+ [t [ do 5O t) - xule) R a(v)



1

Clausiusineguality

Wie [\, pl = F(u(T))—F(p)+ /0 dt /A dx T3 (u(t)) x(u(t)) " IE Y (u(t))

Q )\(t) — )\1
o J3Y(u(t)) — I3 (51) =0

Wi, o] = / dt / da 12O (u(t)) - x(u(®) 12O (u(t))

W™ A, p] = F(p1) — F(p)

WA, p| =2 WA, p] = F(p1) — F(p)
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Quas static transfor mations

@ A0)=2Xo p(0)=px,
Q )\(t) — )\1 t > T
@ >0 M(t)=A0t) (us(t),ss(t))

/ooodt /Adz 25O (g (8)) - x(us (£) LI D (us (1)
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Quas static transfor mations

@ A0)=2Xo p(0)=px,
Q )\(t) =N t>T
@ 6>0 As(t)=A0t) (us(t),js(t))

/ it / dr J3* W (us () - x(us() 71T (us(t))

@ ps(t) = Prs(p)
e J3*(ps(t)) =0

/ dt/d:l} Aa(t) Jé\é(t)(ﬁg(t))]'X(’U;(S(t))_l[Jg\é(t)(/U/(S(t))—JS)\é(t)(ﬁ(S(t

=
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Quas static transfor mations

@ A0)=2Xo p(0)=px,
Q )\(t) =N t>T
@ 6>0 As(t)=A0t) (us(t),js(t))

/ it / dr J3* W (us () - x(us() 71T (us(t))

@ ps(t) = Prs(p)
e J3*(ps(t)) =0

/ dt/d:l} Aa(t) Jg\é(t)(ﬁg(t))]'X(’U/(S(t))_l[Jé\é(t)(/U/(S(t))—JS}\é(t)(ﬁ(S(t

L W = AF = F(p1) — F(fo)
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Excess wor k

Q )\(t) — )\1

@ initial density profile p.

Wex|[A, p] = WA, p] — min W[N] p]

/ dat / dz 120 (u(t)) - x(u() " RO (u(t))
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Relaxation path: excesswork and quas potential

Q ()\0, ,50) )\1 t>0
@ u(t) — p1

oo

WeslAws o] = [t [ do 73 (u(t)) - x(u®) ™ R (u(t)

I
"

ﬁAMﬁWMD%Mm*@WMD
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Relaxation path: excesswork and quas potential

Q ()\0, ,50) )\1 t>0

@ u(t) — p1

Wex [)\17 ﬁO] —




1

Relaxation path: excesswork and quas potential

Q ()\0, ,50) )\1 t>0

@ u(t) — p1

Wex [)\17 ﬁO] —
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