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Energy-variational structure in evolution equations

Robert Lasarzik

Abstract

We consider different measure-valued solvability concepts from the literature and show that they
could be simplified by using the energy-variational structure of the underlying system of partial
differential equations. In the considered examples, we prove that a certain class of improved
measure-valued solutions can be equivalently expressed as an energy-variational solution. The
first concept represents the solution as a high-dimensional Young measure, whether for the
second concept, only a scalar auxiliary variable is introduced and the formulation is relaxed
to an energy-variational inequality. We investigate four examples: the two-phase Navier—Stokes
equations, a quasilinear wave equation, a system stemming from polyconvex elasticity, and the
Ericksen—Leslie equations equipped with the Oseen—Frank energy. The wide range of examples
suggests that this is a recurrent feature in evolution equations in general.

1 Introduction

Nonlinear evolution equations play a crucial role in modeling processes across various fields of sci-
ence and technology. Their applications are far-reaching, as many natural and technical processes
can be described using partial differential equations (PDEs). To gain a comprehensive understanding
of these modeled phenomena and provide reliable quantitative predictions, a thorough mathemati-
cal analysis is essential. However, this endeavor presents significant challenges due to the complex
behavior of solutions to nonlinear PDEs, which often exhibit nonsmooth characteristics such as sin-
gularities or turbulence. Consequently, classical solutions are out of reach and do not even describe
the observed phenomena, necessitating the use of generalized solution frameworks. Since their first
appearence in the 18th century [23], the concept of weak solutions has become both widely accepted
and powerful, especially when combined with advanced functional analytic methods [28]. Despite their
success, weak solutions have notable limitations. For example, in the case of scalar conservation
laws, the formulation does not inherently select a unique, physically relevant solution. Moreover, for
multidimensional systems like the Euler and Navier—Stokes equations, infinitely many weak solutions
exist [10,[7, 13]. In addition to these inherent issues of non-uniqueness, the existence of weak solutions
for many nonlinear PDE systems remains out of reach. A potential remedy, particularly for addressing
the existence problem, is to explore even more generalized solution concepts. Over the years, vari-
ous generalized solvability concepts have been proposed. We exemplify some of them for the Euler
equations.

The incompressible Euler equations are given by

v+ (v-V)Iv+Vp=0, V.v=0 inQx(0,T),
n-v=0 ondQx(0,7T),

on a bounded Lipschitz domain Q C R? for d € N, where the unknowns are the velocity field v :
Q x [0,T] — R? and the pressure p : Q x [0,7] — R. So-called dissipative solutions [30, Sec. 4.4]
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R. Lasarzik 2

were introduced by P-L. Lions. Here, the weak formulation is relaxed to a relative energy inequality
in such a way that the appearing terms are lower semicontinuous while retaining the weak-strong
uniqueness property. This property means that every generalized solution coincides with a classical
solution that emanates from the same initial datum as long as the latter exists. More precisely, a
function v € €, ([0, T); L2 (Q)), where L2(Q) = {u € L>(Q:R%)|V-u=0in Q,n-u=00n Q},
is called a dissipative solution to the incompressible Euler equations, if

1 ! 1 1 ,
§||v(t) — (p(t)||%2(g) +/0 (00— (@-V)p,v— (p)efs H(@)dTy¢ < 5”VO _ (P(O)H%Z(Q)efo%(fp)ds

holds for all 7 € (0,T) and all @ € €' ([0,T]:€"(Q)) with V- ¢ =0 and n- ¢ = 0 on Q. Here we
set (@) := [[(V@)sym ||l 1=(0), where (A)sym, — denotes the symmetric negative semidefinite part

of a matrix A € R9*4.

Another prominent solution concept is based on the theory of Young measures and their general-
izations. Since Young measures were first applied in the study of nonlinear PDEs [35], they have
become a powerful tool for identifying the limits of weakly convergent sequences under nonlinear map-
pings, thereby capturing oscillatory behavior of such sequences. DiPerna and Majda [14] extended this
framework by introducing generalized Young measures, which allowed them to account not only for
oscillations but also for potential concentrations in sequences {v, } of solutions to the incompressible
Navier—Stokes equations with vanishing viscosity as n — oo.

The corresponding limit of such solutions is identified as a so-called measure-valued solution to the
incompressible Euler equations. In the case of periodic boundary conditions, that is, when Q is a
d-dimensional torus T¢, then a function v € %,([0, T]; L2 (Q)) is called a measure-valued solution
if

Ov+V-(vev+R)+Vp=£f, V.v=0 (1)

holds in distributional sense for a measure-valued Reynolds defect R € L. (0, T;///(Q;Rfyfnﬁ))
such that

1 t
= [/ v|2dx + (SR,U} ‘ <0 foraa.r€ (0,7T).
2 /o 0

In comparison with [14], this is a more modern definition collecting all measure-related terms in the
defect measure R (cf. [26]). This notion of solution is closely related to the so-called dissipative weak
solutions [17]. A function v € %,([0,T]; L2 (Q)) is called a dissipative weak solutions if there exists
a turbulence defect measure R € L. (O,T;//[(Q;Rglyf,er)) such that (T) holds and if there is a
nonincreasing function E : [0,7] — R with

% {/Q ’V(t)lzdx—i— (R(t),I)| <E(t) foraa.tel0,T], E(0-) = %/Q |V0|2dx.

The weak-strong uniqueness of measure-valued solutions to the incompressible Euler equations was
proven in [5]. A notable downside of measure-valued solutions is the increased degrees of freedom,
as these solutions consist of several measures. To address this complexity, the concept was later
simplified into so-called dissipative weak solutions, which retain only the expectation and variance of
the measures in the measure-valued framework.

In a recent series of works, energy-variational solutions were introduced [27, (16, 2], not only for the
Euler equations but also as a more general concept [16] [2]. For the incompressible Euler equations,
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Energy-variational structure in evolution equations 3

energy-variational solutions consist of a pair (v,E) € %,,([0,T];L2(Q)) x BV([0,T]) such that

E> %||VH%2(Q) a.e.in (0,T) and
t+ t 1 2
[ vev: Vet 2(V9)m |- | 3 Mg ~E|dT <0
- S

{E — /g V-(pdx]
(@)

forall0<s<t<Tandallpc €' ([0,T];€"(Q))withV-¢ =0andn-¢ =0 on IQ. It was shown
that energy-variational solutions are equivalent to dissipative weak solutions, while simultaneously of-
fering a significant reduction in the degrees of freedom in the context of fluid dynamics. In [16], we
demonstrated the equivalence of dissipative weak solutions and energy-variational solutions for the
incompressible Euler equations, incompressible magnetohydrodynamics, and the compressible Euler
equations. Moreover, energy-variational solutions were proven to exist for a broad class of systems,
encompassing not only fluids but also complex fluids and viscoelastic materials. In these cases, we
showed [2, Rem. 3.7] that, under very general conditions, the existence of energy-variational solutions
implies the existence of dissipative solutions. This raises an important question: can energy-variational
solutions be related to different measure-valued formulations in other contexts? For the systems stud-
ied in [2], there are currently no existence results for measure-valued solutions.

The aim of this paper is to revisit various systems of PDEs where generalized solvability concepts have
been introduced and compare them to energy-variational solutions. The provided examples demon-
strate that the energy-variational structure arises in a wide range of contexts and unifies different
previously defined generalized solvability concepts. We present an example from interface dynam-
ics, consider a wave equation, as well as an evolution equation stemming from polyconvex elastic-
ity, and finally a model for liquid crystals. In Section 3, we focus on the two-phase Navier—Stokes
equations. The existence of varifold solutions was established in [1], and in a recent paper [19],
weak-strong uniqueness of these solutions was proven. We introduce energy-variational solutions
for this system in Section [3|and show that they provide a stronger framework than the previously in-
troduced varifold solutions by simulateanously reducing the degrees of freedom heavily, i.e., a Varifold
V eL2.(0,T;.4 (R xS 1)) is replaced by E € BV([0,T]). In Sectionand Section we exam-
ine two problems in elasticity taken from [12], where the authors showed the weak-strong uniqueness
of measure-valued solutions. For the first problem the second order in time evolution equation for a
convex elastic energy functional is considered (see Section [4) and for the second example the sec-
ond order in time evolution equation for a merely polyconvex elastic energy (see Section [5). After
formulating energy-variational solutions, we demonstrate that they are stronger than measure-valued
solutions, proven to exist in [11] for the polyconvex case. Finally, we analyze the Ericksen—Leslie
equations with one simplified but still anisotropic Oseen—Frank energy in Section [6| We compare
the energy-variational solutions to newly introduced dissipative weak solutions and, subsequently, to
the measure-valued solutions proposed in [24], where weak-strong uniqueness was also established
in [25].

Given the broad range of examples, energy-variational solutions can be regarded as a highly general
framework applicable to many different PDE systems. Their key advantage lies not only in the reduction
of degrees of freedom but also in the existence of a general time discretization scheme, analogous
to the minimizing movement scheme for gradient flows, which facilitates the approximation of this
large class of systems. Additionally, energy-variational solutions are well-suited for the introduction
of selection criteria. This approach was explored in [27] for incompressible fluid dynamics, where
various selection criteria were proposed. In particular, the maximal dissipation criterion, as formulated
by Dafermos [8], can be naturally adapted to energy-variational solutions. Specifically, the auxiliary
variable E should be minimized to ensure that its distance from E(U) is as small as possible [18].
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R. Lasarzik 4

2 Notation and preliminaries

The standard matrix and matrix-vector multiplication is written without an extra symbol,

d d

d

Z A;B i
=1

., AcR BecR¥ acRY.
i=1

AB =

bl

d
Y Aija;
=1

ik=1

The outer vector product is given by a®@b := ab” = [a;b}] 7}.:1 for two vectors a,b € R?. The
symmetric and skew-symmetric parts of a matrix are given by Agym := %(A +AT) and Agw =
%(A —AT), respectively (A € R4*?). The identity matrix is denoted by I and the zero matrix by O.

We denote |a|§(d) = |a|> + &(d-a)? for a, d € RY. The symmetric, symmetric positive definite, and

dxd dxd dxd
I&sym ) Rsym + Rsym 0’

the d-dimensional flat torus and S¢ the unit sphere in d dimensions. We use the Nabla symbol V
for real-valued functions f : RY — R, vector-valued functions f : R? — R? as well as matrix-valued
functions A : RY — R?*¢ denoting

Y AN g [25]° va . [244]°
/= % i1 - Lox; i,j:17 - L ox i,j,kzl.

The divergence of a vector-valued and a matrix-valued function is defined by

symmetric trace-less matrices, we denote by respectively. By T< we denote

d
L OA;

Z&x

Vf—ZaXl

i=1

We also use the Levi-Civita tensor €. Let &3 be the symmetric group of all permutations of (1,2,3).
The sign of a given permutation ¢ € &3 is denoted by sgn o. The tensor € is defined via

¢ . )SENo, (i, j, k) = 0(1,2,3) with 0 € &3,
ke 0, else.

This tensor allows to write the cross product via

d
(axb);=(e:(a®b)), Z g xab; foralla,b € RY
j.k=1
and the curl via
d
(Vxd)i= Y &pd;d; foralde €' (Q).
k=1

We also use the cross product for a vector matrix product, i.e., (a X A)ij = Zz =1 EikiaxAyjfora € R4
and A € R aswellas (V x A);j = Y4 | €10y Aj for A € €1 (Q;RID).

The space of smooth solenoidal functions with compact support is denoted by CK:’G(Q;Rd). B
L5 (Q), H) 4 (Q), and W, (Q), we denote the closure of %oy (Q:RY) with respect to the norm
of LP(Q;RY), H' (Q;R?), and W!»(Q;R?), respectively. The dual space of a Banach space V is
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Energy-variational structure in evolution equations 5

always denoted by V* and equipped with the standard norm; the duality pairing is denoted by (-, -). We
denote the conjugated exponent of p € [1,] by p/, i.e., p' = %. We denote the continuous func-

tions vanishing on the closure of the domain by %’o(Q) and .# () denote the Radon measures over
Q, where we note that .7 (Q) = (¢o(Q))* and .Z (Q) = (€ (Q))*, since Q is an open bounded
domain (cf. e.g. [34]). The space of probability measures is denoted by &?(Q) and the space of non-
negative measures by .2+ (Q) for a certain set Q. The total variation of a function E : [0,7] =R is
given by

n

Elrvorp = sup Y |E(m—1)—E(#)],
0=tp<...<t,=T [=1

where the supremum is taken over all finite partitions of the interval [0,T]. We denote the space
of all integrable functions on [0, 7| with bounded variation by BV ([0, T]), and we equip this space
with the norm ||E|[gy jo.1)) := |Ellz1(0,7) + |Eltv(j0,r7) (cf. [21]). Recall that an integrable function
E has bounded variation if and only if its distributional derivative E’ is an element of . ([0,T]), the
space of finite Radon measures on [0, T]. Moreover, BV ([0, T]) coincides with the dual space of a
Banach space, see [4, Remark 3.12] for example. For a Banach space V, Bochner-Lebesgue spaces
are denoted by L?(0,T;V) for p € [1,00] and L”.(0,T;V*) for strongly and weakly* measurable
functions, respectively. Moreover, whr (0,T;V) denotes the Banach space of abstract functions in
LP(0,T;V) whose weak time derivative exists and is again in L”(0,T;V) (see also [13, Section 11.2]
or [33, Section 1.5] for more details). By €([0,7];V) and €,,(]0,T];V), we denote the spaces of
abstract functions mapping [0, 7] into V that are continuous with respect to the strong and weak
topology in V, respectively.

Lemma 2.1. Letl: 7 — R be a linear continuous functional, where ¥ is a closed subspace of

U = {(p e L'0,T;wh (T4, R™)) | /Q(pdx — 0}
with d, m € N and let # be a Banach space such that V¥ C #, where
Vv .={Vo|oecV}.
Letp : L'(0,T;%# ) — R be a sublinear mapping such that
vye?: (Ly) <p(Vy). (4)
Then there exists an element
Re (LYO,T; 7)) =L (0,T; #%)
satisfying
VO c LY0,T;#): (—R,®) <p(P), VYye¥: (-RVy)={1vy).
Moreover, if #* is reflexive and separable, we have R € (L' (0,T;%#))* = L=(0,T; #*).

Proof. First consider ¥ € ¥ with Vy = 0. This implies that y/(-,¢) is affine linear, and since y € ¥
is spatially periodic and has vanishing mean value, this is only possible for y = 0. We can define the
functional L by (L,'¥) = (1, y) for ¥ = Vy € # . Then estimate () implies

(L) <p(¥) (5)
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R. Lasarzik 6

forall ¥ = Vy € L'(0,T;#). By the Hahn—Banach theorem (see e.g. [6, Thm 1.1]), we may extend
L to a linear functional on L! (0,T;%). Using the Riesz representation theorem, we may identify this
extension with an object —9R such that the asserted properties are satisfied.

The Theorem by Pettis [13] implies that weak measurability is equivalent to strong measurability for
separable spaces, since #  is also reflexive the last statement follows. O

Lemma 2.2 (Construction of probability measure). Let 1 : R” — R be a strictly convex superlinear
and continuous function with 77(0) = 0 and 17(y) > 0 for all y € R". Let Q C R¥ be a domain. We
define V := {u € L' (Q;R") | [N (u)dx < o} and observe that V is a closed subset of L! (Q; R")
and as such a Banach space itself. Let g : R” — R be a continuous function that is not linear such
that limy) ., ‘g((y))| = 0. We assume that there exists a reflexive Banach space W C L' (Q;R™)

equipped with a norm || - ||y such that the Nemytskii mapping induced by g : V — W is surjective and

/Qg(y(x)) A(x)dx < ||A|lw [/Qn(y(x))dx—f— c] foralyeVandAeW. (6)

Then it holds that for every yo € L*(0,T;V), zo € L*(0,T;W*), and xo € € ([0, T]) with xo > 0 in
0,7 ] there exists a v € L.(0,T; L' (Q; 2(R™))) and a y € L. (0, T2 (Q)) with ¥ > 0 such that

yo—/ sv(ds), YO)+ZO—/ g(s)v(ds), ae.inQx(0,7) and (7a)

/n Yo dx+||zo||w*+xo—// n(s)dv(s dx—l—/d% a.e.in(0,7). (7b)

Proof. First, we note that from (€) we infer by duality that ||g(y(x))|lw* < [o N (y(x))dx+cforally €
V. Due to the surjectivity of g, we observe that there exists ay; € L= (0,7;V) such that g(y; (x,7)) =
zo(x,1). Note that the measurability of y; follows from the measurability of zy and the continuity of g.
We want to consider a compactification of R”. Therefore, we define the bijection ® : R" — B”" via
d(y) = #() Here B¢ denote the usual open unit-ball in RY. Via the transformation f(x,s) :=

1{&:;(@—(()))) we define f € € (Q x B") for every f € € (Q x R"). We consider the functions

Cn(QxR") :={fe€(QxR")|3g € €(QxB") such that g(x,s) = f(x,s) on Qx B"} .

It is an elementary exercise to show that this is indeed a Banach space if equipped with the norm

i = Sup[a(x,s)| = sup sup 14
(x,5)EQxB" xeQy€ER” 1+ Tl( )

£n(QXRY) *—

This unit Ball can now be compactified in the usual way, such that we observe that

X := € (Q x B") such that (€' (Q x B"))* = .4 (Q x B"),

since Q x B" is compact [34, Thm. 1.32 (iii)].

As a linear subspace of L' (0,7;X), we consider the space

P:{mﬁmjﬂ)zmmwzwwﬁ+m@ﬁs+%mﬁg®+%®M®

I(0g, 011, 0, 03) € L0, T3%(Q) x € (O R") x 7 (0 R™) x R)}
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Energy-variational structure in evolution equations 7

which is a linear subspace of L! (0,T;X). This holds due to the fact that 1] is super linear and g is not
linear and also linearly independent of 1. On Y, we define the linear functional L : Y — IR via

T
<L,I/t> :/0 /Q(XO(x7l)+al(x7t)'yo<x7t)+a2(x7t)'(g<YO(x7t))+g(YI(x7t)))dth

T
+ [ oal0) [ niolr)ar+ oa()llgtn (0)llw- +aa(r)ro(r)ar.

This is a linear injective functional on the linear subspace Y of L' (0,T;X). We need to prove that L
is continuous on L' (0, 7; X). Therefore, we consider

(L,u) = /OT/Q“O(W) + a1 (x,1) - yo(x,1) 4 0 (x,1) - (g(yo(x,1)) + g(y1 (x,1)))dxar
+ [ o) (| mtsate o)+ st ()l ) o
:/()T/an(x’t)+a1(x’t)'yo(x’t)+a2(xal)'S(YO(XJ))+0‘3(t)n(YO(X7l))dxdt
+/0T/Q“°<x”>+“l (6.1) ¥ (x,) + 005,0) - (v ()t + e (1) 8y (1)) o
o)+ ) i e et
< [ SR )+ (1 oo

+1Qlll ol 0. r0@)) + 1l o 70 @rry V1 2207201 (0))

+etloallLio,r) esssupreor) o (r)]

< cllullprorx) (1 +esssup;¢(o,7) (/QW(YO%Ln(yOdXJF |XO|)> < oo,

The first inequality follows from the inequality [|g(y1)|lw* < JoMN(y1)dx+c forally; € V. The last
inequality follows from uxs) < [|ul|x foralls € R". The superlinearity of 1) guarantees that [|y1| .1 ()

1+n(
is bounded. We observe by the conditions on 1 and g that
|ux,y)]
|os| = lim < [Jullx
[yl 14+ 1(y)

Note that also the norms of the coefficient functions o and o can be bounded accordingly.

This implies that L can be extended by Hahn—Banach [6} Cor. 1.2 ]to a functionallon L' (0,7 X), i.e.,
1€ (L'(0,T;X))* = L. (0,T;X*) such that it coincides with the functional L on Y i.e., (I,u) = (L, u)
forallu € Y and |[1||x+ = ||L||y=.

We may express the linear mapping 1 € L. (0, T'; .4 (Q x B")) via the measures, 1(x,2,5)) = W (x,s)
with t; € .4 (Q x B") for a.e. t € (0,T). We define the recession function = € €' (Q x S"~!) for a

function f € € (Q x R") via f(x,s) = lim,—c0 1];();7 (rs)) We define fi, € .4 (Q x R") via

L reyenny) = [ [ Fsjduts) foralf e @y @x R, ®)

We may identify the measures U, with the sum of two measures, a measure on Q x R" and a measure
on Q x S" ! via

L L resiomes) = || Forsjomes)+ [ Forsau(es)

DOI 10.20347/WIAS.PREPRINT.3185 Berlin 2025



R. Lasarzik 8

s i
—//fxydut X,y +// S (x,s)duy (x,8)

For [i;, we apply desintegration of measures and afterwards the Radon—Nikodym derivative with re-
spect to the Lebesgue-measure on Q, such that there exists v € L. (0, T; L' (Q;.# (R"))) and
® € L2.(0,T;.#(Q x R")) with dfi;(x,s) = dVy,(s)dx + de(x,s), where we write the singular
measure again as a measure on Q x R"™. Note that @ is singular with respect to the Lebesgue mea-
sure on Q such that it is only nonzero on sets of Lebesgue-measure zero in .

We observe that the recession functions 1, id, and g to the functions 1, id, and g are zero, since 7 is
superlinear and limy|_,. % = 0. Here id denotes the identity on R". Choosing first oy # 0 and
o; = 0 for all i > 0, secondly a; # 0 and ¢; = O for all i # 1, and thirdly & # 0 and ¢; = O for all
i # 2, we observe

/()T/an(x,t)d)cdt:/oT/Q Rnao(x,t)d(vxjt(s)dxju w;(x,s))dr,

/T/ o (x,t)yo(x)dxdt:/T//nO‘1 (x,1) -sd(Vy(s)dx + @y (x,s))dt,
/OT/QOB(X,Z)-( (yo(x,1) +g(y1(x,1))dxdt = / //na3 (x,£) - g(8)d(Vies (8)dx + 0y (x,8) )it

for all atg € L'(0,T;6(Q)), ay € L'(0,T;%(Q;R")), and o € L'(0,T;%(Q;R™)). In all those
case, we infer that the singular measure @; vanishes, i.e., [q¢(x) [zr(1 +s+g(s))da;(x,s) =0
for all ¢ € €' (Q). Additionally, we infer that [gn dVy(s) = 1, which implies v, € Z(R") for a.e. in
Q x (0,T). Moreover, the above equations imply (7a). Finally, choosing g = o) = otz = 0, we find

(/OT a3(f)/§zn()’0<x,l))dx—|—x0(t)_|_||g(y1)||W*dl)

:/OT (1) (/Q/Rnn(s)(dvx(s)dx-l—da);(x,s))+/Q/Sn1dlvlt(X,S)> dr

for all o3 € L'(0,T). Note that the recession function to 7 is 1. Defining

/¢ x)dy (x / Rnn x)day (x,s) +//1¢ )iy (x,s) for all ¢ € € (),

we infer that % € . *(Q) and (70). O

Lemma 2.3 (Factorization of linear maps). Let X and Y be two normed spaces and1: X — R be a
linear functional and A : X — Y a linear functional such that (1,x)x < p(A(x)) with p : Y — [0,0)
being a Minkowski functional, i.e., p(Ay) = Ap(y) forall A > 0,y € Y and p(y; +y2) < p(y1) +
p(y2) forallyi, yo € Y. Then there exists a linear functional R : Y — R such that (R, A(x))y = (L,x)x
forallx € X aswellas (R,y)y < p(y) forally € Y.

Proof. First, we observe that kerl C kerA. Indeed, from A(x) = 0, we infer due to the linearity that
o(l,x) <|ot|p(A(x)) = 0forall @ € R and x € X, which implies (1,x) = 0. Hence, we have that A
is a bijective mapping on the quotient space A : X\ ;4 — rangeA, where A(x) =A(x) forallx € X,

We define the mapping L : range A C W — Rvia (L,y)y = (1, (A) 71 (y))x < p(y) for all y € range A.
The Theorem of Hahn—-Banach now guarantees that this mapping L can be extended to a mapping
on Y such that R: Y — IR has the asserted properties. O
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Energy-variational structure in evolution equations 9

3 Interface evolution in two phase Navier-Stokes equations

We consider the flow of two incompressible fluids with surface tension on the surface between the
two fluids. The volume occupied by the first fluid is denoted by the indicator function y = ¥ (x,t). The
local fluid velocity is denoted by v = v(x,7), and the local pressure by p = p(x,t). The fluid-fluid
interface moves just according to the fluid velocity, where the evolution of the velocity of each fluid and
the pressure are determined by the incompressible Navier—Stokes equations. Moreover, the fluid-fluid
interface exerts a surface tension onto the fluids proportional to the mean curvature of the interface.
Together with the natural no-slip boundary condition and the appropriate boundary conditions for the
stress tensor on the fluid-fluid interface, the system is given by

Ix+(v-V)x=0 in R? % (0,7),
P(X)hv+p(X)(v-V)v=—=Vp+V-(2u(x)(V¥)gm) + oH|Vx| in R x(0,T),
Vov=0 in R? x(0,7),

(%(0),v(0)) = (%0, v0) in RY .

where H denotes the mean curvature vector of the interface d{y = 0} and |V /| denotes the surface
measure 7%~ |a{x:0}' For the sake of brevity, we have used the abbreviations p () := p*x +

p (1—x)and u(x):=putx+u (1—yx). Here, u* and u~ are the shear viscosities of the
two fluids and p™ and p~ are the densities of the two fluids. The constant & is the surface tension
coefficient. Let a surface tension constant o > 0, the densities and shear viscosities of the two fluids
p~, u* > 0, afinite time T > 0, a solenoidal initial velocity profile vy € L? (R%;R?), and an indicator
function of the volume occupied initially by the first fluid xo € BV (R?) be given.

The total energy of the system is given by the sum of kinetic and surface tension energies
1 2
= — V .
E0t) = [ Zp(olvPdr+o [ 1dv]
It is at least formally subject to the energy dissipation inequality

ST+ [ 2100 (Tl dx < E(2,1)(0).
0 R4

Definition 3.1 (Varifold solution for the two-phase Navier-Stokes equation). A triple (), v,V) consist-
ing of a velocity field v, an indicator function ) of the volume occupied by the first fluid, and an oriented

varifold V with
v € L*(0,T;Hy o(RY)NL™(0, T; L5 (RY)),

x € L”(0,T;BV(R?;{0,1})),
V e L2 (0,T;.4 (R xS771Y),
is called a varifold solution to the free boundary problem for the Navier—Stokes equation for two fluids

with initial data (o, vo) if the following conditions are satisfied:

B The velocity field v has vanishing divergence V - v = 0 and the equation for the momentum
balance

LpGetveny nnde= [ p (Go)vo-n0)ds
:/Ot/de(x)vdn dxdt+/0t/de(x)v®v:Vndxdt 9)

t
_/O Rdu(x) (V¥)gym : VNdx—o i (Id—s®s) : VndV;(x,s)ds
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R. Lasarzik 10

is satisfied for a.e. € [0,T) and every smooth vector field 1 € CZ° (R? x [0,T);R?) with
V.-n=0.

B The indicator function  of the volume occupied by the first fluid satisfies the weak formulation
of the transport equation

[ xtoetaa— [ aet0w= [ [ z@e+r-Vigaa o

for almost every ¢ € [0,7] and all ¢ € CZ° (R? x [0,T)).

B The energy dissipation inequality

&G0+ [ [ wIIV)an drdr < 8y V)0) (1)

is satisfied for almost every ¢ € [0, T'| with the Varifold energy

Qv V)0)i= [ eGP ac+olvl (R <8 1) a2

is a nonincreasing function of time.

B The phase boundary d{(-,¢) = 0} and the varifold V satisfy the compatibility condition
Ly v@s Vi) = [ wx)ava) (13
RY x§d-1 RY

for almost every ¢ € [0,T') and every smooth function y € CZ° (RY).

Remark 3.1. The existence of Varifold solutions for the two-phase Navier—Stokes equation was shown
in a slightly different setting in [1]. The weak-strong uniqueness of these solutions was proven in [19].
Varifold solutions are a recurrent solution framework for geometrical flows such as the mean-curvature
flow [22] or Mullin Sekerka Flow [20]. The proposed energy-variational framework has the potential to
also simplify these solvability concepts by using the energy-variational structure of the system.

Definition 3.2 (Energy-variational solution). A triple (), v, E) with

v e L2(0,T:H) 5 (R) NL*(0,T; L2 (RY)),
x € L”(0,T;BV(R%;{0,1})),
E € BV([0,T])

is called an energy-variational solution to the free boundary problem for the Navier—Stokes equation
for two fluids with initial data ()Xo, vo) if

B The auxiliary variable E is an upper bound for the energy
1
E(t) > &(v(t),x(t)) fora.e.t € (0,T) with &(v,x) := /d §|V|2dx—|— o|Vx|(RY). (14)
R

B The energy-variational inequality
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Energy-variational structure in evolution equations 11

t
{E—/lp(x)v-ndx—/dwdx}
R4 R
t
+/ /de(x)v-am FPX)vRVVN+ u(x)(VV)sym : (VV—V1)dxdT
X
-0 ——®— :Vnd|Vyldr
[ (o= o) - ymevd

+ [ 17

holds for all ¢ € €1 ([0,7];%~(RY)), n € €' ([0,T];: €z 5(R*;R?)) anda.e. 0 <s <t < T
including s = 0 with x(0) = xo, v(0) = v and E(0) = & (vo, X0)-

+/st/Rdx(8t<p+(v-V)<p)dxdt

(Rd;Rdxd) [@@(V,X) —E] drt S 0 (15)

Theorem 3.3. Let (v, x, E) be an energy-variational solution according to Definition Then there
exists a varifold measure V € L. (0,T;.4 (R? x S9~1)) such that (v, x,V) is a varifold solution in
the sense of Definition

Let (v,x,V) be a varifold solution in the sense of Definition such that there exists an E €
BV([0,T]) with E(0) = @@(Vo,x()) such that E > &(x,v,V) a.e.on (0,T) and

|(Vv) Sym| dxdt <0 forallT >¢t>s>0. (16)

Then (v, x, E) is an energy-variational solution in the sense of Definition

Remark 3.2. The assertion of the above theorem shows that the the equivalence of both solution
concept depends on the choice of the formulation of the energy inequality. The existence of energy-
variational solution has not been shown so far. Usually the existence of energy-variational solutions
can be shown by the same approximation strategy as the existence of varifold solutions [1], but using
the energy-variational structure for the limit passage instead of varifolds. In [2], we designed a general
minimizing movements scheme to show existence of energy-variational solutions to a large class of
systems. This result is not applicable to the setting of the two-phase Navier—Stokes equations, but we
plan to extend the results of [2] to the framework of interface evolution in a future work.

Proof. We consider the energy-variational inequality multiplied by ot withn =0, ¢ = % forax >0
and y € €1([0,T); €~ (RY)). Taking the limit ¢ \, 0 we infer (T0). Now, we consider multiplied
by & with ) = % fora>0,p=0andn € €'([0,T); € (RY;RY)). Taking again the limit a \, 0,
we infer

~[ptovcaf + [ [ pt0v-ag +p(0vev: VE - m(0)(V)gm: Veanse

o [ [ (1= gk h ) veaval +1(v8)

forall & € €'([0, T];%Z’G(]Rd)) and a.e. 0 < s <t < T including s = 0 with x(0) = X0, v(0) = vy.
Considering the linear form1: # — R with ¥ := {V{|{ € €1 ([0, T];%”i’c,(]Rd;]Rd))} given by

(Rd;RdXd) [g(V,X) —E] dt S 0

T
1LVE) ;:/ p()(o)VOC(O)dx—i—/ /de()()vﬂtg+p(x)v®v:VC—u(x)(Vv)sym:VCdxdt

Vx)
-0 ——®— :VEd|\Vy|dt
//R( Val O o) VeVl

DOI 10.20347/WIAS.PREPRINT.3185 Berlin 2025



R. Lasarzik 12

and the Minkowski functional p : L (0, T; % (R%; R?*?)) — [0, ) via

T
p(A) = /0 (A sy o et [E — E (v )] . (17)

Note that the function { is uniquely determined by its gradient, since it is compactly supported.
From (15), we infer (1,VE) < p(V{) forall § € ‘51([0,T];‘5g76(Rd;Rd)).

The Hahn-Banach theorem and the Riesz representation theorem implies that there exists R €
L2.(0,T;.4 (RYRY*)) such that

<1,g>:—/OT/Rdvgzdmdt and —/()T/RdA:dmdtgp(A) (18)

for all A € L'(0,T;% (RY;R4*4)). Choosing A = B with B = (B)gew € R**? in (T8) implies that
0= JgaB:dRforall Be %€ (R, REX) which is nothing else than 0t € L. (0, ;.4 (R%; RdXd)).

skw sym

Moreover, choosing A € € (R%;R%%¢  in (18) implies 0 > [« B : dR for all B € € (R% ;R4
+ R

sym, sym,
which is nothing else than 0%t € L. (0, T;.# (R%; Rglyﬁ]ﬁ)). Using the disintegration of measures, we
can write } = By, with p € L2(0,T;.# (R?)) and B, € L'(R?, ; R¥*?) for ace. 1 € (0,T),

where we can choose pt and B such that tr(B(x,7)) = 1.
For t-a.e. (x,1), we observe that B(x,t) is symmetric positive definite such that there exists a de-

composition into eigenvalues A;(x,t) € [0, 1] and orthonormal eigenvectors e;(x,?) fori € {1,...,d}
such that B(x,1) = Y9, Ai(x,t)e;(x,t) ®e;(x,t). Now, we can define the measure

d
(x t) S %(Sd l) via th Z e, xt)( )+ Sfei(x,t)(s» .

and set

V € Lo (0, Teut (R xS)) 2 Vils,%) = 8 vy (5) VI () + Vi () (x,1)

\VX(X_,) [

in the sense of measures. We note that there would be many other possible choices for the measure v.
It is just required that [qu-1 5dV(;)(s) = 0 and [qu-1 5§ ® sdV(y ) (s) = B(x,1). But there are infinitely
many measures for a given expectation and variance (cf. Lemma/[2.2).

Since Vixg) is symmetric its expectation vanishes, which implies now that holds. Additionally, we
infer from that

L oG @axt [ [ pGv-ag +p(v©v: VE ~ k(1) (TW)em  VEora
o [ [ (1 o v ) VeVl - [ Ve e
_ —0'/0 /Rdxgdlséés:VCdV(s,x)dt
- G/OT/R%M (I =53 5) : VEAV (s.x)d

where we used I : V{ = V- { = 0 two times. This equation is exactly (9).
By choosing A = ¢ in (18)2 with ¢ € € ([0,T]) with ¢ > 0 implies by the definition of p in that

T T
/0 ‘P/Rdtr[dfﬁ]dfé/o O[E —&(v,x)]dt  forall ¢ € F(]0,T]) with ¢ > 0.
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Energy-variational structure in evolution equations 13

Rdxd

We note that we eqjip the space of matrices Rg

with the spectral norm |A|> := max;c(q, . gy | i,
where A; denotes the i-th eigenvalue of A € ngxrf. The trace-norm is than the dual norm of the
spectral norm in the Frobenius product, i.e., tr(A) = Y4, 4 = Y4 | |4] = SUpp..0,|p,<14 : B for
all A € R&, . From the choice of B, we infer that tr[93] = . By the definition of V, we find that
V| (RY x $%) = |V |(R?) + p; (RY), which implies that

Ezg(v,x)+/Rdu~(m):/Q@Mzdw|V;¢t|(Rd)+u,<Rd)

-/ P Py v (Y x541)
o 2

= gv("?%?‘/)?

where this energy was defined in (I2). Thus, Choosingn =0and ¢ =0in with s = 0 implies
such that (v, x,V) is indeed a varifold solution in the sense of Definition

Let (v,x,V) be a varifold solution in the sense of Definition such that there exists an E €
BV([0,T]) with E(0) = & (vo, o) with E > &(x,v,V) a.e.on (0,T) and is fulfilled. We sub-
tract from the equations (9) and and add the equations (9) and with ¢t = 5. This leads
to

{E—/de(x)v-ndx—/wwd% Z+/:/Rdx(8t<p+(v-v)¢)dxdt

t
+/ /de(l)v~8,n +p(X)vVOV: VN +u(X)(VV)eym : (VV—VN)dxdt
t
_G/ / (Id—s®s) : VndVz(x,s)dT <0 (19)
s RdXSd_l

for all @ € €1([0,T];4=(RY)), n € %1([07T];%§G(Rd;Rd)) and a.e. 0 < s <t < T including
s = 0 with x(0) = x0, v(0) = vp and E(0) = &(vo, X0). We observe that

_/Rd y 1(Id—s(X)s) : VndVe(x,s)dx
i

Vx Vyx )
= —— ® — | :Vnd|Vy|(x
(Vg ) vmews
+/d (s®s): VN (dVT(x,s) _d (5vx(s)\V)(\(x))>
R4 xSd-1 Vil
VX o VX Y. _ d_ed-1y _ d

Vx Vx
> — - == m,—
> /Rd <Id ®|V%|) Vnd[Val+[1(Vn)sym,

|Loo(Rd;Rd><d) [(g}(V,X) _E] .

Vx|
We used that [V;|(RY xS~ 1) — |[Vx|(RY) = &y (v, x,V) — E(v,x) < E —&(v, x). Inserting this
inequality into implies (15), which proves the assertion. O

4 Quasilinear wave equation with convex energy

In this section we consider the quasi-linear wave equation proposed in [12]
9%y
— =V-W(V 20
52 (Vy) (20)
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R. Lasarzik 14

where y : T¢ x [0,T] — R? and W = DG is the gradient of a strictly convex function G : R¥*?¢ —
[0, e0), about which we make the following hypotheses:

Hypothesis 4.1. We assume that G € %> (R?*¢;[0,0)) such that
B Im <M € Rwith m|Z|> < D>’G(F)[Z,Z] < M|Z)?, for all F,Z,c R*?,

, F
B G(F) = go(F)+ %]F|2 where limjp| ., ]giTF‘)z =0,

B G(0) =0and G(F) > 0forall F € R¥*?,
We note that under these assumptions imply that the mapping
M . dxd
Z— DG(F):A+ —|A|,G(F) isconvexforallA € R**¢ . (21)
m

This is assured by calculating the second derivative of and using Hypothesis the first and
fourth bullet.

If y is interpreted as a displacement vector, this equation could be regarded as a model for elasto-
dynamics, but the assumption of convexity is known to be physically unrealistic [32]. Introducing the
notation v = d;y and F = Vy, a solution to in first order form consists of a pair (v, F) which solve

ov=V-(DG(F)), JF=Vv, In(v,F)+V-q(v,F)=0. (22)

A smooth solution fulfilling the first two equations, will automatically satisfy the third equation with
n(v,F) = 1v|?+ G(F) and q(v,F) = (DG(F))"v, and we prescribe the initial data v(0) = v and
F(0) = Fg in T,

We define
1
V:=L*(T%RY) x L*(T?;R*%) and & : V — R via &(v,F) := /d §|V|2+G(V,F)dx.
T
Definition 4.2 (measure-valued solution). A measure-valued solution to (20) with initial data (vo,Fy) €
V consists of a pair (v,F) € L*(0.7; V) and a Young measure V = V., which is a family of probability

measures, i.e.,
{V(x,t)} C @(Rd X RdXd), a.e. inT? x (0,T)

such that

B the equations (22) are fulfilled in a measure-valued sense
T T
/ vo-l//dx+/ / v-8,1//dxdt:/ / (Vi) DG(S) : Vi) dxdr  (23)
T 0 JTd 0 JTd ’

T T
/FO:‘de—l—/ / an,‘l’dxdt:/ / V-V Wdx dr, (230)
Td 0 Td 0 Td

for all test functions W € C! (Td X (O,T);Rd> and ¥ € C! (’H‘d X (O,T);Rdx‘l),
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Energy-variational structure in evolution equations 15

B the compatibility condition

/T V(1) pdr= /T (Viays- W)x /T F(r): v = /T (VS Wdr (230

for all test functions W € C! (’]I‘d X (O,T);Rd> and ¥ € C} (’]I‘d X (O,T);RdXd> anda.e.r €
(0,T),

B there exists a non-negative Radon measure y € L.(0,T;.# *(T?)) such that

r 1
/ 2,6 (/w <vx7,, ISP+ G(S)> dx+ y,(dx)) dr +0(0) & (vo,Fo)dx >0,  (23d)
0
for all non-negative functions 8(¢) € C1([0,T)).

With the usual abuse of notation, we define the dual pairings for the young measure Vv to be defined
as

<v(x,t)7g(x7tvs7s)> = /RdXRdXdg<x7tvs7s)dv(x,t)(s7s)

forall g € %(Td « [O, T] « RY % RdXd) fulfilling lim(|v|+‘F|)_>‘x, % < oo for a.e. (x l‘) c T x

(0,T). The dual pairing of a Young measure with a function should be interpreted as the Young
measure V in the dual pairing with the continuous function (s,S) ~ h(s,S) for i : € (RY x R4*¢;R)

Definition 4.3. A triple (v,F,E) is called an energy-variational solution to with initial values
(V07F0), if

veL”(0,T:L2(T%RY), FeL™(0,T;L*(T%RY), EcBV([0,T]) (24a)

suchthat E > &(v,F) fora.e.t € [0,T] as well as

t
[E—/ v-(p+F:‘de}
Td

/ /Td aF ):Vo+v-V- ldeerr/ —|Vol,. (Td;Rexd) [£(v,F)—E]dT <0 (24b)

for a.e. T >t > s > 0 including s = 0 with (v(0),F(0)) = (vo,Fo), E(0) = &(vo,Fp), and all
(@, W) € €1(T? x [0,T);RY x R¥*9),

t
+/ /V'a[(P+F:a[lPdXdT
s JQ

Theorem 4.4. Let (v,F,E) be an energy-variational solution according to Definition Then there
exists a young measure Vv such that (v, F, V) is a measure-valued solution according to Definition

Let (v,F, V) be a measure-valued solution, where (23d) is replaced by: there exists E : [0,T] — R
non-increasing such that £(0) = & (vo,Fy) and

E(t) > /Q <vx7,, %\5\2+G(F)>dx fora.e.r € (0,T). (25a)
as well as
V. DG(S)) ~ DG |z poansy < o [E(6) — E(v(2) F(1))] (250)

Then (v,F, E) is an energy-variational solution according to Definition
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Proposition 4.5. Let G : RIXd [0,e0) be a strictly convex twice continuously differentiable function
fulfilling Hypothesis[4.1]and let be fulfilled. Then there exists an energy-variational solution in the
sense of Definition

Remark 4.1. The existence of measure-valued solutions was claimed in [12] but under the hypothesis
(1—4). There also the weak-strong uniqueness result was proven to hold.

This existence and weak-strong uniqueness result for energy-variational solutions follows from an ab-
stract existence result in [2], which will be shown below. The abstract result from [16] could also be
used, since the flat torus T¢ is considered. We note that the abstract assumptions in Proposition
are relaxed in comparison the existence result for measure-valued solutions. A weak-strong unique-
ness could also be shown under the Hypothesis for sufficiently regular smooth solutions in [2,
Cor. 3.7].

Proof of Theorem[4.4. Let (v,F,E) be an energy-variational solution according to Definition Choos-
ingp=0and¥ = Lyforo >0and y € ' (T x [0,T];R¥*?) in and multiplying the result-
ing inequality by & € R implies in the limit of o ™\ 0 that the weak formulation is fulfilled. On the
other hand, choosing ¢ = é¢ for ¢ >0 and ¢ € €1 (T x [0,T];R?) and ¥ = 0 and mulltiplying
the resulting inequality by &, we infer in the limit o ™\ O the inequality

ax| ' 0, aGF'Vd My &(v,F)—E]dr <0
_/Tdv.q)x‘o—i—/o /QV., — S () : VOt [Vl 3 s gova 6 (v F) ~ E or <

forall ¢ € €1(T¢ x [0,T];R?) and a.e. s < 1 € (0,T). Defining ¥ := % with

1: %7 =R (1,9) ::—/Tdv-d)dx‘(?—l—/oT/Qth(p—g—g(F):Vq)dxdt

as well as
M
piL'(OT:L(QRY) p(A) = Al gy [E— E(v )]

we may apply Lemma in order to infer that there exists | € L(0,7;L*(T¢;R4*%)) such that
(—R,A) <p(A) and (I, @) = (—R, @). With the definition of 1 and we find that

_/Tdv.(pdx)er/oT/gv.at _g_g(F);V(pdxdt+/0T/QV(p:i}{dxdt:O. (26)

Additionally, taking the supremum in A we observe that

IR0 ety < o [E(0) — E(v(2), ()]

Now, we want to construct the Young measure V via Lemma Therefore, we define g : RY x R4*4 —
R4 via g(s,S) := ‘;—g(S) as well as 7(s,S) = 3|s|> + G(S) and observe that 1 fulfills all require-
ments of Lemma thanks to Hypothesis The growth of 1 allows to identify with Q = T that
V = L2(T4;RY x R*9). We define W := L>(T;R?*?) and equip it with the norm with ||S||w =
M ||S||L2(Q;Rd><d). Since G : W — [0, o) is a convex lower semicontinuous function that is coercive, its
subdifferential, which coincides with the standard differential, which is g : W — W* = W is surjectiv.

Considering Hypothesis [4.1]it is a standard matter to verify that the bound (6) is fulfilled.
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Energy-variational structure in evolution equations 17

We apply Lemmanfor yo = (v,F),zo =R and xg = E — &(v, F). According to Lemmal2.2|there
existsa v € L. (0, T; LY (Q) x .4 (R x R¥?)) and a y € L. (0 T;.#*(Q)) such that

L= (ves, 1), (v(x,2),F(x,1)) = (Viy, (s,S)), and

g_;‘;(F(x’t)) —R(x,t) = (Vay, g—§>

a.e.in Q x (0,7T) as well as

m 1
&(v,F)+ MHERHLZ(Q;RM) +E—-&(v,F) = /Td <v, §|S|2 + G(S)> dx + /Td dy (x)

This inserted into implies the formulation (23a). The monotonicity of E, stemming from choosing
¢ =0 as wellas ¥ = 0 in (24b), then implies (23d).

This proves the first assertion of Theorem We note that due to the estimate on R, and its identi-
fication, we find that the estimate (25b) holds. Thus, (v, F, V) is a measure-valued solution according
to Definition

Let (v,F,V) be a measure-valued solution, where (23d) is replaced by: there exists E : [0,T] — R
non-increasing such that E(0) = &'(vg,Fy) and is fulfilled.

Due to the convexity of 17, we infer from Jensen’s inequality and that
E(t) > / (Varm)dr > / 1 ((Ver, A))dx = E(v(1),E(1)) forae.r€ (0,T).  (27)
T Q

Now, we subtract from E (1) — E(s) < 0 the two equations (23a) and (23b) and add as well as subtract

the term gg (F) such that

[E—/ v-(p—i—F:‘de} t
Td

JdG G
/ /’H‘d 8F ):Vo+v-V-¥— <8F (F)_<Vx,taﬁ>> : Vodxdt =0.

The estimate now implies the energy-variational inequality (24b). O

t
\ 8,(,0 +F . 8,‘dedf
Q

Proof of Proposition[4.5 We apply the abstract theorems from [2] in order to prove the existence and
weak-strong uniqueness of energy-variational solutions in the sense of Definition

Therefore, we consider the Banach space V given by V = Lz(Td;Rd X Rdx‘l) and the energy & :
V — Rvia &(v,F) := [1a 2[V|* + G(F) — G(Fpyin )dx, where Fpyiy is the unique minimizer of G. We
note that V is a reflexive Banach space and & is a strictly convex superlinear energy on V. We define
Y := €1 (Q;R? x R4*9) and the operator A : V — Y* via

(A(V,F),((p,‘P)>:/ng—§(F):V(p—i—v-V-‘de.

Moreover, we define the convex continuous regularity weight 1 Y — [0,00) via £ (¢, ¥) :=
MHV(pHLz Td;R?*d)- The convexity assumption (21) implies that the the mapping

V> (v,F) —» —(A(v,F),(¢,¥))+ .7 (¢,¥)&(v,F)
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is convex for every (@,¥) € Y, which is the main assumption in [2, Thm. 3.3]. Moreover, we compute
the subdifferential of the convex conjugate of the energy

95 (0.9 = pow) )

where G* denotes the convex conjugate of G as a function on RY*“. Since G € CK%R‘“") we infer
that DG* (W) € € (R¥*?;R?*4) . Via Fenchel's equivalence, we find

(A(DE* (9, W), (9,¥)) = (A(v,F),DE(V,F)) = /w g—(F;(F) v iv-v- 28 F)ax o

JdF

for all (@,¥) € Y, which implies (v,F) € Y such that the calculation becomes obvious with an
integration-by-parts. Thus, all assumptions of Theorem 3.3 in [2] are fulfilled such that there exists
an energy-variational solution in the sense of Definition [4.3 O

5 Polyconvex elastodynamics

Similar to the previous section, we consider the system

9%y

—=V-W(V 28

52 (Vy) (28)
with y : T¢ x [0,T] — R? being the displacement. In this section, we restrict ourselves to 3 dimen-
sions, i.e., we set d = 3. But W : R?*¢ — R¥*4 i not the gradient of a convex function anymore,
but the Piola—Kirchoff stress tensor. We assume that the S is the gradient of a function o : R4 4 R
where

6 (F) = G(F,cof F,detF),

and G: R xR xR > Risa strictly convex function in all its variables, i.e., F,cof F and detF
(cof F is the matrix of the cofactors of F).

According to an observation of Qin [31], solutions to fulfill the conservation laws

dv=V-S(F) in T % [0, 7] (29a)

oF = Vv in T % [0, 7] (290)

0, detF = V- ((cof F)Tv) in T % [0, 77, (29¢)
;(cof F) =V x (v x F) in T % [0, T7, (29d)
(v(0),F(0)) = (vo,Fo) in T (29e)

where we use the cross product for a vector matrix product, i.e., (a x A),-j = Zz,1:1 EixiarAyj fora €
R and A € R¥*? as well as (V x A)ij= Zﬁl:l €Oy Ay fora € R and A € €' (Q;R*?). such
that (V x (v X F))ij = Y&, —1 €jti19% (EimnVmFn1). Where € is the Levi-Cevita symbol introduced
in (3). These identities are derivable directly from the equation in (28). We may consider the
system in terms of new variables (v,F,Z,w) with Z = cof F and w = detF. The cofactor matrix cof F
and the determinant detF are given by
3]
(COfF)ia = Z EgijkgaﬁijﬁFk%
JikBry=1
| I 1
detF = c Y, &ijceup FioFpFiy = g(cofF)iaFia.
i7j?k?a7ﬁ7’y:1
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Energy-variational structure in evolution equations 19

An advantage of this formulation is that the enlarged system admits a strictly convex energy:
1
n:RIX R xR R n(v,F,Z,w) = §|V|2+G(F,Z,W).

For convenience, we define { : RY x R9*4 x R4*4 x RI*4 py

0G 4 9G oG
io (F,Z,w) = —— ——& i Eyp K cofF).  —,
where we used the formulas on derivatives of determinants and cofactor matrices,
ddetF
W = (COfF)l'a,
1104

d(cof F)q d

Top. L EikapiFiy-
iB ky=1

This leads to the equations of elastodynamics in form of the enlarged system

dv=V-S(F) inTY % [0,T],  (30a)
o, F = Vv in T¢ % [0,7], (30b)
dw ="V ((cof F)Tv) in T¢ % [0,7], (30c)
Z =V x (vxF) inT¢ % [0,T],  (30d)
(v(0),F(0),Z(0),w(0)) = (vo,Fo,cof Fy, det Fy) in T¢ . (30e)

Hypothesis 5.1. We assume the following convexity and growth assumptions on G, let p € (4,00)
and g, r € [2,0) be fixed

mGe(C’ (R3X3 x R33 xR; [0,00)) is a strictly convex function i.e., 3y > 0 such that D*G >
Y >0,

B G(F,Z,w) 2 c1|F|P + 2| Z]|7 + c3|w|" — ca,
B G(F,Z,w) < c(|[FIP +|Z]7+|w|"+1),

W |05G|7T +[02G|7 + 0,G|7F < C(|F|P+ |Z]7+ |w|" +1).

An example from [11] of a function satisfying Hypothesis 5.1|is G(F,Z,w) = a|F|® + [F|> + B|Z|* +
|Z|* +w? for a, B non-negative.

Definition 5.2 (Measure-valued solution). A measure-valued solution to with initial data
(vo, Vyo,cof Vyg,det Vyg) € L2(T9;RY) x LP (T4, R*?) x L4(T¢; RY*?) x L"(T%;R)
consists of a tuple
(v,F,Z,w) € L™ (o, T;12(T%RY) x LP (T4, R*?) 5 L9(T%; RY*4) x L’(Td;R)>
and a Young measure v = (Vx:t)x,terx(O,T)’ which is a family of probability measures, i.e.,
{Veen} € PRI R R X R), ae.inQx (0,T)

such that

DOI 10.20347/WIAS.PREPRINT.3185 Berlin 2025



R. Lasarzik 20

B the equations (29a) are fulfilled in a measure-valued sense

T T
/v0~1//dx+/ / v-8t1//dxdt:/ / v,C(s,S,R,F): Vy)deds,  (31a)
Td 0 Td 0 Td

T T
/Fo:‘de+/ / F:&’,‘dedt:/ / v-V.Wdx dt | (31b)
Td 0 Td 0 Td
T T
/ZO:‘Pd)H—/ / Z:8,‘I’dxdt=/ / (vxF):V x Wdr dr (310)
T 0 J1 0 Jra
T T
/ w0:¢dx+/ / w: oo dxdt:/ / (cof F)Tv-Vodx dr (31d)
Td 0 Td 0 Td

forall y € C, (’er x [O,T);Rd>, w el (’er x [O,T);Rdx‘l>, and ¢ € € (T x [0,T)).

B the compatibility conditions

/Tdv(t)-l[/dx:/ww,,s-l[/)dx /TdF(t) :de:Ad<vt,S:T>dx
/sz(t) :‘de:/Ed<v,,R:‘P>dx /wa(tmdx:/wwt,r@dx 1o

hold for all test functions y € C/ (']I‘d X (O,T);Rd> ,Yec! (']I‘d X (O,T);RdXd>, ¢ €€ (T x
[0,T)),anda.e.r € (0,T),

M it holds
(F,Z,w) = (F,cof F,detF) = ((v,S),cof(v,S),det(v,S)) (31f)

a.e.inT¢ x (0,T),

B there exists a non-negative Radon measure y € L. (0, T;.# *(T¢)) such that

/ / a[ V T]>dx—|—’}/[ dt+/ V(),Vy(),COny(),detVy())dxZO, (319)

for all non-negative functions 8 € C1([0,T)),

B there exists y € L=(0, T;WhP (T4 RY))nW12(0,T;L*(T¢;RY)) such that v = dyy and F =
Vy.

The dual pairings for the Young measure V is defined as

<V(x7t),g(x,t,S,S,R,l’)> = g(x,t,s,S,RJ)dv(m) (S,S,R,l")

/Rdx]RddeRdde]R

for all g € (T x [0,T] x RY  RI¥d o Rd*d R) fulfilling limyy) 4 7| e % = 0 for
a.e. (x,t) € T? x (0,T). We define the energy

& L2(TERY) WP (T RY) — R via £(v,y) = /d n(v,Vy,cof Vy,det Vy)dx
T

Definition 5.3 (Energy-variational solution). A tuple (y,E) is called an energy-variational solution
to (20), with initial data

(vo, Vyo,cof Vyg, det Vyo) € L*(T4;RY) x LP(T¢;R¥*?) x L9(T¢; R¥*) x L"(T;R)
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Energy-variational structure in evolution equations 21

y € Wh(0,T;:L*(TRY)) N L=(0, T; L7 (T4 R*Y) . E € BV([0,T)) (323)

with cof Vy € L=(0,T;L(T¢;R4*%)) as well as detVy € L=(0,T;L"(R)) such that E > & (v, F)
fora.e.r € [0,T] as well as

{E—/{rd&,ywp—i—Vy:‘P—i—cony:E—i—detqu)dx] ‘t
—|—/st /er 0y 0@+ Vy : d,F + cof Vy : 9,E + det Vyd; ¢pdxdt
— /st /}rd {(Vy,cofVy,detVy) : Vo + iy - V - Wdxdt
— /Sl /Td((?,y x Vy) : V x E+ (cof Vy)T 9,y - Vdxdr
—i—/stcHV(pHLp(Td;Rdxd) [€(dry,y) —E]dT <0 (32b)
fora.e. T >t > s > 0 including s = 0 with (d;y(0),y(0)) = (vo,¥o) in L*(T¢;RY) x WP (T?;R?)

and all (@, W, Z,9) € €' (T¢ x [0,T]|;R? x R x RI*4 x R).

Theorem 5.4. Let Hypothesis [5.1| be fulfilled. Let (y, E) be an energy-variational solution according
to Definition 5.3l

Then there exists a Young measure Vv such that (d;v,Vy,cof Vy,detVy, v) is a measure-valued
solution according to Definition 5.2

Let (v,F,Z,w, V) be a measure-valued solution, where (37c) is replaced by: there exists E : [0,T] —
R non-increasing such that E(0) = &(vo, Vyo) and

E(t) > /T (Vemdr forae.r€ (0.7). (33)
as well as
[{v,C(S,R,r)) — §(F,cof F,detF)||y. < c[E(t) —&(v(1),F(1))] (34)

fora.e.t € (0,T), where W := {A € LP(T¢;R4*9) | 3y € W'P(T¢;R?) such that Vy = A}.
Then (v,F,E) is an energy-variational solution according to Definition [5.3]

Remark 5.1. The existence of measure-valued solutions in the sense of Definition was proven
in [11] under the Hypothesis [6.1] the weak-strong uniqueenss was shown in [12].

The energy-variational formulation in the sense of Definition has the advantage, that no Young-
measures are needed to describe the solutions, but moreover the solution does not need the additional
variables Z and w. These are in the Definition[5.2|only needed within the Young-measure-valued terms

in (31a) and due to the identification (31).

Proof of Theorem[5.4. Let (y, E) be an energy-variational solution according to Definition We set
v = diy and F = Vy. We observe that the formulation is linear in the test functions ¥, =, as well
as ¢. As beforehand in the previous proofs, we can deduce that the weak formulations are
fulfilled with the identifications according to and (371).
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On the other hand, choosing ¢ = é({) foroo > 0 and ¢ € %I(Td X [O,T];Rd), ¥Y=0,=2=0,as
well as ¢ = 0 and multiplying the resulting inequality by &, we infer in the limit & ™\, 0 the inequality

T T
—/ v~¢dx’ +/ / v-0;¢ — {(F,cof F,detF) : Vdxdr (35)
Td 0o Jo Jrd
T
+ /0 VO o gva [6(v, F) — E] i < 0 (36)

forall ¢ € €' (T¢ x [0,T];R?) and a.e. s <t € (0,T). Defining ¥ = % = WhH1(0,T;W'P(T9))
with

T T
1: % —-R  (1,9):= —/ V-(de‘ —l—/ / v-0;¢ — {(F,cof F,detF) : Vodxdt
Td 0 0 J1d
as well as

T
p:L!O.TSLP (TR - [0,)  p(A)i=c [ [Allugocs) [E - (v F)lar,

we may apply Lemma [2.1|in order to infer that there exists R € L;;(0, T;LP/(Td;Rg’med)) such that
(—R,A) <p(A) and (I, ¢) = (=R, @). With the definition of 1 and taking the supremum in A , we
find that

_/Tdv.¢dx‘oT+/oT/Wv-at¢_g(F,cofF,detF):V¢dx+/0T/WV<p:d9%(x)=0 (37)

as well as [|93(2)||, Td Réxdy S € [E(t) — & (v(2),F(z))]. Now, we want to construct the Young mea-
sure V via Lemma Therefore, we define

g RIx R R* R — R4 via g(s,S,R,r) := {(S,R,R)
as well as
1
n:RIX R xR xR - R vian(s,S,R,r) = E\s\z—l—G(S,R,r)

and observe that 1) fulfills all requirements of Lemma [2.2] thanks to Hypothesis The growth of 1
allows to identify with Q@ = T that V = L?(T¢;RY) x LP(T¢;R¥*?) x L4(T4;R*?) x L"(T4;R).
We define

W= {A € LP(T4;R¥*?) | 3y € WP(T;R?) such that Vy = A}

and equip it with the norm [|S|lw = %HSHLz(Q.Rdxd). We want to show that { induces a surjective

mapping from V to W*. First, we show that the Nemytskii mapping induced by { is well defined.
Therefore, we observe

_r_ _r_

_p_

L8R sc(\j—i(s,m) s s k) s s v )
oG 119G "2 |96 =
§C<|S|p+'ﬁ(szar) +‘ﬁ(szar) +’E(SaR7r) )

<C(SP+[R[T+|r]"+1).
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This implies that ¢ induces a mapping  : V — W* that is well defined. Additionally, this implies that
the estimate (6) is fulfilled. Now, we want to show that this mapping is also surjective. Therefore, we
consider for every A € W the functional

Ga:W'P(Q) =R via Galy):= / G(Vy,cof Vy,detVy) ~ A : Vy.
T

This is a lower semicontinuous functional with p-growth according to Hypothesis[5.1] which guarantees
the existence of minimizers (cf. [32, Thm. 6.5]). Due to the regularity of G, we can derive the Euler—
Lagrange equations, which are given by

/d ¢(Vy,cof Vy,detVy) : Vo —A : Vodx =0 forall @ € WHP(T9).
T

Since, A was arbitrary, this guarantees the surjectivity of the mapping Vy — §(Vy, cof Vy,det Vy)
from Wl'fp(’JI‘d) onto W. This in turn also implies the surjectivity of the mapping C as a mapping from
V to W*. We note that the element A is uniquely defined in the product with all gradients V¢ €
LP (T R4 as it is curl-free due to the condition A € W.

We are now in the position to apply Lemmal[2.2Jfor yo = (v, F,Z,w) = (d;y, Vy,cof Vy,dety), zo = R
and xo = E — & (v, F). According to Lemma 2.2|there exists a

v e L2 (0,T;LN(T9) x . (RY x R x R x R)) and y € L (0,T;.4 " (T9))
such that

L= (ves, 1), (v(x,2),F(x,1),Z(x,t),w(x,1)) = (Vxs, (s,S,R,r)), ae.inQx(0,7)and
C(F(x,1),Z(x,t),r(x,1)) —R(x,t) = (Vyr, C(S,R,r)) inW*

a.e.in Qx (0,T) as well as

1 1
E@yY)+ Rl +E— 6@y = | <v,—|s|2+c<s,R,r>>dx+ | o).
C Td 2 Td

This inserted into implies the formulation (37g). The monotonicity of £, stemming from choosing
@ = 0as wellas ¥ = 0 in (32b), then implies (31g).

This proves the first assertion of Theorem We note that due to the estimate on R, and its identifi-
cation, we find that the estimate holds true.

Let (v,F,Z,w, V) be a measure-valued solution, where is replaced by: there exists E : [0,T] —
R non-increasing such that E(0) = &(vo,Fp) and as well as are fulfilled. First, we observe
that we may identify (v,F,Z,w) = (d,y, Vy, cof Vy,det Vy) according to and the last point of
Definition 5.2, We note that the function y could also be constructed by setting y := —(—A)~!(V -F)
in the weak sense, where (—A)’1 denotes the inverse of the Laplace operator on the torus given by
convolution with the appropriate Green'’s function. This is only unique, if the meany = [1.a y(x,)dx is
fixed, which should be fixed to ¥(¢) = ¥, +¥¢. From we can identify v = d;y in the weak sense.
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Due to the convexity of 7, we infer from Jensen’s inequality

E(l‘) 2/d<vx7,,n(s,S,R,r)>dx

N ((Vis, (s,S,R,r)))dx

v

d

) n(v(x,t),F(x,1),Z(x,t),w(x,t))dx (38)

n(v(x,t),F(x,1),cof F(x,),detF(x,z))dx

d

I
T~ 33

= ” N(dy(x,1), Vy(x,t),cof Vy(x,t),det Vy(x,¢))dx

=&(9y(1),y(1))

for a.e. t € (0,T) Now, we subtract from E(t) — E(s) < 0 the four equations (3Ta)—(31d) with
(v,F,Z,w) = (dy, Vy,cof Vy,det Vy) and add as well as subtract the term {(Vy,cof Vy,det Vy)
such that

N

{E—/Tdazy%p—l—Vy:‘P—i—cony:E—i—detqu)dx] ’
—1—/; /Td oy 0,0+ Vy: ¥+ cof Vy: d,E + det Vyd, ¢pdxdt
- /st /]I‘d {(Vy,cofVy,detVy) : Vo + iy - V - Wdxdt
— /St /Td((?,y X Vy) : V x E+ (cof Vy)T 9,y - Vodxdr
— [ [ 1€(9y.corVy,detVy) - (vos,£(8.R )] Vopnaz < 0

fora.e. T >t > s > 0. The estimate now implies the energy-variational inequality (32b). O

6 Ericksen-Leslie equations equipped with the Oseen-Frank en-
ergy

The Ericksen—Leslie equations describe the dynamics of nematic liquid crystals, a state of matter that
exhibits properties between conventional liquids and solid crystals. The system couples the momen-
tum balance equation for the velocity field v, which includes anisotropic effects, with a gradient flow
equation for the elastic energy associated with the director field d. The director field models the locally
preferred molecular alignment direction, representing either rod-like molecules suspended in a liquid
solvent or the intrinsic structure of the liquid crystal itself. This coupling is highly nonlinear, reflecting
the complex interplay between hydrodynamics and molecular orientation. Let v : Q x [0,T] — R4
denote the velocity of the fluid, p : Q x [0, 7] — R its pressure and d : Q x [0, T] — R the director
for d = 2,3. We consider the system governed by the equations

v+ (v-V)v+Vp+V.TE —v.TL =g V-v=0, (39a)
od+ (v-V)d— (VV)gud + (I —d®d)(A(VV)ymd +q) =0, d| =1 (39b)
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in Q x (0,7T), where we employ the initial conditions
v(0) =vp, d(0)=dgwith |dg| =1inQ
and boundary conditions
v=0, d=dpwith|dg|=10ndQx(0,7T).

The function q in system is the variational or Gateaux derivative of the free energy functional
F : R4« RY —5 R with respect to d via

_OF@Yd) _ (9F(d.Vd)
=7 avd

where F is called the Helmholtz free energy potential. Further the Ericksen stress tensor is defined as

0
TE = VdTmF(d, Vd),

and the Leslie stress tensor T is defined by

T =(p + A7) (d- (VV)gynd) (A ©) + Ha(V¥) sy

+ (uS + He — )Lz) (d ® (VV>Symd)sym
_)’[d®<1_d®d) 'q]sym_ [d®q]skw

with tg >0, s+ pg— A2 >0, py+A? >0 in order to ensure the dissipative character of the
model.

The Oseen—Frank energy is given by (see Leslie [29])

K K K K
F(d,Vd) := Tl(v.d)2 + 72(d~V xd)? + g\d XV xdf? + 74 (tr((Vd)?) — (V-d)?)
where K1, K>, K3, K4 > 0. The last term is uniquely determined by the prescribed boundary conditions
since it can be written as a boundary term via

/ (tr((V@)2) — (V-d)?) dv = / V. (Vdd—(V-d)d)dx = /a n- (Vdody — (V - do)do) dS.
Q Q Q

For simplicity, we want to consider the case of two different constants K; = K> < K3 and K4 = 0,
which is a reasonable assumption [9, Sec. 3.1.3.]. This energy can be reformulated using the norm
restriction, |d| = 1, to

K K —K
F(d,vd) = 71|Vd\2+¥

(d-V)d|*.
For this, we used several calculation rules:

(V-d)?>+(d-Vxd)?+|dx Vxd]?+tu(Va®) — (V-d)?
= tr(Vd?) + [d)?|V x d* = tr(Vd?) 4+ 2|(Vd) gew |

1
= tr(Vd?) + S (V- vah T (va—vd")) = t(vd'vd) = |Va|?,
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as well as
ld x (V xd)|? =4|(Vd)gwd|> = |(Vd —VdT)d|* = |(d-V)d—VdTd|> = |(d-V)d|?,

where we used the fact that 2Vd’ d = V|d|?> = 0 under the norm restriction, |d| = 1. For simplicity,
we set K| = K, = 1 and K3 — K| = k such that we infer

JdF JF

——(d,Vd) =Vd+k(d-V)d®d and ——(d,Vd)=k(Vd' Vd)d.
S5 (@ Vd) = Va+k(d-V)d©d and 5 (d,Vd) = k(Vd'Va)
The full system thus specifies to (39a) with

q=k(Vd"Vd)d—V-(Vd+k(d-V)d®d) and TE=Vd'Vd(I+kd®d). (40)

For this model, we can simplify the measure-valued solutions defined in [24].

Definition 6.1 (Measure-valued solutions). The tuple (v,d, Vv, U, k) consisting of the pair (v,d) of
velocity field v and director field d, the Young measure v and the defect measures (U, k) (see below)
is said to be a measure-valued solution to (39a) with initial values (vo,do)

W if
v e L*(0,T;L2) NLX(0,T;HY ) "W 2(0,T5 (Wgh)*) for p > 3,
de L0, T;H)YNnW'2(0,T;L"?),
v} C P(R>3), ae.inQx (0,T), (41)

{m} c AR aein(0,T),
{K} C.#T (R, a.e.in(0,T),

B and if
T
/ / Iv- @+ (v-VIv- 0 — (ver,STS(I + kd®d) : Vop)dxdt (42a)
0 JQ
T T T
—/ <,ut,V(p>dt+/ /TL:Vq)dxdt:/ (g, @)dr, (42b)
0 0 JQ 0
as well as
dd+ (v-V)d— (VV)gud + (I —d®@d)(A(VV)symd+q) =0 (42c)
almost everywhere in Q x (0,7') with
T T
/ / (Vas,k(STSd) - y)dxdr + / / (Vd+kVdd @d) : Viddr (42d)
0 JQ 0 JQ
T
[ @y -twa=o, 2

holds for all ¢ € €2°(Q x (0,T);R?) with V- @ =0 and v € €°(Q x (0,T);R?), respec-
tively,
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B the energy inequality

1 1 1 !
VIO )+ a1 . [ 2% (g
t
+ /0 [all (V¥)symllf2 + (115 + s = A*)[[(VV)symd|[72 + [|d x g f2] ds (43)
1 t
< (3ol + [ Flanvanr ) + [ el

is fulfilled for a.e. in (0,7") and a certain ¢ > 0,

B additionally, the norm restriction of the director holds, i.e., |[d(x,7)| = 1 for a.e. (x,) € Q X
(0,T), the Young measure of a linear function is the gradient of the director

/3 SV (dS) = Vd(x,1) forae. (x,1) € Qx(0,T), (44)
R~ ’

and the initial conditions (vo,dg) € L2 x H' shall be fulfilled in the weak sense and the bound-
ary conditions(v,d) = (0,d) on dQ in the sense of the trace. We remark that the trace is well

defined for the function d € L= (0, T:H! ), which is the expected value of the measure V.

The dual pairings is defined by

viat) = [ [ S d(x0),8) v (@S)x

for f € L'(0,T;%(Q) x €(R?*?)) such that limyg| e ‘];Sf[;"g) < oo, For the defect measure, we use
the usual dual pairing for continuous functions

(,u,,A>:/QA(x):dut(x) and (Kt,a):/ﬂa(x)-dlq(x)

for all A € €(;R¥*9) and a € €(Q;R?), where K is such that (x;,d) > 0. Note that this dual
product is well-defined by the embedding .2 (Q;RY) into (L=(€;RY))*. Meaning that there exists
an extension of K to a linear mapping on L“(Q;Rd) fulfilling this property.

Remark 6.1. The Definition differs significantly form the definitin of measure-valued solutions
in [24]. We simplified the definition here for the sake of readability into this more modern version.
The concentrations of the approximating sequence that are described by an concentration and a
concentration-angle measure in [24], are only represented by a defect measure here. There is an
additional defect measure in [24], which we include here in the defect measure L. Here we tried to
simplify the notion of these defect measures in order to keep the expression of the defects readable.

We define & : L2 x H! — [0,0) via &(v,d) := [q 3|v|*> + F(d, Vd)dx.

Definition 6.2 (Energy-variational solution). A triple (v,d,E) is called an energy-variational solution
to (39a) with initial values (vo,dy), if

veL>(0,T;L2) ﬁLZ(O,T;H(l)’G) nwh2(0,T; (Waﬁ)*) for p > 3,
deL”0,T;H )Y NnW"2(0,T;L"?)
E € BV([0,T))
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with E > &(v,d) fora.e.t € (0,T) and there exists a q € L. (0, T; H~1(Q) N.# (Q)) such that it
holds

{E—/Qv-(p—f—d-Cdx} ‘i+11/§2v-8t¢+d-8té+(v®v):V(p—I—VdTVd(I+kd®d):Vgodx
+[ (1 +2%)|d- (V¥)symdl|72 + 14| (VV)symlI 2 + (s + s — A7) | (VY)gymdI7 2] dT
+/t|]d><q||i2—/QTL:V(pdx+<g,(p—v>d‘c
/ / V-V)d — (V¥)sad + (T — 42 d)(A(V¥)symd + q)] - Cdxde
LK@NO‘4MVJV®dW+VMPHﬂ®®:WWMT

t
+/ 2(Ve +kd® (Vrpd+w))sym7_||L§(Q;Rdxd) [£(v,d) —E]dT < 0. (45)

for all @ € %1([0 T; 61 (QRY)) with V-9 =0in Q x (0,T), { € €1([0,T];L3(Q)), as well as
v e L'(0,T;¢(Q:R?)), and fora.e. 0 < s < < T including s = 0 with (v(0),d(0)) = (vo,do).

Here L("f(Q;]R%dXd) is the space of measurable essentially bounded functions from  to R*¢, where

we equip R¥*¢ with a norm | - |a that is equivalent to the usual spectral norm for d € L=(Q;S%71) via
2 1
|A|3 := max 1nf A—Ad®df3, +1d -Ad (46)

for A € R4 where | - |2 denotes the usual spectral norm. Via some elementary calculations, we
can identify the conjugate norm with respect to the Frobenius product, which is given by |A|(21* =

tr(A) + kd - Ad at least for symmetric positive semi-definite matrices A € ngfnd 4

Definition 6.3 (Dissipative weak solutions). A triple (v,d, E) is called an dissipative-weak solutions
with initial values (vo,dp), if
o 12 2 ey 1,2 . 2,p\ %
veL”(0,T;Lg)NL=(0,T;Hp o) "W (0,75 (Wy')") for p > 3,
deL”0,T;H )Y nWw"2(0,T;L"?)
E € BV([0,T))

and there exists a defect measure R € L. (0,T; (L™(L; ngxmd)) ) such that (R,a®a) > 0 for all
ac L=(Q;RY) and

T
/ / v+ (v-V)v)- @ — VAT Vd(I + kd @ d) : Vodxdr
0 JQ

; ; (47a)
_/0 (i)‘i,V(p(I+kd®d)>Lm(Q Ry ~ / TE : Vpdxdr = /0 (g, )dt,
forall @ € L*(0,T; € (Q;RY)) with V- @ = 0in Q@ x (0,T) as well as
dd+ (v-V)d— (VV)gpd + (I —dRd)(A(VV)gymd +q) =0 (47b)
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almost everywhere in Q x (0,7") with

T
/ / k(Vd"Vdd) - yax + / (Vd +kVdd ©d) : Vydrdr
0 JQ Q

T 7 (47c)
+k/ %,d@ oo (()-TRA X dl:/ 5 dt,
) ( V) (@R 0 (q,y)
forall { € L'(0,T;€" (©;R?)). Moreover, it holds that
t t
B[+ [ [+ 22)1a- (V¥) g+ e[ (Tl 2] 07
N s
‘ . (47d)
+ [ (b5 = A2 NP2 + 14 x a] e < [ (gov)ae
S S
for almost every 0 < s <t < T with
1
E(v(t),d(r)) + §<m(t),1+ kd® d>L°<,(Q Rixd) < <E(t) forae.r€(0,7T). (47e)

Theorem 6.4. The tuble (v,d, E) is an energy-variatonal solution according to Definition if and
only if it is a dissipative weak solution according to Definition

Let (v,d, E) be an energy-variatonal solution according to Definition [6.2|then there exists a measure-
valued solution in the sense of Definition

Proof of Theorem[6.4. Let (v,d,E) be an energy-variational solution in the sense of Definition (6.2).
Choosing (¢, y, &) = (0,0,0) in implies the inequality (47d).

Choosing (¢, v, ) = (0, éé,O) for o > 0 and £ € L?(0,T;L*(Q)) and multiplying the resulting
inequality by o as well as considering & \, 0, we infer the equation (470) tested with &, which is
equivalent to (47b).

Choosing (@, v, ) = (é@,o, éf) for o0 > 0and ¢ € L2(0,T;€" (;RY)) with V- ¢ = 0 in Q x
(0,T) as well as £ € L'(0,T;%" (©;R?)), and multiplying the resulting inequality by o as well as
considering & \, 0, we infer fort =T and s = 0,

<l? ((p? C))LZ(QT;%I (Q;Rd)) x L1 (OjT;(fl (Q;Rd))

T T
—/Qv-gbdx)o—i—/o /Qv.at<p+(v®v+VdTVd(1+kd®d)—TL):V@dx+(g,¢>dt

T T ~ o P2
+/O /Qk(Vd Vd)d-{+Vd(I+kd®d) : VEdx — (g, {)dr (48)

T ~
< / H(vmkd@(v(pu;))wm,, E— &(v,d)]dr

_/ C 7HL°° QRdXd)dt

with 1 € X*, where

Ly (Q:R4*4)

X = (L*(0,T; € (RY) x LY0,T; €1 (Q;RY)))* and Y =L'(0,T;L°(Q;R%x4))

sym

such that _ .
A:X—>Y and A(9,0)=(VP+kd® (VPd+{))sym-
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From (48), we infer that (,x) < p(A(x)) for all x € X with

T
piY =) via p() = [ 20em g aumgn [E—E ).

According to Lemma we infer that there exists SR € Y* such that (1,x)x = — (3R, A(x))y for
all x € X and —fg(% y)ydr < fOT2||(y) (Qrdxd) for all y € Y. We can identify Y* =

L‘CE*(O,T;(L”(Q Rg'))").

sym

Choosing y = —3¢(t)(I + kd @ d) with ¢ € €([0,T]), where ¢ > 0, we find

/()T¢%(9%,I+kd®d>ydt < /()T¢[E—g(v,d)]dt forall ¢ € €([0,T]) with ¢ > 0.

dxd
sym

This implies (47€). We note that we equipped R
which we observe |’I+kd®d||Lw(Q,Rd><d) — 1. Moreover, we observe that — f; (9R,y)ydr < 0 for
d \8=Bsym

ally € L'(0,T;L(; ngxrnd+)), which is nothing else than R € L. (0, T; (L*(€; ngxm‘i)) ). Since

an element x of the space X has two components such that x = (@, {), the equality (1, (¢,0))x =

(R, (9,0))y gives exactly and the equality (1, (0, {))x = (R, (0, §))y gives exactly (47c). This
proves the first direction of the equivalence.

with the special norm | - |4 defined above for

Now let (v,d, E) be a dissipative weak solution in the sense of Definition Choosing ¢ = X[,
in (47a) and adding multiplied by (s /¥ and integrated in space and time, we infer after an
integration by parts in time, that

t
[—/ v-p+d: l,tldx]
Q N

t
+//v-8,(p+d-8,l[/+(v®v):V(p+VdTVd(l+kd®d):V(pdxd‘L'

//TL Vpdx — (g, 0 — vdr+/ (Vo +kd® (Vod+§))sym,— >Lm(Q;Rd><d)dT
// v-V)d— (Vv)gwd+ (I —d®d)(A(VV)gymd +q)] - wdxdT < 0. (49)

Now we subtract this from and also subtract (7c) integrated only over the interval [s,7], we infer

[E—/ v-(p+d:l//dx]
Q

t
—i—//vﬂ;(p—i—d-&ﬂ[/—l—(v@v):V(p+VdTVd(1—|—kd®d):V(pdx
s JQ

t

N

t
+/S (1 +A2)[[d- (VV)symdl|72 + pall (V¥)symlI52 + (ks + ks — A) [ (V¥)gymd 7] dT
!
+/ / ||d><q||i2—TL:V(pdx—}—(g,(p—v)d”c
/ / / [(v-V)d — (V¥)swd + (T — A Q) (A(V¥)symd + q)] - yebxdT

—/ <q,C>—/Qk(VdTVd)d~<§+Vd(1+kd®d):Vcdxdr
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t
+ / (9, (Vo +kd® (VQd+ {))oym, ) - ey 4T < 0.

forall @ € €([0,T]; € (Q:RY)) with V-9 = 0in Q x (0,T), w € €([0,T];:L3/*(Q)), as well as
¢ e L'(0,T;6" (Q;R?)). The estimate via

<%, (Vq) + kd ® (V(Pd + C))Symv_>L°°(Q;Rd><d)
< ||%||(L§(Q;ngxmd))* (Vo +kd® (Vod +C))sym,— ||Lw(g)
< (6, a) ~ ]| (Vo + k48 (Vpd+ O)oym -0

now implies (45), where we used that ||9%||(L:(Q.Rdxd))* = RI+kd® d>Lm(Q,Rd><d). This follows
>Nsym >Sisym

from the derivation of the dual norm of | - |q below (46) This proves the second direction of the equiv-

alence.

Now we prove that the existence of a dissipative solution in the sense of Definition|6.3|implies the exis-

tence of a measure-valued solution in the sense of Definition[6.1} For the element R € (L*(Q; ]Rglyfnd))*
such that (JR,a®a) > 0 for all a € L=°(Q;R?), we apply the Yosida-Hewitt Decomposition [36]

in order to decompose R into a Radon measure R™# and a singular set function R*" such that

R = R™ + R with (R¥"€,¢) =0 for all ¢ € %(Q;ngﬁd). Moreover, applying the Radon—

Nikodym derivative to the regular part, we find that

demathrmR™8 (x) = B(x)dx+dR? (x) with B € L! (Q;Rfyfn‘g), and dx denoting the Lebesgue mea-

sure and R¢ a singular measure.

For the part that is absolutely continuous with respect to the Lebesgue-measure, we observe that
there exists a measure Vv such that

- / dve,, Vd(x,r) = / Sv..(dS),
Rdxd RY xd ’

Vd(x,1) Vd(x,r) +B(x,1) = /Rd

(50)
8T8V, (ds).

There are many possibilities to construct such a measure, a similar way as in Lemma would be

possible. We can also construct a normal distribution via

1
(2m) /2 det(B(x,1))

Ver(S) = B (—%(S—A(x,t)) : (B(x,t))_l(S—A(x,t))) as.

This is one possible choice fulfilling but there are many others. Moreover, we observe that
2(v,F(d,8)) = (v,STS: (I+kd®d)) = (VA Vd+B) : (I +kd®4d).

We consider the linear mapping § — k<9%Sig +R d® C>L°°(£2~]R"Xd) it is a linear continuous map-
»Dsym
ping on L' (0, T;%(Q;R?)) such that there exists a measure k € L. (0,T;.4 (Q;R?)) such that

sym

(RYE+ R d® £, quptea) = /Q {-x(dx) foral L eL!(0,T;¢(RY)).  (51)

) it is a linear continuous map-

Furthermore, the mapping A > <9%Sig + R (I +kd® d)A>Lw(Q.Rd><d
>gym

ping on L'(0, T; % (Q; R?*9)) such that there exists a measure € L. (0, T;.# (Q; RY*?)) such
that

(RS 4 |9, (I+kd®d)A>Lm(Q.Rdxd) = / A:p(dy) forallA e L'(0,T;€(R¥>9). (52
: Q

sym
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We note that these measures are singular, i.e., concentrated on a set of Lebesgue measure-zero in
Q. To see this, we refer to [15, Thm. lIl, 7.8], since JR% is a purely finitely additive set function and
24 is concentrated on a set of Lebesgue-measure zero. Using this definitions, we infer from the
formulation and from the formulation (42€), respectively.

Extending the linear function k and U to functionals on L () again, we infer that

(K,d) = (R + R d®d) = (@Rdxd) = 0and

sym

<I.L,I> _ <msig _1_9{(1’ (I+kd®d)>L°°(Q;R§y>,<nd) > 0.

This especially implies that there exists a ¢ > 0 such that

(1c,d) + (,I) < c(RVE+ R (I +kd@d)) 1 iy = c||RsiE 9 s meza) -

sym

From this, we infer

1
é"(v,d) + 5(%,1—‘[— kd® d>L°°(Q;RdXd)

sym

1 .
=3 /Q VP + (v, F(d, S))dx+ (R 4+ R, (14 kA d)) e

sym

>3 [ VP (v F@S))ar+ 5 (k) + 1)),

which implies that holds true such that the assertion is proven. O
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