
Switched Systems Optimal Control Problems

Matthias Gerdts, Konstantin Palagachev

Munich Aerospace
Institute of Mathematics and Applied Computing

Department of Aerospace Engineering
University of the Federal Armed Forces at Munich

konstantin.palagachev@unibw.de

Berlin, 7-9 May, 2014



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Overview

(1) Introduction

(2) Problem formulation

(3) SSOCP with fixed sequence of phases

(4) SSOCP with unknown sequence of phases



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Introduction

Switched System
A dynamics system that operates by switching between different subsystems or
phases.

Switched System Optimal Control Problem
Problem of designing an optimal sequence of phases and optimal control signals for
each phase, such that certain cost function is minimized.

Applications:

• Aircraft modelling

• Air traffic control

• Robotics and industrial processes

• Logistics
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Introduction

Example Problem
Interaction between quadcopter and robot.
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Introduction

Example
Quadcopter flying over several industrial robots
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Problem Formulation

Given M phase intervals [T0, T1], [T1, T2], . . . , [TM−1, TM ] with length
p1, p2, . . . , pM , we consider the following Switched System Optimal Control Problem

Switched System Optimal Control Problem
For each phase [Tk−1, Tk ]

minimize ϕk (x(Tk−1), x(Tk )) (1)

with respect to x ∈ W 1,∞([Tk−1, Tk ]; Rnx
)
, u ∈ L∞

(
[Tk−1, Tk ]; Rnk

u
)

and pk ∈ R,
subject to

ẋ(t)− f k (t, x(t), u(t)) = 0Rnx a.a. t ∈ (Tk−1, Tk ) (2)

gk (x(t), u(t)) ≤ 0
Rnk

g
∀ t ∈ (Tk−1, Tk ) (3)

φk (x(Tk−1), x(Tk )) = 0
R

nk
φ

(4)
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Problem Formulation

Two cases may occur:
1) The sequence of phases is fixed:

• SSOCP can be transformed to standard optimal control problem
• Solvable by gradient type methods (SQP, Interior point, Quasi-Newton)
• Easier to implement and solve

2) The sequence of phases is unknown:
• Optimal Control Problem for each phase
• Feasible and infeasible sequences of phases may arise
• Two phases may not occur simultaneously
• Need of binary (decision) variables
• Mixed-Integer solvers have to be used
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SSOCP with fixed sequence of phases

Since the length of the time intervals [Tk−1, Tk ] is unknown, for each k ∈ {1, . . . ,M}
we consider the time transformation

t(k) : [0, 1]→ [Tk−1, Tk ]

defined as
t(k)(τ ) = Tk−1 + τ · (Tk − Tk−1) = Tk−1 + τ · pk . (5)

Note that the transformation t(k)(·) is continuous and it holds

dt(k)(τ )

dτ
= Tk − Tk−1 = pk ∀ τ ∈ (0, 1) (6)
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases

Let us define the new dimensions

Nx = M · nx and Nu =
M∑

k=1

nk
u (7)

and the new states and controls

x ∈ W 1,∞([0, 1]; RNx ) x =
(
x (1), . . . , x (M)

)
x (k) ∈ W 1,∞([0, 1]; Rnx ) (8)

u ∈ L∞([0, 1]; RNu ) u =
(
u(1), . . . , u(M)

)
u(k) ∈ L∞([0, 1]; Rnk

u ) (9)
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SSOCP with fixed sequence of phases

In the same way, we redefine the functions involved in the Switched System Optimal
Control Problem as follows.

Cost Function Reformulation
Define

ϕ : RNx × RNx → R

such that

ϕ(x, y) =
M∑

k=1

ϕk (x (k), y (k)) (10)

for every x =
(
x (1), . . . , x (M)

)
and y =

(
y (1), . . . , y (M)

)
in RNx .
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SSOCP with fixed sequence of phases

Dynamics Reformulation
Define

f : (0, 1)× RNx × RNu → RNx , f =
(
f (1), . . . , f (M)

)
(11)

where for every k = 1, . . . ,M, the k th component

f (k) : (0, 1)× RNx × RNu → Rnx (12)

is defined as
f (k)(τ, x, u) = f k (t(k)(τ ), x (k), u(k)) (13)

for every τ ∈ (0, 1), x =
(
x (1), . . . , x (M)

)
∈ RNx and u =

(
u(1), . . . , u(M)

)
∈ RNu .
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SSOCP with fixed sequence of phases

Constraints Reformulation

Define Ng =
M∑

k=1

nk
g and consider the function

g : Rnx × Rnu → RNg , g =
(
g(1), . . . , g(M)

)
(14)

where for every k = 1, . . . ,M, the k th component

g(k) : Rnx × Rnu → Rng
x

is defined as
g(k)(x, u) = gk (x (k), u(k)) (15)

for every x =
(
x (1), . . . , x (M)

)
∈ Rnx and u =

(
u(1), . . . , u(M)

)
∈ Rnu .
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SSOCP with fixed sequence of phases

Boundary Conditions Reformulation

Define Nφ =
M∑

k=1

nk
φ and consider the function

φ : RNx × RNx → RNφ , φ =
(
φ(1), . . . , φ(M)

)
(16)

where for every k = 1, . . . ,M, the k th component

φ(k) : RNx × RNx → Rnφx

is defined as
φ(k)(x, y) = φk (x (k), y (k)) (17)

for every x =
(
x (1), . . . , x (M)

)
and y =

(
y (1), . . . , y (M)

)
in RNx .
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SSOCP with fixed sequence of phases

Remark
Note that additional boundary conditions have to be imposed, in case continuity of the
states between the different phases is not ensured by φk . Indeed, in that case we
consider the function

Φ : RNx × RNx → R(M−1)·nx (18)

defined as

Φ(x, y) =


x (2) − y (1)

...

x (M) − y (M−1)

 (19)

for every x =
(
x (1), . . . , x (M)

)
and y =

(
y (1), . . . , y (M)

)
in RNx .
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SSOCP with fixed sequence of phases

Finally, let us define the Nx × Nx diagonal matrix

P =



p1 0 . . . . . . . . . . . . 0

0
. . .

. . .
...

...
. . . p1

. . .
...

...
. . .

. . .
. . .

...
...

. . . pM
. . .

...
...

. . .
. . . 0

0 . . . . . . . . . . . . 0 pM



(20)
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SSOCP with fixed sequence of phases

With the previous reformulation, the Switched System Optimal Control Problem
becomes

Reformulated Optimal Control Problem

Minimize ϕ(x(0), x(1))

with respect to x ∈ W 1,∞([0, 1]; RNx
)
, u ∈ L∞

(
[0, 1]; RNu

)
and

p = (p1, . . . , pM ) ∈ RM , subject to

ẋ(τ )− P · f (τ, x(τ ), u(τ )) = 0RNx a.a. τ ∈ (0, 1)

g(x(τ ), u(τ )) ≤ 0RNg ∀ τ ∈ (0, 1)

φ(x(0), x(M)) = 0RNφ

Φ(x(0), x(M)) = 0R(M−1)·nx
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases

0 1
−4

−2

0

2

4

τ

x(
1)
(τ)

0 1
0

1

2

3

4

τ

x(
2)
(τ)

0 1
0

1

2

3

4

τ

x(
3)
(τ)



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases

Example Problem
Interaction between quadcopter and youBot platform.
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Robot Model

We consider a model of the omni-directional mobile platform youBot provided by
KUKA, consisting of:

1) youBot omni-directional platform
• 4 KUKA omniWheels
• 3 degrees of freedom

2) youBot arm with gripper
• 5 axes robot arm
• 5 degrees of freedom
• 2 finger gripper
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Robot Base

Base Model

• 3 states: x, y and ϕ representing the position of the robot base in the xy−plane
and its orientation

• 3 states: vx , vy and vϕ representing the velocities of the base (translational and
angular)

• 3 controls: ux , uy and uϕ representing the accelerations (translational and
angular)

Equations of Motion

ẋ(t) = vx (t)

ẏ(t) = vy (t)

ϕ̇(t) = vϕ(t)

v̇x (t) = ux (t) cos(ϕ(t)) + uy (t) sin(ϕ(t))

v̇y (t) = ux (t) sin(ϕ(t))− uy (t) cos(ϕ(t))

v̇ϕ(t) = uϕ(t)

(21)
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Robot Base

6 Kapitel 3. Versuchsaufbau

Desweiteren sind interne Rotationssensoren an den Elektromotoren verbaut, durch die die
gefahrene Distanz grob bestimmt werden kann. Allerdings ist es aufgrund der Treiber nicht
möglich, direkt auf die intern gemessenen Daten der Rotationssensoren zu zugreifen, so dass
nur die gefahrenen Strecken ausgegeben werden können.

Abbildung 3.2: Ein Omni-Wheel des youBots. Aufgrund der einzeln verbauten, dreh-
bar gelagerten Walzen kann der youBot spezielle Bewegungen aus-
führen, die mit normalen Rädern nicht möglich sind.[1]

Abbildung 3.3: Hier wird die Möglichkeit des youBots geradeaus (oben links), seit-
wärts (oben rechts) und diagonal (unten links) zu fahren verdeutlicht,
sowie eine Drehung um den Mittelpunkt der Basis (unten rechts) dar-
gestellt. Weiterhin werden auch die jeweils benutzten Drehrichtungen
der einzelnen Omni-Wheels aufgezeigt.[1]

Dabei kann der Roboter Geschwindigkeiten von bis zu 1m/s in jede Richtung erreichen. Die
Plattform ist 531 x 380 x 140 mm groß und rund 24 kg schwer. Sie verfügt über einen internen
Akku.
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Robot Arm

Arm Model

• 5 states: q1, . . . , q5 representing the angles of the joints

• 5 states: v1, . . . , v5 representing the angular velocities of the joints

• 5 controls: u1, . . . , u5 representing the angular acceleration of the joints

Equations of Motion

q̇1(t) = v1(t), v̇1(t) = u1(t)

q̇2(t) = v2(t), v̇2(t) = u2(t)

q̇3(t) = v3(t), v̇3(t) = u3(t)

q̇4(t) = v4(t), v̇4(t) = u4(t)

q̇5(t) = v5(t), v̇5(t) = u5(t)

(22)
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Robot Arm

3.1. Spezifikationen des KUKA youBots 7

Der Arm des KUKA youBots besitzt insgesamt fünf drehbare Gelenke sowie einen Greifer,
wie in Abbildung 3.4 zu erkennen ist. Für die Markierungsarbeiten wird anstatt des Greifers
eine Konstruktion wie in Abb. 3.5 benutzt. Die Konstruktion besteht aus einem Aluminium-
Rahmen, der speziell für diese Anforderung hergestellt wurde. Der Rahmen kann dabei an
eine der beiden beweglichen Backen montiert werden. Durch diese einseitige Fixierung ist es
weiterhin möglich, die Backen, an denen zuvor die zwei Greifer befestigt waren, zu initialisieren
und zu bewegen. Im Rahmen ist am oberen Ende eine Ö↵nung für das Einspannen eines
Stiftes vorhanden, mit dem die Markierung durchgeführt wird. Zentrisch unter dem Stift ist
eine Reflektorkugel verbaut (auf die Funktion der Reflektorkugel wird in Kapitel 3.2 genauer
eingegangen).

Abbildung 3.4: Der Arm eines youBot in Nullstellung mit den einzelnen
Abmessungen.[1]

Für die weitere Betrachtung des Armes muss zunächst die Nullposition definiert werden. In
dieser Position sind alle Gelenke des Armes auf 0¶ eingestellt, das heißt, dass die einzelnen Ge-
lenke nach vorne (A1, A5) beziehungsweise oben zeigen(A2 bis A4) und der Arm ist maximal
aufgerichtet.
In diesem Zustand ist der Arm 655 mm hoch und rund 6.3 kg schwer.
In der Nullposition werden auch die Drehrichtungen der einzelnen Gelenke festgelegt. Betrach-
tet man nun jedes Gelenk für sich in einem lokalen Koordinatensystem, das direkt im Gelenk
aufgestellt wird, kann man die relativen Rotationsachsen bestimmen.
So ist das unterste Gelenk A1 um die lokale z-Achse drehbar gelagert. Die Gelenke A2 bis A4
erlauben alle eine Rotation um die eigene x-Achse. Das Gelenk A5, welches im Übergang von
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Robot Arm

Let r be the offset vector of the first joint with respect to the base and let l1, . . . , l4 be
the lengths of the four arms. We define the rotation matrices

S0(α) =


cos(α) − sin(α) 0

sin(α) cos(α) 0

0 0 1

 S1(β) =


cos(β) 0 sin(β)

0 1 0

− sin(β) 0 cos(β)

 . (23)

S01(α, β) = S0(α)S1(β)

S012(α, β, γ) = S0(α)S1(β)S1(γ)

S0123(α, β, γ, δ) = S0(α)S1(β)S1(γ)S1(δ)

(24)

Then, the mount points P1(q), . . . , P4(q) and the gripper position P5(q) are given by
the following equations



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Robot Arm

Gripper Position

P1(q) = S0(q1)r

P2(q) = P1(q) + S01(q1, q2)


0

0

l1


P3(q) = P2(q) + S012(q1, q2, q3)


0

0

l2


P4(q) = P3(q) + S0123(q1, q2, q3, q4)


0

0

l3


P5(q) = P4(q) + S0123(q1, q2, q3, q4)


0

0

l4



(25)
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Quadcopter Model

Ultralight UAV with four rotors:

1) Six states:
• x, y, z position

on the quadcopter
• yaw, roll and pitch angle

2) Four controls:
• RPM of the rotors
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Quadcopter Model

3 Prinzipielle Steuerung des Quadrocopters

Zum besseren Verständnis der Flugmechanik eines Quadrocopters wird im Folgenden
die prinzipielle Steuerung anhand von Beispielen erläutert. Dabei werden die Flug-
manöver Schweben, Gieren und Rollen qualitativ beschrieben. In Abbildung 3.1 sind
zu den unterschiedlichen Manövern die Drehgeschwindigkeiten der Rotoren symboli-
siert. Die Pfeilrichtung steht für die Drehrichtung, die Pfeildicke charakterisiert die
Drehzahl. Dickere Pfeile bedeuten eine höhere Umdrehungsgeschwindigkeit.

(a) Schwebeflug (b) Rotation (positiv) um e3

(c) Rotation (negativ) um e2 (d) Rotation (positiv) um e1

Abbildung 3.1: Prinzipielle Steuerung des Quadrocopters in Abhängigkeit der Drehge-
schwindigkeiten der Rotoren

Der Schwebeflug eines Quadrocopters stellt den einfachsten Fall dar (Abb. 3.1(a)). Al-
le vier Rotoren drehen mit der gleichen Geschwindigkeit und deren Rotationsmomente
gleichen sich aus. Die dabei entstehende Auftriebskraft kompensiert die Gewichtskraft
des Quadrocopters. Ein Steigen oder Sinken der Drohne wird durch eine Drehzah-
lerhöhung oder -verminderung eingeleitet. Dabei ist ebenfalls darauf zu achten, dass

17

(a) Neutral position
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(b) Pos. rotation around e3
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(c) Neg. rotation around e2
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Quadcopter Model

Equations of Motion

m ·


ẍ

ÿ

z̈

 = FA + Fm + FW

where
FA : lift force generated by the rotors

Fm : gravitational force

FW : Drag
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Quadcopter Model

Lift generated by the rotors

FA = A

NBlades · CA ·
1
2
· ρ(z) · ABlades ·


0

0

U2
1 + U2

2 + U2
3 + U2

4




Drag force

FW = CW ·
1
2
· ρ(z)


−sign(vx ) · v2

x · Aeff ,x

−sign(vy ) · v2
y · Aeff ,y

−sign(vz ) · v2
z · Aeff ,z
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Quadcopter Model

Moment generated by the Lift force

MA = A

1
4
· ρ(z) · NBlades · CA · r2 · d ·


U2

2 − U2
4

U2
3 − U2

1

0




Moment generated by the rotors

MR = A

ρ(z) · NBlades · ABlades · CM · r3 ·


0

0

U2
1 − U2

2 + U2
3 − U2

4
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Applications

Problem 1: Two interacting robots

• approach phase

• interaction phase

• return phase

• solution first case

• solution second case

Problem 2: Robot intercepted by a quadcopter

• approach phase

• fly-over phase

• return phase

• solution
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SSOCP with unknown sequence of phases

• Each phase is an Optimal Control Problem

• Sequencing the single phases

• Not every sequence of phases is feasible
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SSOCP with unknown sequence of phases

Example
Quadcopter flying over several industrial robots
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SSOCP with unknown sequence of phases

Example
Air traffic scheduling and control
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SSOCP with unknown sequence of phases

(1) BILEVEL OPTIMIZATION APPROACH
• Fixed sequence of phases are transformed to standard Optimal Control

Problem (OCP)

• Mixed-Integer Optimization Problem (MIOP) is formulated for the unknown
sequence of phases

• Bilevel Optimization Problem is solved with MIOP as upper level problem and
OCP as lower level one

(2) EQUILIBRIUM CONSTRAINTS APPROACH
• Fixed sequence of phases are transformed to standard OCP and first order

necessary conditions are formulated

• MIOP is formulated for the unknown sequence of phases

• Large scale Mixed-Integer Mathematical Program with Equilibrium
Constraints is solved
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Decision Variables

Problem:
• Two phases Φ1,Φ2 with starting times T1, T2 and phase lengths p1, p2

• One of the states only starts when the other one is finished

Approach:
• Define ”big” constant N = T1 + T2 + p1 + p2

• Define decision variable x ∈ {0, 1}
• Consider the constraints:

T1 + p1 − T2 ≤ (1− x) · N
T2 + p2 − T1 ≤ x · N

corresponding to

x = 1 ⇔ Φ1 occures before Φ2

x = 0 ⇔ Φ2 occures before Φ1
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Bilevel Optimization Approach

Denote with OCP(k) the Optimal Control Problem corresponding to the k -th phase
(k = 1, 2), i.e.

OCP(k)

Minimize ϕk (x(Tk ), x(Tk + pk )) (26)

with respect to x ∈ W 1,∞([Tk , Tk + pk ]; Rnx
)
, u ∈ L∞

(
[Tk , Tk + pk ]; Rnk

u
)

and
pk ∈ R, subject to

ẋ(t)− f k (t, x(t), u(t)) = 0Rnx a.a. t ∈ (Tk , Tk + pk ) (27)

gk (x(t), u(t)) ≤ 0
Rnk

g
∀ t ∈ (Tk , Tk + pk ) (28)

φk (x(Tk ), x(Tk + pk )) = 0
R

nk
φ

(29)
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Bilevel Optimization Approach

Let p∗1 (T1) and p∗2 (T2) be the optimal phase length of OCP(1) and OCP(2)

respectively, and let
∂p∗1
∂T1

(T1) and
∂p∗2
∂T2

(T2) be their sensitivities.

MIOP

Minimize
∂p∗1
∂T1

(T1) · d1 +
∂p∗2
∂T2

(T2) · d2 (30)

with respect to d1, d2 ∈ R and x ∈ {0, 1}, subject to

T1 + p∗1 (T1) +
∂p∗1
∂T1

(T1) · d1 − T2 ≤ (1− x) · N (31)

T2 + p∗2 (T2) +
∂p∗2
∂T2

(T2) · d2 − T1 ≤ x · N (32)
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Bilevel Optimization Approach

Algorithm

(1) Choose feasible starting times T1 and T2 and phase lengths p1
and p2

(2) Solve OCP(k) for each phase k , compute sensitivities

(3) Evaluate stopping criteria

(4) Solve MIOP, compute search directions d1 and d2

(5) Update T1 = T1 + d1, T2 = T2 + d2 and GOTO (2)
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Bilevel Optimization Approach
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Equilibrium Constraints Approach

Discretization
Define the discretization grid

Gk =

{
t0 + i · hk

∣∣∣ t0 = Tk , hk =
pk

Nk
, i = 0, . . . ,Nk

}
where Nk ∈ N. Let xi = x(ti ), ui = u(ti ) for i = 0, . . . ,Nk be the discretized states
and controls on Gk .

DOCP(k)

Minimize ϕk (x0, xNk ) (33)

with respect to xi ∈ Rnx , ui ∈ Rnk
u for i = 0, . . . ,Nk and pk ∈ R, subject to

xi+1 − xi − f k (ti , xi , ui ) = 0Rnx ∀ i = 0, . . . ,Nk − 1 (34)

gk (xi , ui ) ≤ 0
Rnk

g
∀ i = 1, . . . ,Nk − 1 (35)

φk (x0, xNk ) = 0
R

nk
φ

(36)
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Equilibrium Constraints Approach

Lagrangian Function
We define the Lagrangian function of the DOCP(k)

Lk : R(Nk +1)·nx × RNk ·nk
u × RNk ·nx × R(Nk−1)·ng × Rnφ → R

as

Lk (x, u, λ, µ, σ) = ϕk (x0, xNk ) +

Nk−1∑
i=0

λT
i+1 ·

[
xi+1 − xi − f k (ti , xi , ui )

]

+

Nk−1∑
i=1

µT
i · g

k (xi , ui ) + σT · φk (x0, xNk ) (37)
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Equilibrium Constraints Approach

First Order Necessary Conditions for DOCP(k)
Let (x∗, u∗, p∗k ) be an optimal solution of DOCP(k), than there exist multipliers
λ∗ ∈ RNk ·nx , µ∗ ∈ R(Nk−1)·ng and σ∗ ∈ Rnφ , such that

∇xLk (x∗, u∗, λ∗, µ∗, σ∗) = 0Rnx (38)

xi+1 − xi − f k (ti , xi , ui ) = 0Rnx ∀ i = 0, . . . ,Nk − 1 (39)

gk (xi , ui ) ≤ 0
Rnk

g
∀ i = 1, . . . ,Nk − 1 (40)

µi ≥ 0
Rnk

g
∀ i = 1, . . . ,Nk − 1 (41)

µT
i · g

k (xi , ui ) = 0 ∀ i = 1, . . . ,Nk − 1 (42)

φk (x0, xNk ) = 0
R

nk
φ

(43)
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Equilibrium Constraints Approach

Mixed-Integer Mathematical Program with Equilibrium Constraints

Minimize p1 + p2 (44)

with respect to

T1, T2, p1, p2 ∈ R

x ∈ {0, 1}

(x (k), u(k), λ(k), µ(k), σ(k)) ∈ R(Nk +1)·nx × RNk ·nk
u × RNk ·nx × R(Nk−1)·ng × Rnφ

subject to

T1 + p1 − T2 ≤ (1− x) · N (45)

T2 + p2 − T1 ≤ x · N (46)

First Order Necessary Conditions for each phase (47)
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Summary

• Introduction and Problem formulation

• SSOCP with fixed sequence of phases

• Models and test problems

• SSOCP with unknown sequence of phases

• Bilevel optimization approach

• Equilibrium constraints approach
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Thank you for your attention!

konstantin.palagachev@unibw.de
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