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Discrete-to-continuum limit for
nonlinear reaction-diffusion systems via
EDP convergence for gradient systems

Georg Heinze, Alexander Mielke, Artur Stephan

Abstract

We investigate the convergence of spatial discretizations for reaction-diffusion systems with mass-action law satisfying
a detailed balance condition. Considering systems on the d-dimensional torus, we construct appropriate space-discrete
processes and show convergence not only on the level of solutions, but also on the level of the gradient systems governing
the evolutions. As an important step, we prove chain rule inequalities for the reaction-diffusion systems as well as their
discretizations, featuring a non-convex dissipation functional. The convergence is then obtained with variational methods
by building on the recently introduced notion of gradient systems in continuity equation format.

1 Introduction

The aim of this work is to show convergence of spatial discretizations of a class of reaction-diffusion systems satisfying
mass-action law. Considering finitely many species X; with i € I = {1,...,4,} undergoing finitely many reactions
chemical reactions labeled by r € R := {1, ey r*} and diffusing in a medium, the reaction-diffusion systems we are
considering can in general be written as

atpi=div(amivaogpﬁvn)+Z(kf:”Hp?f—k&fWprf)w:—a:m pi0)=pY. (1)

reR el el

where p; = p;(t,x) describes the concentration of species X;. The parameters characterizing the diffusion are the
diffusion coefficients §; > 0 and additional continuous drift potentials V;. The chemical reactions are prescribed by
forward and backward reaction rates k™, k? > 0, r € R, and stoichiometric coefficients o, 37 € [0, o) that describe
the change of particles of different type, say X;, by the chemical reactions

For simplicity, we consider the system on the d-dimensional torus T, though an extension to bounded domains with
homogeneous Neumann boundary conditions should not pose a significant difficulty.

The well-posedness, the long-time behavior, and approximations of systems of the form have been studied with
different methods for a long time. We refer to [Ali79] [Rot06, [Mor89l IDF*07] and references therein for the study of classical
solutions, i.e., solutions that are globally uniformly bounded in L>°([0, 00) x T%;RY). In this context, two often used
strategies are to obtain bounds for the full reaction-diffusion system by exploiting global a priori bounds for a lower order
functional such as mass conservation or entropy bounds (cf. [Ali79,[Mor89]) or by studying the space-independent reaction
ODE system, which is applicable when all the species p;, i € I diffuse with the same speed § = §;.

However, to the surprise of many, in [PiS00] it was shown that in the case where species diffuse with different diffusion
constants d;, there may exist no classical solutions to the reaction-diffusion system even when the involved reactions
behave nicely. This furthered the interest in weaker notions of solutions, like renormalized solutions studied e.g. in [Fis15|
Fis17].

In recent years, entropy methods became an important tool for the study of reaction-diffusion systems [DeF06! [IDF*07,
DeF15,IMHM15, IDET17). Here, the idea is to use the non-increasing relative Boltzmann entropy (also called free energy)
as an a priori bound to control solutions and study their long-time behavior. Moreover, entropy methods are a useful tool
for deriving convergence results for the spatial discretization of linear reaction-diffusion systems, see e.g. [HPS24]; and it
is the purpose of this work to generalize these results to nonlinear reaction kinetics.

We stress that our works main focus is not on the regularity of the spatial discretization nor of the model (like data or
coefficients), but instead the variational nature of our approach, which is based on the theory of generalized gradient flows
(see e.g. [Mie23] for an introduction).
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G. Heinze, A. Mielke, A. Stephan 2

To be more precise, we are interested in reaction-diffusion systems, where not only the free energy is decaying, but where
the system is a gradient flow of the free energy. Starting with the pioneering work of Otto [JKO98, |Ott01], it is known
that many diffusion-type problems can be understood as gradient flows driven by a suitable free energy. Later, this was
extended to reaction-diffusion systems satisfying detailed balance in [Miel11] [LiM13| LMS16] for quadratic dissipations
and in [MP*17] for cosh-type dissipations, which we also use here. The fundamental assumption here, is that the system
satisfies the detailed balance (or reversibility) condition. This means that there exist reference concentrations w = (w;);e s
such that w; = exp(—V;) and such that for all * € R it holds

oI 467

fw OZT_ bw /BZ‘ . -2
R Twet = ke Tl = [[or =

el el el

We observe that the detailed balance assumption ensures that the reaction-diffusion system can now be written in
the symmetric form

Opi = 64 div(pl-Vlog(%D + Z /{,‘w% <(Z)a — (Z)B) (B —ai), (1.2)
‘ r€R

where we introduced the notation
s o’
pe = H Pt
il
which will be used throughout. We further note that contains the tilt-invariant form of the reactions derived in [MiS20],
where the dual dissipation potential, defined below, will not depend on w.

What is more important to us, the system has a gradient structure and can now be investigated with variational
methods. More precisely, we will introduce continuous and discrete gradient systems in continuity equation format (cf.
[PeS23]), link them to and appropriate jump processes, respectively, and obtain a convergence result for these
gradient systems in the spirit of I'-convergence for gradient flows, see [SaS04], more precisely EDP-convergence in the
sense of [MiS20, |Ste21, IMMP21}, [Mie23]. Upon rigorously linking these gradient systems to their corresponding equations,
the finite approximation of solutions will then be a direct consequence.

Next, we discuss our finite approximation of the system (1.2). For simplicity, we discretize the torus using uniform grids
74, N € N, noting that our model can be generalized to other domains and discretizations by following ideas of, e.g.,
[HrT23]. Furthermore, we assume for simplicity that the diffusion coefficients J; as well as the reaction coefficients ;. are
spatially independent, although our analysis would not be harmed when considering sufficiently smooth coefficients that
are uniformly bounded above and away from zero.

For fixed N € N, the discretized evolution equation is a coupled ODE of the concentration c; j, of each species i € I
in each discrete position k& € Z%. Denoting by E = {e = (e1,...,eq)" € {0, 1}d7z;{:1 e = 1} the set of
d-dimensional unit vectors, the evolution is given by

. 9 Ci k+te Ci k 9 Cik—e Cik
Cik =) [Afd%he(wN’ - N')4‘A7dahfe< N N

) ikte Wik W;p—e Wik
. : (1.3)
a”4+p" CrL \¢ Ck B r ”
+ E Kew 2 ((wN) — (TJN) (B — i),
re€R k k

for the discrete reference concentrations w,Y, = fof widx, where QY == {x € T? : 2; € [ky/N, (ki+1)/N),1 =
1,...,d} are d-dimensional cubes of side length 1/IN. This system is related to the reaction-diffusion master equation
(RDME) treated in [MSW23|, where also the diffusion is replaced by jumps between nearest neighbors on the lattice.
The intensity of the jumps is characterized by rates d; 1. = 51\/m which are scaled by N2. In our case, the
reactions are modeled pointwise nonlinearities analogously to the space-continuous system, whereas in the RDME the
reactions are modeled as linear jump processes on the number of particles. Our systems are complemented with suitable
initial data satisfying a suitable well-preparedness condition specified later.

This work contains three main analytical results, which we summarize here. We refer to Section [4] for more details. The
first main result, Theorem [4.3] is the rigorous link of each prelimit system to a corresponding gradient structure via
a so-called energy-dissipation principle (EDP). Here, the main step is proving a chain rule, which is obtained by exploiting
the discrete nature of the underlying base space.

The second main result, Theorem [4.8] is the energy dissipation principle for the limit system (1.2). Since this model is
defined over a continuous base space, multiple regularity issues have to be overcome in order to control in particular
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the nonlinear reaction terms, which generate non-convexities in the variational formulation. Introducing the length |y|; =
> i1 Vi of stoichiometric vectors y € [0, 00)!, our main assumptions are the following:

, " 1, . :
V’l" S RZ |Oér|17 ‘B"l § Derit ~— 1+2/d and §|0/+57|1 < Perit - (14)

Note that the same critical growth exponent p.,i; appears already in [Mor89, Thm. 2.3] (one has to choose a = 1 there
due to our L bound obtained from the relative enntropy) for showing global existence of smooth solutions.

The growth power p..iy can be achieved not only for solutions, but for all curves satisfying natural a priori bounds on the
energy and dissipation by exploiting the regularity the diffusion provides. If the conditions are not met, our analysis
can still be carried out if the system admits natural L°°-bounds, see Remark[4.10] Such bounds are known to be satisfied
by solutions to several classes of reaction-diffusion systems, namely if there exists a so-called bounding box, see [Smo94]
and our Remark [4.10]

The final main result, Theorem is the convergence of gradient systems. For this, we require the slightly weaker
assumption than that %\of—&—ﬁﬂl < pait forallr € R. The convergence proof consists of two parts, a compactness
result and a lower limit. To establish the compactness, we construct a suitable family of embeddings into a unified space
that crucially keep the gradient structure in tact.

With these three main results, the convergence of solutions of to solutions of follows in Corollary [4.9]

A major difficulty in the analysis of the space-continuous reaction-diffusion system comes from the reaction-induced non-
linearities and the resulting non-convexity of the dissipation. Here, we can use the some of the surprising properties of
the cosh gradient structure based on the function C*(¢) = 4 cosh((/2) — 4, that is relevant for linear and nonlinear
reactions, see [MP*17, ILM* 17, [PeS23| IMPS21] IPR*22|. These surprising properties are encoded in nontrivial estimates
for the Legendre dual C and its perspective function € : (s, w) — wC(s/w), see (8.4). In particular, we can exploit the
magical estimate

Vg>1VseRVw>0: C(s)gqi%([(shu)—l—— (1.5)

(see [3.4d| and Proposition for the proof). Note that such an estimate does not hold for dissipation potentials 1 of
power-law type: for 1(s) = |s|P with p > 1 we obtain ¥ (s|w) = |s|?/wP~! such that the right-hand side in only
bounds the weaker power law |s|” with r = pq/(p+q—1) < p.

As usual, the chain rule is proved by a smoothing argument. In contrast to linear reaction systems like for Markov processes
and Fokker-Planck type equations (cf. e.g., [Ste21] [PeS23||IPR*22)), it is not possible to rely solely on convexity arguments.
Instead, our convergence proof combines the magical estimate with the Hardy-Littlewood maximal function from harmonic
analysis and the easy but non-trivial estimate 9, C(s|w)| < 2|s/w| (see [@.4b)) to obtain an integrable majorant on the
reactive flux. We believe that this flexible approach could also be used for handling non-convexities in other cases where
the cosh gradient structure is relevant.

For the discrete approximation the challenge lies in deriving weak-L! compactness for the reactive fluxes. Here, we require
Perit-uniform integrability of the embedded concentrations. To achieve this, we exploit the flexibility of the embedding
method by introducing a second family of more regular embeddings. For this family higher integrability can be obtained,
while we rely on the first family of embeddings to obtain the liminf inequality.

The paper is structured as follows: In Section |2, we present the abstract strategy of the paper. Section [3|introduces first
the gradient structures for the discrete and the continuous reaction-diffusion systems. Then, we connect both models with
an embedding such that we can state the main results of the paper in Section |4} There, we also list and discuss in detail
the assumptions on our reaction coefficients. The proof of our convergence result is carried out in Section[5] Here, we first
derive the compactness, before showing the claimed liminf-estimate. Finally, Section [6] contains the detailed proofs of the
chain rules inequality first for discrete and then for the continuous reaction-diffusion systems.

2 Abstract strategy

To improve clarity, before challenging the reader with the notation of our concrete problem, we first present on a formal and
abstract level the strategy of our work.
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2.1 Gradient systems with explicit abstract gradient mappings

We begin by introducing a quintuple (X,Y, G, &, R*), called a gradient system. This notion is a small modification of
gradient systems in continuity equation format introduced in [PeS23].

The elements of the gradient system are two pairs of base spaces X = (Xdom Xtar) y = (ydom ytar) where
X dom yrdom a6 Borel subsets of a Euclidean space, and X", Y*2* are Euclidean spaces. Test functions over these
spaces are linked by an abstract linear gradient map G : C?(Xdom,Xtar) — CZ"(Ydom,Yt"“), with dual G* :
(Ce(ydom ytaryyx . (oo ((Xdom Xtar))* which is sometimes called process-space to tangent map. Here, for
Z € {X,Y} the dual pairing is defined as usual by

Vo € CR(Z9™, 2% Ve (CR(Z9™, Z)* : (¢, 1)z = (b, p) = /Zdom ¢ dpu,

with - denoting the canonical inner product in the Euclidean space Z 3.

The fourth element of the quintuple is a lower semicontinuous (Isc) energy functional £ : /\/l+(Xd°“‘7 X'r) — RuU{co},
where M (Xdom Xtar) denotes the set of X ***-valued, component-wise non-negative Radon measures. The final
element is a dual dissipation potential R* : M (Xdom Xtar) x C(ydem ytar) 5 [0, oo], which, by definition, is Isc
and non-negative with R*(p, 0) = 0, and satisfies for all p € M (X 9™ Xtar) that £ s R*(p, £) is convex.

Fixing an arbitrary time horizon 7' > 0 and an initial datum py € M (X Xtar) the gradient system (X, Y, G, &, R)
induces on [0, T'] an evolution equation, the gradient flow equation

Orp = G*O¢R* (p, —GDE(p)), (2.1a)
p(0) = po, (2.1b)
where DE denotes the variational derivative of £ and J¢ R* denotes the convex subdifferential of R*(p, -).

By specifying R* and &, the gradient system contains more information than the gradient-flow equation. Indeed, it is
well-known that the same gradient-flow equation can be derived from different gradient systems, each corresponding to a
different physical setting, see [Mie23].

Before further discussing the link between gradient flow and gradient system, we comment on the relation of the presented
notion of gradient flow with other notions.

Remark 2.1 (Link to other notions of gradient flow). The presented notion is heavily influenced by the gradient systems in
continuity equation format introduced in [PeS23], the only difference being the split of X and'Y in a domain and a target
space, which allows us to directly incorporate well-known objects like the classical gradient V : C*(T?) — C(T%;R?)
into our framework. Furthermore, we observe that by setting G = id, Y = X, X = M4 (X) and Z*(p,¢) =
R*(p, Gp) for all p, p, we recover the well-established notion of a gradient system (X, E, %) as introduced in [Mie23].
Choosing R* as a quadratic functional, we can also recover metric gradient systems and metric gradient flows in the spirit
of JAGS08].

To establish the link between the gradient system (X, Y, G, £, R*) and the gradient flow equation (2-7), we split the
latter into two parts: First, we introduce the continuity equation, which links a weak-* measurable curve p : [0, T] —
M (Xdom | Xtar) with a weak-* measurable curve of fluxes j : [0, T] — M(Y 4™ Y*ar) by the relation (understood
in the sense of distributions on [0, 7] x X dom)

615,0 = G*j (2.2)
The set of curves (p, j) satisfying is denoted by CE.

Secondly, given a pair (p, j) € CE, we recover if the initial condition holds and j satisfies (in the sense of
measures) the constitutive relation

j = 0¢R*(p, —GDE(p)). (2:3)

One important link between a gradient system and its induced gradient flow is called the energy-dissipation princi-
ple. It is formally established as follows. We introduce the (primal) dissipation potential R : M (X dom Xtar) x
M(ydom ytar)y s [0, 00| as the convex dual of R* with respect to the second variable. Together CE, £, R and
R* give rise to the dissipation functional

JER(p, 5)+R*(p, —GDE(p)) dt for (p, j) € CE
+0o0 for (p,j) ¢ CE,

D(p,j) = {
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and the energy-dissipation functional

L(p,j) = E(p(T)) = E(p(0)) + D(p. j)-
We say that the gradient system satisfies the energy-dissipation principle if p solving (in a suitable weak sense) is
equivalent to (p, j) solving CE and L(p, j) = 0.

A crucial role in making this principle rigorous is played by the chain rule inequality for the gradient system, which means
that L£(p, j) > 0 holds for all (p, j) € CE. This name is motivated by the following formal calculation:

%5(9) = (DE(p), ip)x = —(=GDE(p), j)y = —=R"(p, =GDE(p)) — R(p, J),

where the first equality is the classical chain rule, the second equality holds for (p, j) € CE, and the inequality follows
from the duality of R* and R (Young-Fenchel estimate). Integrating in time from 0 to 7', we obtain L(p, j) > 0.

However, it L(p,j) < 0 is imposed additionally, then we must have equality in the Young-Fenchel inequality for a.a.
te0,T7:
(=GDE&(p), j)y = R*(p, —=GDE(p)) + R(p, j).

By the Fenchel equivalence, this implies that holds a.e. on [0,T]. Plugging this into CE shows that holds.
The opposite direction from to L(p, ) = 0 with j from is obvious.

Of course, we will make these arguments rigorous for the reaction-diffusion systems under consideration.

2.2 Convergence of gradient systems

Having introduced abstract gradient systems and briefly discussed the energy-dissipation principle, we now want to dis-
cuss, on an abstract level, our strategy for obtaining the convergence of gradient flows.

To this end, consider a family of approximating gradient systems (X, Yn, Gy, En, Ry ) nen inducing CEy, Dy, and
L as before. As a first step, one proves that each (Xn,Yn, Gy, En, R}y) satisfies a chain rule inequality and an
energy-dissipation principle. Next, one shows that for each N € N and each initial datum p%, with Ex(p%;) < oo there
exists a solution pair (5, jn) € CEx with o (0) = p% and L (P, jn) = 0.

Our aim is to connect the approximating gradient systems with a limit gradient system (X, Y, G, £, R*) inducing CE, D,
and L. For this, one has to show that (X, Y, G, £, R*) also satisfies chain rule inequality and energy-dissipation principle.

To establish the link, a candidate curve that might be a solution for the limit system needs to be obtained by applying
a compactness argument to the family of prelimit solutions (g, v ) Nen. However, the different gradient systems are
defined over different base spaces, hence a unified space is needed in which compactness can be realized. To this end,
one constructs an embedding operator 1 @ M (X ™, X&) — M (Xdom X*tar) and a discretization operator
vy s Co(Xdom xtar) s Ooo(Xdem ) Xtar) such that for all ¢ € C2°(X9om, X)) it holds

(tnpNsP)x = (PN INP) Xn -

For the fluxes one constructs ¢y ¢ : My (Y™ YiaT) — M (Ydom ytar) such that for all p € C°(Xdom, Xtar)
it holds

(tvgin, Go)y = (N, GNin ) vy -
Since the continuity equation is understood in the sense of distributions, this implies that (px, jn) € CEy if and only if
(tnpnsiNgiN) € CE.

We can now prove that for each family (o, jn ) nen With (o, jin) € CEn and sup yey supejo, ) En(pn(t)) < 00
as well as sup ey P (o, Jn) < 00, there exists (p, j) € CE with £(p(0)) < coand D(p, j) < oo such that (along
a subsequence) (N pn, tvgin) —* (p, 7). In particular, such a limit (p, ) exists for the family (5n, Ta) Nen.

Next, one shows that for each family (px, jn ) nven satisfying the a priori bounds as before and each limit (p, j) of the
embedded family, we have the liminf estimates

liminf Dy (py,jv) 2 D(p.j)  and  liminfEx(pn (1)) = E(p(1)) Vi € [0,T]. (2.4)
—00 — 00
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Notice that this inequality relates the dissipation functionals of the non-embedded curves with the limiting dissipation
functional of the limiting curve. In particular, holds for the previously obtained family of solutions (o, Jn ) Nen and
each of its limits (p, j).

To conclude that the limits are indeed solution, we now assume the well-preparedness of initial data

Ay =Tt and -l En(ply) = E(6°) < oo

The energy identity combined with and the limit chain rule inequality yield

0 = liminf Ly (pN,IN) = L(p,]) > 0,
N—o0

from which the energy-dissipation principle of the limit gradient system implies that / is solution starting at 5(0) = p° and
that 7 is given by the kinetic relation (2.3).

3 Gradient system for the reaction-diffusion system

We want to describe the evolution of 4, chemical species X; with i € {1,...,i.} = I undergoing diffusion in a
subdomain © C R? and interacting according to 7. chemical reactions:

daiX; =Y BiX;, ref{l,....n}=R

el el

Throughout the paper we assume that the physical domain is given by 2 = T? (the d-dimensional torus), and that we
have finitely many species and reactions, i.e., i, 7. € N. In the following, we will also use the effective stoichiometric
vectors 7" =: a"—S3" € R!. Moreover, we fix reaction coefficients , > 0 (describing the reaction speed) for each
reaction and diffusion coefficients d; > 0 for each species.

3.1 Discrete reaction-diffusion gradient systems

We present the gradient structure for the spatially discrete reaction-diffusion system with fixed N € N. Denoting by
ZdN = (Z/NZ) the set of discrete positions (with periodic boundary conditions), and E : {e = (e1,... ,ed)T €

{0,1}4, 27:1 e; = 1} the set of discrete directions, we introduce the spaces

Xy = (X{™ XR) = (I x Z§,R),
YN aiff = (Y, docrl?fh XNair) = (I x Zd x E,R),
YN react = ( J%Orr:act’ }\7 react) = (R x Z ,R),
Yy = (YR, YA™) = (YR X YA et YN i X YA eact)-

We introduce the short notation C(X ) = C(X%,Om; X}\?r) and analogously for all other spaces of functions/measures
over these spaces. Furthermore, given a time interval [0, T we write C([0, 7] x Xy ) = C([0, 7] x X {™; Xt&*) and
analogously for all other spaces of functions or measures over these spaces.

Abusing notation, we denote by (-, -) ;- the dual products for vectors as well as components, e.g., for (¢, &) € C(Yy) and
(u,v) € M(Yy) we write

(€0, (w,v)n = (Eupn + (G o)v =D (Eun + Y (Gror)n

i€l reR
1
:W E E E gi,k,eui,k,e'f'g Cr,kvr,k
keZ?\, i€l eecE reR

and similarly for other functions/measures defined over Xy or Y.

Again abusing notation, but highlighting that no spatial component is involved, we introduce for the inner products on R!

and R” the notation
yel=> ik, fev = ftr

el reR
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Given stoichiometric vectors a”, 3" € [0,00)! and v" = a"—fB" for 7 € R, we define the discrete gradient V, the
stoichiometric matrix (or Wegscheider matrix) I", and the abstract linear gradient map G by

G: CP(Xy) = C(Yy), Gy :=(Ve,T'p), with
V:CP(Xy) = CZ (YN ain), V Qike = Qikte — ik, and
I: CSO(XN) — CSO(YN,reaCt); r Ork = Zie[ 'YZ(Pi,k = ’YT ® Pk

Their dual operators are given by

G (CZ(YN))" = (CZ(Xw))", G (¢,¢) = —divE+T"¢, with
—div: (CZ (Vi)™ — (CZ(Xn))", —divEin =) (ke — Gike), and
r: (CEO(YN,react))* — (CEO(XN))*a re Ci,k = ZTGR%'TCM« =; ® (.

Elements of the state space M (X ) are denoted by ¢ = (Ci’k)i617k€Z§iV and will be called chemical concentrations.
We consider the relative entropy with respect to a positive reference concentration w € M (Xy)

dZZAB<

el kezd,

)w’t ks (31)

where the Boltzmann function is defined by A (r) = rlogr — r + 1.

The discrete dual dissipation potential Ry : My (Xn) x C(Yy) — [0, 00) consists of two parts, which correspond
to the discrete diffusion (i.e. jumps) and reactions, respectively. It is defined for ¢ € M (Xn), £ € C(Yn,aifr), and
C S C(YN,react) by

7\/(67 (Ev C)) = R}k\f dif—f(ca 5) + R?\/’ react (Cv C) with

Ry i (¢, €) = N Z Z ZN 8i(cikCiskre) /2C*(§i,k,e)a

el keZd ecE

1/2
RN react C T d Z Z Kr Ck C (C7'7k‘)7

r€R kezd,

where C*(r) = 4 cosh(r/2) — 4. In the sequel we will write R’ (¢, &, ) instead of Ry (¢, (§,¢)), and analogously
for similar objects depending on a configuration, a diffusive component, and a reactive component. Note that the diffusive
part of the dissipation contains a factor N? that will provide the continuous diffusion in the limit N — oco. Note that E'n
depends on w € M (X ), whereas RY%; is independent of w, which is called tilt-invariance in [MiS20].

The previously defined objects form the discrete gradient system (Xx, Yy, G, En, RY). The corresponding gradient
flow equation is the discrete reaction-diffusion system (1.3).

Throughout we will make use of various properties of the function C*(r) characterizing R and its Legendre transform
C. We gather these properties in the following lemma:

Lemma 3.1. The convex function C* : R — [0, co) defined by
C*(0) = 4cosh(c/2) —

and its convex conjugate

C(s) == sup{os — C*(0)} = 2s Arsinh(s/2) — 2v/s?+4 + 4

oc€R

have the following properties:

Ya,b>0: Vab-C*(loga —

(3.2a)
Vab - (C*) (loga — logh) = a — b;
VseR: C(s) <sC/(s)<2C(s) and %log (1+]s]) < C(s) < |s|log (1+]s]). (3.2b)
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G. Heinze, A. Mielke, A. Stephan 8

Proof. These results are obtained by elementary calculations, see e.g. [HT23, Lem. 3.4] for more details. O

In addition to C we also need its so-called perspective function € : x [0, c0) — [0, o], which is given by

C(sfw) = sup{s¢ — wC* ()} = { wlls/w)forw >0, )
CER Xo(s) forw =0.

In the sequel we will need the following properties of €. The last result is the magical estimate that will be crucially used in
Proposition For a similar estimate for the relative Boltzmann entropy, we refer to [FH*22| Eqn. (2.7)].

Lemma 3.2 (Properties of the perspective function C).

The mapping R x [0,00) 3 (s, w) — C(s|w) is strictly convex. (3.4a)
VseR: ww C(s|w) isnon-increasing with
3.4b
Dul(slw) = C(r)=rC'(r)], _, , = 4= 2/(sJwpP+A < 0. (3.49)
Vs eRYw >0: (0,00) 3 A+ C(As|\?w) is increasing. (3.4c)
Vgs1: C(s) < —Lq(shw) + 22 (3.4d)
q : S w . :

Proof. Property follows from the fact that C(-|w) is the Legrendre-Fenchel transform of (¢, w) — wC*({) which
is convex in ¢ and concave in w.

The relation in follow by a direct computation using the lower estimate for sC’(s) in (3.2b). Assertion follows
by using the upper bound for sC’(s) in (3:2B). For the proof of the magical estimate we refer to Appendix O

We call the magical estimate for C and its perspective function €, since such an estimate cannot be expected from
general dissipation functions. For instance, for ® : s — ¢1|s|? with ¢ > 1 the infimum of w®(s/w) + cow? only provides
an upper bound for s > c¢3|s|” with r = ¢gp/(p+q—1) S ¢. The magical estimate will be important for proving the
chain rule, see the proof of Theorem[4.8]in Section[6.2

As a weaker replacement of we will need the following result that is proved in Appendix[B]

Lemma 3.3 (Superliner estimates). Consider an even, differentiable, and superlinear function ¢ : R — [0, 00) such that
s¢'(s) > ¢(s) and another non-decreasing superiinear function v : [0, 00) — [0, 00). Then, the function Z4  : R —
[0, 00) defined via

Epu(s) = &)I;fo{w(/)(s/w) +Y(w)},

is even, non-decreasing and superlinear.

For ¢ > 0, the dual dissipation potential induces a slope term by the relation Sy (c) = Ri(c,— GDEy(c)). This
definition can then be extended to all ¢ € M, (X ) (cf. [(aS24, Remark 3.7]) by exploiting the identity for C* and
log. This yields the so-called relaxed slope.

Definition 3.4 (Relaxed slope). The relaxed slope Sn : M4 (Xn) — [0, 00) is defined by

Sn(c) = Sn.ai(c) + SN react (€),

1 C; e C; 2
San(c) = oy 3 5 Y208 e [T [’

kezd, i€l e€E ’

QT/Q Br/z 2
71 ar, B" Ck Ck
SN,reaCt (C) = Nd Z Z 2"{7’ U)k wk <<1Uk> - <wk > ) .

keZdN reER

Next, we introduce the primal dissipation potential R .
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Definition 3.5 (Primal dissipation potential). We define thr primal dissipation potential Ry : M1 (X ) x M(YN diff) X
M(YN,react) — [0, OO) forc € M+(XN), Fe M(YN,dlﬂ‘), and J € M(YN,react) by

RN(Caij) = RNdiff(C F)"'RNreact(C J)

Ryainr(c, F) = Nd > YR

keZd i€l eeE

Ry react(c J Nd Z Z C (

kezd, TER

5 (Cgkcgme)l/z) )

)<a”‘+w>/z) .

Note that 2 is the convex conjugate of R}, with respect to the second and third arguments. Indeed, the dualities
(Ry.qir)” = Rnv.air and (R react) = RN react follow from the duality of C and C*. The duality of the sums then
follows from the fact that the summands are independent of each other.

Definition 3.6 (Energy-dissipation functional). We introduce the dissipation functional D : L'(0,T; M, (Xn) x
M(YN,diﬁ') X M(YN,rcact)) — [07 OO] by

N(e, F,J) = /OT{RN(c(t), F(t),J(t)) + Sn(c(t))}dt. (3.5)
Furthermore, we introduce the energy-dissipation functional
Ly(c, F,J) == En(c(T)) — En(c(0)) + Dy (c, F, J).
Definition 3.7 (Continuity equation). The operator@ gives rise to the continuity equation
=G'(F,J)=—divF +T*J.

We denote CE y the set of triples (¢, F, J) € AC([0, T]; M(Xn)) x L1 (0, T5; M(Yn aigr)) x L1(0, T; M(Yx react))
satisfying the above equation.

In this definition the domains of the sets X7, Y i, and Yy react are finite sets, such that the topology for the measure
spaces is irrelevant. Only in the continuous case, it will be important to use the the narrow topology, see Definition [3.12)
Moreover, following the proof of [Erb14), Lem. 3.1], we observe that this definition is indeed well-posed for F" and .J satisfying
L!-bounds in time.

For further reference, we note that (c, F', J) € CEy ifand only if forall ¢ € C(Xy) and all k € Z% and a.e. t € [0, T]
it holds

(i[chi’kci*k} ZZV<)@21€(’ zke+z F‘Prkjrk

iel i€l ecE reR

We conclude this section by specifying our notion of solution for (1.3). For the subsequent analysis, it will be crucial to
use already the notion of energy-dissipation balance solutions (in short EDB solutions) that are based on the energy-
dissipation functional L. Theoremwﬂl provide a rigorous connection between this notion and the ODE system
based on the corresponding chain rule as explained in Section[2.] Even in this finite-dimensional case, this equwalence
is non-trivial.

Definition 3.8 ( Discrete EDB solutions). We say ¢ € AC([0,T]; M4 (Xx)) is a discrete EDB solution of with
initial datum co € My (X ), ifc(0) = ¢o and if there exists (F, J) such that (¢, F, J) € CEx andfor0 < s <t <T
we have

t

LY (e, F.J) = Ex(c(t) — En(c(s)) + / (Rn(c, F, J) + Sn(c)) dr = 0. (3.6)

S
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3.2 Continuous-space reaction-diffusion gradient system

We present the gradient structure for the reaction-diffusion system for the case of the ‘continuous space’ given by the torus
T<; as a short-hand we will use the name “continuum system”. The base spaces we consider are

X = (Xxdom Xxtar) = (T4 RY),
Yai = (Vi Xii) = (T, (R)"),
Kcact (Kigg;?Xﬁca;ct) (Td R )
Y = (yoom vt = (Y™ x Yiom, Y x Y.

We recall the short notations C(X) := C(X9°m; X*ar) and C([0,T] x X) = C([0,T] x Xdom; X*ar) a5 well as
analogous notations for all other spaces of functions/measures over these spaces.

Similar to before, we abuse notation, denoting by <~7 > the dual products for vectors as well as components, e.g., for
(¢,6) € C(Y) and (u,v) € M(Y') we write

((€,0), (w,0)) = (u)n + (G v) =D (Eoua) + D> (G vn)

el reR
/ (Z Z gz l uz l + Z gr 7" ) Zz,
el =1 rcR

and similarly for other functions/measures defined over X or Y.
The notation for sums over I and R is used also in the continuous context:

yel=>Y v&, fev =) fr.

el reR

Given stoichiometric vectors a”, 8" € [0,00)!, 4" = a” — B", r € R, we consider the (classical) gradient V and the
stoichiometric matrix I" as well as the linear gradient map G given by

G:Cr(X)— C(Y), Gyo=(Vp,T'e) wih

vV CF(X) = CF (Yairr), Vpi(z) = ( zlsﬁi(w)) =Ly

[ CF(X) = CF (Yreact), LCor(z) : Z’YZ pi(z) =" e p(x).
i€l

Their duals are given by

G : (CZ(Y))" — (CZ(X))", G*(§,Q) = —div£+ [*¢ with
—div : (C®(Yaig))* — (C2(X))*, —divg(z) = Zawlg”
I+ (CF (Yreact))" = (CZ(X))7, T*((z) =Y 9 Gi(x),=7" e ().
el

Elements of the state space M (X) are denoted by p and will be called (continuous-space) chemical concentrations.
In our situation the measures will always have a densitiy with respect to the Lebesgue measure on T4, which (slightly
abusing notation) will also be denoted by p.

We consider the relative entropy with respect to a reference measure w € M (X)

-y / s <pi>widx, (3.7)
icr /T Wi

where we recall the Boltzmann function Ag(r) = rlogr — r + 1.
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The continuous dual dissipation potential R* : M (X) x C(Y) — [0,00) is given for p € M (X), ¢ € C(Yairr),
and ¢ € C( remct) by

R* (,0, (§ g)) Rdlff(p 5) + Rreact (pv C)a

Raiee (p, € Z / |£Z‘ pi dz,

el

react p7 ZHT/ BT 1/2(: (CT) d(E

rcR

As in the discrete setting, from now on we will write R*(p, £, () instead of R* (p, (&, C)) and do the same for similar
objects.

These objects form the continuous gradient system in continuity format (X, Y, G, &, R*).

For p > 0 smooth, the dual dissipation potential induces a slope term by the relation S(p) = R*(p, — GDE(p)). This
definition can then be extended to all p € M (X)) (cf. [HPS24] (3.24)]) yielding the relaxed slope.

Definition 3.9 (Relaxed slope). The relaxed slope S : M (X) — [0, 00) is defined by

S(p) = Sdiff (P) + Sreact (p)v

2
Sairr(p 225 a2 w; dz,
icl Wi
a’/2 g7/2\ ?
react ZQKZT/ vw‘“wﬁr ((p) — (p> ) dz.
reR w w

Next, we introduce the primal dissipation potential R : M (X) x M(Y) — [0, 00), which, as before, is given as the
convex conjugate of R* with respect to the second argument.

Definition 3.10 (Primal dissipation potential). The primal dissipation potential R : M (X ) x M(Ygigt) X M (Yieact) —
[0, 00) is defined for p € M4 (X), f € M(Yaigr), and j € M(Yyeact) by

R(pv fv]) = Rdiff(p, f) -+ Rreact(c,j),
ik 3
Raig(p, f) = {Ziel 2%% Jra Ipil dz for f; = fide < £1,

00 otherwise,

o Per Jpa € |Rr (02 pP1)Y?) da for i = jrda < 29,
Rreact(pv.]) = i
00 otherwise,

where we again made a slight abuse of notation.

Definition 3.11 (Energy-dissipation functional). We define the dissipation functional D : 1.1 (0, T; M (X ) x M (Yqigr) X
M(}/rcact)) — R b_}/

D(p. £.4) / [R(o(0), £(2).5(8)) + S(p()} . @8)
Furthermore, we introduce the energy-dissipation functional

L(p, f,3) = E(p(T)) = E(p(0)) + D(p, f,5)-

Definition 3.12 (Continuity equation). The operator G gives rise to the continuity equation
Op=G"(f,j) = —divf+I"j.

We denote by CE the set of triples (p, f,7) € AC([0, T]; M. (X)) x L1(0, T; M(Yaig)) x
LY(0, T; M(Yzeact)) satisfying for all o € C(X)

dtU Z‘Pzpzdx} /ZZ Vmefzedawr/ ZF@,]de

i€l eeE
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It is important here to recall that the absolute continuity in AC([0, T]; M (X)) has to be understood with respect to
a metric generating the the narrow topology in My (X). Moreover, L1(0,T; M(Yg;g)) is meant to contain weakly
measurable functions with ¢ — || £ (£) || am1(vaer) lies in L1 (0, 7).

Combining the proofs of [AGS08] Lem. 8.1.2] and [Erb14) Lem. 3.1], we observe that this definition is well-posed for f and
j satisfying L' -bounds.

We conclude this section by specifying our notion of solutions for the continuous-space reaction-diffusion gradient system

(1.2).

Definition 3.13 (Continuum EDB solutions for (T.2)). We say p € AC([0,T]; M4 (X)) is a continuum EDB solution
of if sup,epo,m €(p(t)) < oo and if there exists (f, j) such that (p, f,j) € CE, D(p, f,j) < oo, and for
0<s<t<T wehave

LE(p, f,5) = E(p(t)) = E(p(s)) + / (Rlp, f:3) + S(p)) dr = 0.

In the present paper, we will not show that all continuum EDB solutions p are weak solutions (in a suitable sense). However,
under the additional assumption of positivity and boundedness for all p;, Proposition[3.14] provides a result in this direction.
Instead, we focus on the convergence of discrete EDB solutions ¢V in the sense of Definition to continuum EDB
solutions. In fact, we establish the stronger EDP-convergence which also asks convergence of E'y to £ and Dy to D.

The strategy is as explained in Section By a limit passage we obtain £[0.T] (p, f,7) <0, see the lower-limit estimates
in Section In Section @we establish the chain rule estimate £[*:*] (p, f,4) = 0 which then implies that p is a continuum
EDB solution. In Section [ we state the precise assumptions and results.

We close this subsection with stating a conditioned Energy-Dissipation Principle. If we have lower and upper bounds of
the densities, then it follows that functions are continuum EDB solutions if and only if they are weak solutions.

Proposition 3.14 (Continuum EDB and weak solutions for (T-2)). Consider concentrations p € H' ([0, T]; H~(T4)) N
L2([0,T]); HY(T%)) and o € (0, 1) such that p satisfies p;(t,x) € [0,1/0] foralli € I and a.a. (t,z) € [0,T] x T<.
Then, p is a weak solution of ifand only if (p, f, j) € CE with

r r o’ 'BT
fi=—-6Vp; and j, = HTW(a +8 )/2(% _ Zﬁr>’ (3.9)

is a continuum EDB solution in the sense of Definition[3.13

The proof is given in Section[6.2

3.3 Embedding

As a crucial step for obtaining the convergence of gradient systems, we highlighted in Section the construction of
suitable embeddings connecting the prelimit spaces to the limit space.

Definition 3.15 (Embedding and discretization operators). We introduce for each k € Z}'l\, the cube
QN ={reT:z € [k/N,(k+1)/N),l=1,...,d}.

Next, we define the embedding operator .y : M(Xy) — M(X) by

in(e)(z) = pi(z) = Z Cikllgn (2).

kezZs,

Dual to it, we introduce the discretization operator 1’y : C(X) — C(X ) by setting

NGk = (UN&k = N & dx.
QY

For the diffusive fluxes we introduce tn qigt : M4 (YN air) = M (Yair) defined by

vt () = fi(@) = (fiey (2)s- - fiea(®)) " (3.10a)
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where fore € E we set

fiel@) =+ -y (/ v, (@ )d9> ke (3.10b)

kezd,

Finally, for the reactive fluxes we define tn react : M+ (YN react) = M (Yieact) by

LN,rcactJT( ) *.77“ Z ]]-QN (3.100)
kezd,

Using the above embedding operator is is clear that E(¢) = E(tn(c)) and analogous identities hold for other inte-
gral functionals as well. Moreover, by construction, s — f; .(z+se) is piecewise affine, whereas s — f; .(z+s€é) is
piecewise constant for € # e. Moreover, by definition we have for all 4 € I and all e € E the estimate

/Ifze dx<—/ Z /dllQN dxd@Isze|<Nd Z |F””|7 (3.11)
T

kezd, kezd,
and for all 7 € R the estimate

/ ‘]T dx<m Z|J7‘k|

kezd,

Denoting the discrete L!-norms on L1(Z4,) by 1G]y, = w4 Zkez% |G|, the estimates can be written equivalently
as

. 1 .
VielLeeBE: |fiell < GlFielly, YreR: [l <[l
To simplify notation, for all N € N and i € R? we introduce the shift-operator SLV defined by
Y
SN LT - LY(T), SN ¢(a) = d)((l‘ + N) mod 1), (3.12)

where the modulus is applied componentwise.

The following lemma uses the embeddings defined above to connect the discrete and continuous continuity equations
(recall CE y from Definition .

Lemma 3.16. Foreachc € M (Xn), ¢ € C(X), it holds
(ene ) = (e ine)n
Furthermore, we have for o € C(X), (F,J) € M(Yn) that
(N airF, V) = (F,Viye)n  and (N reacts T @) = (LT o) N

In particular, it holds (c, F, J) € CEy ifand only if (tx¢, tn qit B LN reactJ) € CE.

Proof. For the first equality, we calculate

1
(&revei) = /Td &Y ciplgyde = Nd D inGincin = (&), el

keZg keZ3,

Furthermore, we have for all test functions ¢ € C5°(X) that

Ve = g 0 3 Fre o [0edere = (ool = 3 S Fecw [ 1820 = plar

kezd, ecE kezd, ecE

Rewriting for each ¢ € I the integral by

1
Sivgai(z)fcp,;(x):/o ch,(x+0) N/ S Ox,pi(x)db, (8.13)
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and using Fubini for the integrable integrand, we get

<FVLN<PN—ZZer /N/S ) do dx

kEZd ecE
F. 1
=2 X% / oy (@ / $29 0, p(w) d6 da
kezd, e€E 0
er N
=D Z Loy, ,(2)0r p(z)df dz = > felw) @ Op,p(x) dz = (N, Vip).
kezd, e€E T ek

For the reactive flux, we simply observe that
(J, TV N Nd > @m) /N<pdx: > Jk./Nwdx:g,r@.
kezd, k kezd, Qp

In particular, for all ¢ € C>(T%) we obtain (¢, ti @) n = —(div F, 15 ) x + (T J, 1) v if and only if (e, @) =
—(div f,) +(T" j, ¢).
This finishes the proof of Lemma|3.16 U

4 Main results

Before we state our main results, we fix the assumptions on our problem.

Assumption 4.1 (General assumptions). The continuous reference measure has a density w &€ C('H‘d7 R! ) and there
exists w,, w* such that for all z € T%, i € I it holds

0 <ws <wi(z) Lw" < oo. (3.G1)

The diffusion and reaction coefficients satisfy

VreR: k->0 and Viel: 6§ >0d,>0. (8.G2)
We emphasize that our analysis carries over without difficulty to diffusion and reaction coefficients that are non-constant
in space, but are continuous and uniformly bounded above and away from zero.
For each N € N we define the discrete reference measure w™ = (w);c; € P(Xn) by

wfyk = yw; = N? w; dz.
QY

We immediately observe that the bounds on the continuous reference measure translate uniformly to all discrete reference
measures, i.e., forall N € N, i € I, and k € Z% it holds

O<w*§wfk§w*<oo. (4.1)
Moreover, we easily obtain the following convergences
tyw™ — w strongly in L°(X), (4.2a)
Vee EViel: SN(LNw ) — wj strongly in L°°(T<). (4.2b)
The above natural Assumptions as well as their simple consequence are used throughout the paper without always
referring to them.

With this notation and under these general assumptions, we can formulate the energy-dissipation principle for the discrete
system. Here we follow an idea in [PR*22, Thm. 4.16] and consider the function

c 1 fora > 0,
Z Z b LN’“ ,vlk with b(a, s) = sogalora
Vel Kzt 0 fora=0.

The special treatment of the singularity of log ¢; 1. at ¢; 3, leads to nontrivial implications that can only be handled due to
the property that the underlying (discrete) reaction-diffusion system preserves non-negativity or, even more, positivity.
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Lemma 4.2 (Chain rule for the discrete setting). Letc € AC([0,T); L}(Xx)) be such that
t s Blc(t), é(t)) liesinLY(0,T).
Then, t — En(c(t)) is absolutely continuous and we have the chain rule formula

%EN(c(t)) = B(c(t),¢(t)) fora.a.t e [0,T]. (4.3)

In particular, every curve (c, F, J) € CE with Dy /(c, F, J) < oo satisfies
En(c(t)) — En(e(s)) = / Be(r)), ) dr = — [ (R(elr), F(r), J(r)) + Si(e(r))

This result will be a consequence of the more detailed Proposition With this chain rule it is then possible to show that
discrete EDB solutions are equivalent to ODE solutions, i.e., in the discrete setting the Energy-Dissipoation Principle holds.

Theorem 4.3 (Discrete EDB and ({.3)). A function ¢ € AC([0,T]; M4+ (Xn)) is a solution to the discrete reaction-
diffusion system if and only if the triple (¢, F, J) with F and J given by is a discrete EDB solution in the sense
of Definition[3.8

We refer to the end of Section [6.1]for the proof.

We now turn to the continuum system, where we need to restrict the stoichiometric vectors o™ and 3", which was not the
case in the discrete setting. At the end of this section we will shortly address the case where we have a priori bounds in
L°°, which is again a case, where arbitrary stoichiometric vectors are allowed.

In our analysis we will use two levels of assumptions: the first is needed for deriving the lower-limit estimates and the
second, which is slightly stronger, will be used to derive the abstract chain rule.

Assumption 4.4 (for lower-limit estimates). The reaction coefficients satisfy
1, . .
VreR: §|a + B8], < parie =1+ 2/d. (4.A1)
Assumption 4.5 (for chain rule inequality). The reaction coefficients satisfy
1
VT S R : |ar|1 S DPerit |ﬂr‘1 S Derit s i‘ar+ﬁr‘1 ; DPerit - (4-A2)
Example 4.6. In all space dimensions we have p.,it > 1. Hence, our analysis covers linear exchange reactions
1
Xy =Xy where |al; = |81 = §|a+5|1 =

In space dimensions d < 2 we have pciit = 3 or perit = 2, which allows to handle binary reactions with j = c1co — c3,
ie.,

1
X1+X2 - X3 where |O[‘1 = 2, |5|1 = 1, §|OZ+B|1 = 3/27

or the semi-conductor reaction with j = CneqCpos — 1, i.€.,
1
Xneg + Xpos = 0 where |a|; =2, 8|1 =0, §|a+5|1 =1.

Having fixed the assumptions, we now state the convergence of the discrete gradient systems to the continuum gradient
system.

Theorem 4.7 (Convergence and lower limit of energy-dissipation functionals). Consider (¢, FN JN) € CEy such
that the uniform bounds sup y e €sssupeo.7) En (¢ (t)) < oo and supyey D (¢, FN, JN) < oo hold true.
Moreover, assume that the reactions satisfy (4.A7).

Then, there exists (p, f,j) € CE with f € LY([0,T] x Yaig) and j € LY([0,T] X Yieact) Such that (up to a
subsequence) we have .yc™ — p strongly in LY([0,T] x X), tnaigFY — f weakly in L([0,7] % Yaig), and
LN,reactJN — j weakly in L1 ([0, T] X Yieact)-
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Moreover, we have the lower limit inequalities

liminf Dy (<N, FN, JN) > D(p, f,j) and lgninfEN(cN(t))zg(p(t))forallte[O,T],
—00

N —oc0

for the functionals defined in 81), (3.5), 8-7), and (3:8), respectively.
In particular, for well-prepared initial data, i.e., txc (0) — p(0) with Ex(c™N (0) — E(p(0)), it holds

liminf Ly (¢, FN, JNY > L(p, £, 7).
N —oc0

To conclude that the limit (p, f, j) solves the limit gradient-flow equation, we need in addition a chain rule inequality for
the continuous reaction-diffusion system. (Recall D and £ from Definition [3.11])

Theorem 4.8 (Chain rule inequality for continuum system). Consider a curve (p, f,j) € CE with D(p, f,j) < oo and
esssup,cpo, 71 €(p(t)) < oc. In addition, assume that the reaction coefficients satisfy (@.A2).

Then, forevery 0 < s < t < T it holds

t
Ep(t)) = E(p(s)) Jr/ R(p(7), f(7),5(T)) + S(p(7)) dT = 0.
S
Furthermore, it holds L(p, f,j) = 0 if and only if p is a continuum EDB solution of in the sense of Definition[3.13

The three theorems together imply that solutions of the discrete problems on Z‘}V starting from well-prepared initial
data converge (after choosing a suitable subsequence) to solutions of the continuous reaction-diffusion system (1.2). This
is summarized in our final main result.

Corollary 4.9 (Convergence of solutions). Assume that the reactions satisfy {#A2). Let py € L'(X) satisfy €(pg) < oo.
Let ()Y ) nen withclY € L1 (X ) be well-prepared, i.e., let . clY — po inLY(X) and Ex(c)) — E(po) as N — oo.

Then, for each N € N there exists a solution c¥ € L1(0,T; M (X)) of on Z4; in the sense of Definition

with initial datum c{\’.

Furthermore, (up to a subsequence) we have v N — p strongly in Lt ([0, T] x X), where p is a solution of the gradient
flow equation on T in the sense of Definition[3.13 with initial datum po.

The proofs of the main results are given in the next two sections: In Section [5, we show the necessary compactness and
the lower limit of dissipation functionals leading to Theorem In Section [6] we show that the chain rules and energy-
dissipation principles for both, the discrete and the continuous, reaction-diffusion systems hold.

Finally, we comment on the restrictions on the stoichiometric vectors. In fact, they are needed for deriving suitable a priori
bounds. If however, these bounds can be obtained by other means, then the conditions can be dropped completely.

Remark 4.10 (L.°° bounds via bounding boxes). It can be easily checked that the proofs given below hold for general
stoichiometric vectors o and 3", if we know that the discrete solutions cN are bounded uniformly in LL°°. Indeed, in this
case the limit solution p is also bounded in LL°° and we can set p.;;y = o0 and check that all proofs work similarly.

We highlight this fact since for several classes of reaction-diffusion systems there exist so-called positively invariant regions
in the sense of [Smo94, Cha. 14§B]. In the simplest case such a region is a rectangular set, also called bounding box:

B:= H [O,bi} = {ce [O,OO)I|O <c¢; <b;foralli c I}.
iel
Positive invariance means that solutions starting inside a region (i.e. ¢(t,x) € B) remain inside the region for all t > 0.

In the case of a box the invariance follows, if for ¢ € OB the reaction vector R(c) points inwards, i.e., c; = 0 implies
R;(c) > 0 andc; = b; implies R;(c) < 0.

Consider a reaction systems where all reactions are of the type o; X; = [3,X, which is additionally in detailed balance
for w = (w;)icr. Then, it can be shown that B = [],[0,w;] is indeed a bounding box. Often there is a family of
detailed-balance equilibria w, which then allow for arbitrary large bounding boxes.
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5 Proof of convergence

The aim of this section is to prove Theorem[4.7] the convergence of the discrete gradient systems to the continuum gradient
system. We split the section in two parts, first focusing on the compactness in Section before establishing the lower
limit in Section

To show compactness, we rely on the [V-uniform L.°°-bound for the energies and the /N -uniform bound of the dissipation
functionals to obtain suitable a priori estimates for the embedded discrete concentrations pN = 1ncN. We introduce a
new and efficient method to show equi-integrability of the fluxes FNand JV in Proposition Finally, an argument based
on the Aubin-Lions-Simon lemma allows us to derive strong compactness of pN in Proposition One of the biggest
advantages of our approach is its ability of handling non-convex dependencies on pN of the dissipation functionals.

The lower limit inequalities are then obtained for each rate and each slope term, independently, relying either on loffe’s
liminf theorem or, for the diffusive rate, on a dualization argument.

Throughout this section, we fix a time horizon 7' > 0 and denote by Q7 := [0, T'] x T¢ the parabolic cylinder.

5.1 Compactness

We start our considerations from the [N -uniform L°°-bound on the energies and the N-uniform bound on the dissipations.
We introduce the explicit constants K that will make it easier to see the influence of the different bounds throughout the
section.

We start with the a priori bounds

K¥ = sup sup En(cV(t)) < oo, (5.1a)
NeNte[o,T)
KP = sup Dy (e, FN,JV) < 0. (5.1b)
NEN
In particular, these imply
K& = sup sup ||V < oo, (5.2a)
NeNte[0,T] N
T
KE = sup / Ravai (¥ (8), FN (£)) dt < oo, (5.20)
NeNJo
T
KE . = sup / RN react (¢ (1), TN (1)) dt < oo, (5.2¢)
NeNJo
T
K3 == sup / Sy .aig (N (2)) dt < oo, (5.2d)
NeNJo
T
K5 .. = sup / SN react (€N (1)) dt < oc. (5.2e)
NeNJo
Using the embeddings from Section [3.3] we define the curves
pN = LNCNa fN = LN,diHFN; jN = LN,rcactJN'

To derive strong relative compactness of (p™) xen in L1 ([0, 7] x X ), we rely on an Aubin-Lions-type result. Since these
piecewise constant functions are not weakly differentiable and we will later rely on Sobolev embeddings to obtain higher
integrability, we introduce a second interpolant ﬁN via

~N ~ 77N\2 N cik \ /2
i — WillNY ik T ) .
D w (L U, ) where U, (ka) (5.3)
1,

N

where the linear interpolator ¢ generates continuous and piecewise polynomial functions "% = inUYN, the derivatives

of which can be controlled uniformly in N by Kfiﬁ.

Employing an Aubin-Lions-Simons-type argument, we show relative compactness of ([)N)NGN. We then conclude by
showing that || 5™ — p™ ||11(jo,7)xx) = 0 as N — oo,

We highlight that, we will be able to show that p¥ is bounded in an Orlicz space slightly better than LP<rit ([0, T'] x ']I‘d)
with perit = 1+ 2/d.
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Remark 5.1. Note that our particular choice for the auxiliary embedding ©n is the d-linear interpolation, though we stress
that other interpolations are possible as long as Lemmal(5.3 is provable. In particular, we believe it is possible to employ a
similar argument for more general geometries when replacing the uniform grids Zﬁl\,.

Furthermore, we point out that strong L* compactness of pN could also be obtained directly by applying [RoS03, Theorem
4.2] as is done, e.g. in [HrT23, Theorem 4.8]. However, our method additionally allows us to obtain higher integrability as
we demonstrate in Proposition[5.4]

Definition 5.2 (Continuous embedding). Let M := {0, 1}¢. Form € M we define the functions fY : T¢ — [0,1] via

d

N fi =1

fN(x) = H Ok TOTTI forz € QY and fN(z) =0 otherwise.
pale 1—Nxzy formy =0

Recalling the shift operator SY from (3.12), we define the continuous embedding operator
Y

in(UN) (@) =a) (2) = Y Y UM ufN (@—k/N) (5.4)

kezg, meM

and its dual discretization operator

in(pi)k =N [ > SN pi(w) SN Y () da
Qk meM

The duality of 2y and ¢ follows by a direct calculation:

/ (szNU dx = Z Z k+7n/ %(l") S]—vk fTIr\(('r) dx
Td

kezd, meM
- / D) Shofu@de= 3 > U; / SN i) SN, Y () dz
keZd mGM yezd, meM
1 ~%
B W Z Uik Nd/ Z 8% i) 82 i (@) dr = Nd Z N (0i)e U
kezd, Q' mem vezi,

To understand the usage of the functions f,],\f better it is useful to define the functions

hN( ) Z Sn]\mlfm( ) and hg:syk hév
meM

Then, all hkN are piecewise polynomial and continuous, and the simple interpolation formula

al =inUN = > UNhY

kezd,

holds. The following properties of fn]\{ and hkN will be used in the sequel without further specification:

£ (z) € [0,1], /T £ (z) doe = (211V)d’ ;4 N (z) = Loy (2), (5.5a)
h¥(z) € [0,1], / hY (z) dz = % > hY(z)=1onT, (5.5b)
b kezd,
IVhalle= < N, [Vhllis < Ca, by (2) > Slld Loy (2), (5.50)
where we denoted 1, = (1,...,1) € R<. The next results shows that the concentrations ¢¥ enjoy a higher integrability

as the one obtained from the uniform bound K for E. For this we use the bound K3 in (5.2d) and a suitable
Galiardo-Nirenberg interpolation applied to %'V . We first show that Va” is uniformly bounded in L2([0, 7] x T¢), which
is a consequence of the fact that SN’diﬂ(CN) is in fact a quadratic form in Un.
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Lemma 5.3 (Spatial regularity). Letc™ satisfy the a priori estimates (5.2d). Then, we have

“1K3
N2 < Raig
//QT |[Va™|* de dt (3) 5o

Proof. We work for fixed /N and ¢ and hence drop these indices throughout this proof.
We recall that each hy, is nontrivial only on 2¢ cubes Qj_,,,. Moreover, fixing | € {1,...,d} the derivative O, hs, has
positive values in those 24~ cubes with 7m; = 1 and negative values in those with m; = 0:

Oz hi = Ox i llyy, — (= Ophillyg, L) With Vi = ,c0r QN -

my=1

>0 >0
Using Oy, h; = —0z,hi—e, on V] 1, we find

n = Z Ukawlhk = Z (Uk:_Uszel)awlhkﬂVz,k'

keZg kezd,

At each = € T there are at most 241 terms, since each Vl,k consists of 24~ small cubes. Hence, we obtain

4yd-1 1
/d ‘8z17:6|2daj < 2d_1 /d Z |Uk_Uk761,|2’amLhk’2]le,k de = (g) m Z NQ’Uk_kaez|27
T

kezg kezg
where we used [1, [0, hi|* 1y, , dz = N?(2/3)4~1. This concludes the proof. O

To obtain uniform higher integrability of the densities pN we combine the spatial regularity with the uniform energy bound
(B1a). The former provides L? integrability in time in the good space H'(T%) while the latter provides boundedness of
E(p™) which is slightly better than ess sup 5™ (t) < K. We will exploit the following interpolation estimate that follows
by applying a suitable Gagliardo-Nierenberg interpolation, see Appendix|C|for the proof of a more general version. Setting
a> 2, ad € [4,4+42d] and ¢ = 2d/(4—(a—2)d) € [1, o0}, it holds the bilinear interpolation estimate

T
J[| wtvazat < Ol oranceoy Il paaeny [ 10 oy (56
T

for a suitable constant C' depending on d and «. To estimate [)fv = w;j (ﬂN)2 we will apply this estimate for u = afv and

either v = 1 orv = Ag((al¥)?)P.

Proposition 5.4 (Improved integrability). Let v satisfy the a priori estimates (5.1a), (5.2a), and (5.2d). Then, with pe,iy =
1+ 2/d from Assumption we have

sup HCNHchrit([O,T]XXN) < Cny, (5.7a)
NeN

where C(l only depends on d, w., w* and d,.. Moreover, withng = 2/d ford > 3,m9 € (0,1), andn = 1, there exists
C(2) > 0 depending on d, w.,w™, Ox, KE K | such that

sup Nd > Z/ )Perit (log (1 + ¢fy) )™ dt < Cay. (5.7b)

NeN kezd, i€l

In particular, analogous N -uniform estimates to and also hold for p™

Proof. We consider only one species ¢ and drop its index throughout this proof. In light of (5.5¢), it is sufficient to prove the
spatial regularity for 5*. From the definition of 5%V = w(@¥')? we immediately obtain || ( )||L2 < KF, Jw,. Applying
(5.6) with u = ﬂfv v = 1and a = 2Pt (Which implies ¢ = 00), we find

T
~ crit /d U
J[ @ asa <l [ 10 e
T
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Using 5 = w(@")? and Lemmal5.3] we obtain (5.73).
For the second part we choose u = @)Y and v = )\B((QN)2)W. Ford > 3leta = 2 and g = d/2 to find

T
// u2AB(u2)2/ddxdt§/ )1 sajazz || AB (62 |12 At < CK 2 K.
QT 0

For d = 1 we choose o = 4 and ¢ = 1 giving

T
// u*\g(u?) da dt g/ lul[fe | AB(w?) || dt < CKEK .
QT 0

For d = 2 we choose 72 € (0, 1) arbitrary and set ¢ = 1/, and ov = 4—21),. This leads to the estimate

T
J sty azar < [z, o e, @
T

T
4-2
:/0 ull s 5 o A () [ dt < Clm) KB Kaisr,

where C(n2) — oo forng 7 1.
Using u? log(e+u)" < Cu™27(1 + Ag(u?))"” and p¥ < w*(aN)?, the estimate (5-75) follows. O

The higher integrability derived in will allow us to show that the diffusion fluxes f~ = ¢y qiz I and the reaction
fluxes jN = LN,reactJN are uniformly equi-integrable, and hence one may choose a subsequence converging weakly in
LY(Qr). The estimate for fV will rely on the magical estimate (3:4d), whereas the estimate for ;¥ has to be based on
the weaker result of Lemmal[3.3

Proposition 5.5 (Boundedness of fluxes). Assume andlet (cN, FN | JN) satisfy the a priori estimates (5.1). Then,

there exist constants ngfi > 0 and Cg‘fﬁft > 0 and a convex superlinear function ®4 : R — [0, 00) depending only on

d, suchthatforall N € N,e € E, i € I, andr € R s we have

1 T FN
i Z/ c( N )dt<cg;f§ and Z/ Dy(JN,) dt < Cfeact,
0

kezd, kezd

where Cgf( (CEe2<t) depends only on the constants C(1) and C(y) from B.7) and K a (K

react)

Moreover, there exist curves of fluxes f and j with f; . € LI(QT) and j, € Ll(QT) such that along a (not renamed)
subsequence, we have

/ C(fie)dedt < CHT ang // Bg(j,) dedt < CReact,

QT QT

Z-]XE — fie and N =4, weakly in L} (Qr),

where we recall ¥ = in qig FYN and i = i react ] defined in (3:10a) and (8.100), respectively.

Proof. We consider the diffusive flux FN first, where we fix and then omit the indices 7, e. We apply the magical estimate
with ¢ = perit > 1 to obtain

Perit N 2) dt
Nd Z / - Nd Z / pcrlt_ ’ ) Perit — l(gk)

kezd, kezd,

s X [ FéV}Nza;iV)Ho,iV)p““)dt

kezd,

Perit

< Cpe Kil + Cp Lperic ([0,T]xZ4, )’

o™

crit

where the estimate from the second to the third line follows from the monotonicity and where we used that oﬁ?fe =
8i(Ci,iCiote)'/? is uniformly bounded in LPerit by C'y) in (5-7a).

DOI 10.20347/WIAS.PREPRINT.3194 Berlin 2025



EDP convergence for nonlinear RDS 21

The argument for ;2 is analogous however, we have to be aware that we now have to choose oN =k, (cN)VT with

7" = 1(a”+B"). Thus, (5.7a) and assumption {@AT) only provide a uniform bound for o in L!. However, Lemma
can be employed on the ba3|s of the improved hlgher regularity. We choose ¢ = C and

Ya(w) = w (log(14+w!/Per))

which is increasing and superlinear. Thus, the function =4 = =, is still superlinear and increasing, and the same is

true for its convex hull @4 = (Z4)** < Z4. With this, fixing and omitting the index 7, we can estimate

i Z/ Dy(JN)d gNiZ/ dt<—2/ C(IN|oN) +wd(0k))dt

kezs, kezd, kezg

Kie 4 7 3 / e e (log(1-+e ) dt < Kieaet + O

kezd,
with C/2) from (5.70).
For the embedded diffusive fluxes fN LN dair F'™, we recall that (3.70Db) involves a partition of unity. Therefore, it follows
Mydzdt < d FN dt by an application of Jensen’s inequality. Similarly, we have for the
Qp N kezZg, 0 k

embedded reactive fluxes the estimate foT <I>d(jN) dedt < §a Ypens [ @a(JN) dt.

With this, the criterion of de la Vallé Poussin shows that the sequences () and (5V) x both are sequentially compact
in the weak topology of L'(27). Thus, a subsequence (not relabeled) and limits f and j exist such that f~ — f
and jN — j. Moreover, the convexity of C and ®, implies the weak lower semi-continuities fQ (fie)dzdt <

liminfy o0 [, C(A) dzdt < CFf and [, ®a(jr) dodt < liminfy o fo @a(jr) dzdt < Cpeact,

fAux
With this, the proof of Proposition is complete. O
Remark 5.6. The uniform equi-integrability for the diffusive rate f f C(F,)dzdt < C’g{g( was also obtained in [HrT23,

Lem. 4.4] by a slightly different and more generally applicable argument that only uses that oN s uniformly bounded in
L*>(0,T; Ll(']I“i)).

Having established the spatial regularity of 57 in Lemmaas well as boundedness of the fluxes in Proposition our
next step is to show time regularity for ﬁN
Lemma 5.7 (Time regularity). Assume and let (cN, FN | JN)) satisty the a priori estimates (5.1). Then, we have

the uniform bound sup y e 1™ || Bv (0, 75w (x))+) < 0.

Proof. WEe first focus on the more complicated interpolation Zy and recall (3.13), which implies for every ¢ € Cl(X)

<FNaVLN<)O Nd Z ZZsze LN@ i,k+e — (Z*NQO)Z,IJ

kezd, e€E i€l

DD DD Flke /QN SNy SY[80 @i — il de
k

keszv ecE icl meM

N 1
=222 ) Fﬁ/QN/O S, () SN, D, pi() 6 da
k

keZd ecE iel meM

< CulIVelluex) Y Z

i€l eeE

Similarly, for every ¢ € C(X') we have

(N Tive) = > D I D Z/ SNy fn S, i da
k:eZ}{'] reR i€l meM
< [l x) IgleagZI%,i\ D R
’ i€l reR
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With this, we consider any partition (t,,,)}_,, M € N of [0, T]. Then, the previous bounds, the discrete continuity
equation, and Propositionyield, for every p € Ct (X), the estimate

<CN (t/,rl) — CN (tnL—l)a Z’J"V(10>N

Y
2
;@
AS
—~
~
3
|
—
S
~
I
()=

3
=L

tm —
/ (FN Fi) + (I Ty dt < Cllgllcx)-

m=1"tm—-1
Taking suprema with respect to € {¢ € C'(X): [|¢||wr.(x) < 1} and the partition, we obtain the uniform bound

sup y | AN |Bv (0,7 (W.0)=) < co. This finishes the proof of Lemmal5.7] 0

Combining the spatial regularity of & from Lemma[6.3and the time regularlty of p from Lemma[5.7] we are now able to
apply the Aubin-Lions-Simon lemma to obtain strong L1 compactness for p p . We then show that p has the same strong
limit by comparing it to 5

Proposition 5.8 (Strong compactness). Assume (4.A1) and let (cN JFN ,J N ) satisfy the a priori estimates (5.1).

Then, there exists p € LP<rit([0,T] x X) such that along a (not renamed) subsequence both ¥ — p strongly in
L([0,T] x X) and p™¥ — p strongly in L1 ([0, T] x X).

Furthermore, it holds p € AC([0,T]; M (X)) and p™ (t) —* p(t) weakly-* in M (X) forallt € [0,T).

Proof. Lemma 5.3)implies that 5V € L'([0,77; Z), where Z = {wu? : u € H'(X)}. Since w € L>®(X), we have
the compact embedding Z & Ll(X). Combining this with Lemma 5.7) we obtain the existence of p € L1([0, 7] x X)
such that 5™ — p strongly in L1([0, 7] x X) by applying the Aubin-Lions-Simon Lemma, [Sim86), Theorem 5].

N Gl AN N cp -
For the convergence of p**, we compare it to p* and recall that U’ = ﬁ to derive
k

2
~N N _ B CN B N
1z o Lo, mxx) = ||w| in — LNC
w L1([0,T)x X)

2
<. (: N cN
Sw LN — LN
wN wN

N
c N
WLN— — LNC
wN

"

L1([0,T]x X) L1([0,T]x X)
N\2 UN 2 Kl?l N
)" = v (Up) ||L1([0,T]><X)+ w, [l — v ||L°C([0,T]><X)’

The second summand on the right-hand side vanishes as N — oo by (4.23). To control the first summand, we first employ
to obtain for all z € T the auxiliary inequality

( > (hy + an)U,§V>

ke,

Z Z ka (z) £ Sivk fn[\fi(x))(sr]yfl fvjzv(x) + S]jl fr[:[(x))UléleN

k, lezd m,neM

o> SN N @) SN N (@)UY, £ U, £ UN)

k leZd m,neM

o> SN @) SN N (@)U, UMY, £ UY)
kEZd m,ne€M

2d Z Z ]1QN Ulé\im + Uk )(Ulé\in + Uliv)
keZd m,neM

<203 N o (@)U, £ U

keZd meM

We combine this with Holder’s inequality to find

2
[ EnUE ) = en (UX)? || pr o,y x) = H(Z hﬁU;ﬁ) =) dgn(UN)?

kezd, kezd,

L1([0,T]x X)
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() - (5 )

kezy, keZ, L1([0,T]x X)

3 }

<|1 Y- (0 + 100 > (= 1MUY

kezd, L2([0,T]x X) lkezd, L2([0,T]x X)

3 }

< 2d Z (Ulg\-]l-m + U]iv) Z (Ulé\-]i-’m - Uliv)

meM L2([0,T]x Xn) ImeM L2([0,T]xXnN)
<Oy Kfl Kcsilff K(iﬁ i

W Sewe N’

where in the last step we used that each m € M is a sum of finitely many d-dimensional unit vectors, estimated the first
factor using (5.7a), and extracted the power 1/NN from the second factor by estimating with the uniform bound (5.2d) and
Definition

Moreover, by Proposition the curves pV are N-uniformly bounded in LPerit ([0, T] x X), so is the limit p. This
concludes the proof of Proposition|5.8

The weak-* convergence p¥ (t) —* p(t) for all t € [0, 7] follows from the bounds in Proposition by arguing
analogously to [HrT23, Lemma 4.5].

O

To later obtain a lower limit inequality for the dissipation functionals, we must ensure that the limit objects from Proposi-
tion[5.5]and Proposition satisfy the continuity equation. This fact is established in the following lemma:

Lemma 5.9 (Closedness of CE). Let (p, j, f) be a limit of (p™, iV, fN)xen C CE in the sense of Propositions|5.4
and([5.8 Then, it holds (p, j, f) € CE.

Proof. By definition the set CE is closed with respect to the weak-L! convergence of the time-integrated embedded
fluxes shown in Proposition [5.5]and the pointwise-in-time weak-* convergence of the embedded concentrations shown in
Proposition 5.8} O

To prove the lower limit inequality for the slopes, we will employ a convergence result for the differences of the piecewise
constantly embedded concentrations. This is established next.

Proposition 5.10 (Convergence of differences). Assume and let (cN , FN o N ) satisfy the a priori estimates
G1). Let p be the limit of (L c™N ) x from Proposition Recalling U, = (ci r/wl,)'/2, we introduce ul¥ = txU}Y,
w= ((pi/w;)?);, and Vyu? = & ZGGE(SQ[ ul¥ —ulN)e.

Then, it holds u € L2(0,T; H'(T%)), u™ — w strongly in L2([0,T] x X) and along a (not renamed) subsequence
Vauly — Vu weakly in L2([0, T] x X).

Proof. Throughout this proof we fix an arbitrary species 7 and omit the corresponding index. We denote wV = ywh.

The strong L2 convergence uV > u immediately follows by integrating the estimate

N 2 N
N 2 /P /P ‘P P‘ 1 N 1 N
— = _— = ) < |l —_ - < — — + — —w
|u ’LL| ‘ N ’ = |wN = W, |p p| wz|p||w ’

and using Assumption [4.1]

Next, we consider the differences V yu’¥ = % ZQGE(SQI ulV — uN)e. Since ¢y commutes with multiplication, it holds
HvNuNlliQ(QT;]Rd) < &u*KdSiff and hence (along a not renamed subsequence) V yu™ — v weakly in L2(Q7; R9)
for some v € L2(Qp; R?). This v is the weak gradient of u. Indeed, let ¢ € C> (7). Then, for every e € E (and the
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above subsequence) we have

//QTU(t7x)'ew(t,lﬂ)dxdt—]\;iinoc\//g;T< (t, $+€1/j\]f\)fu (t,r)>(p(t,x)dzdt
=g [[ e o (P ) e

// u(t, )0y, p(t, ) dz dt.
Qr

In particular, u € L2([0, T]; H' (T%)) and the proof is concluded. O

5.2 Lower limit of dissipation functionals

In the previous section we have obtained candidate curves that may be EDB solutions for (T.2). Following the strategy of
Section[2.2] the next step is to prove rigorous analogs of (2.4). More precisely, we will prove lower limit inequalities for the
rate and slope terms independently. First, we consider the slopes, employing a loffe’s liminf theorem.

Proposition 5.11. Assume (4.A1) and let (CN , FN s N ) satisfy the a priori estimates (6.1). Let u; = +/p;/w; be the
L2-limit of ul = iy +/cNwl from Proposition Then, it holds

T T
liminf/ SN(CN)dtZ/ S(p) dt
N—oo Jo 0

Proof. By Proposition we have along a (not renamed) subsequence V yul¥ — Vu; weakly in L2(Q7; R9). Thus,
an application of loffe’s liminf theorem, [But89 Thm. 2.3.1], directly yields the lower limit for the diffusive part:

T
liminf [ Sya(c™)dt > 25 / / |V, |? dw; dt = Sdiff(p)dt.

N—oo Jg
i€l

For the reactive part, by definition of ¢ 7, we have

SN,react ZZKT ] Z ((1 +87)/2

rER kezd,
_ 22’%’“/ N (a +8" )/2‘(UN)OJ _ (uN)ﬁr 2
reR

On the other hand, it holds (u™)*(t,2) — u*(t, ) and w™ (x) — w(z) for L-ae.t € [0,T] and L%ae. x € T
and every multindex A € RY. Thus, Fatou's Lemma with fx = (w™)(a” + 7)/2|(vV)" — (v )B | yields

T
. (a "2
1}@3}/ S react(¢V) dt > 2%7/ /w THBD2 |yt — P dt=/0 Sreact (p) dt

reR

which concludes the proof. |

Next, we focus on the rate parts of the dissipation potentials. Here, the main challenge is the diffusive rate, where we want
to obtain the quadratic dissipation from the cosh-type dissipation. The proof is done by dualization following the proof of
[HrT23, Thm. 6.2 (i)]. First, we link the cosh-type and quadratic dual dissipation potentials in the following lemma.

Lemma 5.12. Let (cV)yen be any sequence s.t. iy =: pV — pin L1(X). Moreover, let p € C'(X) be given.
Then, it holds o
limsup Ry gig (¢, Viye) < Riig(p, Vo).

N—o0

In particular, we have for L™ — pin L1([0,T] x X) and any ¢ € L*(0,T; C*(X)) that

limsup/ Ry air (¢ (1), Viyo(t) dt</ Rae(p(t), Vo(t)) dt.

N —o0
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Proof. For ¢ € C*(X), we have
vpise = eanl SN[ Jei@) gy, (2) = gy (@) da

- Nd/ i) — @i(e + e/N)| da

k

1 *
<N [ 10u1(a)] /N do = o (10s, i
o
Using that C*(r) = C*(—r) = C*(|r|) and the monotonicity of [0, 00) > r +— C*(r), we compute

= 1
R?V,diH(CNv Viney) = Nd Z Z ZN25i (kackare)l/QC*(ﬁv%,He — LNPik)

i€l kerd, e€B

1
= 720 3 YN (eeli) O (ke — i)

! d
el kezg, ecE

0 2 S W (ellene) 2 (e el

i€l kerd, e€E

IN

Note that, by the definition of C*, for all » € [0, 00) and all N € N it holds

v (5) < (),

Our aim is to apply this with 7 = ¢ 5, (|0, ©:|) &, which is why we introduce the scalar

ay = max {cosh (%L}‘V(ergoi\)k)} € [1,00),

kezd, i€l,ecEd

and observe that ajy — 1 as N — oo. Then, we can conclude that

* 1721
RN,diff( , Viye) <an dzzz& kackaJre / ( N (192 00)x]))?

i€l kerd, e€E

Cay b Y Y S e L, 2

el keZd ecE

N N
<avya 3 3 o (0D
= ANNa i B) o !N Gz Pil)k

i€l kezd, e€E

1
= aNZZél((cﬁV +sY¥ cfv)/2, §L’1‘V(|8mc<pi|2)>N

i€l eeE
1
—QNZ5<LN +sY ')/2, Z§|3xe%\2>
i€l ecE
=an ) 0i(iw (e +87¢)/2,|Veil*/2)
icl

N—oc0

— Rdlff(pv VS@)

where we have used that for all 1) € C(T?) it holds
sl = 3 [ nser@ae= 30 [ cnta = e/N) e " ()
kezd, kezd,

This proves the first claim. The second claim follows by Fatou’s lemma and the pointwise convergence of the integral. O

Having linked the cosh-type and quadratic dual dissipation potentials, we are now in the position to obtain the lower limit
for the diffusive rates using duality arguments. For the reactive rate part there is no change in the structure, thus allowing
us to again employ loffe’s liminf theorem.
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Proposition 5.13. Assume (4.A1) and /et( JFN N ) satisfy the a priori estimates (5.1). Moreover, let p be the limit
from ¢ from Proposition(5.8, and let f and j be the limits of L aig F'N and Ly react from PropOSIt/on- respectively.
Then, we have

T T
liminf/ Ry (N, FN Ny dt > / Rip, f,5)dt
0 0

N—oc0

Proof. First, we consider the reactive part. Observe that we have
N N
RN,react (C7 J) = Rreact (LNC 5 LNJ )

Hence, the estimate for the reactive parts follows from loffe’s liminf theorem, [But89, Thm. 2.3.1], for the convex function

r ogr 1. v or
J = C(J |k (™" P")1/2) from the weak-L! convergence of J~ and the strong-L! convergence of (p™)2(® +57) py
(4.A1).

For the diffusive part, we employ the Lemma By the duality of C and C*, we have

<FNVL’N<)0 NdZZZVLNQOZke i,k,e

i€l kezd, e€R

- Nd Z Z Z [N26i (e k+e)1/2C*((VLN<Pz)ke) +C( 1ke|N2 i(c kackaﬂ)lm)]

el kGZd ecE

= R*N,diﬁ(CvaL?vSD) + Ryaig(cN, FY).

Using ¢ € CY([0,T] x X), txeN dx = p¥ —* p,and .y FY —* f and Lemmal5.12] we get
¥

T T T
| (8.90) = Rialp, Vo) dt < tim [ (Y Vi)t timsup [ Ry le” Vi)
0 - Jo 0

N—oc0

N—oc0

T
< lim inf/ <FN,vL}‘V<,9>N - R}‘Vydiﬂ(cN,vL}"vgo) dt
0

T
< lim inf/ RN7diH(cN7FN) dt.
N —o00 0

The left-hand side is a quadratic functional in V¢ and hence can be continuously extended to its L2-closure V =

L2 O,T;L2 Xdum;Yriar ) ) )
{Vp:peCL0,T] x X)} (015 aiit)), Taking the supremum in V, we obtain fOT Raist (p, f) dt by duality.
This finishes the proof. O

Finally, we are in the position to prove Theorem[4.7]

Proof of Theorem[4.ZL The asserted liminf inequality for dissipations follows from Proposition [p.11]and [5.13|together with
the compactness results Proposition 5.5 Proposition[5.8] Lemmal5.9]and Proposition[5.70}

Regarding the liminf inequality for energies, we note that by definition of ¢ we have En (cY) = £(p"). Therefore, as
& is convex, the liminf inequality follows from the pointwise-in-time weak-* convergence of pN( ) —* p established in
Proposition 5.8} O

6 Proof of chain rules

In this section we prove the two chain rules stated above in Lemma[4.2]and Theorem @]as well as the discrete and the
continuum versions of the Energy-Dissipation principles of Theorem [4.3]and Proposition [3:74] respectively.

6.1 Chain rule for discrete reaction-diffusion system

We provide a full proof of the detailed chain rule in the discrete setting. A similar approach is given in [PR*22] for the case
of linear reactions, i.e., where o, 3" are Euclidean unit vectors.
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Recall from Sectionthe modification B(c, ¢) of the duality product DEx (¢) - ¢, given by

V=3 > b(%wi,k) with b(a, s) = {Sl(z)gafora >0,

- fora = 0.
i€l keZdN

The special treatment of the singularity of log ¢; , at ¢; 1, leads to nontrivial implications that can only be handled due
to the property that the underlying (discrete) reaction-diffusion system preserves non-negativity or even more positivity.
For the linear scalar diffusion equation u = Aw in our torus, it is well-known that u(t.,z,.) = 0 for some t, > 0
implies u(t, ) = 0 forallt > 0 and x € T<. A similar statement holds for the discretization on Z<. However, for our
reaction-diffusion system the situation is more complex, since some components are may vanish (identically) while other
are positive. The gradient structure induced by the detailed-balance condition will provides enough control to handle the
arising degeneracies.

Proposition 6.1 (Chain rule for the discrete setting).
a) Consider c € AC([0,T); Xn) such that

t > B(c(t), é(t)) liesin LY([0,T7]).
Then, t — En(c(t)) is absolutely continuous and we have the chain rule formula

%EN( (£)) = B(e(t), é(t)) foraa.t € [0,T]. 6.1)

b) Consider a fixed vector (c, F, J) such that c; , = 0 implies (@*(F, J)), . =0, then

|B(C7@* (F7 J))| S RN(C; F7 J) + SN (C) = RN,diff(C; F)+RN,react (C, J)+SN,diH(C)+SN,react(C)- (62)

c) We have the equality

B(c,G (F,J)) = Ry(c, F,J) + Sy(c) (6.3)
if and only if
Fipe=—0;N%/wN wh, (C’k - Ci’lﬁ_e) and J, :/f(wN)(O‘THV)/Q( o - cir ) (6.4)
v Pt ol T wl e @)™ W)

In particular, is equivalent to (1.3).

Proof. Without loss of generality, we may assume wka = 1. Moreover, we may simplify the notation by only considering
reactions, since for fixed N the jumps of ¢; from k to k+e are simple exchange reactions with reaction factor J; V2.
(Formally, one can define I’ = I x Z$ and R' = R x Z% U I x E x Z%.) Thus, in the rest of the proof, we omit the
occurrence of N and k € Z%, writing c(t) € [0,00)! and G =T

Part a). It suffices to consider only one species ¢; and omit the index ¢, since 2 and B are both independent sums over 4.

From ¢ € AC([0,T]) = WHL([0,T]) we have c(t) € [0, L] for some L > 0.Forc > Oande € (0,1) we
define B=(c) = max{loge,log c} with 3.(0) = loge and E.(c) = [, B(s) ds. With B(c) = logc for ¢ > 0 and
B(0) = —o0 we have

Ve>0: |Be(c) <18(c)| and 0 < E.(c) / E(c) ase \( 0.

Since E. is locally Lipschitz the chain rule holds: for 0 < s < t < T we have

E.(c(t)) — Ec(c(s)) = / be(c(r), ¢(r)) dr with be(c,v) = B(c)v. (6.5)

We claim that |b(c(r)), ¢(r))| < [b(c(r)), ¢(r))| a.e. in [0, T], namely on the set where é(r) exists. For ¢(r) > 0
this follows immediately from |S:(c)| g log(c)]. If e(r) = 0 and ¢&(r) exists, then ¢(¢) > O for all ¢ € [0,T] implies
¢(r) = 0; and hence b (c(r), ¢(r) = b(c(r), é(r)).

)
By assumption r > |b(c(r),¢é(r))] is an integrable majorant for the integrand in (6.5). Moreover we for a.a. r the
convergence b.(c(r), é(r)) — b(c(r), ¢(r)). Hence, we are able to pass to the limit ¢ — 0 in (6.5), and the chain rule
formula follows.
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Part b). Estimate follows from the duality of R and R’ in the case ¢; > ¢ > 0, since DEy (¢) is well defined and
Sn(c) = Ry (c, -TDEN(c)).

For the general case we introduce ¢® = (¢;+¢);¢r for which holds. We can pass to the limit ¢ ™, 0 by noting the
convergences on the right-hand side, as Ry and Sy are continuous in ¢ (for fixed (F, .J)), and on the left-hand side as
well. For the latter we use the continuity of ¢ — log cif ¢; > 0 and (I'*J); = 0if¢; = 0.

Part c). The case ¢; > 6 > (0 is trivial since implies
DEn(c)-I*J < Ry(c,J) + Ry (c, ~=TDEn(c)).

By strict convexity of Ry (c, -) we have equality if and only if J = —D¢ R}, (¢, ~TDEn(c)). Using we find the
desired relation in (6.4).

For the general case, fix a vector (¢, J). We decompose the sets I and R into vanishing and positive parts:
I,={iel|l¢=0}, I,=I\1I, R, ={reR|3iel,:a/+p] >0}, R,=R\R,.

The equality implies that the right-hand side must be finite. As Ry (c, J) contains the terms € (J,|r,.c(® +57)/2)
and (@ +67)/2 = 0 forall r € R,, we conclude J,, = O forallr € R,.

Rearranging the index sets I and R, we can write the ¢ = (¢p, ¢y) and J = (J,, Jy) with ¢, = 0 and J, = 0. Writing
DyE(cy) = ((log ¢i)ier,, (0)ic1, ). the desired equality reduces to

FDPEN(CP) : (Jp, 0) = RN,p (va (Jpa 0)) + SN(CPa 0)7 (66)

where Ry, is defined as [2 up to reducing the sum to r € R, which implies that ¢, does not appear any more. Since
S'is the sum over all reactions we have

SN (6p,0) > Snplcp) = > 25, (2= 12)? = Ry (co, ~T Do En(cp)).
rER,

Replacing Sn by Sn . the convex duality of Ry and R}, implies
(Jp,0) = =D¢ Ry, (¢o, —TDpEn(cp)).
Moreover, the equality in holds if and only if

Sn(ep,0) — Snplcp) = Z 2k, (co‘r/Q—cﬁr/Z)2 = 0.
reR,

Thus, we find " =0=c" forallr e Ry (since at least one is 0 by definition and the difference vanishes by the last
relation). Therefore, holds true also in the general case. O

Proposition [6.1]is exactly what we need to show that EDB solutions in the sense of Definition [3.8]are ODE solutions of the
discrete system (1.3), which will complete the proof of the discrete Energy-Dissipation Principle.

Proof of Theorem[4.3 The direction from to a EDB solution is classical, as the map ¢ +— c(t) is C1([0, T]; M(Xn)).

For the opposite direction, we first observe that Ly (¢, F, J) = 0 implies Dy(c, F,J) < oo. By we see that
t — B(c(t), ¢(t)) lies in L1([0,T7]). Hence, the chain rule holds. Thus, we have

T
O:LN(C,F,J):/O (B(c,é) + Rn(c, F, J) + Sn(c)) dt.

Using (¢, F, J) € CEy and (6-2), the integrand is non-negative, hence we conclude that the integrand has to vanish
a.e.in [0,T]. Thus, F and J are given by the formulas in (6.4). Inserting this into the discrete continuity equation ¢ +

—*

G (F,J) = 0 gives exactly the desired ODE (T.3). O
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6.2 Chain rule for reaction-diffusion system on the torus

Before we prove Theorem [4.8] we first collect and prove two lemmas that we need in the following. First, we have the
following inequality for the perspective function C.

Lemma 6.2. Leto > 0. Then we have

VieRVa,b>o: [C(jla)— C(j[b)| < Mla—b\. (6.7)
g

Proof. We observe that d,C (]\ ) = m(]/a) with m(r) = C(r) — rC'(r) = 4 — 2/4+r2 < 0. Then, using
Im(r)| < 2|r| and C(j|b) — f (7/y) dy, the result follows. 0O

The lemma now helps to bound the difference once we have a boundon pand 5 € LC([O7 T] X Yieact)- For this we recall
the Hardy-Littlewood maximal function (see e.g. [Ste93]) which for a given function g : R?% — R is defined by

Mg(z) = sup —: /g dy,
( B>x ‘B| | |

where B C R? are balls including z. It follows that sup,~ |g * k-(z)| < Mg(z) for any measurable g. Regarding
integration there are classical results, showing that for 1 < p < oo it holds Mg € LP if g € LP. In the limiting case
= 1, one has the weaker statement j € LlogL (i.e. fﬂ (]5]) dz dt < oo) if and only if Mj € L', see [Ste69].

In the following proposmon we will combine LemmaW|th the estimate through the maximal function. For this, we need
the maglcal estimate (3.4d), where the assumptlon a"+B"]1 S Dait is crucial to obtain pla™+87)/2 ¢ L4(Qr) with

= 1. Unfortunately, a superllnear estimate for |p|p”" as obtained in Proposmonwould not be enough as is shown
by the counterexample in Remark[A.2}

The following result can also be seen as a commutator estimate, since it is essential to estimate (p>«ﬂlc5)(°‘r+5r)/2 against
(p'@"+57)/2) x k., where k. is a smoothing kernel.

Proposition 6.3 (Commutator estimate). Assume %\a”—&-ﬁ’"h < p. Consider p € LP([0,T] x T?) and assume p; >

o> 0ae inQr foralli € I and foT (E(jr|,0("‘r+/3r)/2) dx dt < oo. Let k. be a mollifier approximating the identity,
and j: = jr x k., p° .= p x k.. Then, we have

limsup// C(jE|(p5) @ +P/2y Az dt < // C(jp|p ™ TPy da dt. (6.8)
e—0 Qr Qr

Proof. We drop the fixed index 7 for j,., «., and 3, for the remainder of the proof and use the short-hand notations

1
vi=5(at8), a=p", ac=(p).

Using |v]1 S p we have a € LY(Qr) with ¢ = p/|y|1 > 1. Thus, we can use the magical property of C and find

4
C'dxdtﬁ// L(['a + ——a?) dzdt < oo.
/QT G) Qr <q—1 (la) q—1 )

His implies j € LlogL(£2r), such that its Hardy-Littlewood maximal function (done in the space-time domain 2r) is
integrable, i.e., Mj € Ll([O, T| X Yreact), see [Ste69]. Thus, we find the pointwise estimate

Ve>0: [7e(t,x)] < Mj(t,z) almosteverywhere in Qr, (6.9)

this means that the family (j.). has a L! majorant.

Using the shorthand © A y = min{z, y} for 2,y € R, the monotonicity of a — C(s|a), and the bound for the
derivative in Lemma|6.2] we find for any M > 0 that

(]:(js‘as) < (]:(]E‘M A ae) < (]:(JE'M A bs) + ge (6.10)

2 .
with g. = e |7¢] |(M/\b5) — (M/\a8)| and be v = (a A M) * k..
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Using be.ps — a A M and a. A M — a A M strongly in LY(Qr) and weakly-* in L>°(Q2) as e — 0 together with
(6-9), Lebesgue’s dominated convergence theorem gives G, = foT |ge| da dt — 0.

Using je = j * k., b = a * k. and the joint convexity of (4, a) — C(j]a) allows us to apply Jensen’s inequality. Hence,
integrating the estimate over Q7 we find

/ C(jclas)dzdt < / C(jelac A M) daxdt < // (C(je|be,nr) + ge) dadt
Qrp Qr Qr

Jensen
< / C(jlanM)dzdt + G..
Qr
Keeping M fixed and taking the upper limit ¢ — 0 we find

VM >1: limsup/ C(jclac)dz dt S/ C(jla A M) dz dt.
QT QT

e—0

To perform the limit M — oo, we use C(jla A M) < C(jla A 1) < max {C(j]1), C(j|p7)} € L'(Qr) due to the
assumption and C(j|1) = C(j) € L*(2). Hence, by dominated convergence the limit A/ — oo provides the desired

estimate (6.8). O

Remark 6.4 (Convexity instead of commutator estimate). The above commutator estimate can be avoided if the function
(p,s) — C(s|p") is jointly convex. Then , the result follows simply by applying Jensen’s inequality for convolutions,
ie, [[C(Jxk:|(pxke)?)dzdt < [[C(j|p7)dadt. This argument is usually used for linear reactions, see e.g.
[Ste21l [PR* 22, |HrT23].

Indeed, the joint convexity holds if and only if |y|; < 1. Since €(s|g(p)) is the Legendre-Fenchel transorm of g(p)C*((),
we have joint convexity if and only if p — g(p) is concave. For g(p) = p” the second derivative D? g has the explicit form

D?g(p) = —p" diag(1/p;)r A(v) diag(1/p:); with A(y) = diag(y) — v®7.

Hence, g is concave if and only if A(y) is positive semi-definite. However, we have

b-A()b =y 7ib} - (;m)z > ;%bf = () (o) = (1= 20 ) ot

i€l 4 i el i€l el el

Hence, ZEG 1 Y= < 1 implies the desired concavity. However, considering the function t — g(tc) = tre gives A =
> e 1 Ya, and concavity implies A < 1.

Putting the above results together, we can now prove Theorem [4.8]

Proof of Theorem[4.8 The proof is performed in several steps. First, we regularize and shift the density by a positive
constant and show the chain rule for that situation. Then follows the harder part of estimating the limits. For this we rely on
Proposition|6.3

1. Step (Regularization): We note that from the bound on the energy and dissipation, the curve ¢ — p(t) is absolutely
continuous with values in (W1°°(X))* and it has a Lebesgue density p dz for aimost all ¢ € [0, 7). Furthermore, we
have p € LPerit ([0, T] x X), f € LY(0, T, Yair), j € L*([0, 7] X Yieact) by Proposition[5.8land Proposition[5.5} Given
o > 0 and a mollifier (k¢ )<>0, we define the component-wise shifted and regularized trajectory

P~ = (p+0) ke,

and correspondingly the regularized fluxes f€ = f * k. and j© := j * k.. Clearly, (p=7, f¢, j¢) € CE, where we have
used that for the reactions the stoichiometric matrix I'* commutes with the mollification. Moreover, we have

=7 = pin LY([0,T] x X), j°— 7inLY([0,T] x Yaig), f°— finL*([0,T] X Yieact)-
2. Step (Chain rule for regularized curve): Now, we show that for fixed €,0 > 0 the trajectory ¢t — E(p=7 (1)) is

absolutely continuous and satisfies the upper chain rule. For this, we first note that there is a constant M. > 0 such that
1057 |10 ([0, 77xTa) < Mc and we have p=7 > ¢ > 0. To show absolute continuity, we fix s, ¢ € [0, 77, and since on
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[0, M. + o] the Boltzmann function [o, M. + ¢] 3 7 — Ag(r) € [0, 00) is Lipschitz continuous, i.e., there is L, . > 0
suchthat Vry, o € [0, Mo + 0]+ [Ng(r1) — Ag(r2)| < Loc|ri — 72, we compute

E(p™7 (1) = E(p™7(s)) <> /Td B (077 (1)) = As(p7” (5)] dz

el
<1,.% / P77 () = 577 ()] dw = Lo 3 / 1P5(t) — p5(s)] da.
ier 7T ier /T4

The mollifier k. is a test function in C2° with a (possibly bad) Lipschitz constant C', which implies

E(p77(t) = E(p™(s)) < CeLoellp(t) = p(s)llwr.oey-
Hence, t — £(p®7) is absolutely continuous, and we obtain by the differentiability of  — Ag(r) on [0, M. + o] that

FEE0) =3 [ 10g(p57(0/)05 (1) da = Qo(p (1)) (=i (1) + (1))

i€l
= (Vlog(p™7(t) /w), f* (1)) + (I'log(p™7 (t) /w), j° (1)),

which by integrating in time leads to

E(p™7 (1) = E(p™7(s)) = /I<V10g(p5"’(7’)/W)»fE(T)> + (Tlog(p™7 (r)/w), j°(r)) dr.

Here, we have used the chain rule with the nice test function V log(p®?(r)/w). In particular, by Legendre duality we
obtain

E(p™(t) — E(p™7(s)) = —/ (Vlog(p™7(r)/w), = f*(r)) + (Tlog(p™7 (r) /w), —j"(r)) dr
2 - / Rdiff (PE’J, fa) + Sdiff(PE’a) + Rreact (PE’J,jE) + Sreact (PE’U) dr.

Hence, it follows the chain rule inequality for the regularized curve that £5:%] (p=°, f¢,55) > 0.
3. Step (Limit 0 — 0 and ¢ — 0): First, we observe that convergence of the energies is clear due to the convexity.
Hence, it suffices to show that

t t
limsuplimsup/ Rdiﬁ(ps"’,fs)dTS/ Raig(p, f)dr,

o—0 e—0

t t
limsuplimsup/ Saiee (p=7) dr §/ Saiee (p) dr,

o—0 e—0

t t
hm sup hm sup / Rreact (PE’Ja .76) dT S / 7zreact (pa j) dTa
s s

o—0 e—0

t t
lim sup lim sup / Srenct (p77) dr < / Srenct () 7.

o—0 e—0

We will treat all four estimates and also the convergences ¢ — 0 and € — 0 separately. In each term we will consider the
limit ¢ — O first, sending ¢ — 0 afterwards.

3a (Diffusive terms): The rate term Rq;g as well as the slope term Sq; are convex functionals. Hence, the upper limit
bound for ¢ — 0 follows by Jensen’s inequality (see e.g. [AGS08, Lem. 8.1.10]) together with V5 — Vp;, j= — j,in

2 2
L([0,T]) and p — p;. For the limit & — 0, we simply observe that p; + o > p; which implies that /Lf’% < %

_ Pi . . . . :
Moreover, we have V/p; + 0 = \/%V,/pi < V\/ﬁ. This proves the desired estimate for the diffusive terms, both
the slope and the rate term.
3b (Reactive rate term): The limit ¢ — 0 was shown in Proposition[6.3] where we now rely on Assumption with
P = Derit- For the limit o — 0, we again use the monotonicity of the perspective function, to get the pointwise bound in

the integrand
< (oo e o) < (i|orol).
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3c (Reactive slope term): We use the general fact that a continuous function ® : R - R satisfying the growth estimate
|®(u)| < C(14|ul)" defines via u — P o u a (strongly) continuous Nemitskii operator from L"7(€2) into L4 () for all
q>1

The reactive slope is the sum Seact = ZTGR S, with

S:(p) = 25, / /Q (w2727 — 9l H/2 1 @780/ i dt = SH(p) + 82(p) + S0
T

By Assumption all three terms define strongly continuous mappings from LPerit into L', which implies that S,eact =
>_re r Sris strongly continuous from LP<it into [0, 00). Thus, using p*? — pin LP<ri* we can pass to the limit e, o — 0,
and the result follows. O

It remains to prove Proposition|3.14} relating the notions of continuum EDB solutions and weak solutions with each other.

Proof of Proposition[3.74, Under the condition p; € [o,1/0] it is standard to show that weak solutions are continuum
EDB solutions. Indeed, for i € I, we start from the definition of weak solutions with ¢ € L2(0, T'; H! (X)) in the form

T

T - .o a” 8
0= / (Oepi, ) dt +/ 3;piV log (%) -V + Z’y{/ﬁrw(“ +8 )/2(/)— _f )godxdt.
0 Qr i r€R

wa,r W/BT

Using p; € [0, 1/c] we are allowed to choose the test function ¢(t) = log(p; /w;) for t € [t1,t2] and O otherwise.

Summing over ¢ € I and using the classical chain rule for £ (now evaluated only on the interval [0 /w*, 1/(w.0)] C
(0,00)), we obtain

E(plt) = E(ptta)) + [ [ GDEG) e (1.5 dwdt =0

where f = (f;); and j = (j), are given as in 8:9). By the definitions of S and R in the Definitions[3.9|and with
S(p) = R*(p,— GDE(p)) (as p; > o), we have the identity GDE(p) o (f,5) = R(p, f,j) + S(p), which implies

that (p, f, ) is a continuum EDB solution.

For the opposite direction, we start from a continuum EDB solution (p, f, j) such that we have (p, f,j) € CE, and
D(p, f,j) < oo, which, under the assumption p; € [o, 1/c], imply the regularity

p € L2(0,T;HY(TY), feL*Qr), jeLY(Qr), 0pel?0,T;H YT +LY(Qr).

Moreover, the derivative DE(p) = (log(pi/wi)),., is well-defined in L?(0,T; H'(T?)) and satisfies the identity
S(p) = R*(p, — GDE(p)). Together, this is enough to establish the chain rule

< £(o(t)) = (010, DE(p) = (GDE(p), (£.)
Pi p .
:/Td;VlOg(wi)-fi—Flog(w).r jda.

Inserting this into the relation £(p, f, j) = 0 for continuum EDB solutions and using that S(p) = R*(p, — GDE(p)),
we obtain
(GDE(p), (f,7)) = R(p, f,7) + R*(p, =~ GDE(p)) foraa.t € [0,T].

Since p; > o > 0, we conclude (f,7) = D¢,cyR*(p, — GDE(p)) which provides the desired flux relations ae.
in [0, T] x T<. The fact that p is a weak solution follows now from the fact that (p, f, j) satisfies the continuity equation
CE in the sense of distributions, i.e., Otp = G*(f, j). O

A Proof of the magical estimate (3.4d)

Throughout, we consider p > 1. With Ag(r) = rlogr — r + 1 and Up,(w) =
identity

ﬁ(wp — pw + p — 1) we have the

whn(£) = ZEAn(0) = (- 1Up(w) + uPn( S
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see [FH*22, Eqn. (2.7)] for an earlier occurrence. Our function C is the convex conjugate of C*, which is the sum of two
exponentials. Hence, C can be written as an infimal convolution, namely

C(s) = min {2)\]3(@1) + 2Ag(—as9) | a1+ as = s}. (A.2)

Combining this representation with we obtain a lower estimate on €(a|w) = wC(a/w) that corresponds to (A.7).
Proposition A.1 (Magical estimate for €). Foralls € R, w > 0, andp > 1 we have

C(s) forw € [0, 1],
C(slw) > { p—1 C(s) — 4(p—1)Up(w) forw > 1. '

Proof. The estimate for w € [0, 1] follows directly from the monotonicity (3.4b).

For w > 1 we exploit the infimal convolution and (A.1) to obtain the following chain of estimates:

C(s|lw) €3, 1rfam {wAs(a1/w) + wAp(—az/w)}

>2 min {ELAn(a) - (- 1)Up(0) + 2 An(~a2) — (- 1)Uy (w)}

This is the desired estimate for w > 1. O

The desired magical estimate now follows from U,(w) < wP/(p(p—1)) for w > 1 and Proposition [A.1] by
rearranging the estimate.

The main usage of the estimate is in the integrated form namely

P 4
Csdg—/(]:swd—i——/w”d.
[ c@an< 2o [ eyt =5 [ wran

The following example shows that estimating the integral on the left-hand side by the two integrals on the right hand side
is not possible for the case p = 1,i.e. p > 1 is essential. We give an example with [, C(s|w) du + [, As(w) dp < oo
but [, C(s) dp = oc.

Remark A.2 (Counterexample). We let 2 = ]0,1/2][, take u = L and choose

1 1
s(z) = w(log(1/0)” w(z) = z(log(1/2))"

This gives s € L'(Q), [, As(w dx < 00, and [, C(s) dz = oo. With s(z) /w(z) = (log(1/z))* " and C(r) ~
rlog(1+r) forr > 1 we f/nde slw)dz < oo.

withl < v <2< w.

B Superlinear functions: Proof of Lemma 3.3

Lemma involves the superlinear functions ¢ and 7 and constructs another superlinear function = = =4 4. It is a
generalization of which corresponds to ¢ = C and ¢ (w) = cwP with p > 1. Then 1)c can be estimated below by
cpC.

It is easy to see that Z is even and increasing on [0, 00) as s — w¢(s/w) is so for each w > 0. As ¢ is increasing and
w — wo(s/w) is decreasing (as s¢’(s) > ¢(s)) we have the lower estimate

E(s) > min{w.d(s/ws), Y (ws)} forall w, > 0,
and it remains to choose w. appropriate for each s.

The superlinearity of 1 provides for each M > 1 awys > 1 such that ¢)(wps) > Mwyy. For spy = M/ 2wy and
using C(s|w) = wC(s/w) we thus obtain

E(snr) S min{wM¢(SM/wM) w(wM)} _ mm{¢(M1/2)
smM SM T osm M1/2

for M — oo, which implies sj; — o0. As E is increasing on [0, 00), the desired superlinearity of = and Lemmaare
established.

,Ml/z} — 00
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C Gagliardo-Nirenberg

To prove Proposition [5.4] we will use a variant of the Gagliardo-Nirenberg estimate handling spatial and temporal integra-
bility according to the a priori estimates from the L°° bound for the energy and the L? bound for the dissipation. We will
use the classical dimension-dependent Gagliardo-Nirenberg estimate

d

6 .
lelluncrey < Coallullz(hoy s oray  with 0 = 5 =

SHESH

where ¢ € [2,00) and (d—2)q < 2d. With this, we obtain for & > 0 and 7 > 1 with ar > 2 and (d—2)ar < 2d the
estimate
T
[ wvdedr < [ ol e a
Qr 0

(1-04r ar
< Gl oy o 1Mo ey | IOy 4

where ' = r/(r—1) is the dual exponent of r.
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