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Transmission problems and domain decompositions for
non-autonomous parabolic equations on evolving domains

Amal Alphonse, Ana Djurdjevac, Emil Engstrdm, Eskil Hansen

Abstract

Parabolic equations on evolving domains model a multitude of applications including various
industrial processes such as the molding of heated materials. Such equations are numerically
challenging as they require large-scale computations and the usage of parallel hardware. Domain
decomposition is a common choice of numerical method for stationary domains, as it gives rise
to parallel discretizations. In this study, we introduce a variational framework that extends the
use of such methods to evolving domains. In particular, we prove that transmission problems on
evolving domains are well posed and equivalent to the corresponding parabolic problems. This in
turn implies that the standard non-overlapping domain decompositions, including the Robin—Robin
method, become well defined approximations. Furthermore, we prove the convergence of the
Robin—Robin method. The framework is based on a generalization of fractional Sobolev—Bochner
spaces on evolving domains, time-dependent Steklov—Poincaré operators, and elements of the
approximation theory for monotone maps.

1 Introduction

Industrial applications involving molding typically result in parabolic PDEs with the non-standard feature
of evolving or moving spatial domains. In order to illustrate this, consider the production of railway
tracks. This process includes two crucial steps, as depicted in First, the rail is shaped, which
involves hot rolling a steel beam with a rectangular cross section into a rail with an H-shaped cross
section. Second, the newly molded rail is solidified by spraying water on its surface. A basic model for
the temperature u of the rail is then given by a non-autonomous parabolic equation on an evolving
domain. That is, for the evolving domain {€2(%) } (0,00, the temperature u satisfies

a(t) — V- (at)Vu(t)+(V - w(t) + B(t)ut) = f(t) inQ(1),
u(t) =n(t) ondQ1), (1)
u(0) =0 in £2(0).

Here, the time evolution is described by the material derivative
u(t) = dwu(t) + w(t) - Vu(t),

and the domain €2(¢) and its boundary 0S)(t) evolve according to the known velocity field w. The
precise geometry and assumptions on the problem data will be specified in and [5] For
simplicity we will only consider 7 = 0 in (), but non-zero time-dependent boundary conditions can be
handled as done in

Other applications of parabolic equations on evolving domains and hypersurfaces, to name a few,
include: the dynamics of bubbles rising in liquid columns [19] governed by the Navier—Stokes equations;
tumor growth models [5] consisting of reaction-diffusion equations on surfaces evolving via forced mean
curvature flows; spinodal decomposition of binary polymer mixtures [23] governed by the Cahn—Hilliard
equation.
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Figure 1: Left image: sketch of a steel beam () at time t being reshaped via hot rolling and thereafter
solidified by water cooling. Right image: Decomposition of the steel beam at time t, where §)(t) is
decomposed into §2; (t) and Qs (t) = Qa1 (t) U Qa2(1).

Parabolic equations on evolving domains are numerically challenging due to the time-dependent
geometry and the need for implicit time integration. This all results in large-scale computations that
require the usage of parallel and distributed hardware. In the context of stationary domains, the domain
decomposition method is a common choice that gives rise to parallel discretizations. The basic idea for
these methods is to decompose the domain associated to the equation into subdomains and thereafter
communicate the results via the boundaries to the adjacent subdomains. As an example, when shaping
the train rail one could, at a fixed time, decompose the rail into three subdomains, where the middle one
is a small region around the deformation zone, see The computational benefit of this is that
each subdomain can be given a tailored spatial mesh. For example, the deformation subdomain typically
requires a finer mesh than the other subdomains. For a general introduction to domain decomposition
methods we refer to [31, [34].

From a mathematical perspective non-overlapping domain decomposition methods can be designed by
first proving that the original parabolic equation (1) is equivalent to a so-called fransmission problem.
For two disjoint evolving subdomains €2;(t), i = 1,2, such that Q(¢) = Q;(¢) U Qx(¢) and I'(t) =
0 (t) N 00 (t), the strong form of the transmission problem becomes

(i(t) =V (a(t) Vs (1)) +(V - w(t) + B(t))ui(t) = fit) inQu(t),
u;i(t) =0 on 99 (t) \ T'(¢t)

fori =1,2, 2)
uy(t) = ug(t) onI(t),
\ a(t)Vuy(t) - vi(t) + a(t)Vua(t) - va(t) =0 on I'(¢),

where v;(t) is the unit outward normal vector of 9€%(t), f;(t) = f(t)|q,(), and u;(t) = u(t)[q, (-

The non-overlapping domain decompositions can then be derived by approximating the transmission
problem. For example, consider the classic Robin—Robin method, first introduced in [27]. By taking
linear combinations of the last two equations in (2), one has the equivalent Robin conditions

a(t)Vui(t) - vi(t) + souq(t) = a(t)Vua(t) - vi(t) + soua(t) onI'(t)fori = 1,2,

and a method parameter sq > 0. Alternating between the subdomains then gives the Robin—Robin
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method as computing (u?, u5) forn = 1,2, ... with
1, U

i) = V- (@)l () +(T - wit) + BOYVEE) = i) in (1),
up(t) =0 on 9 (¢) \ T'(¢),
a(t)Vul(t) -1 (t) + souy(t) =
a(t)Vud = (t) - vy (t)+sous ™ (t) onT(t), -
uy(t) = V- (a(t)Vug (1) +(V - w(t) + B(t))us () = fo(t)  inQa(t),
uy(t) =0 on 0 (t) \ T'(%),
a(t)Vus(t) - va(t) + sous (t) =
\ a(t)Vul(t) - va(t)+souf(t)  onI(t).

Here, u$ is an initial guess and u!'(t) approximates u;(t) = u(t)|q, - Note that the Robin—Robin
method is sequential, but the computation of each u* can be implemented in parallel when ;(t) is a
union of nonadjacent subdomains, as is the case in

The well posedness of parabolic equations on evolving domains can be derived via the framework [2],
which relies on a variational formulation where the standard Sobolev—Bochner solution space

H'((0,T); H'(Q)) N L*((0,T); Hy () (4)

is generalized to evolving domains €2(¢). The framework has also been extended to a Banach space
setting [4]. This variational setting constitutes the starting point of the design and analysis of a wide
range of finite element methods for equations on evolving domains. The development of continuous-
in-time evolving finite element methods have been surveyed in [9]. The extension to full space-time
discretizations via Runge—Kutta and multistep time integrators have, e.g., been analyzed in [8} 21} [29].
This type of analysis of full space-time methods has also been extended to parabolic equations given
on solution-dependent evolving surfaces [22].

Domain decomposition methods have been proposed in the context of parallel time integrators, as
surveyed in [15], and there are several studies concerning the convergence and other theoretical
aspects of space-time decomposition methods applied to parabolic equations on stationary domains,
see, e.g., [12,[10, 14}, (17,1, |16, |18]. However, there is no simple extension of the standard elliptic
theory [31] to parabolic problems on stationary domains, and certainly not to evolving domains. The
main difficulty is that the standard variational setting for parabolic problems, with solutions in the space
denoted in (4), prevents one from deriving the equivalence between (1) and (2). This is caused by the
fact that functions with the regularity of (4) cannot be “glued” together into a new function with the same
regularity, see [7, Example 2.14].

The goals of this paper are therefore to
1 prove the equivalence between (1) and (2), by introducing a suitable variational formulation;

2 demonstrate that the standard non-overlapping domain decomposition methods, including the
Robin—Robin method, are well defined on evolving domains;

3 illustrate the applicability of the framework by proving that the Robin—Robin method is convergent
when applied to non-autonomous parabolic equations on evolving domains.

The main tool used to achieve the first goal is a new variational formulation with solutions in the evolving
domain generalization of the space

H'2((0, 00); LA(S2)) N L2((0, 00); H(9));
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see to[6] This resolves the issue with “gluing” functions together without losing regularity,
see The H1/2-approach is due to [26] for smooth stationary domains and extended to
stationary Lipschitz domains in [7]. We have also explored a Hl/Q—setting for domain decomposition
methods for parabolic problems on stationary domains in [12} [10]. The study [6] has also used a
H'/2-variational formulation in order to analyze boundary integral operators for the heat equation
on evolving domains. In that work, the standard time derivative is considered instead of the material
derivative, which leads to a quite different setting than ours.

The second and third goals are reached by reformulating the transmission problems and the non-
overlapping domain decomposition methods in terms of time-dependent Steklov—Poincaré operators.
As these operators become coercive in the new H1/2—setting, one can prove that several domain
decomposition methods are well defined via the Lax—Milgram theorem and show convergence for
the Robin—Robin method via the abstract convergence result [28], see [Section 8| Note that this new
approach even yields convergence in a stronger norm compared to the previous results on stationary
domains [12, [10].

The continuous analysis, derived in this paper, is also expected to hold in the finite-dimensional case
that arises after discretizing in space and time, e.g., by using space-time finite elements, see, e.g., [32].
However, in order to limit the scope of the paper we will restrict ourselves to the continuous case. The
features and implementations of full domain decomposition finite element discretizations will be studied
elsewhere.

Throughout the paper, we will use the notation Ry = (0, 00), RS = [0, 00) and ¢, C will denote
generic positive constants.

2 Evolving domains

Let us describe the geometric setting. Assume that we have a bounded Lipschitz domain 2(0) C R™,
with n = 2, 3, such that

Q(0) = 21(0) U Q(0),
where ,(0), i = 1,2, are bounded Lipschitz domains that are disjoint with common boundary
T'(0) = 994 (0) N 9Q(0).

We assume that I'(0) is a (n — 1)-dimensional Lipschitz manifold. Note that all results will also be
valid for the case n = 1, but with a slightly altered notation. It is also possible to replace €2;(0) by a
union of K; nonadjacent subdomains, i.e.,

see|Figure 1} without any change to the analysis.

We now consider £2(0) to be evolving in time, resulting in a domain §(¢) at a later time ¢. To this end
introduce the velocity field

w: R} x R* —» R"
together with the corresponding transformation @ : R?r X R™ — R"™ given by

%@t(@ = wi(t,By(x)), tER,, Bo(z) =z,

for all z € R™. We will assume that this evolution has the properties described below.

DOI 10.20347/WIAS.PREPRINT.3187 Berlin 2025



Transmission problems and domain decompositions for parabolic equations on evolving domains 5

Assumption 2.1. The velocity field w generates a transformation ® such that

(i) @ is an element in C*(RY. x R™, R"™) and satisfies the bound

sup [|@¢f|cn ey < C < 0
t€R+

for every fixed ball B, = {x € R" : |x| < r}, where C = C(r).
(i) The inverse map ®_ : (t,z) — (®;) "' (x) exists and satisfies the same regularity and bound

as o.

The domain at time ¢ is then defined as
Q(t) = 2,(2(0)).
The above properties of ® imply that €2(¢) is also a bounded Lipschitz domain with boundary 9€2(t) =
@, (9€(0)). Furthermore, the Jacobian D®;(z) = {0, ®:(x);}.; is well defined and its inverse is
given by
(D®,) (z) = (D<I>_t)(<1>t(x)).
We also introduce the determinants
Ji(x) = det(DPy(z)) and J_i(z) = det(DP_y(z)) = 1/J(P_¢(x)).
Regarding the partition of the domain, let us write

Qu(t) = ,(2(0)), i=1,2,

for the evolution of the disjoint components. Once again, the assumed properties of ® give that all
interiors are mapped to interiors and boundaries are mapped to boundaries, thus we obtain the bounded
Lipschitz subdomains €2;(¢) with the boundaries

0Q;(t) = ,(9(0)), i=1,2.
We also have
0,(T(0)) = @,(92(0) N 9NL(0)) = B, (90 (0)) N D, (92(0)) = A () N ON(1),

and hence the interface I"(0) between €2;(0) and €2,(0) is mapped onto the interface between 4 (¢)
and (), which we shall call I'(¢), i.e.,

D(t) = 9 () N 9 (1),

The set I'(t) is again assumed to be an (n— 1)-dimensional Lipschitz manifold. This setup is exemplified

in Next, we observe a few more properties of ®. Let 2(0) C B,, then|Assumption 2.1|yields

that

sup sup |P;(x)| < C.
t€R+ IGBT

Hence, there exists a ball By, that contains all trajectories of ® starting in €2(0), i.e., §2(t) C Bg, for all
t e Rg. We can therefore view ¢ and ®_ as maps restricted to B,. and Bp, respectively, where

® € Gy(R}; CY(B,,R")) and @_ € Cy(R; C'(Bg,R")). (5)
Furthermore, there are constants ¢, C' > 0 such that
clz —y| < [Pu(z) — Pu(y)| < Clz —y| and c < |Ji(z)| < C (6)

forall z,y € B, and t € RY. These bounds also hold for ®_; and J_; with 2, y € Bg.
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tA

Figure 2: An example of an evolving domain decomposition with an interior domain €2; and an exterior
domain €.

3 Abstract time-evolving function spaces

In this section we start by generalizing parts of the abstract framework of [2, 4] to a semi-infinite time
interval. We then define a notion of a generalized Sobolev—Bochner space that allows in particular for
fractional-in-time exponents. This theory will enable us to define the function spaces that we need on
the various evolving domains and boundaries from the previous section. We begin with a notion of
compatibility, see also [4, Assumption 2.1].

Definition 3.1. Let X = {X(?)}icpy be a family of real separable Hilbert spaces and let
be a linear and invertible map, with its inverse denoted by ¢_,. The pair (X, ¢) is said to be compatible
if

(i) ¢q is the identity,

(ii) there exists a constant C' independent of t € Rg such that

[oeull ) < Cllullxq) forallu e X(0),
[o—ullx) < Cllullxq forallue X(¢),

(iii) for alluw € X (0), the mapt — ||¢sul () is measurable.

If (X, ¢) is compatible, then as done in [2, 4], we may define the L>-space as
LXx(Ry) = {u:Ry — | J X(t) x {t} : t > (u(t),t) suchthat p_u € L*(Ry; X(0))}.
teRy

We will abuse notation and simply write w instead of %. This is a separable Hilbert space, with the inner
product

()i an = [ (ult)o(®)

Ry
compare with [2, Theorem 2.8]. The map

61 L*(Ry; X(0)) = L% (R.)

DOI 10.20347/WIAS.PREPRINT.3187 Berlin 2025



Transmission problems and domain decompositions for parabolic equations on evolving domains 7

then acts as an isomorphism with an equivalence of norms, see [2, Lemma 2.10]. In addition, if (X, ¢)
is compatible then so is (X ™, (¢_)*), where ¢* : X (¢)* — X (0)* denotes the dual map of ¢. One
also has that L% (R, )* = [%.(R.) and

(9, V)12, Ry )x1% RY) Z/ (g(t),v(t)) x 1) xx0)dt

R4

= (979, 0-V) L2 4 X (0)) x L2(R X (0)) -
See [2, p.6 and Lemmas 2.14—15] for the above statement.

Definition 3.2. ForaspaceY — L*(R.), we use the notation
Yy(Ry) ={ve LixRy): ¢o_v e Y (R X(0))}.
The norm on Yx (R, ) is defined as
[ollvx @) = llo-vlly @ xo)-

A consequence of the above is that the restricted map
61 Y (Ry; X(0) = Yx(Ry)

is by definition an isometric isomorphism. Note that the above definition of || - ||y, () yields an
equivalent normto [| - || 2 =, ) for Y = L*(R,.), due to compatibility of (X, ¢). However, the norms
do not necessarily coincide.

Lemma 3.3. If (X, ¢) is compatible and Y (R.; X (0)) is a separable Hilbert space, then Yy (R.) is
a separable Hilbert space.

Proof. Take a Cauchy sequence {y, } belonging to Yx (IR, ). By definition, for every ¢ > 0, there
exists an NV such that if n, m > N, we have

|¢—yn — ¢*ymHY(R+;X(O)) = [lyn — ymHYX(R+) S e

AsY (R, ; X (0)) is a Hilbert space, ¢_y,, — zinY (Ry; X(0)) to some z € Y (R; X(0)). Since
Y (Ry; X(0)) is a subset of L*(R4; X (0)) and we have compatibility, it follows that ¢z € L%.
Hence, ¢z € Yx (R, ). We have

[y — ¢Z||YX(IR+) = [|o-yn — Z||Y(R+;X(0)) —0

as n tends to infinity. Thus, the sequence {y,, } is convergent in Yx (R, ). This shows that every Cauchy
sequence converges, hence it is complete and a Hilbert space.

For the separability, if {e; } is a countable orthonormal basis of Y(R+; X(O)), we can write an arbitrary
z € Y(R+; X(O)) as z = »_(2,€;)y®,;x(0)¢€i- Then we have

¢z = ZZ(Z, ei)Y(R+;X(o))¢€z‘ = Zi(gbz, ¢€i)YX(R+)¢6i~

Since any element of Yx (IR, ) can be written as ¢z for some z € Y(R+; X(O)) and because L%
and L*(R.; X (0)) are isomorphic via ¢, we see that {¢e; } is a countable dense subset and thus the
space is separable. O]
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Consider a space Y < L*(IR.) and assume that Y (R.; X (0)) is a separable Hilbert space. Next,
introduce two compatible pairs (X, ¢) and (Z, ¢), where Z(t) — X (t) forall t € R, . The subset

Y (Ry; X(0)) N L*(Ry; Z(0)) € L*(Ry; X(0))
then also becomes a separable Hilbert space when equipped with the inner product
u, v = (U, 0)y Ry x(0) T (U, 0) 2Ry 2(0)-

The same holds for Yy (R, ) N LL(R,) C L3 (R,) by The restriction of the map
61 L2 (Re: X(0)) — LI (R,), ie.,

¢: Y (R X(0)) N L*(Ry; Z(0)) — Yy (Ry) N LY (RS,

is an isometric isomorphism.

4 Compatibility for spaces defined on evolving domains

In this section we wish to apply the theory of[Section 3|to concrete function spaces on evolving domains
and boundaries. This mainly involves checking that compatibility holds in the sense of Definition 3.1]
The results here improve those present in [2, 4} [3] because we assume much weaker regularity on the
domains and the evolution than there.

Let M = {M(t)},cro be afamily of Lipschitz domains, with M (0) C B, C R™ and M(t) C B C
R™, playing the role of £2; or £2. Similarly, let S be a family of (n — 1)-dimensional Lipschitz manifolds
representing either 0€;, 0€2, or I". We refer to [24] Sections 6.2-3] and [30] for an in-depth treatment
of Lipschitz manifolds and the related surface integrals.

In the setting of evolving domains, we will consider two families of compatible pairs given by the maps
¢ and 1) relating to function spaces over M and S, respectively.

Definition 4.1. The maps ¢ and 1), together with their inverses, are identified as the compositions
() pru=uo®_; and ¢_u=uo P,

(i) Yeu=1uo (P_slse)) and _u=wuo (Ps)),

respectively.

Note that this choice of ¢ and ¢ trivially fulfills the first compatibility property of [Definition 3.1, For
notational simplicity, we also make use of the notation ¢, 1) for matrix-valued maps, e.g., for A :

M(0) — R™™ we can write

¢_1A(x) = (Ao ®y)(z) = A(Dy(2)).

The task is now to prove the remaining compatibility properties for the function spaces arising when
deriving the weak formulation of ().

DOI 10.20347/WIAS.PREPRINT.3187 Berlin 2025



Transmission problems and domain decompositions for parabolic equations on evolving domains 9

4.1 Spaces on the interior

Lemma 4.2. If|Assumption 2.1| holds then (L*(M), ¢) and (H* (M), ¢) are compatible pairs.

Proof. We prove the H' case as the L? case follows by a simpler argument. To prove the second

property of [Definition 3.1} consider u € H'(M(0)) and v = ¢u € H'(M(t)). One then has,

pointwise a.e., the formulae

V(g_w) = (D) ¢_(Vv) & Vu = (D) ¢_(Vou) <
O_1(Vouu) = (D®) "Vu & ¢_(Vdu) = (¢ DP_y) Vu.

This yields the identities
loauliny = [ lol? + Vol da
M(t)
- / b (|6vul? + [V )] J] dao
M(0)

_ / 2]+ (6 D) TV ul2| | dzo. @
M(0)

By [Assumption 2.1|we have D®_ € C(R}. x R*,R™*"), |J| € C(R} x R, R), and the bound

sup sup |(¢—DP_¢)" ()3 | /()]

teRy zeM(0)

<sup  sup  |(DP_y)(y)[5]Je(2)]

teR+ zeM(0),yeM ()

<sup sup  max 6n*0,,P_¢(y)i|*|0s,Pe(z):["
teRy z€B,,yeBRr t,j=1,...n

n

2
< C(n)(sup H(I)ftHcl(BiR,R")) (sup ”‘I’tHCI(BT.,Rn)) < 00,
teRy teRy

where | - |2 and | - |  refer to the Euclidean and Frobenius matrix norms respectively. Hence, the second
term of (7) is bounded by CHVUH%Q(M(O) gny @nd a similar argument for the first term yields that

||¢tu||H1(M(t)) <C ||u||H1(M(O)) forallu € H' (M (0)),

with a constant C' independent of t € Rg. The reverse bound, i.e.,
holds as the very same properties are assumed for ® and ®_.

We finally consider the third property of Again by |Assumption 2.1} we have that |.J| €
L>(Ry; L>(M(0))) and hence | J|: Ry — L>*(M(0)) is strongly measurable. By Pettis’ theorem,
it is also weakly measurable. For an element v € LOO(M(O)) the functional g(v) = fM(O) u?v dxg

clearly satisfies g € L>(M(0))" since u € L2(M(0)). Thus

O—vtll g aroyy < C llwll ggaseyy

t— g(|Ji]) :/ u?|J;| dag
M (0)

is measurable. This yields measurability of the first term of the integral (7). A similar argument gives
measurability of the entire integral. O
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4.2 Spaces on the boundary

Let us now address function spaces defined over boundaries.

Lemma 4.3. If|Assumption 2.1| holds then (LQ(S ), 1/1) is a compatible pair.

Proof. For simplicity, we first consider the case n = 2. The curve S(0) is then the union of finitely
many open, overlapping sets

Si(0) = {z € R?: (&) = A7 (&, 04(¢)) " for & € [~a,al}.

Here, oy: [—a,a] — R are Lipschitz continuous maps, and Ag are affine transformations, i.e.,
Ayx = Agx + by, where Ay are orthonormal matrices with det A, = 1. The curve integral over S(0)
can then be defined as

/S( vdso = Z / 00) () e (€)] dé,

with the tangential derivative z¢ = A; (1, 0))T € L>(S,(0),]R?), for any partition of unity {¢¢} C
C(S(0)) of the curve S(0). Note that the regularity of ¢ follows by the Lipschitz continuity of oy,
see [24, Theorem 6.2.14]. Also observe that the denominator |z¢|? = 1 + (07)? is nonzero.

Let y(§) = P (), then ye = D, (x)x. Furthermore, if {0} C C(S(t)) is a partition of unity of
the curve S(t) then {1/_yp,} C C'(S(0)) becomes a partition of unity of S(0). We then have

/5 y)ds, = Z / e0) (4(6)) e ©)] €

_ v 2 (& xf(g) " 9)
Z /so (@ >\Dd>t( () 585 IOl

:/ (V_4v) () wa () dso,
5(0)

where w4 (z) = |D®y(x)7(z)| with T € L>(S(0),R?) denoting the normalized tangent vector of

0). Bywe obtain that wy € L (Ry; L>(5(0))) as

wa(2) < [DPy(2)]2|7(2)]2 < sup ID®y(y)|r - 1
yeS(0

< sup sup max n|8 Pi(y)il < C sup || Pef| o157 pny < 0
teR, yeB, hI=1:- teR '

(10)

fora.e.x € S(0) andeveryt € R,.

From @) it is clear that ¢_,v € L*(S(0)) if v € L'(S(t)) and ¢yv € L*(S(?)) if v € L'(5(0)).
Next, consider u € L?(5(0)). Replacing v by ¢u? in @) yields that

1wl L2y = [luv/warllL2es)) < Cllullz2(soy-

Here, the constant C' is uniform in time by (10). The reverse bound of [Definition 3.1]follows by simply
replacing S(t) with S(0) and vice versa in the above argumentation.
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Transmission problems and domain decompositions for parabolic equations on evolving domains 11

The measurability, i.e., the third property of |Definition 3.1} can be shown in a similar way to
Hence, (L?*(S), 1)) is a compatible pair for n = 2.

The compatibility for n = 3 follows in the same fashion with
Si(0) = {w € R® : 2(€) = A7 (&1,6, 04(9)) ' for & € [—a,a?},

x¢ replaced by Og, & X O, x, and ws ; replaced by

IDP; (2(8)) O, x(8) x Dét(m(ﬁ))agzm(ﬁﬂl

wy(2()) = |0g, (&) X Ogya())]

Note that the replaced terms are all in L™, |9, x X Og,x|> = 1+ 3.7, (D, 04)? is nonzero, and the
bound holds as Az x Ay = det(A)A Tz x y. O

Regarding Sobolev spaces over the manifolds S, we introduce the space H'/? (S(t)) defined as
H'Y2(S(t)) = {u € L*(5(t)) : [ull /25y < oo} with

/2
HuHHmSm:(rurzw +uur|%2 y)  and

1/2
|U|H1/2 / / )| dSt d5t> .
S(t) !w - y!

Denoting the extension by zero from I'(¢) to 9€2;(t) by eaq, (1), we also define the Lions—-Magenes
space as
A(t) = {u € L*(T(t)) : ean,yu € H?(9(t))}  with

||U||A(t) = ||€3Qi(t)u||H1/2(8Qi(t))'

By [34, Lemma A.8] one has the identification A(t) = [Hy/>(T(t)), L2(D(t))]1/2, i€, A(t) is
independent of ¢ = 1, 2. The space H'/? (S(t)) is a separable Hilbert space, and the same therefore
holds for A(t).

Lemma 4.4. [flAssumption 2.1| holds then (H'/*(S),v) is a compatible pair.

Proof. The proof is not dissimilar to the discussion in [3, §5.4.1]. With the same notation as in[Lemma 4.3]

we have
~\ |2
|¢tu|H1/2 / / ‘wtu wtu< )’ dStdSt

|y yl"
— SVV |2
/ / | “‘(@ 0) dsds;
y—y"
2
l‘ u A
/(0) S(0) ‘q)t ; @i(%’)‘nwn,t(l’)wmt([[) dspdsg (11)
2
Tr)—Uu X
= /S(O) /S(O) (kt)——ww"’t(x)wnat(x) dsodsg
_ 2
= O/ / letrd = el dsodso,
s Jsy ="
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A. Alphonse, A. Djurdjevac, E. Engstrom, E. Hansen 12

where the constant C' is uniform in time. The bounds follow as ®; and wy, fulfill () and (10), respectively.

Since the bound for [|4;u]|2(s() follows as in[Lemma 4.3|we have 1, : H'/2(S(0)) — H'/?(S(t))

and
beull rrzcsayy < Cllull girzsoy-
A similar argument gives the same result for ¢/_;.

Finally, we prove the third property of [Definition 3.1l By [Assumption 2.1| we have that ®: RS —
C(5(0)) and w,,: Ry — L>(S(0)) are continuous. Hence, the integrand in (fT) is continuous in
time for all fixed x,  excluding the zeros set where w,, ; is undefined and x = Z. The set violating the
latter condition is again of measure zero. The said integrand is bounded from above by

Clu@) — u(@)?

|z — z["

via (6) and (10), and this function is integrable and independent of time. We may therefore apply
Lebesgue’s dominated convergence theorem to deduce that the right-hand side of (and hence also
[l gr1/2(s(4y)) is continuous with respect to ¢, thereby yielding the sought-after measurability. [

Lemma 4.5. If[Assumption 2.1| holds then
o, (1) V1t = V1o, (0)U
forallu € L*(T'(0)).

Proof. By , one obtains that egq, ) ¥u and Yyesq, 0yu are in L? (891(15)) We therefore
have, for a.e. © € 0€;(t),

) (W) (w) it e ()
(€onen)(@) = {0 it € 00,()\D(2),
while on the other hand
w(P_y(x)) if_y(x) € T'(0)
0 if ®_;(x) € 0§2;(0)\I'(0)
) () (x) ifx e T(t)
B if 2 € 9Q;(t)\I'(t).
Here we used that ®;(9€2;(0)) = 9%, (t) and ®;(I'(0)) = ['(¢). O
Lemma 4.6. /f holds then (A, 1)) is a compatible pair.

Proof. Letu € A(0) then eaq,oyu € H'?(952;(0)). By|Lemmas 4.4|and[4.5} one obtains that
brean, o)t = eon,mybiu € H'2(0(1)).

From the definition of A(¢) (cf. [11, Lemma 4.1]), there is a unique element v € A(t) such that
a0V = €on;(nVru, i.e., Yru = v. Hence, ¢y maps A(0) into A(¢). By the definition of [|-[| ;)
together Lemmas 4.4]and[4.5] we have

WtUHA(t) = HeaQi(t)wtuHH1/2(8QZ~(t)) - Hwteaﬂi(o)uHHl/Q(ﬁﬂi(t))

(Vieaq;0yu)(7) = (ean;o)u) (qkt(:c)) = {

<C ||689i(0)uHH1/2(8Qi(0)) =C ||UHA(U) :

The same line of reasoning can be made for ¢ and the measurability of ¢ — |[1qul| 5 ;) follows just
asin Hence, (A, 1)) is a compatible pair. O
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Transmission problems and domain decompositions for parabolic equations on evolving domains 13

To tie together the functions over M and S we consider the linear, bounded, and surjective trace
operator Ty, : H' (Qi(t)) — HY?(9€;(t)), see [24, Theorem 6.8.13], together with the space

Vi(t) = {u € H (Q:(t)) : (Toa,pu im o =0}

The spaces V;(t) and H{} (€%;(t)) are both equipped with the norm || - || 710, (1)) and are separable
Hilbert spaces. For future reference, we also introduce the trace operator on V( ) by

Tip: Vi(t) = A(t), ur— (Taﬂi(t)u)‘p(t)
which is again linear, bounded, and surjective, see [11, Lemma 4.4].
Lemma 4.7. If[Assumption 2.1| holds then

Too, 10w = Yilpa,u and T o = T gv

forallu € H'(€,;(0)) and v € V;(0).

Proof. For p € C*(£2;(0)), we have
Toou ) (0e) = Toa,) (0 P_i) = (0 P_y)|an. )
with the second equality because ¢ o ®_; € C'(€2;(0)) due to . We also have

Ui(Too,)9) = Yi(elonio) = Plocu) © (P-tlanin) = (v o P_)]ocie
with the final equality because ®; maps 9€2;(0) to 9€2;(¢).

For an arbitrary u € H"(€;(0)) take a sequence {u,,} C C*°(9€;(0)) converging to u. One then
has the equality

T, 1) (Prun) = Vi(To,0)Un)-
The trace operators Tyo, (s) : H' (Qi(s)) — H'/2(0(s)), s = 0, , are continuous and, by|Lem]
and the same holds for ¢, : H'(€;(0)) — H*(Q:(t)) and ¢, : H/?(99;(0)) —
H'/2(9€;(t)). Hence, we obtain that the lemma’s first equality holds in H'/2(0€;(t)). The second
equality follows by and the same line of argumentation. The only difference is that the
restrictions are made to I instead of 0€2;, and {u,,} C {p € C>(9%(0)) : ¥lsq,0)\r@o =0} O

Lemma 4.8. IfAssumption 2.1 holds then (H{(2), ¢), (Hg (%), ¢), and (V;, ¢) are all compatible
pairs.

Proof. We prove the V; case as the others follow directly by combining [Lemmas 4.2 and For
u € V;(0) € H*(Q:(0)) we have ¢ru € H'(Q4(t)) and (Tho,0) ‘an ot = 0-As {p €
C>(0£(0)) : ©la;)\r() = 0} is dense in V;(0), we can choose a sequence {u, } in this dense
subset such that it converges to u.[Cemma 4.7|then implies that

(Toa (1) Prn) ’dQ (O\D() — (¥ To0.(0) ‘an (O\I(t) (12)

= Wn‘am(m) ° (P-tlan,mnry) = Unloguopre) = 0

Here, the second-to-last equality follows as ®, maps 9€2;(0)\I'(0) to 9€2;(£)\I'(t). The map Trq, 1) ¢+ :
H'(Q;(0)) — H'Y2(8%(t)) is continuous by [Lemma 4.2] and taking the limit in yields that
(Ton, (1 Pru) lan(t)\F(t) = 0in L2(0€(t)\I'(t)). In conclusion, ¢ maps V;(0) into V;(t), and the
same reasoning can be made for ¢_. The bounds and measurability stated in follow as

for H*(Q(t)) in Thus, (V;, ¢) is a compatible pair. O
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Due to the results derived in and |4} the maps (¢, 1) are isomorphisms with equivalent
norms on all the Sobolev—Bochner spaces and their intersections appearing in the rest of the paper,

with the one exception of the space H{} (R; H(£2,(0))).

5 Weak formulation and existence of solutions

We now address existence of weak solutions for (1). First, we set the stage. Let M once more play the
role of €2;, §2, where M (0) C B, and M (t) C Bg. Furthermore, g will either denote f, the right-hand
side of (1), or its restriction f; to €2;. Throughout this section X will denote H} (£2) or H3(€2;), and

U= Hia(Re) N LE(Ry).

Definition 5.1. The weak form of (1)) and its counterpart on €2; (which all have homogeneous initial
conditions) can be formulated as finding u € L% (R, ) such that

a(u,v) = d(¢p_u, p_v) + c(u,v) = (g,v) forallv e U, (13)

d(u,v) / / u o | Jy| dzodt, and c(u,v) / / aVu - Vv + fuv dz,dt.
R, JM(0) R, J M)

The weak form can be derived as follows. First, note that we formally have the identity

d d
Eu(t Oy (x )) = (Owu+ Vu-w) (t7 <I>t(33)) & &qb_tu = ¢_l (14)
and Jacobi’s formula
d d

Observe that if Jacobi’s formula holds then it implies that d|.J;|/dt = ¢_+(V - w)|.J|. Consider
sufficiently regular functions w, v such that ¢_, (u(t)v(t)) decays sulfficiently rapidly as ¢ tends to
infinity and v(t)|g(;) = 0. Integration by parts in time together with and then gives

/ / wv dxdt = / / G_i p_yv|Jy| dzodt
= w) v|Jy| dzodt
/R + / (6w 6ol dro
= / / o tu_ G_yv|Jy]) dzodt
Ry

4 lim / b (o), || day — / ()], | Jol dag
T J M(0) M (0)

d
== [ [ w0l + 6T W) deoc
Ry JM(0)

_/ (uv)|t:0 dxg
M(0)
d
- / / b u L (60| daodt — / / (¥ - w)uw daydt
Ry J M(0) dt Ry J M(t)

[l dae
M (0)
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Transmission problems and domain decompositions for parabolic equations on evolving domains 15

The above equality and integration by parts in space yields

/]R+ /M(t) (i = V- (aVu) + (V- w + B)u)v dr,dt

d
= _/ / Ot —(p_yv)|Jy| dzodt — / / (V- w)uv dx,dt
Ry JM(0) dt Ry J M)
[ )l da
M(0)
+/ / onu-Vv+(V-w+6)uvda:tdt—/ / aVu - nvdsdt
Ry JM(t) Ry JOM(t)
d
= - / / d—ru —(p—¢v)|Jy| daodt + / / aVu - Vv + Buv dxdt
Ry J/M(0) d Ry JM(t)

— / (wv)|,—o dao, (16)
M(0)

which justifies the definition.

Now, in order to have a well defined weak problem, we assume the following.

Assumption 5.2. The problem data («, 3, w, f) in (1) fulfills the properties

() o, B € L%(Ry; L®(Bg)), andw € L% (Ry; W' (Bg, R™);

(i) a(t,x) > c>0ae (t,x) € Ry X Bg;

(iii) there exists a constant ¢ > 0 such that

1/2V -w(t,x)+ B(t,x) > c,
fora.e. (t,x) € Ry x Bg;
(iv) f € L?f—l(Q) (R.) and there exist f; € L%, (R,),4 = 1,2 such that
(f,v) = <f17¢((¢*v)|R+><Ql(0))> + (fo, ¢((¢*U>’R+><Qz(0))>

forallv € Lif&(ﬂ) (Ry).

Note that if{Assumptions 2.1|and(5.2]hold then the right-hand side of (15) is an elementin L (R.; L(B,)),
ie., J,|J|,1/[J] € WE=(Ry; L>®(B,)). To avoid a few technicalities we also assume the following.

Assumption 5.3. The map |.J| is an element in L* (R.; W'*°(B,)).

This assumption also yields that 1/|J| € L (Ry; W'*°(B,)). Next, we introduce

D={ue Li:nnRy): ¢-u=vlg, 1 Withv € Ci°(Rx B,)} and

, - (17)
Do={uc L%Q(M)(RJr) Po_u = vlg, ) Withv € Cf (R x M(0))}.

Lemma 5.4. If |Assumption 2 1| holds, then D and D, are dense in H}, (M) (Ry) and L% (Ry),
respectively.
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Proof. By |Assumption 2.1|, we have that ¢: H'(Ry; L*(M(0))) — His ) (Ry) is an isomor-
phism with an equivalence of norms, and it is therefore sufficient to prove that ¢_ (D) is dense in
H'(Ry; L*(M(0))). To this end, observe that C7° = {u : ¢_u = vl withv € C°(R)} is
dense in H'(R,) and C5° = C5°(M(0)) is dense in L2 (M (0)). We then have that the algebraic
tensor space C{° @ C5° C ¢_(D) is dense in the completion of H'(R.) @ L*(M(0)). The lat-
ter space is isomorphic with an equivalence of norms to H'! (R+; LQ(M(O))), see [12, Section 4]
for details. Hence, D is dense in Hig(M) (R.). The density of Dy in L% (IR,) follows by the same
argument. O

Lemma 5.5. If[Assumptions 2.1 and[5.2 hold then

d(¢-u,p_u) > / / (1/2V - w)u? dz,dt  forallu € Hig(M) (Ry).
R4

Proof. For an arbitrary v € ¢_(D) we have

—/ / v Oy | Jy| dzodt
R, JM(0)

/ / O (v|Jy]) vdxg dt — hm gb TV |JT|dx0+/ v?dag
R

M(0)

z/ / v@tU|Jtldxodt+/ / (V- W)|Jt|dx0dt—|—/ v? dg
R Ry M(O) M(0)

> —d(v,v) +/ / ¢_¢(V - w)v?|J;| dzodt.
Ry J M(0)

Here, the limit term is zero as v has a compact support in time. With u = ¢v € D the above inequality
is equivalent to

d(p_u,d_u /]R / (1/2V - w)u? dz,dt.

The bound is also valid for all u € HLQ(M) (R,), as the bilinear form d(¢_; (+), p—(-)) : HiQ(M) (Ry)x

His () (R+) — Ris continuous and D is dense in Hzy(R) by O

Before we proceed, we introduce the trace operators on the space-time cylinder R, x M (0). By
considering tensor operators, compare |12, Section 4], we can extend the spatial trace operators on

M (0) (see[Section 4) to
TaM(O) . L? (R+; Hl(M(O))) — L7 (R+; Hl/Z(aM(O))) )
Tio: L?(Ry; V;(0)) = L*(Ry; A0)),
which once more are linear, bounded, and surjective. Furthermore, we have the equality

Ti0v = (Tha,(0) forallv € L? (R+; V,-(O))

|]R xT(0)
and, by [12, Lemma 4.2], the identifications

L*(R4; X(0)) = {v e L*(Ry; H'(M(0))) : Topv =0} and

19
P(R0) = {v € (R HHQO) : Tt somonron =08
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Lemma 5.6. If|Assumptions 2.1|[5.2 and|[5.3 hold and v € ¢_(U) then | J|v and 1/|J|v are also
elements in ¢_(U).

Proof. If v € ¢_(U) then, by |Assumption 5.3[and the chain rule, one trivially obtains that |/ |v is an
elementin H'(R; L*(M(0))) N L*(Ry; H'(M(0))) and that the map v — |J|v is continuous
in L?(R; H'(M(0))). It remains to verify that |J|v € L?(Ry; X(0)). As Dy C U is dense in
L% (R )and |J| € C(R; x R" R), we can choose a sequence {v,,} C ¢_(Dy) that converges to
vin L*(R4; X(0)) and obtain that

Tormq)(|I]v) = lim Tonrcoy([on) = lm ([J|va)lg, xonro) = O

Hence, |.J|v is also an element in L*(R.; X (0)), i.e., |J|v € ¢_(U). The very same argumentation
also holds for 1/|.J|v. O

We can now prove the existence of a solution to with homogeneous Dirichlet boundary conditions.
The proof closely follows [7, Lemma 2.3] and is based on Lions’ projection lemma, see [25] or |13,
Lemma 2.4] for an English proof.

Theorem 5.7. If|Assumptions 2.1} |5. and. 5.3 hold, then for every g € L%.(R,) there exists a
solutionu € L3 (R) to (13) such that ¢_u € H}(Ry; X(0)*) and

1/2
(lullZs @,y + ||at(¢—u>||iQ(R+;X( 0)* )) < Cligllzz, @,)- (20)
X( +)

Proof. Consider the bilinear form a: L% (R, ) x U — R and observe that u > a(u,v) is continuous
on L% (R, ) for every fixed v € U. For u € U we have, by |[Assumption 5.2|and |Lemma 5.5} that

a(u,u) > / / o Vul? + (1/2V - w + pB)u? do,dt > c||u||%§{ (R4)-
Ry J Mt

L)

Furthermore, Dy C U is dense in L% (R, ) via These properties of a yield that the
hypothesis of Lions’ projection lemma is fulfilled, i.e., there exists a solution u € L% (R ) to such
that

lullcz @) < Cliglz. - (21)

Here, we have used that L% (R )* = L%. (R, ), see[Section 3|

It remains to show that we have the higher regularity ¢_u € Hj(R; X (0)*). To this end, let
v € C(Ry) andw € X(0). With v = we we have that ¢pv and |J_|pv = ¢(1/|J|v) are elements
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in U, the latter by [Lemma 5.6 Furthermore,
—/ ( qﬁ_tu(t)wdx())(p’(t)dt
Ry MM (0)
_ —/ b (B(L/)Tolv) — By(1/1])0) o] deodt
R, J M(0)
= d(¢_u, p_(|J_|pv)) / / Oi(1/| 1)) | J¢] p—ruv daodt
(g, 1160 2. s s o) — s ) + / / O/ i) || 6w dagdt
= [ (1900110 s xc0
= [ aVu-Va1/ 1) + fus(1/| ) dsy 22)
M)
+/ 8t(1/|Jt\)|Jt|¢,tuwdx0)go(t)dt
M(0)
— [ 6t whxorexio w0t

where p € L*(Ry; X(0)*) and

IPllz2@sx©)) < ClL/ Ty wree o llgllcz, @,
+ CN1/ T Loy wroo oy llull 2 (&)

+ Cl|11/ I [wroo @y ;p00 B | || oo 500 (8, || 22 (23)

< Cllgliz. @p)-

The last bound follows by . Hence, d;¢_u € L*(Ry; X(0)*), e, o_u € H'(Ry;X(0)*),
and follows by the bounds above. As

L2(M) R+)

12(R.: X(0))) 1 H' (R4 X(0)°) < C(RY: L(M(0))

we have that (¢_u)|,_, € L*(M(0)). Combining and yields (¢_u)|,_, = 0, and thus
¢_u € Hi(Ry; X(0)*), compare with [7, Equation 2.2] and the proof of 7, Lemma 2.3]. O

6 Temporal H'/2-setting for evolving domains

In the rest of the paper we will make use of the Sobolev—Bochner spaces stated in Here,

H*(I) = {u € L*(I) « [lullzzs(r) < 0o} with [fullZs ) = [ulfs ) + lullZ2q)
[ul7) — u(t)|’
d — A7) — BT dt,
and - |ulfsp /1 A

fors = 1/2 or s = 1/4 and on the time intervals / = R or I = R. Furthermore, H(IO/?) (R4 ) is the
temporal Lions—Magenes space, i.e.,

1/2 .
H / (R+) = {U S L <R+) EeRU € Hl/Q(R)} with ||u||H(10/2)(R+) = ||6RUHH1/2(R)7
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Qi = H} (Ry; H1(9,(0))) N L*(R; Vi(0))

Ui = Hpaq,(Ry) N LY, (Ry) U = Hpaq)(Re) N L ) (Ry)
W= Hi? ooy Re) N Lo (Ry) W = Hybig (RN L2 ) (Ry)
Wi = Hig?) 2oy (Re) N LY, (RS) Wi = Hihio, (Ry) N Lw (R,)

)2 Vo — f/?
WP = Hpg') raayRe) N L) (Ry) WP = Hizg (Ry) N L3 o (Ry)

Z = Hyliry(Ry) N L3 (Ry)

Table 1: Sobolev—Bochner spaces used in to

where e denotes the extension by zero from R, to R. We will also use the notation

a;(u,v) = d;i(p_u,p_v) + ¢;(u,v), where

d;(u,v) / / wow |Jy| drodt and  ¢;(u,v) / / aVu - Vo + fuv dxdt.
R, J,(0) R,

We denote the corresponding bilinear forms on the whole domain €2 by a, d, c.

As already stated in the introduction, analyzing the equivalence between the weak form of the original
parabolic equation and the transmission problem is difficult in the space of solutions with
temporal regularity of the form ¢_u € H}(Ry; H(€2(0))), compare with the weak solution
in Instead we observe that the abstract interpolation result [7, Equation 2.24] together
with the identification [H'(£2;(0)), H*(€2:(0))]1/2 = L*(€24(0)), compare with [26, Lemma 12.1],
gives

[Hé (R+; H’l(Qi(O))), L? (R+; Hl(QZ(O)))] & H(l({?) (R+; L2(Qi(0))).

Hence, ); is embedded into H(lo/f) (Ry; L*(£2:(0))), and we obtain

Qi — o_(W;). (24)

The embedding Hg (R; H~1(2;(0))) N L2 (Ry; Hj(924(0))) < ¢_ (W) also holds true, see [7,
Equation 2.25]. OneNpossibiIity is therefore to consider the solution space, or trial space, W, together
with the test space W;.

In preparation for the analysis of the transmission problem, we prove the existence of a unique
solution u € W; to to the parabolic equation on €2; with inhomogeneous Dirichlet boundary conditions.
To this end, observe that the trace operators can be restricted as

To0,(0): H(lo/f) (Ry; L2(2:(0))) N L2 (Ry; H (:(0))) —
HY4(Ry; L2(09:(0))) N L*(Ry; HY2(99,;(0)))  and
zU ¢ ( ) w ( )

where the new operators are all linear, bounded, and surjective, see [7, Lemma 2.4] and [12, Lemma 4.4].
We also recapitulate the existence result for the heat equation on €2;(0) with inhomogeneous boundary
conditions, see [7}, Corollary 2.11].
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Lemma 6.1. If|Assumption 2.1| hold then for every 1 € 1_(Z) there exists a unique solution u € Q);
to the heat equation

((u,v) = / / —udyw + Vu - Vodzedt =0 forallv € ¢_(UY), (25)
R4 JQ;(0)
such that T; yu = 7).

Note that[Lemma 6.1]implies that the restricted operator T; o, is bijective, where
L={uecQ:l(u,v)=0fralveq¢_(U)}

is a closed subset of ¢_ (). The open mapping theorem then yields that the solution operator
Ripg = (Tipl,) s v_(2) = Q;, neu

to 1; is a linear and bounded map. Furthermore, R, is also a right-inverse to 7; qb_(WZ-) —
Y_(Z). Next, we introduce the trace operator from the evolving domain §2; to the evolving interface I"
by

Ti=yTigo-: Wi = Z,

which again becomes linear, bounded, and surjective. This trace operator has a bounded right-inverse
given by
Ri=¢Riogy_: Z =W,

Lemma 6.2. lflAssumptions 2. 1|, and|5.3 hold, then for everyn € Z and g € L%,..(R, ) there
exists a solutionu € W; to

ai(u,v) = {g,v) forallv € UY, (26)
such that Tyu =1, p_u € Hy(Ry; H'(9;(0))), and

lullw, < Clgllzz,_, @)+ lInllz)- (27)

—1(@,)

Proof. Let 1 be an arbitrary, but fixed, element in Z. First we prove that ai(un, -) can be extended
to an element in L3, (R ), where u, = R;n € W;. To this end, consider v € ¢_(Uy). As

| Ji|v € ¢_(U?) byand ¢_u, solves (25), we have
di(p—uy,v) = —/ / G_ruy Opv | Jy| daodt
R4 JQ;(0)

= [ [ o) - 212w dsmi
Ry J/Q;(0)

— [ ] V() V() + B0 drocr
Ry JQ;(0)

The assumptions on J together with the bound [[u,[2 &,y < [[Rin|lw, < C||nl|z yield that

HL(Q;)
|ai(ty, v)] < [di(@—up, p-v)| + [ci(uy, v)]
SN llunlez, , @ollvllzz, @

+ ”J||le°°(R+;L°°(BT))||u77”L22(Qi)(IR{+)HUHLiQ(Qi)(RJr)

+ CHUn|’L?{1(Qi)(R+)“UHLiﬂ(Qi)(RH

< Clnllzllvllee, &)
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for every v € U?. As Dy C U} is dense in LHI(Q )(R+), by [Lemma 5.4} the above bound implies that

a;(u,, -) can be extended to a LH,l(Qi)(RjL) -functional.

Secondly, we construct a solution to with the inhomogeneous boundary data 7). By [Theorem 5.7
there exists a solution 1y € W7 to the equation

a;(ug,v) = (g,v) — a;(u,,v) foralv € U}
such that ¢_ug € H (Ry; H'(€;(0))) and
lollw, < € (lé-volFace, a0 + 19:(6-w0)l e, -1 o)
< Ollgllz, . @ + st iz, @)
<Ol ,,, e+ Iila)
Hence, u = ug + u,, € W; solves with T;u = 0 + 1,
p_u=d_uo+ Rigp_n € Hy(Ry; H(Q:(0))), and

illw, < Clllgllez, ., @)+ lInllz) + Clinllz,

[ullw, <
which concludes the proof. O

Introduce the space

Dy = {u € Liz,)(Ry) : 9_u € C°(Ry x B,) }.

Lemma 6.3. /flAssumption 2.1 holds, then D, is dense in both H ié%n )(R+) and H (10/ ?) L2 )(

R,).

Proof. By [26, Theorem 11.1], one has that C3°(IR, ) is dense in both L2(IR, ) and H'/?(R, ). Then
the interpolation

1/2
H,)
see [26, Theorem 11.7, Remark 2.6], implies that H (R, ) is dense in H(lo/?) (R.). By definition of

H{ (R, ) and [26, Proposition 2.3], one obtains that C5°(IR ) is also dense in H(lo/’?) (R, ). The density

(Ry) = [H)(R,), L*(R,)]:

w\»-‘

of Dy in HLé(Q )(R+) and Hl/z) L2( )(R+) then both follow by the very same tensor argument as
in O

Lemma 6.4. If [Assumptions 2.1 and [5.3 hold, then the map v — |J|v is continuous on
Hy (R L(€:(0))).

Proof. Under the assumptions itis clear that | J|v € L*(R.; L*(€2;(0))) forevery v € H(l({?) (Ry; L2(€:(0))),
and
S 1 1)

J v(T Ji|v
/ / [ |o( Itl D720 ) 4ot
Ry JRy T_t)

[IPATIO] FFe
+2/]R tL( Lt A+ |1l s e oy = B+ K+ K.
+
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The integrals K, K3 are trivially bounded by ||v as | J|is an elementin L> (R, ; L>(£2;(0))).

”Hﬁo{ 2 (R45L2(2:(0)))

Next, denote the integrand of Ky by p(7,t). Then, as p(7,t) = p(t, T), one has the equality

K1:2/R+/Otp(r7t)d7dt:2(/loo/ot_l+/loo/tjl+/ol/0t)p(T,t)det

=L+ L+ 1
On I’s domain of integration one has that (7 — )72 < 1, i.e,
I < Oy @ 1072w r2000)) -
The assumption |J| € W1 (R ; L>(€2;(0))) implies that

[T v(T) = [Telo (@)l 20 = 1(T7] = [Te)v(E) = [T (v(T) = v(t)]| 2 (e 0))
< [ wree ey szoe a0 (T — O [0 (E) | 2021 0))
+ [l oo sz (0 [0(T) — v(E)]] 22 (2 0))-

fora.e. 7,t € R. Employing the above bound to the integrand p yields

0 t
ey 1dT) o000

[v(T )||L2 Q;(0
+ CHJ||LOO (R ;L5 (92:(0 ))/ / CEDE O qrat

< Clolle @, 2@ 0

The final integral /3 can be bounded in the same fashion as /5. O

Lemma 6.5. If|[Assumptions 2.1, and[5.3 hold, then the bilinear form

Ai(#-(),0-()): H ) paoy (Re) X Hiza)(Ry) = R

can be continuously extended to H Y/ 2) £2(0) (Ry) x H ié?Q )(R+), and the extension satisfies

di(p_u,Pp_u) 2/ / (1/2V - w)u? da,dt (28)
Ry J (1)

1/2
for all u € H(({,)LQ(Q”(RJF).

Proof. First observe the characterizations (cf. [10, Section 2])

HY2(Ry; L2(92:(0))) = {u € L*(Ry; L*(€4(0))) : eqventt € HY?(R; L*(€2;(0))) },
H(1/2 (Ry; L2(€:(0))) = {u € L*(Ry; LA(Q(0))) : eru € HY2(R; L2(2,(0))) },

together with the equivalent norms

HUHHl/Z(R+;L2(Q¢(O))) = H€evenUHH1/2(R;L2(Qi(0))a

lell gz &y a2 = lertllm ez
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Here, the operators €even, er @ L* (R L*(2;(0))) — L*(R; L*(£2;(0))) denote the even extension
and the extension by zero, respectively, in the temporal direction.

The bilinear form d;(-,-) : H ({2 (Ry; L2(€(0))) x ¢—(Dy) — R then satisfies the bound

(0,")
/ / eR(|Jt]u)8t(eevenv)dxodt'
R J/Q;(0)

/ / u@tv|Jt| d.fodt‘ =
R4 JQ,(0)

< Cller(|Ji|u) ”Hl/Q(R,L?(Qi(O))) Heevenv||H1/2(R,L2(Qi(0)))

|di(u, v)| =

(29)
< CHU||H(1()/’?)(R+;L2(Qi(0))) ||U||H1/2(R+;L2(Qi(0)))’

where the first inequality follows as in [12], Section 5] and the second one holds due to

By|Lemma 6.3 the set ¢_ (D) is dense in /2 (R,; L?(€2,(0))). Hence, (29) yields that d; can be

continuously extended to H(lo/,.) (Ry; L2(94(0))) x HYV?(Ry; L2(€(0))), and

di(6-(),0-()): HY® paoy (Ry) x Hibl ((Ry) — R

is then also a well defined, bounded bilinear form.

in H !/ (R.), see|Lemma 6.3} yields the lower bound 1; O

Finally, applying|Lemma 5.5|to an element u € Dy C Hll/2(Qi (R ) and observing that Dy is dense
(0,) L*(9) i

Lemma 6.6. IfAssumption 2.1| holds, then U; and U? are dense in W; and W2, respectively.

Proof. We first consider the density of U,. Introduce the mollifier p € C§°(R) with the property
Jge(t)dt = 1andlet o (t) = e '@(e~'t) for e > 0. For every

ve HY2(R; L*(9;(0))) N L* (R; V;(0))

the convolution v, = . v is an element in L?(IR; V;(0)) and {v. } converges to v in the same space
as ¢ tends to 0T, see, e.g., [20, Lemma 1.2.30 and Proposition 1.2.32].

Recall the vector-valued Fourier transform F on L*(R; L*(€2;(0))) ., see [20, Sections 2.4]. The
Fourier characterizations of convolutions and derivatives then imply that F(v.) = F(¢.)F(v) and
Oyve = (Oppe) * v. The latter implies that

v- € H' (R; L*(€,(0))) N L*(R; V;(0))
for all € > 0. Furthermore, the Fourier characterization of Hl/Z(R), see [33, Lemma 16.3], yields that

- 1/2
v ([l 1('>~FUH%2(R;L2(Qi(O)))C + HUH%Z(R;L%Qi(O))))

is an equivalent norm on H'/2(IR; L*(£2;(0))). Due to the temporal H'/?-regularity of v, one has that
w=F1/i(-)Fv € L*(R; L*(9;(0))) and

v — UEH?{l/?(R;L?(Qi(O))) < COf[(1 = Fee)v i(')‘FUH%Q(R;LQ(Qi(O)))C

+ llv — Ue||%2(R;L2(m(o)))

< Cllw — - * wHQLQ(R;L?(Qi(O))) + |lv — Ua”%%u{;m(gi(o)))-

The above bound together with [20, Proposition 1.2.32] implies that v. also converges to v in H'/?(R; L*(£2;(0))).
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Next, let u € ¢_(;) and observe that the even extension in time
Ceven ¢ (W) = H'2(R; L2(:(0))) N L*(R; V;(0))

is a well defined map. Furthermore, the restriction rg, v = U]R «Q;(0) 1S @ bounded left-inverse to
Coven- S€t Ue = TR, (Pe * €eventt) € ¢_(U;). The previous argumentation on R then gives us the limit
Ju— Uqus_(Wi) = lIre, (Cevents — @2 * eevenu)Hqﬁ—(Wi)

< Clleevents = $e * event| g1/2(m; 202, (0)))nL2®: Vi (0)) —* O

as ¢ tends to 0. Hence, ¢_(U;) is dense in ¢_ (W, ). The proof for U; is then completed by recalling
that ¢: HY/2(R; L2(2;(0))) N L*(R; V;(0)) — W; is isomorphic with an equivalence of norms.

The same argument holds for U? simply by replacing V; with H}(€;). O

Corollary 6.7. If [Assumptions 2.1, and hold, then the bilinear form
a;: W; x U; — R can be continuously extended to W; x W;, and the extension satisfies

a;(u,u) > cllul|3s (,) forallu €W, (30)

HL(2))
Proof. By|[Lemma 6.5/ one has the bound

|ai(u, )| < |di (-, o-v)| + |ci(u, )|

<Ol ol g+l @l @)

forallu € W;and v € U;. As U, is dense in WZ, V|a , the above bound implies that aZ can
be contlnuously extended to WW; x ;. The lower bound 1.; foIIows directly by combmmg 8) with

=

This temporal H'/2-framework now gives a unique solution to the weak parabolic equation on 2; with
inhomogeneous boundary conditions.

Corollary 6.8. lf|Assumpt/ons 2. 1|, and. hold then for everyn € Z and g € Lv* (R.) there
exists a unique solution u € W, to the equation

a;(u,v) = (g,v) forallv e W (31)
such that Tyu = n, ¢_u € Hi (Ry; H(Q;(0))), and u satisfies the bound .

Proof. According to[Lemma 6.2} there exists a solution u € TV; to (26), with the desired properties.
The density of U? in W together with the extension of a;, see |Lemma 6.6| and |Coro||ary 6.7|, then
implies that w is also a solution to (31). The uniqueness of the solution follows directly by (30). O

The same H'/?-extension that has lead up to [Corollaries 6.7/ and trivially gives that the weak

problem on €2 with homogeneous boundary conditions, i.e.,

a(u,v) = (f,v) forallve W, (32)

has a unique solution u € W with ¢_u € Hj (R; H(2(0))).
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Letting g = 0 in[Corollary 6.8]yields the bounded linear solution operators
EF. Z — W, n—u (33)

such that T;F;n = n, o_F;n € Q; and u = F;n solves with g = 0.

Moreover, setting 17 = 0 yields the bounded linear solution operators
Gi: L%—I_I(QZ)GR‘F) — Wio, g = U

such that u = G;g solves . Here we use the fact that every g € qu,l(gi)(RJr) can be interpreted
as an element in L. (R..) by restricting g to L, (R,.). (This restriction is not an injective map.)

7 Transmission problems on evolving domains

In this section we analyze the transmission problem on the evolving domain decomposition (2). The
weak formulation of (2) is to find (u1, ug) € Wy x Ws such that

a;(ug,v;) = (fi,v;) forallv; € I/T/io, i=1,2,
Tiuy = Tyuy, (34)
S22 ai(ug, Fypn) — (fi, Fypt) = 0 forall u € Z.
We introduce the spatial restriction operators

¢io: U= u’R+XQi(0) and ¢ = ¢GioP-,

where the maps ¢;: W — W, and ¢; : W — Wi both become well defined and continuous. With the
derived setting we are now able to “cut” and “glue together” functions without losing spatial or temporal
regularity.

Lemma 7.1. Suppose that|[Assumption 2.1 holds. If u € W, then
(u1,u2) = (qu, qeu) € Wi x Wy

and Tyuy = Tyus. Conversely, if (uy, us) € Wi x Wy and Tyuy = Thus, thenu = ¢v with
v={¢p_u; onR; x Q1(0),p_us on R, x Q5(0)}

satisfies u € W . Moreover, the same holds foru € W and (ul, u2) € VNVI X Wg.

Proof. First, suppose that u € W. Then, as ¢_ is an isomorphism on intersection spaces, we have
o-u € Hyg') (Ry; L(9(0))) N L (Ry; Hy (2(0))).

It follows from [10, Lemma 5] that
Gio(P-u) € H(lo/,?) (Ry; L2(€:(0))) N L2 (R+; Vz‘(0>)

and 17 o (¢*u)’R+><Ql(O) =Ty (¢*u)’]R+><Qg(O)' Applying the isomorphism ¢ yields that u; = ¢;u €

W; and the definition of T; gives T u; = Tous.
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Conversely, suppose that u; € W, and Tiu; = T5us. Then we have

¢-u; € H(l({?)(R+S LQ(Qi(O))) nrL? (R+§ Vi(O))

and by the definition of T; we have T’ o¢_u; = T5 o¢_us. Therefore, it follows from [10, Lemma 5]

that
v={¢_u onRy X 21(0), p_uz on Ry x 2(0)}
€ H (Ra; LX(Q(0) N L7 (Ry; Hy((0))).
Thus, we have u = ¢v € W. The argument for W and I/T/Z is the same since it also holds on the
reference cylinder R x €2(0) according to [10, Lemma 5]. O

Lemma 7.2. If[Assumptions 2.7| (5.2, and([5.3 hold, then

Z (qit, giv)

=1

forallu € W andv € W.

Proof. First, let u € H(lo/f) (R.; L2(2)) and consider the restriction operator
qio: H'? (R+; L2(Q(0))) — H1/2(R+§ L*(€,(0))),

which is continuous. The same holds if H'/? is replaced by H(lo/?). For v € ¢_(Dy) we have
¢i.0(0rv) = 0¢(qiov) and

2
—/ / u@tv|Jt|d$0dt:Z—/ / u0(qiov)|Jy| dzodt
R JQ(0) — R, JQ:(0)
2
= Z di(Qi,Oua qz‘,ov)-
i=1

By |Lemma 6.3, we have for every v € HléQ R_ ) that there exists a sequence {v,, } C 250 that
L)\

converges to v. Then the continuity of d, d;, ¢_, and g; o gives

2
d(¢-u, ¢-v) = lim d(¢_u,¢_v,) = lim D di(gio(d-1), gio(¢-vn))
=1

2
Z gio( ), @io(d- ))
Second, let u € L%&(Q) (Ry). As u(t) € H}(t)) forae. t € Ry, one obtains

(Vu(t )‘Q © V(u(t)\Qi(t)) and
w(t) g, = w(t) o (Pilg, ) © Ptlo,w) = (¢—u(t)) ‘Qi(o) 0 D_t|g,m = (@iu)(t)

fora.e. t € R,. Hence, for every u,v € Lﬁ{é(ﬂ) (R, ) we have

2
c(u,v) = / / aVu - Vv + fuvdr,dt = Z/ / (&Vu -V + Buv) ‘Q.(t) da,dt
Ry JQ(1) i—1 YR+ JQu(t) ‘

2

- ; /R+ /Qi(t) aV(gu) - V(gv) + B(qu)(gv) de,dt = ch. (giu, giv).

=1

Combining these results for u € W and v € 1474 gives the sought-after equality. O
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Theorem 7.3. Suppose that[Assumptions 2.1,[5.2, and[5.3 hold. The transmission problem is equivalent
to the weak problem in the following way: If u solves (32), then (u1,us) = (q1u, g2u) solves (34).
Conversely, if (w1, us) solves (34), thenu = ¢v withv = {¢_u1 on Ry X Qy, ¢_us on Ry x Oy}

solves (32).

Proof. Suppose that u € TV solves (32). Then

(w1, u2) = (q1u, gou) € Wi x Wy

and Thu; = Thuy by Moreover, let vl pw; € WO W|th w; = {p_v;onRy x
Q;,0on R, x Q3_;} fori = 1,2. It follows by emma 7.1 and that w; € W. Therefore,

by [Assumption 5.2] and[Lemma 7.2 we have

ai(ui, vi) = ai(qiu, gw;) = a;(qu, giw;) + as—i(gz—iu, gz—w;)
= a(u, w;) = (f,w;)
= (fi, qowi) + (f3—i, 3—iwi) = (fi, vi).
Now let ;1 € Z and define v = pwby w = {¢p_Fipon Ry xQ;(0), ¢_Fopon Ry x Q5(0)}. Since

T Fip = Ty Fy o we have that v € W according to[Lemma 7.1] Thus|Assumption 5.2/and [Lemma 7.2|
again yield

2 2
Zai(thiM) = a(u,v) = (f,v) = Z<fz'7Fi/i>
i=1 i=1

and we have now shown that u satisfies all three equations of (34).

Conversely, suppose that (u,us) solves and define u = ¢v with v = {¢_u; onR, X
Q1(0), p_uz on Ry x Q(0)}. Since Tyu; = Thus we have that u € T according to[Lemma 7.1]
Now let v € W and define (v1,v2) = (q1v, g2v), which satisfies v; € W; and Tyv; = Thv, again
by If we define = Tjv; then v; — Fju € Wio by . Therefore, by |Assumption 5.2|
and we have

2 2

au,v) = Z a;(u;, v;) = Zaz’(uzﬂh‘ — Fip) + ai(ui, Fip)
i=1 i=1
2

= > _(forvi = Fap + (fos Fp) = 3 _{fiovi) = {£,0),

=1

which means that u solves (32). O

8 Steklov—Poincaré operators and convergence of the Robin—
Robin scheme on evolving domains

The Steklov—Poincaré operators S;, S: Z — Z* are defined as

and S = 57 + S5. Moreover, we define the functionals y;, x € Z* as
(Xi> ) = (fi, Fip) — ai(Gi fi, Fip),
and X = X1 + Xe-
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Remark 8.1. Although the bilinear forms a; have different trial and test spaces, the Steklov—Poincaré
operators have the same trial and test spaces, i.e., S;: Z — Z*. This is due to the fact that the spaces
W; and W; share the trace space Z, see [7, p. 507].

We will now prove the main properties of the Steklov—Poincaré operators, namely that they are bounded
and coercive. We first have the following lemma, which is important for the coercivity of the Steklov—
Poincaré operators.

Lemma 8.2. /f[Assumptions 2.1] and([5.3 hold then

foreveryn € Z.

Proof. By the definition of [} in one has ¢_F;n € ();, and the embedding then yields the
bound 12
| Eimllw, < C(||¢—En||%2(R+;H1(Qi(O))) + H8t¢—Fi77||%2(R+;H—1(Qi(O))))

Furthermore, as u = F;n is a solution to (31), the same calculations as in together with the
bound for g = 0 gives

10— Finll 22 @uo < CllEmlzz, , @)

H1(Q;

Combining these results gives the desired estimate. O

Theorem 8.3. Suppose that[Assumptions 2.1} and[5.3 hold. Then the Steklov—Poincaré operators
S; are bounded and also coercive, i.e.,

(Sim,m) > clnll foralin € Z. (35)
Moreover, a similar result holds for S.
Proof. By|[Corollary 6.7]and the fact that F;;: Z — W, is bounded we have
[(Sin, )| = |ai(Fin, Fip)| < Cll Fillw,

for all ), 1 € Z, which shows that S; is bounded. It follows from and[Lemma 8.2|that

Fiplly, < CllEnllw,

Eypllw, < Clnllzllpllz
(Simn) = ai(Fin, Fin) 2 ellFinlliz, (g, 2 elFmlliy, = el TiFmll% = cllnll

foralln € Z. Thus S; is coercive. The result for S follows by summing the inequalities for ;. O

The properties of .S; and S immediately yield that the operators satisfy the assumptions of the Lax—
Milgram theorem and therefore we have the following corollary.

Corollary 8.4. The Steklov—Poincaré operators S;, S: Z — Z* are isomorphisms.

The Steklov—Poincaré equation is to find 77 € Z such that
Sn = X (36)

The following result is an immediate consequence of the definitions of the Steklov—Poincaré operators.
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Lemma 8.5. Suppose that[Assumptions 2.1, and[5.3 hold. The Steklov—Poincaré equation is
equivalent to the transmission problem in the following way: If (uy, us) solves @) thenn = Tiu;
solves (36). Conversely, if1) solves (36), then (Fin + G f1, Fon + G2 f2) solves (34).

Any non-overlapping domain decomposition method can be formulated as an interface iteration to
solve (36), see, e.g., [12,[10, [31]. We first consider the Robin—Robin method. For a parameter sy > 0
and an initial guess 778 € Z, the interface iteration of the Robin—Robin method is given by finding
(N, my) € Z x Zforn =1,2,... such that

(soR + Si)ny = (soR — So)ny " + x @7)
(s0R + S2)ny = (soR — Su)nt + x.

Here, R denotes the Riesz isomorphism defined as
R: L%Q(F)(R-f—) - L%2(r)(R+)*y po= (e ')L2L2(F>(]R+)-

The following result follows as in the case of elliptic problems [11, Lemma 6.3]. To be precise, we are
referring to the weak formulation of (3), which is of the same form as in the case of elliptic problems [11]
(5.2)].

Lemma 8.6. Suppose that|Assumptions 2.1 and hold. The Robin—Robin method and the
Peaceman—Rachford iteration are equivalent in the following way: If (u}, u}),>1 solves (3) then
(7, m5 )n>1, defined as n* = T,u?, solves with n9 = Tyu$. Conversely, if (1}, n5),>1 solves
then (u}, u3),>1, defined as u = Fyn? + G, f;, solves (3) with ul = Fon3 + Ga fa.

The second method we discuss is the Dirichlet—Neumann method. For a method parameter s; > 0
and an initial guess 11° € Z, the interface iteration corresponding to the Dirichlet-Neumann method is
given by finding " € Z forn = 1,2, ... such that

" =n"" 455" (x = S ). (38)

Finally we consider the Neumann—Neumann method. For two method parameters ss, s3 > 0 and an
initial guess no € Z, the interface iteration corresponding to the Neumann—Neumann method is given
by finding (9™, A7, A\}) € Z X Z x Z forn =1,2,... such that

(39)

S\t =y — Sp"t fori = 1,2,
N = 0"+ s A} + s3h.

Analogous results to holds for the Dirichlet-Neumann and Neumann—Neumann methods.
The following result gives that the three methods are well defined.

Corollary 8.7. Suppose that[Assumptions 2.1, and|[5.3 hold. The Dirichlet-Neumann, Neumann—
Neumann, and Robin—Robin methods are well defined in the sense that each step of (37) to (39) has a
unique solution.

Proof. For the Dirichlet-Neumann and Neumann—Neumann methods the results follow immediately
from [Corollary 8.4] since this implies that the interface iterations have unique iterates. For the Robin—
Robin method the result also follows since

Rysop) = itz q) =0 forallpe 2

which means that sgR + S; is coercive and therefore an isomorphism for all s5 > 0. O
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In order to illustrate the applicability of the derived framework, we will next prove convergence of the
Robin—Robin method. We begin by introducing a particular Gelfand triple.

Lemma 8.8. If|Assumption 2.1 holds, then Z is densely embedded into L%Q(F) (R4).

Proof. Note first of all that Z — L%Q(F) (R.) is clearly a continuous embedding. For density, let
1 € L7z (Ry) and define 2 2
p=1v_ne L*(Ry; LX(1(0))).

Now recall that H'/4(R,.) is dense in L*(R..) and A(0) is dense in L?(I'(0)), see [11, Lemma
4.2]. Therefore the algebraic tensor product space H'/4(R;) ® A(0) is dense in L (R.; L*(I'(0))),
see [35, Theorem 3.12]. It then follows that the larger space

H'Y4(Ry; L(1(0)) N L*(Ry; A(0))
is also dense in L*(R,; L?(I'(0))). Hence, there exists a sequence
pn € HYH(Ry; LA(T(0))) N L (Ry5 A(0))

that satisfies s, — g in L*(Ry; L*(I'(0))). It immediately follows from the fact that 1 is an iso-
morphism that the sequence 7,, = ¥, satisfies n, € Z and ,, — 7 in L%Q(F) (R). Since 1 was
arbitrary this shows that Z is dense in L%Q(F) (R4). O

By together with the fact that Z and L%Q(F) (R, ) are Hilbert spaces, we have the Gelfand
triple
Z = Ly (Ry) — Z%,

with dense embeddings. We recall the Riesz isomorphism R : LQLQ(F) (Ry) — L%Q(F) (Ry)*

(R, p1) = (0 1)r2, my foralln € Lizgy(Ry), pr € Z. (40)
We trivially have the bounds
|(Rn, )| < ||77||L2LQ(F)(R+)||M||LiQ(F)(R+) foralln € L%2(r)(R+)a peE”Z (41)
and
(Rim) = |nllzz, @, forallne Z. (42)

The variational framework appears to be too general for analyzing the convergence of the Peaceman—
Rachford iteration. Therefore, we introduce the Steklov—Poincaré operators as affine unbounded
operators on L%%F) (R.) before we prove that the iteration converges. To this end, let

D(S)={neZ:Sm—xi€ L%Q(F)GR-F)*}?
D(S)={ne€Z:Sn—xe€ LirR:)},

and define the unbounded affine operators

S D(S;) C L%2(r)(R+) - L%2(r)(R+) in= Ril(sm — Xi);
S:D(S) C Liay(Ry) = Loy (Ry) 1 > R7H(Sn — x).
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In L%Q(F) (R, ) the Steklov—Poincaré equation is to find 7 € D(S) such that
Sn=0 (43)

and the Peaceman—Rachford iteration takes the following form: Foreachn = 1,2, ..., find (0}, 1) €
D(81) x D(S2) such that
(s0l + St = (sol = Sy,
(sof + S2)my = (sol — S1)ny'-
Here, 19 € D(S,) is a given initial guess. We now verify that is indeed a restriction of the weak
Steklov—Poincaré equation (36).

(44)

Lemma 8.9. Suppose that[Assumptions 2.1}[5.3 and|[5.3 hold. Ifn € D(S) solves the L*-Steklov—
Poincaré equation (43), then 1) also solves the weak Steklov—Poincaré equation (36).

Proof. From we have
(RS = x), M)LQLQ(F)(M) =0 forall g€ Liap)(Ry).
Therefore, we get by that
(S0 =x ) = (R7(Sn = x), i)z, | ) =0

forallp € Z. O

A similar result holds for the Peaceman—Rachford iteration. The proof is left out since it is similar to the

proof of

Lemma 8.10. Suppose that |Assumptions 2.1 and |5.3 hold. If (n},n%),>1 solves the L3-
Peaceman—Rachford iteration (44) withny € D(Ss), then (7, m%),>1 also solves the weak Peaceman—
Rachford iteration with the same initial guess.

Lemma 8.11. Suppose that [Assumptions 2.1] and[5.3 hold. Then S;, i = 1,2, satisfy the
monotonicity property

(Sin = Sip,n — )2, @,y =clln—plly  foralin, pe D(S). (45)

L2(T)

Moreover, for any sq > 0 the operators sol +S;: D(S;) — L3, ) (Ry), i = 1,2, are isomorphisms.
Similar results hold for S. In particular, there exists a unique solution to (43) and the iteration is
well defined.

Proof. The monotonicity follows from and (40), since
(S = Sipsn = ez, @y = {(Sm = xi) = (Sirt = xa) 1 = 1)
= (Si(n — ), n — 1) = clln — pllZ

foralln,u € D(S;). Let u € L%Q(F) (R ) be arbitrary. Then x; + Ru € Z*, and by Corollary 8.4,
there exists a unique 7 € Z such that (soR + S;)n = x; + Ru in Z*. Rearranging yields that
Sin—xi = R(u — son) € L%Q(F)(RQ*, e, n € D(S;) with

(sol + S = son +R (S — xi) = p.

Thus, we have shown that (sol + Si) is an isomorphism. The proof for S is similar and is therefore left
out. O
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In order to proceed with the convergence analysis, we require the following regularity of the solution to
the weak parabolic equation (32).

Assumption 8.12. The functionals
o= ai(giu, Fop) — (fi, Fip), = 1,2,

are elements in L%Q(F) (R4)*, where w € W is the solution to .

This assumption is somewhat implicit, but can be interpreted as the solution u having a normal derivative
onI'in L%Q(F) (Ry).

Lemma 8.13. Suppose that|Assumptions 2.1 and hold. If ) solves the L*-Steklov—
Poincaré equation (43) thenn € D(S;) N D(S>).

Proof. Letn € D(S) be the solution to (43). By[Lemma 8.5|and[Theorem 7.3] we have the identification
qiu = Fin+ G fi, where u € W is the solution to the weak parabolic equation (32).[Assumption 8.12]
then yields that

p= (Sin — Xi, 1) = ai(Em, Fip) + ai(Gifi, Fop) — (fi, Fip)
= a;(qiu, Fip) — (fi, Fip)

is an element in Liz(r) (Ry)* i.e,n € D(S;)fori =1,2. O

Lemma 8.14. Suppose that[Assumptions 2.1| and hold. Let 1) be the solution to the
L?-Steklov—Poincaré equation and (0}, ny ) n>1 be the L?-Peaceman—-Rachford iterates with
n9 € D(8S,). Then we have the limit

(Sl — Sim, ' —n) 2

L2(T)

(Ry) —0 (46)
as n tends to infinity.

is a consequence of the abstract result [28, Proposition 1]. The latter requires the
monotonicity (45) and the fact that the solution to (43) satisfies n € D(S;) N D(S,), which follows

from|Lemma 8.13] A simpler proof of[Lemma 8.14|can be found in [11, Lemma 8.8].

We are now in a position to prove that the Robin—Robin method converges.

Theorem 8.15. Suppose that[Assumptions 2.1, and[8.13 hold. Let u be the solution to the
weak parabolic equation and 1) be the solution to the L*-Steklov—Poincaré equation . The
iterates (0}, n )n>1 of the L?-Peaceman—Rachford iteration converges ton, i.e.,

It —nllz + lns —nllz =0

as n tends to infinity. Moreover the weak Robin—Robin approximation (u},u}),>1 converges to
(u1,u2) = (quu, g2u), i.e.,
lut = wllwy + [lug — uallw, — 0

as n tends to infinity.

DOI 10.20347/WIAS.PREPRINT.3187 Berlin 2025



Transmission problems and domain decompositions for parabolic equations on evolving domains 33

Proof. From and we obtain

Int = nll% + lIns —nll%
< C((Sm’f“ - 5177777?4rl — )2

L2(T)

®y) T+ (Soms — Sam,my — W)LQLZ(F)(m)) —0
as n tends to infinity. By Lemmas 8.5 and [8.6|and[Theorem 7.3] one has the identities
(ur,ug) = (F1n + G fr, Fan + Gaofz) and  (uf,uy) = (F1n) + G1f1, Fany + Gafa).

This together with the limit above and the fact that F; is bounded yields that

uy —wi|lwy + |Jug — vallwy = [[FL(07 — ) llwy + [[F2(n5 — 1) |lw,
<C(|Inf=nlz+Ins —nllz) =0

as n tends to infinity. O
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