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A stabilized finite element method for the Navier–Stokes/Darcy
coupled problem

Rodolfo Araya, Cristian Cárcamo, Abner H. Poza

Abstract

In this work, we propose, analyze, and numerically verify a new stabilized finite element
method for the Navier–Stokes/Darcy coupled problem, which models a fluid flowing through a
free medium into a porous medium. At the interface between both domains, we impose mass
conservation, the balance of normal forces, and the well-known Beavers–Joseph–Saffman con-
ditions [9]. The stabilization terms are defined using Galerkin’s least-squares stabilization for the
Navier–Stokes equation and Masud–Hughes stabilization [30] for the Darcy equation. This new
discrete scheme employs equal-order elements to approximate the velocity and pressure of the
fluid and generalizes the scheme recently analyzed for the linear case in [4]. The well-posedness
of the discrete problem is established via fixed-point theorems under small data conditions, and
we prove optimal error estimates in natural norms. Finally, we present numerical examples to
confirm the expected theoretical convergence orders in cases where a manufactured solution is
available, as well as to demonstrate the effectiveness of our scheme in a physical model with
varying permeability fields.

1 Introduction

In the past decade, the scientific community has shown increasing interest in studying the coupling
phenomena between fluids flowing from a free medium into a porous medium due to its applications in
various fields, such as medicine, geoscience, and industrial processes. For example, this phenomenon
is relevant to blood filtration through arterial walls [7], the design and construction of different types
of filters, and oil extraction processes in the industrial sector (for details, see [2, 22]). In geosciences,
it plays a crucial role in studying groundwater contamination caused by saline water or industrial and
domestic pollutants (see [31] and references therein), among other applications.

In this work, we consider a system based on the Navier–Stokes equations to describe the flow in one
part of the domain, where the fluid moves freely, and the Darcy equations to model the flow in the
porous medium. At the interface between these two media, we impose mass conservation, the bal-
ance of normal forces, and the well-known Beavers–Joseph–Saffman conditions [9, 28].
The purpose of this work is to propose and analyze a new stabilized finite element scheme in sub-
spaces of equal-order approximation, based on the stabilization method proposed by Hughes and
Masud in [30] for the Darcy equations and a Galerkin least-squares-type stabilization introduced by
Franca and Hughes in [23] for the Navier–Stokes equations. This new finite element method extends
the ideas recently proposed in [4] for the Stokes/Darcy coupled equations to the case where the fluid
dynamics in the free part of the domain exhibit nonlinear behavior.
The pioneering works in which this nonlinear coupled problem was analyzed are [26] and [7]. In the
first one, the coupled problem is reformulated, and using a Galerkin approximation, under small data
conditions and fixed-point theorems, the existence and uniqueness of weak solutions were proven.
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Furthermore, a discontinuous Galerkin method was proposed and analyzed. Almost simultaneously,
in [7], where the problem is presented as a nonlinear interface equation, the existence and unique-
ness of a solution were established in a closed convex set under a smallness condition on the normal
velocity across the interface between both domains. Additionally, three different iterative conforming
finite element schemes were proposed. Continuing with the first reference above, in [18], the authors
proposed a finite element scheme using continuous elements in the free fluid medium and discon-
tinuous elements in the porous medium while considering two different interface conditions for the
equilibrium of normal forces. In [12], a decoupled and linearized two-grid scheme was introduced, with
numerical analysis based on the existence of a nonsingular branch of solutions, similar to the case
of the Navier–Stokes equation (for details, see [3, 6, 25]). Using a mixed formulation of the coupled
problem, where the trace of the porous medium pressure is treated as a Lagrange multiplier, [20]
proposed a conforming finite element method. The well-posedness and convergence of this method
were established based on fixed-point theory, considering the Oseen/Darcy coupled problem as the
linearized model under small data conditions. In [13], an augmented mixed finite element scheme was
proposed and analyzed for the case where the viscosity of the free fluid is a nonlinear function. Using
fixed-point theory and results on monotone operators, the authors proved the existence and unique-
ness of continuous and discrete solutions under small data conditions, obtaining a priori estimates
for the different unknowns of interest in specific choices of discrete subspaces. More recently, in [14],
a hybridizable discontinuous Galerkin scheme for the coupled problem was presented and analyzed.
This method is strongly conservative, and optimal convergence rates were proven, with a velocity error
estimate independent of pressure and viscosity. Some extensions of this brief and incomplete list of
finite element schemes for the Navier–Stokes/Darcy coupled problem to the time-dependent case can
be found in [15, 16, 17].
In this work, we consider an augmented variational formulation of the continuous coupled problem and
propose a new stabilized finite element scheme. This scheme allows us to employ equal-order approx-
imation spaces, denoted by Pd

k ×Pk, for approximating velocities and pressures in the Navier–Stokes
and Darcy domains. The stability analysis is inspired by the techniques proposed in [20], which involve
rewriting the continuous and discrete problems as fixed-point equations, where the defined fixed-point
operator arises from the Oseen/Darcy coupled problem. Convergence results are proven for any poly-
nomial degree k using natural norms, and numerical examples confirm optimal convergence rates for
different degrees of approximation in two and three dimensions. To conclude, the proposed scheme
also demonstrates good performance and effectiveness in an example inspired by a physical model
from the literature (for details, see [14] and [26]).
We conclude this introduction by outlining the structure of the remainder of this paper. In Section 2, we
introduce the model problem, including various boundary conditions at the interface between the free
and porous domains, along with its augmented weak formulation. Additionally, we recall several classic
results from fixed-point theory and other preliminary results. The well-posedness analysis of the con-
tinuous problem is addressed in Sections 3 and 4, where we first define the linearized problem and
establish its properties, followed by the formulation of the fixed-point problem and various technical
results. In Section 5, we present the stabilized finite element method, and its well-posedness analy-
sis is obtained by extending the ideas from the continuous case. Section 6 develops an a priori error
analysis for this new scheme based on equal-order interpolation spaces, Pd

k × Pk. Finally, in Section
7, numerical results confirm the theoretical convergence rate and demonstrate the good performance
of our proposed scheme.
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2 Model Problem and preliminary results

Let Ω ⊂ Rd, d ∈ {2, 3}, be an open, bounded domain with a Lipschitz-continuous boundary
∂Ω. This domain is partitioned into two disjoint open subdomains ΩNS and ΩD, both with Lipschitz-
continuous boundaries, such that Ω = ΩNS ∪ ΩD. Here, ΩNS and ΩD represent the domains in the
free and porous media, respectively. The interface between these two media is given by Γ :=ΩNS ∩
ΩD, as shown in Figure 1. The remaining parts of the boundaries areΓNS := ∂ΩNS\Γ andΓD := ∂ΩD\Γ,
where ΓD is divided into ΓDir

D and ΓNeu
D , with ΓDir

D ∩ ΓNeu
D = ∅ and ΓDir

D ̸= ∅.

Figure 1: Representation of a possible computational domain Ω.

The Navier–Stokes/Darcy coupled problem consists of finding the velocities u := (uNS,uD) and the
pressures p := (pNS, pD) such that they satisfy the system of equations

(P )



−∇ · σ(uNS, pNS) + (∇uNS)uNS = fNS in ΩNS,
∇ · uNS = 0 in ΩNS,

uNS = 0 on ΓNS,
ν uD + κ∇pD = 0 in ΩD,

∇ · uD = gD in ΩD,
pD = 0 on ΓDir

D ,
uD · nD = 0 on ΓNeu

D ,

(2.1)

where σ(uNS, pNS) := 2ν ε(uNS)− pNS I is the stress rate tensor, I the identity matrix, ε(uNS) :=
1

2
(∇uNS +∇ut

NS) the deformation rate tensor, ν > 0 the viscosity of the fluid, κ > 0 the perme-

ability of the porous medium, andnD the outward unit normal vector onΓNeu
D . Here, fNS ∈ L2(ΩNS)

d

and gD ∈ L2(ΩD).

This problem is completed with mass conservation, equilibrium of normal forces, and the Beavers–
Joseph–Saffman condition on Γ (for details, see [9]):

uD · nD + uNS · nNS = 0,

−nNS · σ(uNS, pNS)nNS = pD, (2.2)

−nNS · σ(uNS, pNS) τ i =
αi

κ1/2
uNS · τ i, i = 1, . . . , d− 1,

where αi are non-dimensional positive constants, and τ i are the tangent vectors on Γ. In the sequel,
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we will use the following Hilbert spaces:

HNS :=
{
v ∈ H1(ΩNS)

d : v = 0 on ΓNS

}
, and HD :=L2(ΩD)

d,

QNS :=L2(ΩNS), and QD :=
{
q ∈ H1(ΩD) : q = 0 on ΓDir

D

}
,

H :=HNS ×HD, and Q :=QNS ×QD.

A mixed variational formulation of problem (2.1)–(2.2) can be written as: Find (u, pD, pNS) ∈ H ×
QD ×QNS such that

AuNS
(u, pD;v, qD) +B(v, qD; pNS) = F̃ (v, qD), (2.3)

B(u, pD; qNS) = 0, (2.4)

for all (v, qD, qNS) ∈ H × QD × QNS , where given wNS ∈ HNS , AwNS
: (H × QD) × (H ×

QD) −→ R is the form defined by

AwNS
(u, pD;v, qD) := 2νκ (ε(uNS), ε(vNS))ΩNS

+ κ ((∇uNS)wNS,vNS)ΩNS
+ κ (pD,vNS · nNS)Γ

+ κ1/2
d−1∑
i=1

αi(uNS · τ i,vNS · τ i)Γ + ν (uD,vD)ΩD
+ κ (∇pD,vD)ΩD

− κ (uD,∇qD)ΩD

− κ (uNS · nNS, qD)Γ +
1

2ν
(ν uD + κ∇pD,−ν vD + κ∇qD)ΩD

,

for all (u, pD), (v, qD) ∈ H ×QD, and B : (H ×QD)×QNS −→ R is the form defined by

B(v, qD; pNS) := − κ (pNS,∇ · vNS)ΩNS
,

for all (v, qD) ∈ H ×QD and pNS ∈ QNS . Moreover, F̃ : H ×QD −→ R is the linear functional
given by

F̃ (v, qD) :=κ(fNS,vNS)ΩNS
+ κ(gD, qD)ΩD

,

for all (v, q) ∈ H ×Q. The following results will be needed throughout the paper.

Lemma 1. There exists a positive constant CKorn, such that

CKorn ∥vNS∥1,ΩNS
≤ ∥ε(vNS)∥0,ΩNS

≤ ∥vNS∥1,ΩNS
,

for all vNS ∈ HNS .

Proof. See [19, Theorem 1.2-2].

We will also make use of the trace inequality (see [21, Theorem B.52]),

∥v∥1/2,∂ΩNS
≤ Ctr∥v∥1,ΩNS

∀v ∈ H1(ΩNS)
d, (2.5)

whereCtr is a positive constant, and that the injections ofH1/2(∂ΩNS)
d intoL4(∂ΩNS)

d andH1(ΩNS)
d

into L4(ΩNS)
d, are continuous (see [20, 25]), i.e., there exist positive constants CiS and Cq, such that

∥v∥0,4,∂ΩNS
≤CiS∥v∥1/2,∂ΩNS

∀v ∈ H1/2(∂ΩNS)
d, (2.6)

∥v∥0,4,ΩNS
≤Cq∥v∥1,ΩNS

∀v ∈ H1(ΩNS)
d. (2.7)

Also, we need to recall the following identity:

((∇u)α,v)ΩNS
= −(u, (∇v)α)ΩNS

− ((∇ ·α)u,v)ΩNS
+ ((α · n)u,v)∂ΩNS

, (2.8)

which is valid for all u,α,v ∈ H1(ΩNS)
d. Additionally, let us recall some classical fixed point results.
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Theorem 2 (Banach). Let (X, d) be a complete metric space and f : X → X be a contractive
operator, i.e. there exists λ ∈ (0, 1) such that d(f(x), f(y)) ≤ λ d(x, y) for any x, y ∈ X . Then, f
has a unique fixed point.

Proof. See [8].

Theorem 3 (Schauder). Let W be a closed and convex subset of a Banach space X and let f :
W → W be a continuous function such that f(W ) is compact. Then f has at least one fixed point.

Proof. See [34].

Theorem 4 (Brouwer). Let W be a compact and convex subset of a finite-dimensional Banach space
V , and let f : W → W a continuous function. Then f has at least one fixed point.

Proof. See [11].

Throughout this paper C and Ci, i > 0, will denote positive constants independent of the mesh size
h, but who may depend on the physical parameters of the equation.

In Section 4, we will study the existence and uniqueness of the solution of variational problem (2.3)-
(2.4), using Schauder’s and Banach’s fixed point theorems (see theorems 3 and 2) and the arguments
introduced in [20]. To this end, we first study, in the next section, a linearized version of problem (P).

3 The linearized coupled problem

To analyze the well-posedness of (2.3)–(2.4), we consider the mixed formulation of the Oseen-Darcy
coupled problem: GivenwNS ∈ HNS , with∇·wNS = 0 inΩNS , find (u, pD, pNS) ∈ H×QD×QNS

such that

AwNS
(u, pD;v, qD) +B(v, qD; pNS) = F̃ (v, qD), (3.9)

B(u, pD; qNS) = 0, (3.10)

for all (v, qD, qNS) ∈ H ×QD ×QNS .

3.1 Well-posedness of the linearized coupled problem

The following two results allow us to guarantee that the linearized problem is well-posed and that we
have a continuous dependency result.

Lemma 5. There exists a positive constant βc, independent of κ and ν, such that

sup
(v,qD)∈H×QD

B(v, qD; qNS){
νκ ∥vNS∥21,ΩNS

+ ν ∥vD∥20,ΩD
+
κ2

ν
|qD|21,ΩD

}1/2
≥ βc

√
κ

ν
∥qNS∥0,ΩNS

for all qNS ∈ QNS .
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Proof. The result is a simple consequence of [33, Proposition 5.3.2].

Lemma 6. Let wNS ∈ HNS with ∇ ·wNS = 0 in ΩNS satisfying

∥wNS · nNS∥0,Γ ≤ 2 ν C2
Korn

C2
iSC

2
tr

.

Then, there exists a positive constant Ccoer, independent of ν and κ, such that

AwNS
(v, qD;v, qD) ≥ Ccoer

{
νκ ∥vNS∥21,ΩNS

+ ν ∥vD∥20,ΩD
+
κ2

ν
|qD|21,ΩD

}
, (3.11)

for all (v, qD) ∈ H ×QD.

Proof. Let (v, qD) ∈ H ×QD and wNS ∈ HNS that satisfies the previous hypothesis. Then, using
the Cauchy-Schwarz and Korn inequalities, and the identity (2.8), we have

AwNS
(v, qD;v, qD)

≥ 2νκ ∥ε(vNS)∥20,ΩNS
+
ν

2
∥vD∥20,ΩD

+
κ2

2ν
|qD|21,ΩD

+
κ

2

∫
Γ

(wNS · nNS)|vNS|2

≥ 2νκC2
Korn ∥vNS∥21,ΩNS

+
ν

2
∥vD∥20,ΩD

+
κ2

2ν
|qD|21,ΩD

− κ

2

∣∣∣∣∫
Γ

(wNS · nNS)|vNS|2
∣∣∣∣ . (3.12)

Now, from Hölder’s inequality, (2.6), and (2.5), it follows that

κ

2

∣∣∣∣∫
Γ

(wNS · nNS)|vNS|2
∣∣∣∣ ≤ κC2

iS

2
∥wNS · nNS∥0,Γ∥vNS∥21/2,∂ΩNS

≤ κC2
trC

2
iS

2
∥wNS · nNS∥0,Γ∥vNS∥21,ΩNS

. (3.13)

Thus, from (3.12) and (3.13), we have

AwNS
(v, qD;v, qD) ≥

(
2νκC2

Korn −
κC2

trC
2
iS

2
∥wNS · nNS∥0,Γ

)
∥vNS∥21,ΩNS

+
ν

2
∥vD∥20,ΩD

+
κ2

2ν
|qD|21,ΩD

(3.14)

≥Ccoer

{
νκ ∥vNS∥21,ΩNS

+ ν ∥vD∥20,ΩD
+
κ2

ν
|qD|21,ΩD

}
,

where Ccoer := min
{
C2

Korn,
1
2

}
, which completes the proof.

In the sequel, we will use the following norm defined on the product space H ×Q,

∥(w, r)∥ :=
{
νκ ∥wNS∥21,ΩNS

+ κ ∥rNS∥20,ΩNS
+ ν ∥wD∥20,ΩD

+
κ2

ν
|rD|21,ΩD

}1/2

, (3.15)

for all (w, r) ∈ H ×Q.

Theorem 7. Assume the hypothesis of Lemma 6. Then, problem (3.9)–(3.10) has a unique solution
(u, pD, pNS) ∈ H ×QD ×QNS , and there exists a positive constant Cdc such that

∥(u, p)∥ ≤ Cdc

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
. (3.16)

Proof. The proof follows directly from Lemmas 5, 6, and the Babuška–Brezzi theory.
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4 The nonlinear continuous problem

As mentioned previously, the purpose of this section is to prove an existence and uniqueness result for
the solution of problem (2.3)–(2.4). To achieve this, as is common, we will express (u, p) ∈ H × Q
as the solution of a fixed-point problem (for similar approaches, see, for example, [5, 20]).

Specifically, we introduce the operator T : H × Q −→ H × Q, defined for all (w, r) ∈ H × Q,
with ∇ ·wNS = 0 in ΩNS , as

T (w, r) = (ū, p̄),

where (ū, p̄) ∈ H ×Q is the unique solution of the linear problem

AwNS
(ū, p̄D;v, qD) +B(v, qD; p̄NS) = F̃ (v, qD), (4.17)

B(ū, p̄D; qNS) = 0, (4.18)

for all (v, q) ∈ H × Q. In this way, problem (2.3)–(2.4) can be rewritten as follows: Find (u, p) ∈
H ×Q such that

T (u, p) = (u, p). (4.19)

In the sequel, we will establish several technical results necessary for applying fixed-point existence
and uniqueness theorems. To this end, we assume that the data satisfy

Cdc {∥fNS∥0,ΩNS
+ ∥gD∥0,ΩD

} ≤ 2ν3/2
√
κC2

Korn

C3
trC

2
iS

. (4.20)

Lemma 8. Let X be the closed and convex subset of H ×Q defined by

X :=

{
(v, q) ∈ H×Q : ∇·vNS = 0 in ΩNS and ∥(v, q)∥ ≤ Cdc {∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD
}

}
.

Then, T (X) ⊆ X.

Proof. Given (w, r) ∈ X , by (2.5) and (4.20), we obtain

∥wNS · nNS∥0,Γ ≤ Ctr ∥wNS∥1,ΩNS
≤ Ctr√

νκ
Cdc {∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD
} ≤ 2 ν C2

Korn

C2
iSC

2
tr

.

(4.21)
Thus, the hypothesis of Lemma 6 holds. Next, by Theorem 7, there exists a unique solution (u, p) ∈
H ×Q satisfying

∥(u, p)∥ ≤ Cdc

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
.

Therefore,

∥T (w, r)∥ = ∥(u, p)∥ ≤ Cdc

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
.

This completes the proof.

Lemma 9. There is a positive constant C1 such that

∥T (w, q)− T (w̃, q̃)∥ ≤ C1 ∥T (w̃, q̃)∥∥wNS − w̃NS∥0,4,ΩNS
∀(w, q), (w̃, q̃) ∈ X.

DOI 10.20347/WIAS.PREPRINT.3183 Berlin 2025
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Proof. Let (w, q), (w̃, q̃) ∈ X , and define (u, p) :=T (w, q) and (ũ, p̃) :=T (w̃, q̃). From the
definition of the operator T , it is clear that

AwNS
(u, pD;v, qD)− Aw̃NS

(ũ, p̃D;v, qD) +B(v, qD; pNS − p̃NS) = 0 ∀(v, qD) ∈ H ×QD,
(4.22)

B(u− ũ, pD − p̃D; qNS) = 0 ∀qNS ∈ QNS.
(4.23)

Setting (v, qD) = (u− ũ, pD − p̃D) in (4.22) and using (4.23), we conclude that

AwNS
(u, pD;u− ũ, pD − p̃D)− Aw̃NS

(ũ, p̃D;u− ũ, pD − p̃D) = 0.

Rewriting the above, it follows that

2νκ ∥ε(uNS − ũNS)∥20,ΩNS
+ κ ((∇uNS)wNS − (∇ũNS)w̃NS,uNS − ũNS)ΩNS

+ κ1/2
d−1∑
i=1

αi∥(uNS − ũNS) · τ i∥20,Γ +
ν

2
∥uD − ũD∥20,ΩD

+
κ2

2ν
|pD − p̃D|21,ΩD

= 0.

Thus, we deduce that

AwNS
(u− ũ, pD − p̃D;u− ũ, pD − p̃D)

= 2νκ ∥ε(uNS − ũNS)∥20,ΩNS
+ κ (∇(uNS − ũNS)wNS,uNS − ũNS)ΩNS

+ κ1/2
d−1∑
i=1

αi∥(uNS − ũNS) · τ i∥20,Γ +
ν

2
∥uD − ũD∥20,ΩD

+
κ2

2ν
|pD − p̃D|21,ΩD

=κ ((∇ũNS)(w̃NS −wNS),uNS − ũNS)ΩNS
. (4.24)

Since wNS satisfies the hypothesis of Lemma 6, applying (2.7), (3.11), and (4.24), along with Hölder’s
and Young’s inequalities (the latter with γ > 0), we obtain that there exists a positive constantC2 such
that

νκ ∥uNS−ũNS∥21,ΩNS
+ν ∥uD−ũD∥20,ΩD

+
κ2

ν
|pD−p̃D|21,ΩD

≤ C2 ∥ũNS∥21,ΩNS
∥wNS−w̃NS∥20,4,ΩNS

.

(4.25)
In fact, using these arguments, we obtain

νκ ∥uNS − ũNS∥21,ΩNS
+ ν ∥uD − ũD∥20,ΩD

+
κ2

ν
|pD − p̃D|21,ΩD

≤ 1

Ccoer

AwNS
(u− ũ, pD − p̃D;u− ũ, pD − p̃D)

=
κ

Ccoer

((∇ũNS)(w̃NS −wNS),uNS − ũNS)ΩNS

≤ κ

Ccoer

∥ũNS∥1,ΩNS
∥wNS − w̃NS∥0,4,ΩNS

∥uNS − ũNS∥0,4,ΩNS

≤ Cqκ

Ccoer

∥ũNS∥1,ΩNS
∥wNS − w̃NS∥0,4,ΩNS

∥uNS − ũNS∥1,ΩNS

≤
C2

qκ
2

2C2
coerγ

∥ũNS∥21,ΩNS
∥wNS − w̃NS∥20,4,ΩNS

+
γ

2
∥uNS − ũNS∥21,ΩNS

,

DOI 10.20347/WIAS.PREPRINT.3183 Berlin 2025
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where we take γ = νκ to obtain (4.25).
On the other hand, from (4.22), by applying the trace inequality (2.5) and Hölder’s inequality, together
with (2.7), (4.21), and (4.25), we obtain

B(v, qD; pNS − p̃NS)

≤C

{
νκ ∥ε(ũNS − uNS)∥0,ΩNS

∥ε(vNS)∥0,ΩNS
+ κ1/2 ∥ũNS − uNS∥1,ΩNS

∥vNS∥1,ΩNS

+ κ |p̃D − pD|1,ΩD
∥vNS∥1,ΩNS

+ ν ∥ũD − uD∥0,ΩD
∥vD∥0,ΩD

+ κ |p̃D − pD|1,ΩD
∥vD∥0,ΩD

+ κ ∥ũD − uD∥0,ΩD
|qD|1,ΩD

+ κ ∥ũNS − uNS∥1,ΩNS
|qD|1,ΩD

+
κ2

ν
|p̃D − pD|1,ΩD

|qD|1,ΩD

+ κ |uNS − ũNS |1,ΩNS
∥wNS∥0,4,ΩNS

∥vNS∥0,4,ΩNS
+ κ ∥ũNS∥1,ΩNS

∥wNS − w̃NS∥0,4,ΩNS
∥vNS∥0,4,ΩNS

}

≤C3

{
νκ ∥uNS − ũNS∥21,ΩNS

+ ν ∥uD − ũD∥20,ΩD
+
κ2

ν
|pD − p̃D|21,ΩD

+ νκ ∥uNS − ũNS∥21,ΩNS
∥wNS∥20,4,ΩNS

+ ∥ũNS∥21,ΩNS
∥wNS − w̃NS∥20,4,ΩNS

}1/2

×

{
νκ ∥vNS∥21,ΩNS

+ ν ∥vD∥20,ΩD
+
κ2

ν
|qD|21,ΩD

}1/2

≤C4 ∥ũNS∥1,ΩNS
∥wNS − w̃NS∥0,4,ΩNS

{
νκ ∥vNS∥21,ΩNS

+ ν ∥vD∥20,ΩD
+
κ2

ν
|qD|21,ΩD

}1/2

.

(4.26)

Finally, from the definition of the norm ∥(·, ·)∥ (cf. (3.15)), and using (4.25), (4.26), and Lemma 5, the
proof follows.

The following results allow us to ensure the existence and uniqueness of a fixed point (u, p) ∈ X for
the operator T .

Lemma 10. Assume that the data fNS ∈ L2(ΩNS)
d and gD ∈ L2(ΩD) satisfy the condition (4.20).

Then, the mixed variational formulation (2.3)–(2.4) has at least one solution (u, p) ∈ H ×Q.

Proof. From Lemmas 8 and 9, and using the fact that the Sobolev embeddingH1(ΩNS)
c
↪−→ L4(ΩNS)

is compact, we deduce that T : X −→ X is continuous. On the other hand, let {φn}n∈N be a
sequence in X , which is clearly a bounded sequence in H × Q. Then, there exists a subsequence
{φnk

}k∈N of {φn}n∈N and an element φ ∈ H×Q such that φnk

w−→ φ. We proceed by defining φNS
nk

and φNS
n as the first component of φnk

and φn, respectively. Due to the uniqueness of the weak limit,

we obtain that φNS
nk

w−→ φNS . Now, using again the compact embedding H1(ΩNS)
c
↪−→ L4(ΩNS), we

conclude that φNS
nk

−→ φNS in L4(ΩNS). Thus, by applying Lemma 9, we deduce that T (φnk
) −→

T (φ), which proves that T (X) is compact. Applying Schauder’s fixed point theorem (see Theorem
3), we obtain the existence of a solution (u, p) ∈ H ×Q for (2.3)–(2.4).

Theorem 11. Assume that the data fNS ∈ L2(ΩNS)
d and gD ∈ L2(ΩD) satisfy the condition

∥fNS∥0,ΩNS
+ ∥gD∥0,ΩD

<

√
νκ

Cdc

min

{
2 ν C2

Korn

C2
iSC

3
tr

,
1

CqC1

}
. (4.27)
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Then, the mixed variational formulation (2.3)–(2.4) has a unique solution (u, p) ∈ H×Q and satisfies
the estimate

∥(u, p)∥ ≤ Cdc {∥fNS∥0,ΩNS
+ ∥gD∥0,ΩD

} . (4.28)

Proof. The main idea of the proof is to verify the hypotheses of Banach’s fixed-point theorem. Since
X is a Banach space and T (X) ⊆ X , it remains to prove that T is a contraction. In fact, as the
inclusion of H1(ΩNS)

d into L4(ΩNS)
d is continuous, from Lemma 9 and condition (4.27), we obtain

∥T (w, q)− T (w̃, q̃)∥ ≤ C1 ∥T (w̃, q̃)∥∥wNS − w̃NS∥0,4,ΩNS

≤ CqC1 ∥T (w̃, q̃)∥∥wNS − w̃NS∥1,ΩNS

≤ CdcCqC1

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
∥wNS − w̃NS∥1,ΩNS

≤ CdcCqC1√
νκ

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
∥(w, q)− (w̃, q̃)∥,

which completes the proof.

5 A stabilized finite element method

From now on, we denote by
{
T NS
h

}
h>0

and
{
T D
h

}
h>0

two regular families of triangulations of Ω̄NS

and Ω̄D, respectively, composed of simplices that match at the interface Γ. For a triangulation T NS
h

or T D
h , we denote by K the elements of the triangulation and by ENS

h the set of all edges (faces) of
T NS
h , with the decomposition

ENS
h := EΩNS

∪ EDir
NS ∪ EΓh

,

where EΩNS
stands for the edges (faces) lying in the interior of ΩNS , EDir

NS stands for the edges (faces)
on the boundary ΓNS , and EΓh

stands for the edges (faces) on the boundary Γ.

Similarly, we denote by ED
h the set of all edges (faces) of T D

h , with the decomposition

ED
h := EΩD

∪ ENeu

D ∪ EDir
D ∪ EΓh

,

where EΩD
stands for the edges (faces) lying in the interior of ΩD, ENeu

D and EDir
D stand for the edges

(faces) on the boundaries ΓNeu
D and ΓDir

D , respectively. As usual, we denote hK as the diameter of K ,
h := max

K∈T NS
h ∪T D

h

hK , and hF := |F | for F ∈ ENS
h ∪ ED

h . Finally, for each K ∈ T NS
h ∪ T D

h and

F ∈ ENS
h ∪ ED

h , we define N (K) as the set of nodes of K , N (F ) as the set of nodes of F .

Additionally, we introduce the following neighborhoods:

ω̃NS
K :=

⋃
N (K)∩N (K

′
) ̸=∅

K′∈T NS
h

K ′, ω̃D
K :=

⋃
N (K)∩N (K

′
)̸=∅

K′∈T D
h

K ′.

We introduce the following finite element subspaces of HNS , HD, QNS , and QD, respectively:

HNS
h :=

{
v ∈ C(ΩNS)

d : v|K ∈ Pk(K)d, ∀K ∈ T NS
h

}
∩HNS,

HD
h :=

{
v ∈ C(ΩD)

d : v|K ∈ Pk(K)d, ∀K ∈ T D
h

}
,

QNS
h :=

{
q ∈ C(ΩNS) : q|K ∈ Pk(K), ∀K ∈ T NS

h

}
,

QD
h :=

{
q ∈ C(ΩD) : q|K ∈ Pk(K), ∀K ∈ T D

h

}
∩QD,
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where k ≥ 1, and Pk denotes the space of polynomials of total degree less than or equal to k.

We define the global spaces:

Hh :=HNS
h ×HD

h , Qh :=QNS
h ×QD

h .

Let uh := (uh,NS,uh,D) ∈ Hh and ph := (ph,NS, ph,D) ∈ Qh. We consider the following discrete
stabilized scheme: Find (uh, ph) ∈ Hh ×Qh such that

Auh,NS
(uh, ph;vh, qh) = Fuh,NS

(vh, qh), (5.29)

for all (vh, qh) ∈ Hh × Qh, where for a given wh,NS ∈ HNS
h , the bilinear form Awh,NS

: (Hh ×
Qh)× (Hh ×Qh) −→ R is defined as

Awh,NS
(uh, ph;vh, qh) := 2νκ (ε(uh,NS), ε(vh,NS))ΩNS

+ κ ((∇uh,NS)wh,NS,vh,NS)ΩNS

+
κ

2
((∇ ·wh,NS)uh,NS,vh,NS)ΩNS

− κ (ph,NS,∇ · vh,NS)ΩNS
+ κ (qh,NS,∇ · uh,NS)ΩNS

+ κ1/2
d−1∑
i=1

αi(uh,NS · τ i,vh,NS · τ i)Γ + κ (ph,D,vh,NS · nNS)Γ

+ ν (uh,D,vh,D)ΩD
+ κ (∇ph,D,vh,D)ΩD

− κ (uh,D,∇qh,D)ΩD
− κ (uh,NS · nNS, qh,D)Γ

+
1

2ν
(ν uh,D + κ∇ph,D,−ν vh,D + κ∇qh,D)ΩD

+ κβ
∑

K∈T NS
h

h2K
ν

(
− 2ν∇ · ε(uh,NS)

+(∇uh,NS)wh,NS +∇ph,NS, 2ν∇ · ε(vh,NS) + (∇vh,NS)wh,NS +∇qh,NS

)
K

. (5.30)

for all (uh, ph), (vh, qh) ∈ Hh ×Qh.

Similarly, the linear form Fwh,NS
: Hh ×Qh −→ R is given by

Fwh,NS
(vh, qh) :=κ(fNS,vh,NS)ΩNS

+ κ(gD, qh,D)ΩD

+ κβ
∑

K∈T NS
h

h2K
ν

(
fNS, 2ν∇ · ε(vh,NS) + (∇vh,NS)wh,NS +∇qh,NS

)
K

.

(5.31)

for all (vh, qh) ∈ Hh ×Qh, where β is a positive constant. Moreover, it is known that there exists a
positive constant CI , independent of h, such that

CI

∑
K∈T NS

h

h2K ∥∇ · ε(vh,NS)∥20,K ≤ ∥ε(vh,NS)∥20,ΩNS
, ∀vh,NS ∈ HNS

h . (5.32)

In the rest of this work, we define the following mesh-dependent norm over Hh ×Qh:

|||(vh, qh)|||h :=

νκ ∥vh,NS∥21,ΩNS
+ κ ∥qh,NS∥20,ΩNS

+ κβ
∑

K∈T NS
h

h2K
ν

|qh,NS|21,K

+ν ∥vh,D∥20,ΩD
+
κ2

ν
|qh,D|21,ΩD

}1/2

,

(5.33)

for all (vh, qh) ∈ Hh ×Qh.

Moreover, we will use the following standard results:
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Lemma 12. There exist positive constants C̃ , Cinf , and Cinv, independent of h, such that

∥vh,NS∥l,p,K ≤ C̃ h
m−l+d(1/p−1/q)
K ∥vh,NS∥m,q,K , (5.34)

∥vh,NS∥∞,K ≤ Cinf h
−1/2
K |vh,NS|1,ΩNS

, (5.35)

hK |vh,NS|1,K ≤ Cinv ∥vh,NS∥0,K , (5.36)

for all vh,NS ∈ HNS
h , where 0 ≤ m ≤ l and 1 ≤ p, q ≤ ∞.

Proof. See [21, Lemma 1.138].

5.1 Well-posedness of the discrete linearized scheme

The purpose of this section is to prove an existence and uniqueness result for a solution of problem
(5.29). To this end, as we did in the continuous case, we will write (uh, ph) ∈ Hh ×Qh as a solution
of a fixed-point problem.

In fact, we introduce the operator Th : Hh×Qh −→ Hh×Qh, such that for all (wh, rh) ∈ Hh×Qh,
we define

Th(wh, rh) = (ūh, p̄h),

where (ūh, p̄h) ∈ Hh ×Qh is the unique solution of the linear problem (see Theorem 16 below)

Awh,NS
(ūh, p̄h;vh, qh) = Fwh,NS

(vh, qh) ∀(vh, qh) ∈ Hh ×Qh. (5.37)

In this way, the discrete problem (5.29) can be written as follows: Find (uh, ph) ∈ Hh × Qh such
that

Th(uh, ph) = (uh, ph). (5.38)

As in the continuous case, the following preliminary results will allow us to prove that the discrete
operator Th has a unique fixed point.

Lemma 13. Assume that wh,NS ∈ HNS
h satisfies

∥wh,NS · nNS∥0,Γ ≤ 2 ν C2
Korn

C2
iSC

2
tr

, (5.39)

and that the parameter β satisfies

β <
CI

2
min

{
C2

Korn

2
, 1

}
.

Then, for sufficiently small h > 0, there exist positive constants C1 and C2, independent of h, such
that

Awh,NS
(vh, qh;vh, qh) ≥νκC1 ∥vh,NS∥21,ΩNS

+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

+ C2 κβ
∑

K∈T NS
h

h2K
ν

|qh,NS|21,K ,
(5.40)

for all (vh, qh) ∈ Hh ×Qh.
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Proof. Let (vh, qh) ∈ Hh ×Qh and wh,NS ∈ HNS
h that satisfies (5.39). Then, from the definition of

the bilinear form Awh,NS
(·, ·), using Cauchy-Schwarz inequality and the equality (2.8), we have

Awh,NS
(vh, qh;vh, qh)

≥ 2νκ ∥ε(vh,NS)∥20,ΩNS
+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

+
κ

2

∫
Γ

(wh,NS · nNS)|vh,NS|2

+ κβ
∑

K∈T NS
h

h2K
ν

{
− 4ν2∥∇ · ε(vh,NS)∥20,K + ∥(∇vh,NS)wh,NS∥20,K + |qh,NS|21,K

+ 2 ((∇vh,NS)wh,NS,∇qh,NS)K

}
. (5.41)

Hence, using inverse inequality (5.32), Lemma 1 and Young’s inequality, we get

Awh,NS
(vh, qh;vh, qh)

≥ 2νκ ∥ε(vh,NS)∥20,ΩNS
+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

− κ

2

∣∣∣∣∫
Γ

(wh,NS · nNS)|vNS|2
∣∣∣∣

+ κβ
∑

K∈T NS
h

h2K
ν

{
− 4ν2∥∇ · ε(vh,NS)∥20,K − ∥(∇vh,NS)wh,NS∥20,K +

1

2
|qh,NS|21,K

}

≥ 2νκ ∥ε(vh,NS)∥20,ΩNS
+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

− κ

2

∣∣∣∣∫
Γ

(wh,NS · nNS)|vh,NS|2
∣∣∣∣

− 4νκβ

CI

∥ε(vh,NS)∥20,ΩNS
− κβ

∑
K∈T NS

h

h2K
ν

|vh,NS|21,K∥wh,NS∥2∞,K +
1

2
κβ

∑
K∈T NS

h

h2K
ν
|qh,NS|21,K

≥ 2C2
Kornνκ

(
1− 2β

CI

)
∥vh,NS∥21,ΩNS

+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

− κ

2

∣∣∣∣∫
Γ
(wh,NS · nNS)|vh,NS |2

∣∣∣∣
− κβ

∑
K∈T NS

h

hK
ν
C2

inf |vh,NS|21,K |wh,NS|21,ΩNS
+

1

2
κβ

∑
K∈T NS

h

h2K
ν
|qh,NS|21,K .

Finally, under the assumption (5.39) and the estimate (3.13), we obtain

Awh,NS
(vh, qh;vh, qh)

≥
(
2νκC2

Korn −
4νκβ

CI

− κC2
trC

2
iS

2
∥wh,NS · nNS∥0,Γ − κβ

h

ν
C2

inf |wh,NS|21,ΩNS

)
∥vh,NS∥21,ΩNS

+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

+
1

2
κβ

∑
K∈T NS

h

h2K
ν

|qh,NS|21,K

≥ νκ

(
C2

Korn −
4β

CI

− β
h

ν2
C2

inf |wh,NS|21,ΩNS

)
∥vh,NS∥21,ΩNS

+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

+
1

2
κβ

∑
K∈T NS

h

h2K
ν

|qh,NS|21,K

≥ νκC1 ∥vh,NS∥21,ΩNS
+
ν

2
∥vh,D∥20,ΩD

+
κ2

2ν
|qh,D|21,ΩD

+ C2 κβ
∑

K∈T NS
h

h2K
ν

|qh,NS|21,K ,

assuming h that is sufficiently small.
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As is well known, the subspaces HNS
h and QNS

h do not satisfy a discrete inf–sup condition; however,
they satisfy the following weak inf–sup condition.

Lemma 14. There exist positive constants C3 and C4, independent of ν and h, such that

sup
vh,NS∈HNS

h ∩H1
0 (ΩNS)d

(qh,NS,∇ · vh,NS)ΩNS

∥vh,NS∥1,ΩNS

≥ C3 ∥qh,NS∥0,ΩNS
−C4

β ∑
K∈T NS

h

h2K |qh,NS|21,K


1/2

,

(5.42)
for all qh,NS ∈ QNS

h .

Proof. See [24, Lemma 3.3] or [4, Lemma 2].

The following result will be necessary to prove the well-posedness of the discrete stabilized scheme.
The proof is based on similar arguments to those used in [4, Lemma 3].

Lemma 15. Assume the hypothesis of Lemma 13. Then, for h > 0 sufficiently small, there exists a
positive constant CAh

, independent of h, such that

sup
(vh,qh)∈Hh×Qh

Awh,NS
(uh, ph;vh, qh)

|||(vh, qh)|||h
≥ CAh

|||(uh, ph)|||h,

for all (uh, ph) ∈ Hh ×Qh.

Proof. Let w̃NS ∈ HNS
h ∩H1

0 (ΩNS)
d such that satisfies Lemma 14 and suppose that ∥w̃NS∥1,ΩNS

=
∥ph,NS∥0,ΩNS

. Then

Awh,NS
(uh, ph;−w̃NS,0, 0, 0)

=Awh,NS
(uh, 0;−w̃NS,0, 0, 0) +Awh,NS

(0, ph;−w̃NS,0, 0, 0)

=− 2νκ (ε(uh,NS), ε(w̃NS))ΩNS
− κ ((∇uh,NS)wh,NS , w̃NS)ΩNS

− κ

2
((∇ ·wh,NS)uh,NS , w̃NS)ΩNS

+

κ (ph,NS,∇ · w̃NS)ΩNS
+ 4νκ β

∑
K∈T NS

h

h2K

(
∇ · ε(uh,NS),∇ · ε(w̃NS)

)
K

+2κβ
∑

K∈T NS
h

h2K

(
∇ · ε(uh,NS), (∇w̃NS)wh,NS

)
K

−κβ
∑

K∈T NS
h

h2K
ν

(
(∇uh,NS)wh,NS +∇ph,NS, 2ν∇ · ε(w̃NS) + (∇w̃NS)wh,NS

)
K

= I1 + I2 + I3 + I4. (5.43)

Using Cauchy–Schwarz inequality, the inverse inequality (5.32) and the compact inclusion (2.7), we
deduce that the first five terms of (5.43) can be estimated from below as follows

I1 + I2 ≥ − 2νκ

[
1 +

C2
q

ν
∥wh,NS∥1,ΩNS

+
2β

CI

]
∥uh,NS∥1,ΩNS

∥w̃NS∥1,ΩNS
+ κ (ph,NS,∇ · w̃NS)ΩNS

≥ − νκM1 ∥uh,NS∥1,ΩNS
∥ph,NS∥0,ΩNS

+ κ (ph,NS,∇ · w̃NS)ΩNS
, (5.44)
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where M1 is a positive constant that depend on ∥wh,NS∥1,ΩNS
which is bounded.

On the other hand, it is straightforward to verify that, by applying Hölder’s inequality and (5.35), the
following holds

β
∑

K∈T NS
h

h2K ∥(∇w̃NS)wh,NS∥20,K ≤ β Cinfh ∥w̃NS∥1,ΩNS
∥wh,NS∥21,ΩNS

, (5.45)

β
∑

K∈T NS
h

h2K ∥(∇uh,NS)wh,NS∥20,K ≤ β Cinfh ∥uh,NS∥1,ΩNS
∥wh,NS∥21,ΩNS

. (5.46)

Since that β ≤ CI/2, we conclude by the inverse estimate (5.32) that

β
∑

K∈T NS
h

h2K ∥∇ · ε(w̃NS)∥20,K ≤ 1

2
∥ε(w̃NS)∥20,ΩNS

. (5.47)

Then applying Cauchy–Schwarz inequality and (5.45) and (5.47), we can estimate from below I3 as
follows

I3 =2κβ
∑

K∈T NS
h

h2K

(
∇ · ε(uh,NS), (∇w̃NS)wh,NS

)
K

≥ − 2κ

β ∑
K∈T NS

h

h2K ∥∇ · ε(uh,NS)∥20,K


1/2β ∑

K∈T NS
h

h2K ∥(∇w̃NS)wh,NS∥20,K


1/2

≥ − 2κβ1/2Cinfh
1/2 ∥uh,NS∥1,ΩNS

∥wh,NS∥1,ΩNS
∥w̃NS∥1,ΩNS

≥ − νκM2h
1/2 ∥uh,NS∥1,ΩNS

∥ph,NS∥0,ΩNS
, (5.48)

where M2 is a positive constant that depend on ∥wh,NS∥1,ΩNS
.

Employing similar arguments as above, but this time utilizing (5.45)-(5.47), we can estimate I4 as
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follows

I4 = − κβ
∑

K∈T NS
h

h2K
ν

(
(∇uh,NS)wh,NS +∇ph,NS, 2ν∇ · ε(w̃NS) + (∇w̃NS)wh,NS

)
K

≥ − 2κ

β ∑
K∈T NS

h

h2K ∥(∇uh,NS)wh,NS∥20,K


1/2β ∑

K∈T NS
h

h2K ∥∇ · ε(w̃NS)∥20,K


1/2

−

κ

ν

β ∑
K∈T NS

h

h2K ∥(∇uh,NS)wh,NS∥20,K


1/2β ∑

K∈T NS
h

h2K ∥(∇w̃NS)wh,NS∥20,K


1/2

−

2κ1/2 ν1/2

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K


1/2β ∑

K∈T NS
h

h2K ∥∇ · ε(w̃NS)∥20,K


1/2

−

κ1/2

ν1/2

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K


1/2β ∑

K∈T NS
h

h2K ∥(∇w̃NS)wh,NS∥20,K


1/2

≥ − κβ1/2 Cinfh
1/2 ∥uh,NS∥1,ΩNS

∥wh,NS∥1,ΩNS

[
2 ∥w̃NS∥1,ΩNS

+
β1/2

ν
Cinfh

1/2 ∥wh,NS∥1,ΩNS
∥w̃NS∥1,ΩNS

]
−

κ1/2

κβ
∑

K∈T NS
h

h2
K

ν
|ph,NS |21,K


1/2 [

2 ∥w̃NS∥1,ΩNS
+

β1/2

ν1/2
Cinfh

1/2 ∥wh,NS∥1,ΩNS
∥w̃NS∥1,ΩNS

]

≥ − νκM3h
1/2 ∥uh,NS∥1,ΩNS

∥ph,NS∥0,ΩNS
−M4

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K


1/2

∥ph,NS∥0,ΩNS
,

(5.49)

where M3 and M4 are positive constants that depend on ∥wh,NS∥1,ΩNS
. Now, by connecting (5.44),

(5.48), and (5.49) with (5.43) and applying Lemma 14, we obtain

Awh,NS
(uh, ph;−w̃NS,0, 0, 0)

≥− νκ
[
M1 + h1/2(M2 +M3)

]
∥uh,NS∥1,ΩNS

∥ph,NS∥0,ΩNS
+ C3 κ ∥ph,NS∥20,ΩNS

−

(M4 + C4κ
1/2ν1/2)

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K


1/2

∥ph,NS∥0,ΩNS

≥− νκM5 ∥uh,NS∥1,ΩNS
∥ph,NS∥0,ΩNS

+ C3 κ ∥ph,NS∥20,ΩNS

−M6

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K


1/2

∥ph,NS∥0,ΩNS
, (5.50)

where M5 and M6 are positives constants that depend of ∥wh,NS∥1,ΩNS
, which is bounded. Now,
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using Young inequality, we have

Awh,NS
(uh, ph;−w̃NS,0, 0, 0)

≥κ

[
C3 −

νM5γ1
2

−M6
γ2
2κ

]
∥ph,NS∥20,ΩNS

− νκ
M5

2γ1
∥uh,NS∥21,ΩNS

− M6

2γ2

κβ
∑

K∈T NS
h

h2K
ν

|ph,NS |21,K


≥κC5 ∥ph,NS∥20,ΩNS

− C6 νκ∥uh,NS∥21,ΩNS
− C7

κβ ∑
K∈T NS

h

h2K
ν

|ph,NS|21,K

 , (5.51)

with γ1 and γ2 chosen small enough.

Defining (vh, qh) := (uh, ph) + δ ((−w̃NS,0), (0, 0)), and combining, (5.40) and (5.51), we get

Awh,NS
(uh, ph;vh, qh) = Awh,NS

(uh, ph;uh, qh) + δAwh,NS
(uh, ph;−w̃NS,0, 0, 0)

≥ νκ (C1 − δC6) ∥uh,NS∥21,ΩNS
+ C5δ κ ∥ph,NS∥20,ΩNS

+ (C2 − δ C7)κβ
∑

K∈T NS
h

h2K
ν

|ph,NS|21,K

+
ν

2
∥uh,D∥20,ΩD

+
κ2

2ν
|ph,D|21,ΩD

≥C |||(uh, ph)|||2h, (5.52)

choosing 0 < δ < min

{
C1

C6

,
C2

C7

,
1

ν1/2

}
. Finally, it is clear that |||(vh, qh)|||h ≤ C |||(uh, ph)|||h,

which combined with (5.52) proves the stability estimate.

Theorem 16. Assume the hypothesis of Lemma 15. Then, for h > 0 sufficiently small, the problem
(5.37) has a unique solution (uh, ph) ∈ Hh × Qh. Moreover, there exists a positive constant Cdcd,
which depends on the physical parameters but is independent of h, such that

|||(uh, ph)|||h ≤ Cdcd

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
.

Proof. The result follows directly from Lemma 15.

5.2 Existence and uniqueness of the discrete solution

As in the continuous case, we assume that

Cdcd {∥fNS∥0,ΩNS
+ ∥gD∥0,ΩD

} 2 ν3/2κ1/2C2
Korn

C2
iSC

3
tr

. (5.53)

Lemma 17. For h > 0 sufficiently small, let Xh the closed and convex subset of H ×Q defined by

Xh :=

{
(vh, qh) ∈ Hh ×Qh : |||(vh, qh)|||h ≤ Cdcd {∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD
}

}
.

Then Th(Xh) ⊆ Xh.

Proof. The argument follows analogous to the continuous case (c.f. Lemma 8).
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Lemma 18. Assume that h > 0 is sufficiently small. Then, the following inequality holds:

|||Th(wh, qh)− Th(w̃h, q̃h)|||h

≤ 1

CAh

{
Cinf β

∑
K∈T NS

h

h
3/2
K

ν2
∥fNS∥0,K +

3C2
q

ν3/2κ1/2
|||Th(w̃h, q̃h)|||h

}
|||(wh − w̃h, qh − q̃h)|||h,

for all (wh, qh), (w̃h, q̃h) ∈ Xh.

Proof. Let (wh, qh), (w̃h, q̃h) ∈ Xh be arbitrary, and define (uh, ph) :=Th(wh, qh) and (ũh, p̃h) :=
Th(w̃h, q̃h), which satisfy the following conditions:

Awh,NS
(uh, ph;vh, rh) = Fwh,NS

(vh, rh),

Aw̃h,NS
(ũh, p̃h;vh, rh) = Fw̃h,NS

(vh, rh),

for all (vh, rh) ∈ Hh ×Qh.

Since the objective is to apply the discrete inf-sup condition of Lemma 15, it is easy to see that

Awh,NS
(uh − ũh, ph − p̃h;vh, rh) = (Fwh,NS

− Fw̃h,NS
)(vh, rh) + (Aw̃h,NS

−Awh,NS
)(ũh, p̃h;vh, rh).

(5.54)

Thus, both terms on the right-hand side of (5.54) will be bounded below. In fact, from the definition of
Fwh,NS

and Fw̃h,NS
(cf. (5.31)), Hölder’s inequality and the inverse inequality (5.35), we get that

(Fwh,NS
− Fw̃h,NS

)(vh, rh)

=κβ
∑

K∈T NS
h

h2K
ν

(
fNS, 2ν∇ · ε(vh,NS) + (∇vh,NS)wh,NS +∇rh,NS

)
K

− κβ
∑

K∈T NS
h

h2K
ν

(
fNS, 2ν∇ · ε(vh,NS) + (∇vh,NS)w̃h,NS +∇rh,NS

)
K

=κβ
∑

K∈T NS
h

h2K
ν

(
fNS, (∇vh,NS)(wh,NS − w̃h,NS)

)
K

≤κβ
∑

K∈T NS
h

h2K
ν

∥fNS∥0,K |vh,NS|1,K∥wh,NS − w̃h,NS∥∞,K

≤Cinf κβ
∑

K∈T NS
h

h
3/2
K

ν
∥fNS∥0,K |vh,NS|1,K |wh,NS − w̃h,NS|1,ΩNS

≤Cinf κ
1/2 β

∑
K∈T NS

h

h
3/2
K

ν3/2
∥fNS∥0,K |||(vh, rh)|||h|wh,NS − w̃h,NS|1,ΩNS

≤Cinf β
∑

K∈T NS
h

h
3/2
K

ν2
∥fNS∥0,K |||(vh, rh)|||h|||(wh − w̃h, qh − q̃h)|||h. (5.55)
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On the other hand, to bound the second term in (5.54), we use the definitions of Aw̃h,NS
and Awh,NS

(cf. (5.30)) to decompose the expression as follows

(Aw̃h,NS
−Awh,NS

)(ũh, p̃h;vh, rh)

=κ ((∇ũh,NS)(w̃h,NS −wh,NS),vh,NS)ΩNS
+
κ

2
(∇ · (w̃h,NS −wh,NS) ũh,NS,vh,NS)ΩNS

+ κβ
∑

K∈T NS
h

h2K
ν

(
− 2ν∇ · ε(ũh,NS) +∇p̃h,NS, (∇vh,NS)(w̃h,NS −wh,NS)

)
K

+ κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)(w̃h,NS −wh,NS), 2ν∇ · ε(vh,NS) +∇qh,NS

)
K

+ κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)(w̃h,NS −wh,NS), (∇vh,NS)w̃h,NS

)
K

+ κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)wh,NS, (∇vh,NS)(w̃h,NS −wh,NS)

)
K

=I1 + I2 + I3 + I4 + I5. (5.56)

To estimate the first term, we use Hölder’s inequality and (2.7), to get

I1 =κ ((∇ũh,NS)(w̃h,NS −wh,NS),vh,NS)ΩNS
+
κ

2
(∇ · (w̃h,NS −wh,NS) ũh,NS,vh,NS)ΩNS

≤κ |ũh,NS|1,ΩNS
∥w̃h,NS −wh,NS∥0,4,ΩNS

∥vh,NS∥0,4,ΩNS

+
κ
√
d

2
|w̃h,NS −wh,NS|1,ΩNS

∥ũh,NS∥0,4,ΩNS
∥vh,NS∥0,4,ΩNS

(5.57)

≤κC2
q

(
1 +

√
d

2

)
∥ũh,NS∥1,ΩNS

∥w̃h,NS −wh,NS∥1,ΩNS
∥vh,NS∥1,ΩNS

≤
2C2

q

ν3/2κ1/2
|||(ũh, p̃h)|||h|||(wh − w̃h, qh − q̃h)|||h|||(vh, rh)|||h. (5.58)
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Using Cauchy-Schwarz and Hölder’s inequalities together with (5.35), we obtain

I2 =κβ
∑

K∈T NS
h

h2K
ν

(
− 2ν∇ · ε(ũh,NS) +∇p̃h,NS, (∇vh,NS)(w̃h,NS −wh,NS)

)
K

≤κβ
∑

K∈T NS
h

h2K
ν

∥ − 2ν∇ · ε(ũh,NS) +∇p̃h,NS∥0,K |vh,NS|1,K∥w̃h,NS −wh,NS∥∞,K

≤ κβ

ν1/2

 ∑
K∈T NS

h

h2K
ν

∥ − 2ν∇ · ε(ũh,NS) +∇p̃h,NS∥20,K


1/2

×

 ∑
K∈T NS

h

h2K |vh,NS|21,K∥w̃h,NS −wh,NS∥2∞,K


1/2

(5.59)

≤ Cinfκβ

ν1/2

 ∑
K∈T NS

h

h2K
ν

∥ − 2ν∇ · ε(ũh,NS) +∇p̃h,NS∥20,K


1/2

×

|w̃h,NS −wh,NS|21,ΩNS

∑
K∈T NS

h

hK |vh,NS|21,K


1/2

(5.60)

≤ Cinfκ
1/2β1/2h1/2

ν1/2

κβ ∑
K∈T NS

h

h2K
ν

∥ − 2ν∇ · ε(ũh,NS) +∇p̃h,NS∥20,K


1/2

(5.61)

× |w̃h,NS −wh,NS|1,ΩNS
|vh,NS|1,ΩNS

. (5.62)

Now, from triangle inequality, the inverse inequality (5.32) and the definition of the norm |||(·, ·)|||h, it is
clear that

κβ
∑

K∈T NS
h

h2K
ν

∥ − 2ν∇ · ε(ũh,NS) +∇p̃h,NS∥20,K

≤ 8κν β
∑

K∈T NS
h

h2K ∥∇ · ε(ũh,NS)∥20,K + 2κβ
∑

K∈T NS
h

h2K
ν

|p̃h,NS|21,K

≤ 4κν ∥ε(ũh,NS)∥20,ΩNS
+ 2κβ

∑
K∈T NS

h

h2K
ν

|p̃h,NS|21,K

≤ 4 |||(ũh, p̃h)|||2h. (5.63)

Next, from (5.62) and (5.63), we conclude that

I2 ≤
2Cinfβ

1/2h1/2

ν3/2κ1/2
|||(ũh, p̃h)|||h|||(vh, rh)|||h|||(wh − w̃h, qh − q̃h)|||h. (5.64)

To estimate I3, we use similar arguments thus we have

I3 =κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)(w̃h,NS −wh,NS), 2ν∇ · ε(vh,NS) +∇qh,NS

)
K

≤ 2Cinfβ
1/2h1/2

ν3/2κ1/2
|||(ũh, p̃h)|||h|||(vh, rh)|||h|||(wh − w̃h, qh − q̃h)|||h. (5.65)
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To estimate I4, we again employ similar arguments, leading to:

I4 =κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)(w̃h,NS−wh,NS), (∇vh,NS)w̃h,NS

)
K

≤κβ
∑

K∈T NS
h

h2K
ν

|ũh,NS|1,K∥w̃h,NS −wh,NS∥∞,K |vh,NS|1,K∥w̃h,NS∥∞,K

≤ κβ

ν

 ∑
K∈T NS

h

h2K |ũh,NS|21,K∥w̃h,NS −wh,NS∥2∞,K


1/2 ∑

K∈T NS
h

h2K |vh,NS|21,K∥w̃h,NS∥2∞,K


1/2

≤ C2
infκβ

ν

|w̃h,NS −wh,NS|21,ΩNS

∑
K∈T NS

h

hK |ũh,NS|21,K


1/2|w̃h,NS|21,ΩNS

∑
K∈T NS

h

hK |vh,NS|21,K


1/2

≤ C2
infβh

ν3κ
|||(ũh, p̃h)|||h|||(w̃h, q̃h)|||h|||(vh, rh)|||h|||(wh − w̃h, qh − q̃h)|||h. (5.66)

The same reasoning can be applied to the last term, resulting in

I5 =κβ
∑

K∈T NS
h

h2K
ν

(
(∇ũh,NS)wh,NS, (∇vh,NS)(w̃h,NS −wh,NS)

)
K

≤ C2
infβh

ν3κ
|||(ũh, p̃h)|||h|||(wh, qh)|||h|||(vh, rh)|||h|||(wh − w̃h, qh − q̃h)|||h. (5.67)

Finally, since (wh, qh) ∈ Xh and assuming that the data condition (5.53) holds, the hypotheses of
Lemma 15 are satisfied. Combining these with (5.54)–(5.58) and (5.64)–(5.67), we conclude that

CAh
|||(uh − ũh, ph − p̃h)|||h

≤

{
Cinf β

∑
K∈T NS

h

h
3/2
K

ν2
∥fNS∥0,K +

2C2
q

ν3/2κ1/2
|||(ũh, p̃h)|||h +

4Cinfβ
1/2h1/2

ν3/2κ1/2
|||(ũh, p̃h)|||h

+
C2

infβh

ν3κ
|||(ũh, p̃h)|||h

[
|||(w̃h, q̃h)|||h + |||(wh, qh)|||h

]}
|||(wh − w̃h, qh − q̃h)|||h

≤

{
Cinf β

∑
K∈T NS

h

h
3/2
K

ν2
∥fNS∥0,K +

3C2
q

ν3/2κ1/2
|||(ũh, p̃h)|||h

}
|||(wh − w̃h, qh − q̃h)|||h, (5.68)

under the assumption that h is sufficiently small.

Lemma 19. Let Xh be as in Lemma 17. Under the assumption (5.53) and assuming that the stabi-
lization parameter β satisfies the condition of Lemma 13, the stabilized finite element scheme (5.29)
has at least one solution (uh, ph) ∈ Xh.

Proof. From Lemmas 17 and 18, the operator Th : Xh −→ Xh is continuous. Then, by Brouwer’s
fixed-point theorem (cf. Theorem 4), it has at least one fixed point.

Theorem 20. Let Xh be as in Lemma 17. Under the assumption (5.53) and assuming that the stabi-
lization parameter β satisfies the condition of Lemma 13, suppose also that the data fNS ∈ L2(ΩNS)

d
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and gD ∈ L2(ΩD) satisfy the following condition:

1

CAh

{
Cinf β

∑
K∈T NS

h

h
3/2
K

ν2
∥fNS∥0,K +

3C2
q

ν3/2κ1/2
Cdcd

(
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

)}
< 1. (5.69)

Then, for h > 0 sufficiently small, the stabilized finite element scheme (5.29) has a unique solution
(uh, ph) ∈ Xh.

Proof. From Lemmas 17 and 18, and under the assumption (5.69), the mapping Th : Xh → Xh is
a contraction. Therefore, applying Banach’s fixed-point theorem (cf. Theorem 2), the result follows.

6 Convergence analysis of the stabilized scheme

In this section, we present an a priori error analysis for the stabilized finite element scheme (5.29). We
consider (u, p) ∈ (H ×Q) ∩X as the unique solution of problem (2.3)–(2.4), or equivalently:

BuNS
(u, p;v, q) = G(v, q) ∀(v, q) ∈ H ×Q, (6.70)

where, given wNS ∈ HNS with ∇ ·wNS = 0 in ΩNS , the bilinear form BwNS
: (H ×Q)× (H ×

Q) −→ R and the functional G : H ×Q −→ R are defined as

BwNS
(u, p;v, q) :=AwNS

(u, pD;v, qD) +B(v, qD; pNS)−B(u, p̄D; qNS), (6.71)

for all (u, p), (v, q) ∈ H ×Q, and

G(v, q) := F̃ (v, qD), (6.72)

for all (v, q) ∈ H ×Q. Moreover, we assume that problem (6.70) has additional regularity, meaning
that there exists a positive constant C̃dc such that

∥uNS∥2,ΩNS
+ ∥pNS∥0,ΩNS

+ ∥uD∥0,ΩD
+ |pD|1,ΩD

≤ C̃dc

{
∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD

}
. (6.73)

Additionally, we recall a local trace theorem, as well as the definition and properties of some interpo-
lation operators that will be used in the sequel.

Lemma 21. There exists a positive constant C , independent of hK , such that

∥ψ∥20,∂K ≤ C
{
h−1
K ∥ψ∥20,K + hK |ψ|21,K

}
,

for all K ∈ T NS
h ∪ T D

h and all ψ ∈ H1(K).

Proof. See [1, Theorem 3.10] or [10, (10.3.8)].

We consider the Lagrange interpolation operator ΠNS
h : Hk+1(ΩNS)

d ∩ HNS −→ HNS
h , and

the Clément interpolation operator CNS
h : Hk(Ω) −→ QNS

h , such that (see [21] for details), for all
K ∈ T NS

h , we have

|uNS −ΠNS
h uNS|l,K ≤ Chs−l

K |uNS|s,K , (6.74)

∥pNS − CNS
h pNS∥0,K ≤ ChsK ∥pNS∥s,ω̃NS

K
, (6.75)
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for all uNS ∈ Hs(K)d and all pNS ∈ Hs(ω̃NS
K ), with 0 ≤ l ≤ 1 and 1 ≤ s ≤ k + 1. Here,

C is a positive constant independent of h. Similarly, we consider the Clément interpolation operator
CD
h : Hk(ΩD)

d −→ HD
h , and the Lagrange interpolation operator ΠD

h : Hk+1(ΩD)∩QD −→ QD
h ,

such that for all K ∈ T D
h , we have

∥uD − CD
h uD∥0,K ≤ ChsK ∥uD∥s,ω̃D

K
, (6.76)

|pD − ΠD
h pD|l,K ≤ Chs−l

K |pD|s,K , (6.77)

for all uD ∈ Hs(ω̃D
K)

d and all pD ∈ Hs(K), with 0 ≤ l ≤ 1 and 1 ≤ s ≤ k + 1. Again, C is a
positive constant independent of h.

Lemma 22. Let (u, p) and (uh, ph) be the solutions of (6.70) and (5.29), respectively. Assume the
regularity hypothesis (6.73) and that (u, p) ∈

[(
Hk+1(ΩNS)

d ∩HNS
)
×Hk(ΩD)

d
]
×
[
Hk(ΩNS)×(

Hk+1(ΩD) ∩QD
)]
, with (u, p) ∈ X and (uh, ph) ∈ Xh. If we additionally assume that

3C2
q C̃dc

νκ2
{∥fNS∥0,ΩNS

+ ∥gD∥0,ΩD
} < CAh

2
, (6.78)

then

Auh,NS
(u− uh, p− ph;vh, qh) ≤

CAh

2
ν1/2 κ1/2 ∥uNS − uh,NS∥1,ΩNS

|||(vh, qh)|||h, (6.79)

for all (vh, qh) ∈ Hh ×Qh.

Proof. Given uh,NS ∈ HNS
h , by definition of the bilinear form Auh,NS

(cf. (5.30)), and as (u, p) and
(uh, ph) satisfies (6.70) and (5.29), respectively, we get

Auh,NS
(u− uh, p− ph;vh, qh)

=BuNS
(u, p;vh, qh) + κ ((∇uNS)(uh,NS − uNS),vh,NS)ΩNS

+
κ

2
(∇ · (uh,NS − uNS)uNS,vh,NS)ΩNS

−Auh,NS
(uh, ph;vh, qh) + κβ

∑
K∈T NS

h

h2K
ν

(
− 2ν∇ · ε(uNS)

+(∇uNS)uh,NS +∇pNS, 2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS

)
K

= F̃ (vh, qh,D) + κ ((∇uNS)(uh,NS − uNS),vh,NS)ΩNS

+
κ

2
(∇ · (uh,NS − uNS)uNS,vh,NS)ΩNS

−Auh,NS
(uh, ph;vh, qh)+ (6.80)

κβ
∑

K∈T NS
h

h2K
ν

(
f − (∇uNS)uNS + (∇uNS)uh,NS , 2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS

)
K

=κ ((∇uNS)(uh,NS − uNS),vh,NS)ΩNS
+
κ

2
(∇ · (uh,NS − uNS)uNS,vh,NS)ΩNS

+κβ
∑

K∈T NS
h

h2K
ν

(
(∇uNS)(uh,NS − uNS), 2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS

)
K

= I1 + I2. (6.81)

DOI 10.20347/WIAS.PREPRINT.3183 Berlin 2025



A.H. Poza, C. Carcamo, R. Araya 24

By applying similar arguments as in (5.58), it follows that

I1 =κ ((∇uNS)(uh,NS − uNS),vh,NS)ΩNS
+
κ

2
(∇ · (uh,NS − uNS)uNS,vh,NS)ΩNS

≤
2C2

q

ν1/2κ1/2
∥uNS∥1,ΩNS

∥uh,NS − uNS∥1,ΩNS
|||(vh, qh)|||h. (6.82)

Now using Hölder inequality, (2.7), (5.63), (5.35), we get

I2 =κβ
∑

K∈T NS
h

h2K
ν

(
(∇uNS)(uh,NS − uNS), 2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS

)
K

≤κβ
∑

K∈T NS
h

h2K
ν

∥∇uNS∥0,4,K∥uh,NS − uNS∥0,4,K∥2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS∥0,K

≤ κ1/2β1/2

ν1/2

 ∑
K∈T NS

h

h2K ∥∇uNS∥20,4,K∥uh,NS − uNS∥20,4,K


1/2

×

κβ
∑

K∈T NS
h

h2K
ν

∥2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS∥20,K


1/2

≤ κ1/2β1/2

ν1/2

 ∑
K∈T NS

h

h2K ∥∇uNS∥40,4,K


1/4  ∑

K∈T NS
h

h2K ∥uh,NS − uNS∥40,4,K


1/4

×

2κβ
∑

K∈T NS
h

h2K
ν

∥2ν∇ · ε(vh,NS) +∇qh,NS∥20,K + 2κβ
∑

K∈T NS
h

h2K
ν

∥(∇vh,NS)uh,NS∥20,K


1/2

≤
κ1/2β1/2hC2

q

ν1/2

{
8 +

2κ1/2βC2
infh

ν3/2

}1/2

∥uNS∥2,ΩNS
∥uh,NS − uNS∥1,ΩNS

|||(vh, qh)|||h. (6.83)

Next, from (6.81)-(6.83), we obtain

Auh,NS
(u− uh, p− ph;vh, qh)

≤C2
q κ

1/2

{
2

ν1/2κ
∥uNS∥1,ΩNS

+
β1/2h

ν1/2

{
8 +

2κ1/2βC2
infh

ν3/2

}1/2

× ∥uNS∥2,ΩNS

}
∥uh,NS − uNS∥1,ΩNS

|||(vh, qh)|||h, (6.84)

≤
3C2

q

ν1/2κ3/2
∥uNS∥1,ΩNS

∥uh,NS − uNS∥1,ΩNS
|||(vh, qh)|||h,

under the assumption that h is sufficiently small, and applying (6.73) and (6.78), the result is obtained.

Theorem 23. Let (u, p) and (uh, ph) be the solutions of (6.70) and (5.29), respectively. Assume the
regularity hypothesis (6.73) and that (u, p) ∈

[(
Hk+1(ΩNS)

d ∩HNS
)
× Hk(ΩD)

d
]
×
[
Hk(ΩNS)× ,(

Hk+1(ΩD) ∩QD
)]

with (u, p) ∈ X and (uh, ph) ∈ Xh. Additionally, assume the data condition
(6.78).

Then, there exist positive constants h0 and C , independent of h, such that

∥(u− uh, p− ph)∥ ≤ C hk (∥uNS∥k+1,ΩNS
+ ∥pNS∥k,ΩNS

+ ∥uD∥k,ΩD
+ ∥pD∥k+1,ΩD

) ∀h ≤ h0.
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Proof. We consider the following notations:

ηuNS :=uNS −ΠNS
h uNS, ηpNS := pNS − CNS

h pNS,

ηuD :=uD − CD
h uD, ηpD := pD − ΠD

h pD,

ηu := (ηuNS , ηuD), ηp := (ηpNS , ηpD),

euh := (uh,NS −ΠNS
h uNS,uh,D − CD

h uD), eph := (ph,NS − CNS
h pNS, ph,D − ΠD

h pD).

Using the definition of Auh,NS
given in (5.30), and Cauchy–Schwarz inequality, we have

Auh,NS
(ηu, ηp;vh, qh)

≤ C

{
∥ηuNS∥21,ΩNS

+
∑

F∈EΓh

h−1
F ∥ηuNS∥20,F +

∑
F∈EΓh

h−1
F ∥ηpD∥20,F + ∥ηuD∥20,ΩD

+ |ηpD |21,ΩD

+ ∥ηpNS∥20,ΩNS
+ ∥ν ηuD + κ∇ηpD∥20,ΩD

+
∑

K∈T NS
h

h2K |ηuNS |21,K +
∑

K∈T D
h

h2K |ηuD |21,K

+
∑

K∈T NS
h

h2K ∥−2ν∇ · ε(ηuNS) + (∇ηuNS)uh,NS +∇ηpNS∥20,K

}1/2

{
νκ ∥vh,NS∥21,ΩNS

+ νκ
∑

F∈EΓh

hF∥vh,NS∥20,F + ν ∥vh,D∥20,ΩD
+
κ2

ν
|qh,D|21,ΩD

+
κ2

ν

∑
F∈EΓh

hF∥qh,D∥20,F + κ ∥qh,NS∥20,ΩNS
+ ∥ −ν vh,D + κ∇qh,D∥20,ΩD

+
∑

K∈T NS
h

h2K ∥2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS∥20,K

}1/2

.

Now, using mesh regularity, (6.74), and Lemma 21, we get

∑
F∈EΓh

h−1
F ∥ηuNS∥20,F ≤ C

∑
K∈T NS

h

h−1
K

{
h−1
K ∥ηuNS∥20,K + hK |ηuNS |21,K

}
≤ C h2k∥uNS∥2k+1,ΩNS

.

(6.85)
Similar arguments allow us to obtain the following estimate:

∑
F∈EΓh

h−1
F ∥ηpD∥20,F ≤ C h2k∥pD∥2k+1,ΩD

. (6.86)
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Additionally, applying the triangle and Hölder inequalities along with (5.35) and (6.74)–(6.75), we obtain∑
K∈T NS

h

h2K ∥−2ν∇ · ε(ηuNS) + (∇ηuNS)uh,NS +∇ηpNS∥20,K

≤C

{ ∑
K∈T NS

h

h2K ∥∇ · ε(ηuNS)∥20,K +
∑

K∈T NS
h

h2K ∥(∇ηuNS)uh,NS∥20,K +
∑

K∈T NS
h

h2K |ηpNS |21,K

}

≤C

{
∥ηuNS∥21,ΩNS

+
∑

K∈T NS
h

h2K |ηuNS |21,K∥uh,NS∥2∞,K +
∑

K∈T NS
h

h2K |ηpNS |21,K

}

≤C

{
∥ηuNS∥21,ΩNS

+ ∥uh,NS∥21,ΩNS

∑
K∈T NS

h

hK |ηuNS |21,K +
∑

K∈T NS
h

h2K |ηpNS |21,K

}

≤C h2k

{
∥uNS∥2k+1,ΩNS

+ ∥pNS∥2k,ΩNS

}
. (6.87)

Thus, from (6.85)-(6.87) it follows that

∥ηuNS∥21,ΩNS
+
∑

F∈EΓh

h−1
F ∥ηuNS∥20,F +

∑
F∈EΓh

h−1
F ∥ηpD∥20,F + ∥ηuD∥20,ΩD

+ |ηpD |21,ΩD

+ ∥ηpNS∥20,ΩNS
+ ∥ν ηuD + κ∇ηpD∥20,ΩD

+
∑

K∈T NS
h

h2K |ηuNS |21,K +
∑

K∈T D
h

h2K |ηuD |21,K

+
∑

K∈T NS
h

h2K ∥−2ν∇ · ε(ηuNS) + (∇ηuNS)uh,NS +∇ηpNS∥20,K

≤C h2k

{
∥uNS∥2k+1,ΩNS

+ ∥pNS∥2k,ΩNS
+ ∥uD∥2k,ΩD

+ ∥pD∥2k+1,ΩD

}
. (6.88)

On the other hand, using the inverse and Poincaré inequalities, mesh regularity, Lemma 21, and
proceeding as in (6.83), we obtain

νκ ∥vh,NS∥21,ΩNS
+ νκ

∑
F∈EΓh

hF∥vh,NS∥20,F + ν ∥vh,D∥20,ΩD
+
κ2

ν
|qh,D|21,ΩD

+
κ2

ν

∑
F∈EΓh

hF∥qh,D∥20,F + κ ∥qh,NS∥20,ΩNS
+ ∥ −ν vh,D + κ∇qh,D∥20,ΩD

+

∑
K∈T NS

h

h2K ∥2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS∥20,K

≤C

{
|||(vh, qh)|||2h +

∑
K∈T NS

h

h2K ∥2ν∇ · ε(vh,NS) + (∇vh,NS)uh,NS +∇qh,NS∥20,K

}

≤C

{
|||(vh, qh)|||2h +

C2
infh

νκ
|||(vh, qh)|||2h

}
≤C |||(vh, qh)|||2h, (6.89)

under the assumption that h is sufficiently small.
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Next, connecting (6.88) and (6.89) with (6.85), we conclude that

Auh,NS
(ηu, ηp;vh, qh)

≤ C hk {∥uNS∥k+1,ΩNS
+ ∥pNS∥k,ΩNS

+ ∥uD∥k,ΩD
+ ∥pD∥k+1,ΩD

} |||(vh, qh)|||h.
(6.90)

Now, since uh,NS ∈ Xh, it follows from Lemma 17 that the hypotheses of Lemma 15 are satisfied.
Therefore, by the definitions of the norms ∥(·, ·)∥ and |||(·, ·)|||h (cf. (3.15) and (5.33), respectively),
lemmas 15 and 22, and the estimate (6.90), we have

∥(euh , e
p
h)∥

≤ 1

CAh

sup
(vh,qh)∈Hh×Qh

Auh,NS
(euh , e

p
h;vh, qh)

|||(vh, qh)|||h

=
1

CAh

sup
(vh,qh)∈Hh×Qh

Auh,NS
(ηu, ηp;vh, qh)−Auh,NS

(u− uh, p− ph;vh, qh)

|||(vh, qh)|||h

≤C hk {∥uNS∥k+1,ΩNS
+ ∥pNS∥k,ΩNS

+ ∥uD∥k,ΩD
+ ∥pD∥k+1,ΩD

}+ 1

2
∥(u− uh, p− ph)∥.

(6.91)

Finally, the result follows using triangle inequality, interpolation properties (6.74)–(6.77) and (6.91).

7 Numerical experiments

In this section, we present three numerical experiments to evaluate the performance of our stabilized
scheme. Since the free medium follows the Navier-Stokes equations, we implement our stabilized
scheme using a Picard iteration method with a tolerance of tol = 10−6.

For the implementation, we use the Python libraries Multiphenics and FEniCS [29]. The sta-

bilization constant is defined as β =
1

24
, if k = 1, and β =

1

384
, if k = 2.

7.1 A smooth solution in two dimensions

For the first test case, we consider an analytical solution to the model problem. The parameters
are set κ = 1, ν = 10−2 or 10−4. The computational domain, as shown in Figure 2, is given in
the free medium domain by ΩNS := (−1/2, 1/2) × (0, 2), and in the porous medium domain by
ΩD := (1/2, 3/2) × (0, 2). The interface is given by Γ := {(1/2, y) ∈ R2 : 0 < y < 2} and the
boundaries ΓNS := ∂ΩNS\Γ and ΓD are divided as follows

ΓDir
D :=

{
(3/2, y) ∈ R2 : 0 < y < 2

}
∪
{
(x, 2) ∈ R2 : 1/2 < x < 3/2

}
,

ΓNeu
D :=

{
(x, 0) ∈ R2 : 1/2 < x < 3/2

}
.

DOI 10.20347/WIAS.PREPRINT.3183 Berlin 2025



A.H. Poza, C. Carcamo, R. Araya 28

Figure 2: Configuration of the computational domain Ω.

On the Beavers–Joseph–Saffman interface condition we take α1 = 1 and in the domain ΩNS we
consider the well–known Kovasznay solution (uNS, pNS) (see [27]), defined by

uNS(x, y) :=

(
1− eλx cos(2πy),

λ

2π
eλx sin(2πy)

)
, pNS(x, y) :=

1

2
eλx − 1

λ
(e3λ/2 − e−λ/2),

where the parameter λ :=
1

2ν
−
√

1

4ν2
+ 4π2, and in the porous medium ΩD we consider a manu-

factured analytical solution (uD, pD), that satisfies the mass conservation on Γ, given by

uD(x, y) :=

(
3

2
−x+eλ/2 sin(πx) cos(2πy), xy2

)
, pD(x, y) := 2λνeλx cos(2πy)+

1

2
eλx− 1

λ
(e3λ/2−e−λ/2).

With these expressions, the functions fNS and gD are constructed so that (u, p) is the solution of
problem (P ). Furthermore, since under this configuration, the equilibrium of normal forces and the
Beavers–Joseph–Saffman condition are not satisfied on Γ, appropriate source terms must be added
to the proposed stabilized finite element scheme (5.29).

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.1250 2.4157e-01 – 2.7741e+00 – 6.4083e-02 – 5.9228e-01 – 1.3249e-02 –
0.0625 7.2909e-02 1.7283 1.3428e+00 1.0468 1.9017e-02 1.7526 2.0484e-01 1.5318 6.6656e-03 0.9911
0.0312 1.9679e-02 1.8895 6.4224e-01 1.0640 5.4180e-03 1.8115 6.6233e-02 1.6289 3.3349e-03 0.9991
0.0156 5.0842e-03 1.9525 3.1096e-01 1.0464 1.4996e-03 1.8532 2.1764e-02 1.6056 1.6666e-03 1.0008
0.0078 1.2880e-03 1.9809 1.5347e-01 1.0188 4.1372e-04 1.8578 7.3480e-03 1.5665 8.3287e-04 1.0007
0.0039 3.2356e-04 1.9931 7.6403e-02 1.0063 1.1743e-04 1.8168 2.5314e-03 1.5374 4.1631e-04 1.0004

Table 1: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−2 and k = 1.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.1250 1.7699e-02 – 4.3038e-01 – 2.4339e-03 – 5.7976e-03 – 3.3023e-05 –
0.0625 1.8282e-03 3.2751 1.0256e-01 2.0691 4.1829e-04 2.5407 7.1133e-04 3.0269 3.0119e-06 3.4547
0.0312 2.1800e-04 3.0680 2.5209e-02 2.0245 1.0692e-04 1.9680 9.0043e-05 2.9818 3.8160e-07 2.9806
0.0156 2.6930e-05 3.0170 6.2461e-03 2.0129 2.7165e-05 1.9767 1.1309e-05 2.9931 4.8742e-08 2.9688
0.0078 3.3568e-06 3.0041 1.5568e-03 2.0044 6.7978e-06 1.9986 1.4160e-06 2.9976 6.1583e-09 2.9846
0.0039 4.1927e-07 3.0011 3.8887e-04 2.0012 1.6990e-06 2.0004 1.7737e-07 2.9970 7.7956e-10 2.9818

Table 2: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−2 and k = 2.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.1250 2.1253e-01 – 2.7347e+00 – 4.0912e-03 – 9.6563e-02 – 12.5301e-03 –
0.0625 7.2909e-02 1.5435 1.3428e+00 1.0262 1.9017e-02 -2.2167 2.0484e-01 -1.0850 6.6656e-03 -9.9954
0.0312 1.9679e-02 1.8895 6.4224e-01 1.0640 5.4180e-03 1.8115 6.6233e-02 1.6289 3.3349e-03 0.9991
0.0156 5.0842e-03 1.9525 3.1096e-01 1.0464 1.4996e-03 1.8532 2.1764e-02 1.6056 1.6666e-03 1.0008
0.0078 1.2880e-03 1.9809 1.5347e-01 1.0188 4.1372e-04 1.8578 7.3480e-03 1.5665 8.3287e-04 1.0007
0.0039 3.2356e-04 1.9931 7.6403e-02 1.0063 1.1743e-04 1.8168 2.5314e-03 1.5374 4.1631e-04 1.0004

Table 3: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−4 and k = 1.
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h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.1250 2.1654e-02 – 5.5512e-01 – 3.3463e-04 – 7.8163e-03 – 3.6449e-07 –
0.0625 1.8282e-03 3.5661 1.0256e-01 2.4363 4.1829e-04 -0.3219 7.1133e-04 3.4579 3.0119e-06 -3.0468
0.0312 2.1800e-04 3.0680 2.5209e-02 2.0245 1.0692e-04 1.9680 9.0043e-05 2.9818 3.8160e-07 2.9806
0.0156 2.6930e-05 3.0170 6.2461e-03 2.0129 2.7165e-05 1.9767 1.1309e-05 2.9931 4.8742e-08 2.9688
0.0078 3.3568e-06 3.0041 1.5568e-03 2.0044 6.7978e-06 1.9986 1.4160e-06 2.9976 6.1583e-09 2.9846
0.0039 4.1927e-07 3.0011 3.8887e-04 2.0012 1.6990e-06 2.0004 1.7737e-07 2.9970 7.7956e-10 2.9818

Table 4: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−4 and k = 2.

We can observe in Tables 1- 4, the expected rates of convergence for our proposed scheme under
quasi-uniform refinement. It is worth noting that the error norms ∥uD − uh,D∥0,ΩD

and ∥pNS −
ph,NS∥0,ΩNS

exhibit better behavior than predicted by Theorem 23 when polynomial functions of order
k = 1 are employed. We hypothesize that this is due to the smoothness of the solutions in this
example. The isovalues of velocity and pressure in both media, which are not shown in this paper, are
very close to the exact ones.

7.2 A coupled flow with different types of permeability

Inspired by the numerical results presented in [26], in this section we consider a series of experiments
that simulate the interaction of fluid flowing from a free medium to a porous medium where the per-
meability of the latter varies from a constant value, under different boundary conditions, to a highly
oscillatory case (for a similar numerical example, see also [14]).

The computational domain Ω := (0, 10)2 is partitioned into ΩNS := (0, 10)×(6, 10), ΩD := (0, 10)×
(0, 6), and the definitions of the different boundaries can be seen in Figure 3.

Figure 3: Configuration of the computational domain Ω.

For the first case=, we set κ = 1, and ν = 1, imposing the following boundary conditions on ΓNS :

uNS(x, y)



(
10 sin

(
π
8
(y − 6)

)
, 0
)
, on ΓNS,1,(

sin
(
π
8
(y − 6)

)
, 0
)
, on ΓNS,2,

(1, 0) , on ΓNS,3.

Moreover, on the boundary ΓNeu
D we impose the impermeability condition uD · nD = 0. On ΓDir

D we
prescribe the Dirichlet boundary condition pD(x, y) = 20− x. To complete the specifications of this
problem, the source terms fNS , gD are set to zero and the parameter α1 in the Beavers–Joseph–
Saffman condition is taken as 1.
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In Figure 4 we present the streamlines and the isovalues of the computed velocity magnitude and
pressure, using an interpolation order k = 2 on a mesh with 25,600 elements. We observe that the
numerical solution recovers the expected behaviour, closely matching the results established in [26].

Figure 4: The coupled flow problem with permeability κ = 1. Streamline (left), isovalues of velocity
magnitude (center) and pressure (right). Here ν = 1 with interpolation order k = 2 on a mesh with
25,600 elements.

In Figure 5, we consider a permeability of κ = 10−6 in the porous medium, and we replace the bound-
ary condition on ΓNS,2 with that defined on ΓNS,1. With this configuration, the domain ΩD provides
significant resistance to the flow, which explains the behavior of the streamlines in the free medium.

Figure 5: The coupled flow problem with permeability κ = 10−6. Streamline (left), isovalues of velocity
magnitude (center) and pressure (right). Here ν = 1 with interpolation order k = 2 on a mesh with
25,600 elements.

Finally, we use the same configuration and boundary conditions as in the previous experiment, but now
consider a coarse mesh with 6, 400 triangles for ΩD where the permeability κ is randomly defined
within the interval [0.0005, 0.1] (see Figure 6 on the left). In this situation, the behavior of the fluid
in the porous medium becomes more complex and less predictable. Figure 6 presents the numerical
results obtained using our stabilized scheme on a refined mesh with 102, 400 triangles, generated
from the initial coarse mesh where the permeability was defined. The results are displayed using
different scales for each domain to enhance visualization. The streamlines tend to follow paths of
least resistance, leading to irregular flow patterns. The velocity isovalues highlight regions of high
permeability, where the medium allows rapid fluid flow, whereas in areas of low permeability, the
velocity remains restricted. In contrast, in areas with low permeability, the velocity of the fluid is limited.
Concerning the heterogeneous pressure distribution on the porous medium, in this same figure, the
isovalues show high gradients near the interface between both mediums.
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Figure 6: Random permeability field κ ∈ [0.0005, 0.1] (left) on a coarse mesh of ΩD with 6, 400
triangles. Isovalues of velocity magnitude with streamlines (center) and isovalues of pressure (right)
computed on a mesh with 102,400 elements. Here, ν = 1 with interpolation order k = 2.

7.3 An analytical solution in three dimensions

This final test illustrates the performance of our stabilized finite element scheme in the case where
problem (P) is defined in a bounded solid region of R3. For this, we consider the computational
domain Ω := (0, 1) × (−1/2, 1/2) × (0, 1), with the free-flow region given by ΩNS := (0, 1) ×
(−1/2, 0)× (0, 1) and the porous medium region by ΩD := (0, 1)× (0, 1/2)× (0, 1). Moreover, as
shown in Figure 7, the interface between both media is defined as Γ :=ΩNS ∩ ΩD, the boundaries
ΓNS := ∂ΩNS\Γ and ΓD are divided as follows

ΓNeu
D :=

{
(x, y, 0) ∈ R3 : 0 < x < 1, 0 < y < 1/2

}
, ΓDir

D :=ΓD\ΓNeu
D .

Figure 7: Configuration of the computational domain Ω.

In the Beavers–Joseph–Saffman condition, we take α1 = α2 = 1, the viscosity of the fluid is ν = 1
or ν = 10−2, with a permeability of the porous medium κ = 1. The data fNS and gD are such that
the exact solution is given by

uNS(x, y) := (ez sin y,−ez sin y, ez cos y − ez cosx),

pNS(x, y) := − 1

2
e2z +

1

4
(e2 − 1),

uD(x, y) := (cos(πz) sin(πx) sin(πy), sin(πz) cos(πx) sin(πy),−2 sin(πz) sin(πx) cos(πy)),

pD(x, y) := sin(πz) sin(πx) cos(πy).

As in the two-dimensional case, this solution satisfies mass conservation but does not satisfy the other
interface conditions on Γ, so appropriate right-hand sides must be constructed such that (u, p) is the
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solution of the coupled problem. The calculations were performed using interpolation order k = 1
and k = 2. In Tables 5-8 we have the errors for the proposed scheme when considering a family
of triangulations with different viscosity values ν. The convergence rates for each of the approximate
unknowns behave as expected. Finally, in Figures 8 and 9, we can compare some isovalues of velocity
and pressure when considering interpolation order k = 1 in a mesh with 196,608 tetrahedrons. These
visualizations confirm that our proposed stabilized scheme is effective in approximating the exact
solution.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.8660 5.3192e-02 – 6.2219e-01 – 6.5204e-01 – 8.0469e-01 – 1.0529e+00 –
0.4330 1.4257e-02 1.90 3.1540e-01 0.99 2.4651e-01 1.40 3.2748e-01 1.30 6.4546e-01 0.70
0.2165 3.9227e-03 1.86 1.5687e-01 1.00 9.0379e-02 1.45 9.5318e-02 1.78 3.4112e-01 0.93
0.1083 1.0520e-03 1.90 7.7838e-02 1.01 2.9480e-02 1.62 2.8676e-02 1.73 1.7227e-01 0.99
0.0541 2.7258e-04 1.95 3.8746e-02 1.00 9.1414e-03 1.69 9.1784e-03 1.64 8.6256e-02 1.00

Table 5: Mesh sizes, errors and rates of convergence of the solutions for ν = 1 and k = 1.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.8660 2.9085e-03 – 5.2558e-02 – 3.0839e-02 – 2.5161e-01 – 3.9347e-01 –
0.4330 3.8854e-04 2,90 1.3652e-02 1.95 5.7556e-03 2.43 6.3930e-02 1.98 1.1783e-01 1.72
0.2165 5.6971e-05 2.77 3.8494e-03 1.83 1.4205e-03 2.01 1.9272e-02 1.73 3.1735e-02 1.90
0.1083 8.3535e-06 2.77 1.3977e-03 1.47 3.3506e-04 2.08 5.6271e-03 1.78 8.1205e-03 1.97
0.0541 1.2285e-06 2.76 3.4943e-04 1.99 8.2694e-05 2.01 1.5163e-03 1.90 2.0388e-03 2.00

Table 6: Mesh sizes, errors and rates of convergence of the solutions for ν = 1 and k = 2.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.8660 5.6107e-02 – 6.2576e-01 – 4.4445e-01 – 7.9286e-01 – 1.0511e+00 –
0.4330 1.4257e-02 1.9765 3.1540e-01 0.9884 2.4651e-01 0.8504 3.2748e-01 1.2757 6.4546e-01 0.7035
0.2165 3.9227e-03 1.8618 1.5687e-01 1.0076 9.0379e-02 1.4476 9.5318e-02 1.7806 3.4112e-01 0.9200
0.1083 1.0793e-03 1.9765 7.7838e-02 1.0110 2.9480e-02 1.6163 2.8676e-02 1.7329 1.7227e-01 0.9856
0.0541 2.9696e-04 1.9765 3.8746e-02 1.0064 9.1414e-03 1.6892 9.1784e-03 1.6435 8.6256e-02 0.9980

Table 7: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−2 and k = 1.

h ∥uNS − uh,NS∥0,ΩNS
order |uNS − uh,NS|1,ΩNS

order ∥pNS − ph,NS∥0,ΩNS
order ∥uD − uh,D∥0,ΩD

order |pD − ph,D|1,ΩD
order

0.8660 1.8767e-02 – 2.1266e-01 – 1.2217e-02 – 2.5908e+01 – 4.0869e-01 –
0.4330 3.8860e-04 5.5938 1.3652e-02 3.9614 5.7540e-03 1.0863 6.4538e-02 8.649 1.1898e-01 1.7803
0.2165 5.6964e-05 2.7702 3.8490e-03 1.8266 1.4203e-03 2.0184 1.9315e-02 1.7404 3.1813e-02 1.903
0.1083 8.3502e-06 2.7702 1.0852e-03 1.8265 3.5058e-04 2.0184 5.6302e-03 1.7785 8.1255e-03 1.9691
0.0541 1.2240e-06 2.7702 3.1392e-04 1.7895 8.6598e-05 2.0173 1.5165e-03 1.8924 2.0391e-03 1.9945

Table 8: Mesh sizes, errors and rates of convergence of the solutions for ν = 10−2 and k = 2.

Figure 8: Isovalues of the velocity magnitudes |uNS| (first) and |uD| (third) compared with the approx-
imated solutions |uh,NS| (second) and |uh,D| (fourth), respectively, on a mesh with 196,608 tetrahe-
drons. Here, ν = 1 and the interpolation order k = 1.
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Figure 9: Isovalues of the pressures pNS (first) and pD (third) compared with the approximated so-
lutions ph,NS (second) and ph,D (fourth), respectively, on a mesh with 196,608 tetrahedrons. Here,
ν = 1 and the interpolation order k = 1.

Conclusions

In this work, we have proposed a new stabilized finite element scheme for the Navier–Stokes/Darcy
coupled problem in Lagrange spaces with equal-order approximation. To achieve this, we define an
augmented variational formulation, inspired by the recently published work [4] on the Stokes/Darcy
coupled problem. Using fixed-point theory, we establish the existence and uniqueness of the solution
to the continuous variational problem within a bounded ball. This new formulation is stabilized, and by
extending these techniques to the discrete case, we also prove the existence and uniqueness of the
proposed scheme’s solution under small data conditions. Furthermore, assuming standard regularity
conditions for the exact solution, we demonstrate the convergence of the discrete scheme. Numerical
validation confirms, in both two and three dimensions, the good approximation properties expected
when the model problem has an analytical solution. Additionally, in the case where the problem is
inspired by a physical setting, our stabilized finite element method yields good results.

For future work, it remains to explore the decoupling of the proposed scheme, as well as to study and
improve the convergence order of the Picard method for the nonlinear scheme by incorporating and
analyzing acceleration strategies [32].
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