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Infinite-dimensional diffusions and depletion interaction for a
model of colloids

Myriam Fradon, Alexander Zass

Abstract

We consider infinite-dimensional random diffusion dynamics for the Asakura—Oosawa model
of interacting hard spheres of two different sizes. We construct a solution to the corresponding
SDE with collision local times, analyse its reversible measures, and observe the emergence of
an attractive short-range depletion interaction between the large spheres. We study the Gibbs
measures associated to this new interaction, exploring connections to percolation and optimal
packing.

1 Introduction

In this work, we consider colloidal dynamics, that is the motion of large colloidal particles within a
medium formed by much smaller solvent particles. The model is inspired by the Asakura—Oosawa
(AO) model [AO54] of Chemical Physics; there, the authors introduce a size-asymmetric binary mixture
of hard spheres to model colloidal suspensions, successfully explaining the origin of an attractive
interaction that is observed when looking at large colloidal particles in a solution of non-adsorbing
polymers, and which is referred to as “attraction through repulsion” [LT11]. We consider a modification
of the model, due to A. Vrij [Vri78], in which the colloids are represented as large hard spheres, and
the polymers as small penetrable spheres, which we will call particles. We present here a two-fold
study of this model — both from the dynamic (infinite-dimensional SDEs) point of view, and from the
static (infinite-volume Gibbs point processes) one.

Indeed, already in the early 20th century, J. Perrin observed that these objects are characterised by a
Brownian-type motion [PerQ9]. To preserve shift invariance, we are therefore modelling infinitely-many
hard spheres in Euclidean space, randomly-diffusing through a random medium of infinitely-many
randomly-diffusing very small particles. Since spheres cannot overlap, and spheres and particles do
not overlap either, the model is an infinite-dimensional SDE with normal reflection on the boundary of
the set of forbidden, overlapping configurations.

Since the pioneering work of A.V. Skorokhod [Sko61l, ISko62] on half-spaces, pathwise solutions of
reflected stochastic differential equations have been constructed on finite-dimensional domains under
boundary conditions of increasing generality: see H. Tanaka [Tan79] for convex domains, P.L. Lions
and A.S. Sznitman [LS84] for admissible domains, H. Saisho [Sai87] for domains satisfying exterior
sphere and interior cone conditions, P. Dupuis and H. Ishii [DI93] [DIO8] for non-smooth domains,
and [Frai3] for domains defined by a finite set of constraints. On the other hand, infinite-dimensional
Brownian diffusions, without boundary condition, have been first studied by R. Lang [Lan77] and H.-O.
Georgii [Geo79]. Our present work combines the difficulties of infinite-dimensional Brownian systems
and those induced by the reflection on the non-smooth boundary of the domain of non-overlapping
configurations.
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M. Fradon, A. Zass 2

H. Tanemura [Tan96] first used such an infinite-dimensional reflected SDE to study a system of
infinitely-many identical Brownian hard balls. His results have been extended to identical hard balls
that also have an additional smooth interaction with potentially-infinite range (see [FR0O0, [FRTQQ,
FRQ7/, [Tan22]). Recently, we extended these ideas in [FKRZ24]| to two-type hard-core diffusions, in
order to construct dynamics for the Asakura—Oosawa model. However, the results therein were limited
to a finite number of large hard spheres in a bath of a infinitely-many particles; as a result, the model
in [FKRZ24], though isotropic, does not have the spatial invariance which can be expected from a
colloidal suspension at such a microscopic scale.

The aim of the present paper is then to constructs a more natural, shift-invariant Asakura—Oosawa dy-
namics, where both the hard spheres and the particles are infinitely many. This natural generalisation
is clearly not straightforward: since spheres, contrary to particles, are not penetrable, an infinite num-
ber of spheres induces infinite-range non-overlap conditions; this requires precise estimates (namely,
to control so-called bad paths) which lead to new, highly non-trivial, technical difficulties.

Colloids and the phenomenon of depletion interaction have recently been investigated using the tools
and language of Statistical Mechanics. For example: in [JT20], the authors use the emergence of the
effective depletion interaction to show that cluster expansion converges in an improved activity regime;
in [JKSZ24], the Gibbs variational principle is shown to hold also when the size of hard spheres is
unbounded; in [WJL23], the authors analyse geometric criteria for the absence of multi-body depletion
interactions. In this framework, our work shows how the Gibbs measures at the heart of the above
studies come up naturally as the reversible equilibrium measures of the colloid-polymer dynamics.

The core of the paper is dedicated to the proof of existence of a unique strong solution to the two-type
infinite-dimensional SDE that is introduced in Section [1.2} in Section [2, we construct a sequence of
approximating processes via penalisation, and in Section |3} we prove that such a sequence converges
to the unique solution of the SDE. In Section (4] we analyse the emergence of the depletion interaction.
More precisely, we consider the projection of the reversible measures onto the subsystem of hard
spheres. We prove a correspondence between the two-type and the one-type Gibbs measures, and
present an infinite-dimensional gradient diffusion associated to these measures. Finally, we show that
in the low-intensity regime there is absence of percolation, whereas the high-intensity regime leads to
the phenomenon of optimal packing.

1.1 Allowed configurations of spheres and particles

We consider an infinite number of large spheres with radius ©+ > 0 and centres &1, &, ... in R%,
d > 2, along with an infinite number of smaller spherical particles with radius 0 < 7 < 7 and centres
@1, &g, ... in R This two-type system is subject to the following non-overlap constraints: the large
spheres are not allowed to overlap; the small particles can overlap each other, but are not allowed to
overlap the large ones.

The configuration space is the set M of locally-finite Radon point measures on X = R? x {o,},
i.e. those of the form x = XX = >, _; 0z, + D pe g O, With &; € R? x {0}, &, € R? x {-} for
I,K c N* =N\ {0} ={1,2,...},suchthat x(A) < 400 for any compact subset A C X. M is
endowed with the topology of vague convergence.

The sum of two point measures is denoted by the juxtaposition Xy := x + y. As the point measures
we consider are a.s. simple, we identify them with their support. For any A C R¢, y, := y N Ais the
restriction of the sphere and particle configuration y to A. We denote by M, the corresponding set
of point measures on A x {o, -} and by y, the restriction to M, of a measure i on M. The above
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Infinite-dimensional diffusions and depletion interaction for a model of colloids 3

notations are, of course, analogous when considering only sphere or particle configurations, leading
to My and M, respectively.

According to the non-overlap constraints, the subset 9 C M of so-called allowed configurations is

. VA, |E - ) > 28,
D_{X_XXGM' Viok, |&—dx >F 47 [

The second constraint describes a depletion shell of thickness 7 around each sphere, that is forbidden
for the centres of the small particles. Given an allowed configuration x of hard spheres, in order for
the configuration xX to also be allowed, the particles x cannot be placed within the forbidden area

B(x) := U,z B(2, (%9) where 7 := 7 + i is the depletion radius.

Here and in the sequel, B(z, R)
dimensional volume of A C R¢, and v4 := | B(0, 1) the volume of the d-dimensional unit sphere.

1.2 Dynamics for the AO model

Having fixed notations, we can now introduce our dynamical model. Fix a probability space (2, ¥, P);
the system is described as follows:

- Infinitely-many hard spheres with radius ©* > 0, whose centres at time ¢ are denoted by (XZ (t))ieN* ,

move according to independent Brownian motions (ﬁ/i)ieN*'

- The hard spheres evolve in a time-inhomogeneous random medium consisting of infinitely-many

small particles with radius 7+ € (0,7), whose centres at time ¢ are denoted by (Xk(t))keN*’

themselves moving according to independent Brownian motions (Wk)keN*'

- The only interactions are due to the non-overlap constraints. The local times (Lij>i,jeN* ensure
that there is no pairwise overlap between the hard spheres: in case of a collision, they induce
an instantaneous repulsion given by a normal reflection at the boundary of the set of allowed
configurations. Similarly, the local times (fik)z‘,keN* model the non-overlap constraint between small
particles and hard spheres. As a result, at each time, the two-type configuration should belong to
the set D of allowed configurations.

This two-type dynamics can be described by the following doubly-infinite SDE with reflection. We are
only interested in a solution on [0, 1]; Markov property then yields a solution on R, ..

(forany i € N*, kEN* t € [0,1],

dX;(t) = dWi(t) +ZX X;)(t)dL (1 +ZX Xy) ()l (t)

dXi(t) = 6 dW(t) + 62 f (X5, — X;) (t)dli(t) (Seo)

Vj € N*, L;;(0) = £ix(0) = 0, Ly = Lj;, Liy =0,

t t
\/; ]1‘_)0(1-(5)—)0{]-(3)‘75272 dLZ](‘S) = 07 /0 ]1|Xz(5)*Xk(5)|7é(72 d£1k<8) = O

The diffusion coefficient ¢ > 0 is fixed, related to the temperature and to the mass of the small
particles. We do not introduce a corresponding coefficient ¢ for the hard spheres, i.e. we simply set
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M. Fradon, A. Zass 4

it equal to 1; this is not a restriction, as it suffices to choose, as the time unit of the model, the time
at which the standard deviation of each coordinate of the Brownian motions W is equal to the length
unit of the model.

1.3 Main results

The following set of Gibbs measures will be the reversible measures for the above system.

Definition 1.1. For a probability measure 1 on M, we write . € G:; and say that it is a Gibbs
measure on M, with activities z, Z, associated to the above hard-core interaction, if, for any bounded
subset A C R? and any positive measurable function F on D,

/D F(x) pu(dx) = /@ Z#(y) /M /M F(yaeict) L (yacks) ml (d5%) i (d%) ul(dy), (1.1

where 73 (dx) denotes the Poisson point process on M, with intensity Z > 0, 75 (d%) denotes the
Poisson point process on M with intensity Z > 0, and the normalisation factor Zx (y) = Za(yac) =
[ 1p(yrexx) 3 (dx) 73 (dx) is the partition function.

Note that ;1 € G; ; is concentrated on the set O of admissible configuration. Also note that ZA(y) <
1,since 1p < 1,and Zx(y) > 0, since y € D and xx is a finite configuration.

While existence of at least one such measure is a classical result (see, e.g. [Rue99)), it is conjec-
tured [LT11, Chapter 3] that a non-uniqueness phase transition, that is Card(gﬁ) > 1, occurs for
large enough hard-sphere activities.

A main result of this paper is the following theorem, whose proof is split in Sections [2]and

Theorem 1.2. Let i € G ;, Z, 2 > 0. The two-type infinite-dimensional SDE admits a unique
P-valued strong solution, for j-almost every deterministic initial condition. Moreover, this solution is
time-reversible if the initial condition is random and distributed according to L.

In Section |4} we investigate the emergence of an effective depletion interaction. The main results can
be summarised in the following two theorems.

Theorem 1.3. The sphere marginal probability measure /i of 1 € G: ; is an element of G:(2E), i.e.
it solves, for any bounded A C R and any positive measurable ' on M,

[ Pt = [ o [ P exp (—2aeva0) Lol w050 (). 012

where Ex (x) := |B(x,) \ B(Xac)|. Moreover, there exists a critical activity z. > 0 such that, for any
z < Z, there is no percolation of interacting hard spheres fi-almost surely; and i attains the closest
packing density as z — oo, for any Z > 0.

Theorem 1.4. Let §(x) := [B(x)|. Ford > 3and /7 < 21/3 — 1, the following gradient dynamics
admits a unique strong solution, and [i € G:(ZE) is reversible for this dynamics for any z, 2 > 0:

( forany i € N*, ¢ € [0, 1],
. “+00
dXi(t) = dWi(t) — gvl-a(f’(l, Xoo)dt+ Y (X = X,) (0)dLy(t).

Jj=1

t
Vi e N, Li(0) = 0, Ly = Ly, / E\Xi(s)—ij(s)#Wsz‘j(S) =0, Ly = 0.
. 0
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Infinite-dimensional diffusions and depletion interaction for a model of colloids 5

Note that the solutions of the above theorems are unique in the sense of [Tan96, Lemma 5.4], that is
as elements of a set of regular paths, see Remark[3.9]

2 Construction of the approximating process

Let n € G: :, 2, 2 > 0. In this section, for y-almost every initial condition y € O, we construct, via a
penalisation procedure, a sequence of approximating processes that start from an approximation /ﬁ}’z
of the candidate reversible measure for (S.J), and that mostly stay in B(0, R). The solution of
will then be shown, in Section [3] to be the limit as R — 0o of such a sequence.

2.1 Penalisation functions

For every fixed radius R > 0 and outside configurationy = yy € D, we define B% (resp. B%) as
the part of B(0, R) in which the centre of a sphere (resp. a particle) can be put without conflicting with
the y spheres and particles whose centres are outside of B(0, R), that is:

é% = B(O, R) \ B(S)’B(O’R)c7 279') \ B(YB(O,R)C; (7?), B]};L = B(O, R) \B(}O’B(O7R)c). (21)

The sphere-penalisation function wly% : R — R and the particle-penalisation function w}; ‘R 5 R
are chosen among non-negative functions of class C? with bounded derivatives, such that V@% van-
ishes on B]}% Vz/}‘}; vanishes on By, and they are small enough outside of B}'z and B}'z respectively,
in the sense that:

Z/ e_%(x) dr < 400 and Z/ e_%(x) dr < +00. (2.2)

R=1 (éﬁ)c R=1 (Bﬁ)c

That is, for the finite measures on R? defined as A% (di) := e~Vr(@ i, and N (di) = e VR@ g,
where dx denotes the Lebesgue measure, we assume that Y hq AR((BR)E)+AR((B)E) < +o0.
An example of such functions 1%, and 1Y, , having linear growth with respect to the Euclidean norm at
infinity, is given in Section[A1]

These penalisation functions will be used as drifts in a finite-dimensional penalised dynamics whose
solution will be shown to approximate the solution of (S.).
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M. Fradon, A. Zass 6

2.2 Penalised SDE

We consider the penalised SDE around B(0, R) for a finite number n of spheres and a finite number
m of particles given by

(forany i € {1,...,n}, ke {1,. m} t € 0,1],

Xi(t) = X,;(0) + Wi(t ——/ V% (X,(s)) ds
+Z/ (Xi — X;)(s)dLi;(s +§:/ X; — X3.) (s)dli(s)
Xk(t)_Xk(O)Jro'er(t)—?/o V% (Xy(s)) ds + 67 Z/ (X5, — X)) ()dlir(s)

\V/] € {]_, e ,TL}, LZ](O) = gzk(O) = 0, Lij = Lji; Lu =0

t t
\/0 10501228 ALag(s) = 0, /0 L s oxogoe Win(s) = 0.
(S%)

The existence of a unique solution to the above system follows from [FKRZ24|, Proposition 2.2]:

Proposition 2.1. For any fixed outside condition y € D, any fixed radius R > 0, and any number
n € N of large spheres and m € N of small particles, the penalised finite-dimensional SDE with re-
flection (S}) admits a unique D-valued strong solution XY™ (x) = (X¥-Fmm(x, 1), ¢ € [0, 1]),

X%R,n,m(X’ t) — ()zviy,R,’rw’n(X7 t), )'(]zl,R,n,m(X7 t), LZyj,R,n,m< )’ gzlkan

(x, t)) 1<i,j<n, 1<k<m’

for l/l’ém’m—almost every deterministic initial condition x = XX = (Z1,...,Tpn, T1,...,%m) € D,
where the measure vy, ., concentrated on the admissible configurations with n spheres and m
particles, is defined, for any positive measurable function F' on D, by

/ F(x) i), (%) = / / F(3&) T (%%) @, No(din) @7, A (dd).  (23)
D Rnd Rmd
Moreover, the finite measure Vﬁmm is reversible for the dynamics .

Note that v/% , ., only depends on y via 1@% and %3% which only depend on yp(o,r)e. The initial
configurations X = XX given by V}%mm belong to D, but the superposition y 5, z)-XX is in general
not in D.

Remark 2.2. For n = 0, there is no sphere process and no local time process L;; and /;;; the
process XY 20m(x ) = (X,Z’R’O’m(x, ) 1<x<,, ONly involves m independent particles. Then @2.3)

holds with the convention that x = 0, [, C** ®@9_, Aj(di;) = C*, and [ F(x) AV o m(X) =
med F(x) @l Ab}%(dxk)

Similarly, for m = 0, there is no particle process and no local time process /;;; the process Xy’R’”VO(x, t) =
()o(y’Rm’O(X, ), L%’R’"’O(x, ~))1<”< only involves n hard spheres. Then holds with the con-

vention that X = () and [ F'(x) dv}; ,, o(X) := [ FI(X) 1p(x) ®FL, N (di;).

For n = 0 and m = 0, the process is empty. For the sake of completeness, in the sequel we let
JF® dVROO x) == F(0).
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Infinite-dimensional diffusions and depletion interaction for a model of colloids 7

Definition 2.3. Let Qan denote the time-reversible pushforward measure of the solution of the
penalised SDE with initial measure VRn -

Enm (-):= /P ((Xy’R’”’m(X, t))te[m] € ) duﬁ%n’m(x). (2.4)

2.3 Mixture of penalised processes

We construct an approximation of the expected reversible measure p as a Poissonian mixture of the
reversible measures of the solutions of for different numbers of spheres and particles:

—+00 Dn +oo .

“R = Zy Z n! Z m! an (2'5)

For any y, the following mixture Q of penalised processes distributions starting from p% is reversible:

n+o°m

SR IED D e

m=0
Finally, we define the approximate process X¥'# as the solution of 1| with n = ﬁ(j’fB(o,R)) and
m = h(yB(QR)), where f denotes the number of points, and with initial configuration equal to
Y B(0,R)Y B(0,R) that is,

XY,R(.) — Xy,R,ﬁ(S'B(O,R))7ﬂ(YB(O,R))(yB(O R)s - ) (2.7)

To obtain Theorem (1.2} we will prove that, as R tends to infinity, the (Q%-distributed reversible process
converges, in a locally eventually-constant way, to a solution of , and the distribution of X% is
arbitrary close to Q% when the outside configuration y is chosen according to p.

3 Convergence of the penalised processes

In this section, we show that the penalised process XY converges to the solution of : we
first prove, in Section that the convergence holds in a certain subset of {2, and then, in Sec-
tion show that this subset has full mass under the reversible measures. Uniqueness is shown in
Remark[3.91

In order to prove the convergence, we have to check that balls (spheres or particles) only interact
locally, making sure that the probability of bad paths, i.e. those of balls that interact with a great
number of other ones, vanishes. The proof relies on the fact that long chains of interacting spheres
rarely form, and that balls coming very fast from far away also are improbable. Let us first define these
two events. See Figure [{]for a visualisation of a long chain.

Definition 3.1 (Long chains). For every positive radius o, every positive leeway € and every chain
length k, define the set of configurations which have a long sphere chain by

Behain(, K, €) 1= {x € D st forsome {;,, -, 2, .} CX

17| < aand |2, — @5 <20 4¢, ooy T, — Ty < 27%+5},

DOI 10.20347/WIAS.PREPRINT.3181 Berlin 2025



M. Fradon, A. Zass 8

rrrrrrrrrrrr

Figure 1: Highlighted, an example of an e-chain of length = 10.

For every positive time step J, the set of configuration paths whose J-discretisation presents an ¢-
chain is

Blpain(0, 0, K, €) 1= {X: 0,1] = D st Ik e N X(kd) € Bopan(, K, 5)}

Definition 3.2 (Fast balls). For every positive radius «, every positive range ¢ and every positive time
duration 9, define the set of paths which have oscillation € during ¢ as

Brasi(@v, 0, €) 1= {f € CO([O, 1];Rd) st min |f(s)]| < aand sup |f(t)— f(s)| > 5}.

0<s<1 t—s|<s
0<s,t<1

The set of configuration paths involving a sphere or particle that moves too fast is defined as

Bl (a,d,¢) = {X: [0,1] = D st i, Xz() € Brasi(v, 0, ) or Ik, Xk() € Brasi(v, 0, 5)}

We will show that the approximate processes XY coincide for R large enough, as far as their sphere
and particles in some bounded area are concerned. This happens as soon as, for any € smaller than
some positive threshold (yy) and for all ranges R large enough, both processes XY It and XV fi+l
do not belong to the B, and BL, events given by ¢ and some suitable parameters J, «, and K
depending on R. Formally, the set on which the convergence holds, and which will be shown to be of

full measure, is:

= {w € Q:3e(y) >0Ve <e(y) IR(e) € Nst. VR > R(e),
XV (W) & Blnan(0(R), a(R), K(R), ), X¥" ¢ Bry(a(R),0(R),c/4),
XV W) € By (0(R), a(R), 6(R),€), XY ¢ ﬂast(a(R)ﬁ(R)ﬂ/‘l)}»

where 6(R) := 1/|R?], a(R) := R — 27 and k(R) := | R'/3].

The construction of a solution to (S,.) is then split into the two following propositions, proved in Sec-
tions [3.1] and [3.2] respectively, and a short Section [3.3]to check the reversibility of the limit process
obtained in these propositions.

DOI 10.20347/WIAS.PREPRINT.3181 Berlin 2025



Infinite-dimensional diffusions and depletion interaction for a model of colloids 9

Proposition 3.3. For any fixed y in the interior of D, for any w € {2Y, the sequence of processes

(XY7R(w), w E Qy)ReN* converges to a limit process that solves (S,.) with initial condition y.

Proposition 3.4. Any Gibbs measure /1 € G: ; has its support in {y € D s.t. P()¥) = 1}, thatis
[, P p(dy) = 1.
D

3.1 Proof of Proposition [3.3]: convergence on a subset
Definition 3.5. For each configuration x € 9, each radius p > 0, and each leeway ¢ > 0:
- The set of spheres which belong to B(0, p) or to an e-chain connected to B(0, p) is:
J(x,p,e) = {z s.t. |2;| < porforsome {z;,, -+ ,2;} Cx |z;| < pand
iy, — sl <2, g, — ] < 2 e, fiy, — il < 27 e,
- The set of particles which belong to B(0, p) or are close to some e-chain connected to B(0, p) is:
J(x,p,e) = {k st |ix] < pordie J(x,p.e) st iy — & < %+€}.

The following crucial lemma is proved in Section[A.2}

Lemma 3.6. Assume that for a chain size k > 2, a time step ¢ (inverse of integer), and a ball size «,
the path X : [0, 1] — D has neither too large a chain nor to large an oscillation, i.e.

X §é BChaln(67 a, K, 5) and X §é BFast(aa 9, 5/4)

Fix p such that py = p + %7”(273 +¢) < a. Then, forany a € {0,1,2,--- ,%}, for all ¢t €
(a8, (a + 1)), and for p, := po — 2ak(2F +€) = p+ 2(% - a)/f@f +e):

- Spheres in j( (ad), pa, €) do not bump into the other balls (separation property):

Vi ¢ I (X(ab), pu€), Vi € T(X(ab), pure), 1X5(0) = Xult)| > 27+ 5,

Wk ¢ F(X(a8),par2), Vi € T (X(ad), pure), 1Xult) = Xi(0)] > P+ .

- Spheres and particles not too far from the origin stay around the origin (localisation property):

Vi € F(X(a),p0,9), 1Xilt)] < put w2 +)+ 2,

VkEj( ( )pCH )7 ‘Xk<t)’§pa+/§(27%+€)—|—%+i—5

. Tpe index sets form a dgcreasing sequence (nested inclusion property):
G (X(ad), pase) D J(X((a+ 1)), pas.),
I (X(ad), pa;e) O T (X((a+ 1)), pas1,€).

Fix a configuration y = yy € D, a radius p, and consider an w € €)Y. By definition, for any fixed
e < &(y), there exists R(g) > 0 such that, for every R > R(¢),

XV (w) & Bl (0(R), a(R), 6(R),€) , XY (w) ¢ Blog(a(R),d(R),e/4) and
XY w) € Biran(0(R), a(R), 5(R), €) , XV (w) ¢ Brog(a(R),0(R),e/4).
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Recall that 6(R) := 1/|RY?|, a(R) := R — 27 and k(R) := |R'?]. Since x(R)/6(R) ~
R*3 < a(R) ~ R, there exists R(c, p) > R(¢) such that for any R > R(e, p):

g
(R

2 . ® e
>+ (6(R)+1) /<;(R)(2r+€)+7"+zga(R). (3.1)

We now fix R > R(g, p). Let us prove by induction that, for all ¢ € [0, 1]: for all 7 such that |y;| < p,
all k such that |gx| < p,and all R > R(e, p),

XY (w,t) = X2 w, 1) and XY P (w, t) = XY (w,t).

At time ¢ = 0, the initial configurations X¥*(w,0) = ypgo,r and XY (w,0) = ypo.r+)
coincide as far as their spheres in J (X¥"f(w,0), po, €) and their particles in I (X¥"%(w, 0), po, )
are concerned, for

€ o
poi=p+ ——= + (21 + ¢),

K
o(R) ~ O(R)
since po + K(R)(2r + ¢) + ¥ < R thanks to (3-7). This provides the initial step for the induction
procedure.
We turn to the induction step. Assume that, for a fixed integer a between 0 and 1/6(R), and for
pa = p+ 5t + 2(@ — a> k(R)(27 + ¢), the processes X¥%(w, -) and XY+ (w, -) and their

local times coincide on [0, ad( R)] as far as their spheres in J (X¥%(w, ad), pa, €) and their particles
in J (XY (w, ad), pa, €) are concerned, and satisfy restricted to these balls up to time ad(R).
We want to prove the same result for (a + 1) instead of a. The separation property in Lemma
implies that the spheres in

j = j(XY7R(w, CL(S(R))a Pa; 5) = j-(Xy7R+1 (UJ, CL(S(R)), Pa; 6)
or the particles in
T = F (XY (w,ab(R)). par€) = F (X (w,ad(R)), pa.€)

do not bump, from time ad(R) to time (a+ 1) (R), into the spheres and particles which do not belong
to these index sets. Thanks to (S,’;) and its Markov property, this implies:

foranyi € J, anyk € J, andanyt € [ad(R), (a + 1)d(R)],

X 5 . . 1 [t oo o
Xiy’R(W’ t) = Xy»R(w, ad(R)) + Wi(w,t) — Wi(w,ad(R)) — 3 /6(1%) V%(X{’R(w, s)) ds

t
+ Z / y = Xy R) (w,s)dL;j(w,s) + Z / (Xiy’R — Xg’R) (w, s)dlix(w, s)
- Jad(R)
jeg keg P
XV (w,t) = XYW, ad(R)) + 6 WY (w,t) — 6 WY (w,ad(R)) — 7 / V% (XY (w, ) ds

2 Jas(r)
462 Z /6(R) Xy’R Xy R) (w, 8)dli(w, s).

This is also true with R + 1 instead of R. The X¥"%(w, -) and XY™ (w, ) fori € J, as well as the
XY (w, ) and X3 (w, ) for k € F, stay in the ball B(0, R — 27*) where VwR, V@ZJRH, VY,
and V"Lp}'2+1 vanish, as a consequence of the localisation property from Lemmaand the inequality
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Infinite-dimensional diffusions and depletion interaction for a model of colloids 11

Pa + k(21 +€) + oo 5‘3 < R — 2r. The restriction to these balls and this time interval of (S3,)
and (S}, ,) both coincide W|th the corresponding restriction of (S.J).

The equality of X¥®(w, -) and X¥"F+1(w, -) at time ad(R) for spheres and particles in J and .,
and the uniqueness of the solution of the above equation imply that X¥"%(w, -) and X¥- %1 (w, ) -
and the corresponding local times — coincide on the time interval [ad(R), (a + 1)§(R)] as far as their
spheres in J and their particles in j are concerned.

In particular, X" (w, (¢ + 1)6(R)) = XY™ (w, (a + 1)6(R)) and XY (w, (a + 1)§(R)) =
XYY w, (a + 1)8(R)) for spheres i € J and particles k € J. The inclusion property from
Lemma 3.6]then yields

T (XY ((a+1)3(R)), pas1,2) = T (XY (@ + 1)(R)), pasrse) C 57
j<Xy’R<<a + 1)5(R))7pa+175) - j(X%R-H((a + 1)(5< )) Pa+1,€ )

As a result, X¥"(w, ) and X¥#*1(w,-) and their local times coincide on [0, (a + 1)5(R)] as

far as their spheres in J (X¥"%(w, (a + 1)5(R)), pas1,€) and their particles in J (XY F(w, (a +

1)6(R)), pa+1, €) are concerned, and the equation (S%) they satisfy reduces to for these balls
on this time interval. This concludes the induction step.

The above step-by-step coincidence result holds for each integer a up to 1/§(R). The solutions
X¥R(w, ) and XY (w,-) of the penalised equations starting from configuration y are equal
up to time 1 for their components which are spheres in J (X¥"%(w, 1), p1/5(r), €) or particles in

T (XY (w, 1), prjscry, ©)-
Since X¥"%(w, -) and X¥"#*1(w, -) both do not have balls that cover a distance larger than == 57
ing the time interval [0, 1] if they ever enter B(0, l(R)), hence stay in B(0, p+555) = B(0, p1ys(r))
if they start in B(0, p), we have

{i 1o <p} € T 1), prjamy.e) and (ks gl < pp € FOXOF(@,1), p1jomy )

The penalised processes XY % (w, ) and X¥f*1(w, -) are then the same process (including local
times) for all spheres and particles starting in B(0, p), and satisfy (S).

dur-

Let us summarise the result of this induction process: For any y = yy € D and w € €Y, for
e < e(y), for any finite collection of spheres ; and particles 9, there exists a radius p larger than
all the |yl R(e, p) large enough such that, as soon as R > R(e, p),
all the XY™ (w, t) and XY (w,t) are equal for t € [0, 1]. Al the local times for the sphere-sphere
collisions and the sphere-particle collisions in this collection aolso do not depend on R as soon as
R > R(e, p). Moreover, the eventually-constant limit paths XY™ (w,-) = limp_, 4.0 XY (w, ")
and X,f’oo(w, ) = limpg 400 X,f’R(w, ) satisfy (S). Since X¥%(w,0) = y for all R’s by con-
struction, X¥>*°(w, 0) := y. This concludes the proof of Proposition

3.2 Proof of Proposition [3.4]: almost sure convergence

We prove here Proposition 3.4} that is that [, P(()°)u(dy) = 0 for i € G . Recall that, for
§(R) :=1/| R3], a(R) := R 27 and k(R) := | R'/3], the complement set of ¥ is

@)= | limsup {XyR € B'(2, R) or XY € B(e, R)}
e(y)el/N ee1/N Ti7+eo
e<e(y)
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M. Fradon, A. Zass 12

where B'(¢, R) := Bg...(0(R), a(R), k(R), ) UBrq(a(R),5(R),e/4). This can be rewritten as

@y= N U limsup {XYREB(e R)UB(e, R—l)}
e(y)el/N ee1/N Ti7teo
e<e(y)

Thanks to the Borel-Cantelli lemma, [, P((€2¥)°)u(dy) = 0 as soon as there exists g > 0 such
that:

Ve < g, Z/ P(XY’R € B(e,R)UB (s, R — 1))u(dy) < +o0.
R D
A sulfficient condition for the above summability to hold is

Jeg > 0: Ve <eg, Z/ Q%(B’(g, RYUB'(¢,R — 1)>M(dy) < 400, (3.2
7 /D

ZdTV(R) < +00, where (3.3)
drv(R) == sup / P(x¥" € 0)u(dy) - / Qﬁ(@)u(dy)\-
GCC([O,ILZ)) D D

The proof of (3.2) relies on the two following results on chains and fast motion, whose proofs are
postponed to Sectlons [A.3land[A.4] respectively.

Lemma 3.7. For each sphere activity Z > 0, each chain length x € N* each radius & > 0, and
each chain leeway ¢ € (0, 27°), the probability of a long sphere chain to occur is bounded by:

1 K
Yy €D, YR>0, Q% (tham(a, o /4;,6)) < 5 (B(@ +e) = (21)va)"

Lemma 3.8. There exists a constant Craes = Craqt(d, 7, 2, 2), depending only on the dimension d,
the particle diffusion coefficient &, and the activities Z and Z, such that for any oscillation parameters
0<e<1,0<6 <1,andany radius o > 1:

d 2

o €
y < — — .
¥y €D, VR >0, Qf (Bral@,0,€)) < Crast 577 exP(—1575 max(l,dQ))

Thanks to Lemma

> [ (Beha.n 5(R), a<R>,m<R>,s>> u(dy)
< STIRYP (2 (27 + o) — 27 va) ™ < oo,
R

as soon as ¢ is small enough for 2 (27 +¢)? — (27*)?)vy < 1 to hold, which is the case, for example,
if ¢ < min(27, (£ (47 + 1)dvd)71). Under the same condition on &, one also obtains

) /D o (thamw(fz ~1),a(R ~ 1), A(R— 1>,e>) u(dy) < +oc,
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Infinite-dimensional diffusions and depletion interaction for a model of colloids 13

Thanks to Lemma[3.8] forany 0 < ¢ < 1,

Z /D Q)}I? (Bllzast(a(R)7 5(R)7 5/4)> M(dy)

< CFastZ | RV | (R —27) vy exp | — il < 400
- — 10d max(1,52) ’

and the same summability holds for

Z/ Qi’% (Bllzast(a(R —1),0(R— 1),6/4))u(dy) < +00.
/D

Thus (3.2) holds. It only remains to prove (3.3), i.e. that the total variation distance between f@ Q’é(-)u(dy)
and f@ P(X%R € - ),u(dy) converges to zero in a summable way. From (2.7) we have that, for any
measurable set © of continuous paths in D:

p(Xy,R c @) _ p<Xy,R,ﬁ(§'B(o,R)W(yB(o,R))(yB(OR ) c @> —. Fg(YB(O,R)),

where F(id) := P(XYR#5 (33, ) € ©). Note that £y only depends on y (o, r)c and not on
YB(o,r)- Taking A = B(0, R), withx = {@1,...,2,} and X = {@1,..., Ty, }, in the definition (T-7)
of u, we find:

/DP(X-V’R € @) p(dy) = / FE(yBo,r) 1(dy)

D

/ 1 s i zm

p Zpor)(Y) £ n! A= ml

/B(O,R)n

Recall that l%}'z and B}; are the parts of B(0, R) where a sphere or a particle can be put without
conflict with the outside configuration y (o, r) (see (2.1)):

/ P(XY’R € 0) u(dy)
D
:/ ZB 0,8)( Z n! Z m! /By)n /By (xx) Ip(xx) @42, diy @iy di; pu(dy).

According to the definitions (2.6), (2.4), (2-3) of the measures Q%,,

/ F3(x%) 1o (¥ B(0.r)-XX) @, diy, @, di; pu(dy).
B(0,R

Yy
R nm VR on,m» WE have

+o0 n +oo
@h(®) = zyZn, Zm'/ P (X7 (x, ) € ©) ik, (%)

1 &XRopm Xom
- 1 /\de m A\ (d
Fr it Dt o PO B0 I i) S i)

Distributing the terms according to the number of spheres and particles in B(0, R), we get the total
variation distance:

L n=0 n' ,mz m' /Rnd /Rmd Fy XX) ]ID(XX) A(y’ XX) ®k 1 dmk ® =1 dl‘lﬂ(dY)

dry(R) = SUP
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where

H?:1 ]li"iel%’% HZZ=1 ]la':ieng e” iz Vh(@) e~ 2k=1 Vrdr)
Zo.r)(y) Z? '

Ay, xx) =

Using the fact that | F (xX)| is bounded by 1, we get

2 2T . o\ e en g
are() < [ 32550 [ o) 13050 €1 iy €1 i (i)

Note that the terms are well-defined even for n = 0 and/or m = 0, with the convention that
[, ---=1and > ), --- = 0. We split the difference A(y, XxX) in two:
‘ ‘ ﬁ ﬁ " 1 1
Y7XX €Y, B o oY
Pl Lae LR Zpom(y) 2

m
fZEE% H ]lmZGB% — e Z?=1 w%(i"z) e~ Z;gnzl w%(wk) i

Since w}; vanishes on é% and %}% vanishes on BY, the argument of the second absolute value is
negative:

n m
H 15&63% H ﬂxLEB% S e Z?:l "p%(iz) e 221:1 w%(xk)7
=1 =1

and the argument of the first absolute value in the bound of |A(y, xX)| is positive:

+oo on +oo . n m
Zpo.r) (Y Z ol Z ] /Rnd /Rmd H]lg"cieéﬁ H]l:tieBﬁ Lp(xx) @iy dit; @)Ly diy,
m= =1 k=1

n+oo.

<an m' /Rnd/Rmd]lDXX) Ry Ay (di) @y Ny (dig) = ZF,

m=

Consequently, the first part in the upper bound of |A(y, xx)| yields Zp(o,r)(y) and the second part
yields ZI)% — ZB(O,R) (y) .

drv(R)

+ én +OO m 1 1
= —— — =5 | ®i, diy @], dz;
/Z)HZ:O n! — /By /By ZB(O,R)(Y) Z}}; k=1 1
1 o . S Y () S Y n m
-+ Z_]}% /Rnd /Rmd ]lD(XX) (6 21:1 ’/’R( z) e Zk:l wR( k) — l_Il ]la"cieé% ]n 1@63%)
1= =1

Ry diy, ®;y di; pu(dy)

1 1 1
< - — —\Z + = y—Z d
< /1) (ZB(O,R) ) ZZ{) B(0,R) (y) Z}; <~ZR B(0,R) (Y)> p(dy)
Zn—7
< 2/ R B}SO,R) (y) ,u(d}’) (3.4)
D Zx
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To prove (3.3), we only have find a summable upper bound for the above integral. Since 1/1}1%(561) =0
for z; € BY,, and % (&)) = 0 for 2, € BY,, we have

n m n m
n Yy Di m_ Yo
L — e VRl iz VRt H ]1561‘63% H ]lffcz‘eBﬁ < Z ]155#3% ™ Z ]1501‘@%
i=1 k=1 i=1 k=1
Using the exchangeability of the spheres and particles, we obtain

Zh— Zpowp(y)

n+oom

<3 IS [ 10050 (bt b ) s ) 2, .

m=0

Since 1p(Zy ... Ty &1 ... %) < Lp(2y...25-1 &1 ... 4y), and analogously for the particles,

Z% - ZB(O R) (Y)

= it § () . A () S (BT
= =1 (n - 1) ! TR' /]R(n 1)d /Rmd Lo (x%) 11 Np(d:) @1y Np(diy) AR((Bg)°)
+oo s +o0 ‘ ‘
+ ZZ ] Z — 1 /]R ) /R( o ®l 1 )\y (dxz) ®m 13y (dl‘k) )\%((B%)C)
n=0 m=1 m m—

< Z (2NR((BY)) + 2%((3%)0))-
Injecting this in yields

dry (R) <2 /D EXG((BY)) + 2X5((BY)) u(dy). 35)

FmaIIy, by assumption (2.2), we have that ) _ , dv (R) < 400, which in turn implies that
I P( w(dy) = 0, concluding the proof of Proposmon

As a result, the solution X¥"*°(w, -) of (S, constructed in Section as a limit process exists for
p-almost every w, for any fixed y in the interior of D.

Remark 3.9. The process X¥"*(w, -) is the unique solution of in the sense of [Tan96, Lemma
5.4]. This means that X¥>>° coincides pi-a.s. with any solution X of starting from y in the class
of paths for which: there exists € > 0 and a rate p € N* such that, for all p > 0 and infinitely-many
m € N*, there exists a finite sequence of rational times o = 0 < t] < - <t < tpy = 1,
with £, — t, < % and a sequence of bounded sets Cy, . .. C,y 1 in RY, with B(0, p +m) C
Co1 C -+ C Cy C B(0,p+ m+ mP), with B(Cyy1,¢) C C, for each a, such that, for every

a € {0,...,m' — 1}, the boundary of C,, separates balls in such a way that they do not interact:
a a+1 ) o , . . £
Va €{0,1,...,m" =1}, Vte : 1nf{|)(}-(t)—:c|:ZEN,:1:686’a}>7°+1—l
TTL
mdeWAﬂ—m:keNﬁx68Q}>f+z

That the limit solution X Y>> belongs to this class follows from the computations of Section Any
solution belonging to this class inherits the uniqueness property of the finite SDE, since every sphere
or particle belongs on successive time intervals to finite sets of interacting balls, hence they coincide
with XY (w, -).
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3.3 Reversibility of the limit under Gibbs measures

To complete the proof of Theorem we only have to note that the limit process X¥*°(w, -), con-
structed in Sections[3.1]and[3.2]for p1-almost every w, admits y as a reversible measure, for any Gibbs
measure (t € Gs ;.

This is a straightforward consequence of the reversibility of the penalised processes under the approx-
imate measures (0%. Indeed, for any time 7" in [0, 1], any subdivision 0 < t; < --- < t; < T, and
any bounded continuous local functions F7, . .., F; on M, we have

J

/Z)E(EE(XY’OO(T —t) - HE(Xy’m(ti)))u(dY)

i=1

= lim
R—+4o00

/| E(HF (01— 1) =] E(Xy’R(ti)))u(dY)

T R—+oo

J
< lim 2] IIFille drv(R) =0,
=1

since, thanks to the reversibility of X¥*# starting from u‘};,

J

/@ E(EE(XY’R(T —t)) - [] Fz-(Xy’R(ti)))u%(dy) =0.

i=1

4 Occurrence of a depletion interaction between hard spheres

In this section, we study the emergence of an attractive interaction, the depletion interaction, between
hard spheres, due to the presence of the particle medium. We first identify the projection /i of the
reversible measure p introduced in (1.7), as a Gibbs measure with a new effective interaction. We
then construct a gradient dynamics whose reversible measure is given by /. Finally, in Sections 4.3
and we study the properties of the Gibbs measures /i in the low- and high-activity regimes,
respectively.

4.1 The projection of the two-type reversible measure

We study here the projection of the reversible measure ;1 € G: ; onto the subsystem of hard spheres.
For any finite configuration x = {z1,...,Z,}, n > 1, of hard spheres, consider the energy

| B(i:,7)|.

=1

We denote by G;(2E) the set of Gibbs measures associated to & with activity Z and inverse temper-
ature z, that is the set of measures solutions of

/D F(%) ji(di) = /D Zo;@ /M F(yaex) exp (— 384 (c70e)) Lo (Fa:%) 7 (d%) fi(d5), (4.1)
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forany A C R? and any positive bounded measurable F on M where

=\ U B@"\ | B@7). (4.2)

TEXA TEX

EA(X) = [B(xa) \ B(xac)

is the conditional energy in A for (infinite) configurations of hard spheres x € M.

Remark 4.1. It is worth noting that several choices of conditional energy lead to the same set of Gibbs
measures. This is the case, for example, for E5(x) := |B(x) N Al, since it differs from &, only for
factors that only depend on the external configuration.

Similarly to the Widom—-Rowlinson model [WR70], the following correspondence between two-type
and one-type models holds, where the intensity 2 of the particles plays the role of inverse temperature
for the effective interaction between hard spheres.

Proposition 4.2. Forany z, Z > 0,

- If p € G; ; is a Gibbs measure on M, then its marginal on M is a Gibbs measure [z € G:(28).

- If 1 € G:(28) is a Gibbs measure on M, then f1(dx) ®7rﬂ§d\B(&)(d>'c) € G: ; is a Gibbs measure
on M.

The proof is relatively straightforward, but it is still worthwhile to include here. Indeed, in the Widom-—
Rowlinson model this result is folklore, and as such a rigorous proof using the DLR formalism is not
easily found. Moreover, as far as we are aware, this is the first time this argument is extended to this
setting where there is an additional hard-core interaction.

Proof. We first show that if /; satisfies the DLR equations (1.2) for &, then 1 := ﬁ@wﬁd\ﬂ(&) satisfies
the DLR equations (1.7). For any positive bounded measurable F' on D, we have

[ Fen(a = [ [ P60 i @20 a0

-] o) - o 72|]B(XA \B(XAC)| > . o) o z o/ o
=[] i) e (A Lo K (i a)
A\XAc

Writing ¢~ [BOG\BGAe)| — = [BGQUBG )] [Bkre) gng absorbing the second term into Zx (xxc),
we have that this is precisely the Poisson void probability for 73 3., so that we find

[ roaui = [ (] F(x'AxAgn@<x'AxAc>7ri<d>z'>wi<ft’>) u(dx).

Conversely, let © € G:; ;. Its marginal on the hard spheres is characterised by integration over test
functions F' supported on M, that i fM X)f1;(dx) == fM p(dxx). The DLR equations for
w then yield

. . 1 .. NI
[ Feoutassg = [ o | [ P 1o (5aedaci w50 w305 utay)
~ [ /M /M F(§0%) Lo (ycsci) i (d%) i (d%) pu(dy)

A(Y)

-/ z°A1<,w°f> /M F(yae%) exp (= 284 (57xe)) Lo (%) 74 (d5%) ju(dyy),
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where at each step we absorbed the factors constant in X into Zx(y), e.g. €*BFa<)0Al This finally
leads to the new partition function

o

In(3) = Zn(Fae) = / oxp (= 28 (390e)) Lo (F0e5) 4 (%),
M

concluding the proof. O

4.2 An associated gradient dynamics

We are interested here in constructing a diffusive dynamics for infinitely-many hard spheres which
has (4.1) as reversible measure.

It is a simple geometric fact (see, e.g. [LT11]) that, if 7*/r < % 3 — 1 =: ps >~ 0.15, the interaction

& between any finite number n > 1 of hard spheres x = {1, ..., Z,} reduces to
: | —
8( ) - anT' Z (Vovlap( - ] )
1<i<j<n 71
where, for u = 2%l ¢ {g, —|—oo>,
27 T

arccos(u)
(Vovlap(u) =2 Vd—1 %d/ (Sin Q)d db ]1[7‘3/(7? 1 (’U,) = —¢2<xi7 Ij)
0 ’

is an attractive two-body potential, which only depends on the distance between points. It decreases

from its maximal value V., attained at u = L, to its minimal value 0, attained at u = 1, and

vanishes on [1, +00). With this notation, the condltlonal energy (4.2) can be rewritten as
En(Xa¥ac) = va 74 txa + Z ©2(Zi, 95) + Z oa(Ti, Jj).
T, imﬂj
Note that Viiap is C? for d > 3. Indeed, its derivatives are given, for - — S <u< 1, by

/

lap (W) = 2Va_1 i’ arccos’(u) (sin (arccos(u)))d = 241 7 “(1-u )% ,

04 d-3 U Vtap ()
() = 2(d — L)vgy 7% (1 —u?) = = —(d—1) 1_—22.

This allows us to show, using [FRT00, Theorem 1.4 and Remark 1.2], existence and uniqueness of a
strong solution to the corresponding diffusive dynamics of the infinitely-many hard spheres (X;);cn-
submitted to (2-times) this gradient field:

( forany 1 € N* ¢ € [0, 1],

. +oo ° o i1 o
2, = Xl—X2t 7XZ—X
dXZ(t) :dVVZ( ) - gvd 1 ?d ! E (1 - | 4(3]‘ ( )>+2 S 0] (t) dt
j=1

+ZX X;)(t)dLi(t)

t

\

where (WZ)Z are independent R?-valued Brownian motions and the local times L;; describe the effects
of the elastic collisions between the hard spheres ¢ and j (subject to normal reflection).

Moreover, any /1 € G:(2E) is reversible for the dynamics. This proves Theorem
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4.3 Low-activity regime: no sphere-percolation

As a by-product of the chain estimate of Lemma needed to control the dynamics and prove the
existence of solutions for (S..), we get the absence of percolation ji-a.s. for small z. Although our
argument is not the classical one in the line of [TMLS97], it still relies on the crucial idea that there is
only a very small area in which an additional sphere can be put in order to lengthen a sphere chain,
hence a very small, geometrically decreasing, probability to have long chains.

. 5 . Lo el o o 0]
Proposition 4.3. We say that two spheres x; and x; of a configuration x interact if |z; — xj] < 2r,

|2 — ;]

i.e. if their interaction (Vovlap< 2@' ) does not vanish. Let i € G;(2E). Then, for any Z > 0 and
T

any 2 < (24(74 — #%)v;)~1, there is ji-a.s. no infinite cluster of interacting spheres.

Proof. If a configuration y has an infinite chain of interacting spheres at distance smaller than 2? of
one another, there is a radius R(y) such that B(0, R) intersects this infinite chain for each R >
R(y). Consequently, y has a chain of interacting spheres from B(0, R) to B(0, 2R) which involves

oF

at least L—J spheres. We then only have to prove that

. R )
(Csx) =0, where Cy = {For R large enough, ¥ p(0,2r) € Benan(L, L—GJ , 27“)} )
This holds as soon as

. R .
ZN (yB(0,2R) € Behan(R, {—QJ ; 27‘)) < +00. (4.3)
R

2r

By Proposition u {1 is the projection on the sphere configuration space M of the Gibbs measure
f(dx) @ 72, ,(d%) € G:,: on M. Since Benain events only involve spheres, and X" 2R(0) =
R \IB%

Y B(0,2r) by 2.7] |s 3 p-distributed under Q3 ., we have

o [ R
% (YB(O,2R) € BChain(Ru \‘2 J 27")) =H (yB(O 2R) € BChaln( \‘ J ))
T

_ / P(XﬂR(O) € Bonan(R { J )

R
Q
2r
/ Q (B/Cham 1 R, \‘ J ) + dTV(2R)
Thanks to and Lemma[3.7] we obtain

f <YB(0 2R) € Behan(RR L J )

< (2((2?) (27) %) / )) + 2AL((BY)°) u(dy).

This ensures that (4.3) holds as soon as z < , completing the proof. O

((2R) - (Qf)d)Vd
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Remark 4.4. Although the connection between (absence of) percolation and (absence of) phase tran-
sition is not automatic — in particular, FKG does not hold and, since this is not a symmetric mixture, a
phase transition cannot be proven via symmetry breaking using percolation as in [CCK95| [GLM95] —
it is still interesting to compare the different regimes.

Let po(y) = vdr 1(Vovhm(]y| /(27’)) > 0. By the classical result of Ruelle [Rue99, Theorem 4.2.3],
we know that there is no phase transition if

-1
Z<e? ((QF)dvd +/ 11— e_’é‘p(y)| dy) :
ly|€(27,27)

Comparing with Proposition we see (apart from the e~! factor) an additional (27°’)d at the de-
nominator, coming from the hard core. It is however worth noting (see [JT2Q]) that this should be

significantly improved by considering the renormalised activity z' = z exp{—z’vd%d}.

4.4 High-activity regime: towards an optimal packing

We are now interested in the high-density behaviour of the equilibrium measures in G;(28).

In the case of a finite number of hard spheres, we were able to prove in [FKRZ24] that the reversible
probability measure of the corresponding finite-dimensional gradient system for n hard spheres con-
centrates around admissible configurations which minimise the energy. Moreover, admissible n-sphere
configurations who realise the minimal energy maximise the contact number.

In the infinite setting, the behaviour is more complicated, as the number of spheres in any volume
is random. There is now a competition between the minimisation of the energy (achieved either by
having less or more densely packed spheres) and that of the entropy (achieved by being as close
as possible to the completely random Poisson point process); this is the Gibbs variational princi-
ple [Geo94! |Geo95]. In particular then, since the energy is minimised not only by packing a given
number of spheres, but also by taking as few of them as possible, only in the limit z — oo, the en-
tropic cost of not putting a lot of points in the system leads to the packing phenomenon. This can be
formalised as follows:

Proposition 4.5. Let ji € G:(:€), and pz(2) = limy oo 17 [ [Xa, | dit(X), Ay = [-n,m)%,
denote its intensity. Then, for any Z > 0, as z — oo, [ attains the closest packing density, that is:
1
1 lim —N,, =
Jim p:(2) = lim 7= TR

with /V,, the maximal number of mutually disjoint open balls of radius 7 included in A,,.

The proof is a straightforward application of [MMS™01, Proposition 2], which states the above result
for any regular potential with hard core, as s is (e.g. [Rue99]), using the Gibbs variational principle
as main tool.

A Appendix: Proof of the remaining statements

A.1 Existence of the penalisation functions

We prove here the existence of the sphere penalisation function wR and the particle penalisation
function QZJR needed in Sectlon Let ¢ be a non-increasing C* function with ¢(¢) = 1ift < 0 and
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=0l and ¢ be a non-decreasing unction with o(¢) = 0ift < 0and ¢(t) = t+
=0ift > 1,andpb -d C>f h 0ift < 0and p(t) = t+C**
ift 2 1. Then the two functions
i y — x| y —zf
Uh(x) =2log(R) + o(R* Nz - R)) + Y @ ( )t >y o
jey yey r
R<|yI<RA-27 R<|i|<R+%

+log<ﬁ{§ey:R§ 9] §R+2f}>+1og<ﬁ{y'ey:1%§ 9] §R+%9}>7

ey r
R<\@|<R+%9
+ log ( )
with the convention that log(ﬁQ)) + >y = 0, are non-negative functions of class C? with bounded

derivatives. Moreover, @DR is constant on By, and zDR is constant on By By construction then,
o0 oo
Yy Wy
Z/ e Vr®) dr < 400 and Z/ e V™) dr < +o0.
Rr=1"(BR)° Rr—1" (BR)°

A.2 Proof of the ball separation and nested inclusion Lemma 3.6

We consider a path X : [0, 1] — D that belongs neither to B¢, (5, v, K, €) nor to Bi (v, §,e/4),
and study it during the time interval [ad, (a + 1)d], on balls of radii

. 2K
0<p=1piys <+ < Pap1 < Pa = Pap1 + 26021 +€) <~ <pyi=p+ —(2r+¢) <

5
focusing first on the spheres, then on the particles.

By definition of the index set J = J(X(ad), pa, ), the spheres of X (ad) whose indices are not
in j’ are neither in the ball B(0, p,) nor in an e-chain connected to it, i.e. not at distance (27 + ¢) of
any e-chain connected to B(0, p, ), that is:

V] §é j( ( ) Pa> € )’ |)O(J(a5)| > Pas

Vi ¢ J(X(ad), pase), Vi € T (X(ad). pase), |X;(ad) — Xi(ad)| > 27 +e.

X ¢ BlLy(a,0,e/4) implies that no sphere in B(0, o) moves by more than €/4 during the time
interval [ad, (a + 1)d], hence the separation property:

o o . €
Vj ¢ J(X(ad), pa,e), Vi € T (X(ab), pa,c), Vt € [a8, (a+1)d], | X;(t) = Xi(t)] > 2+ 5.
Since X ¢ Bl (0, a, K, €), the starting configuration X (ad) does not have any e-chain of spheres
that intersects B(0, av) and involves more than ( + 1) spheres, i.e. is longer than (27" + ). Con-
sequently, all spheres labelled in J (X (ad), pa, €) start at a distance from the origin of at most:

Vi€ J(X(ad), pare), |Xi(ad)| < pa +R(2F+e). (A1)

radius defining §  longest e-chain
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Since they move at most of € /4 during the time interval [ad, (a+ 1)d], we get the localisation property:
. . 5
Vi € J(X(ad), pa;e), Vt € [ad, (a+1)8], |Xi(t)] < pa + K(2F + &) + 1
Flnally, for each j ¢ J (X (ad), pa, ), we already have | X;(ad)| > pq. thus |X;((a + 1)8)| >
Pa — Z-
o e .
i ¢ T(X(ad), pae) = |X;((a+1)6)] > Pa = > Par1 T R(27+€)
| ¢ j(X((a + 1)5)7pa+175)>

thanks to (A.1), used for a + 1 instead of a. This proves the first inclusion:

T (X((a+1)8), pas1,) C T (X(ad), pase).

The proof of the analogue properties for the particles is similar. The particles of X (ad) whose indices
do not belong to J := (X (ad), pa, <) are neither in B(0, p,) nor in the e-neighbourhood of an

g-chain connected to it, i.e. not at distance i + ¢ of any e-chain connected to B(0, p,):

vk ¢ j( ( ) Pa> € )7 |Xk(a6>| > Pas

Wk ¢ J (X (ad), pa,€), Vi € T (X (ad), pase), | Xp(ad) = Xi(ad)| > ¥ +e.

Again, no sphere and no particle in B(0, o) moves by more than ¢ /4 during the time interval, hence

vk ¢ I (X(ad), pa,€), Vt € [ad, (a+1)d], | Xp(t)] > pa — (A2)

£

Za

o
r

Vk ¢ (X (ad), pase), Vi € T (X(ad), pase), Vit € [ad, (a+1)3], | Xi(t) = Xi(t)] > 7 +

DO ™

Particles in J stay near the origin as a consequence of (A1),

VE € j( ( ) Pa> € )7 |Xk(a(5)’ < Pa+/€(270’+€) +(72—|—€,
—

farthest position of spheres in j

hence

Vh € (X (ad), purc), Vi € a6, (a+ 1)3], |Xe(h)] < pu+ 5(2F +2) + 7+ 20

Inequality for t = (a + 1)0 yields

k¢ J(X(ad),pae) => |Xk((a+1)5)|>pa—32pa+1+n(2f~’+e)+§9+g
= k¢ J(X((a+1)d), pas1,¢),

thanks to the consequence of (A1), applied to (a + 1) instead of a. This proves the second inclusion:

I (X((a+1)8), pas1,€) C T (X(ad), pa, ),

thus concluding the proof of the lemma. O
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A.3 Proof of Lemma[3.7): long sphere chains are improbable

We prove here Lemma[3.7] that is, we find an upper bound for the probability of long sphere chains
to form, at some time between 0 and 1, for the mixed penalised process starting from its reversible
distribution.

The definition of B, (6, a, &, £) in Definition[3.1]and the fact that X (¢) is y%-distributed for each ¢
under Q% imply, for any time step 6 > 0
[1/6]
Q%(Béhain((svaa"i € ) U Qy< (k6) € Bipan(v, i 5))
< 1 W
)
To complete the proof of Lemma[3.7, we only have to prove the following static estimate:

3’% (BChain(a7 K, 5)) .

Lemma A.1. For each sphere activity z > 0, any chain length k € N*, any radius « > 0, and any
leeway ¢ € (0, 27),

Vye D, VR>0, (BChaln(a K,€)) < ( (27 + 5) <272)d)vd)n

Proof. The proof relies on an induction inequality for chains under the measure v/3; ,, ...

We have to carefully manage the difference between labelled and unlabelled sphere configurations.
Fix first the sphere indices in the norm, in order to avoid double counting. This is possible because
the measure of the set of configurations where several spheres have the same norm is zero. The
exchangeability of the measure ®?:1)0\’}'3(d%i) ensures that:

VI)%,n,m (BChain(Oé, K, 8))

= n!/ d/ L Lasl<tial<<lialy L(r,in)eBomn(anme)} 1o (X%) ®fly AR (die) @iy AR(dEi).

For any finite configuration x = (z1,...,2,) € D, the existence of at least one e-chain of length
K starting in |B(0, «)| is equivalent to the existence of a permutation 7 on {1,...,n} such that
|10Z7-(1)‘ < aand |Z%7-(1) - Z%T(2)| < 21 + ¢, |Z%7-(2) - .%7(3)‘ <2r4e,..., |JOZT(K) - JOZT(K+1)| < 21 +e.
Using the inverse permutation, again denoted by 7, we can rewrite the expression, and separately
integrate with respect to . :

y
Vi (Behain(e, £, €))
= n!/ d/ . Ljay < fal<-<ldnl} 1{371\937(1)50@ [£7 (1) = E7(2)| <2F4Esesy |T7 () = Fr(rp1) [ <2F+e}
R7 R™

1p(xx) @, N Y (diy) @ )\ Y (dz;)

= n' /IRL ., /R; ., ]1{37—3|3%7-(1)|<‘f%7-(2)|<"'<|:%7-(n)|} ]l{‘:%l‘ga, |Z1—Z2|<2P4¢,..., |Tr—Trt1|<27+e}
n m

Ip(%%) @, X (diy) @, X (di;)

=n! Lyja11<a, [#1—dal<2ite,..., [Er—nr1|<2+e}
R(n=1)d JRmd JRd

1 (3556) Ny (1) OFy Npldin) 1y s Np(dd), (AD)
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since 1{37—4‘%7_(1)‘<|j7(2)|<...<|‘{-7(n)‘} is equal to 1 for almost every sphere configuration. Thanks to the
inequality

Ip(21,. . 0, X) S Lp(T1,. oy Ty Tag2s - - Ty X) Lijz, 1|20}

the integral on Z,, 1 can be isolated as

/ | Liclie—tonl<2ive) N (ditpsr) < | By, 20+€)\ B(iy, 27)| = ((2°42)"—(27)))|B(0,1)].
R

We finally get

Vlbf?,n,m (BChain<@, K, 8))
< nl((2F + &) — (27)1)|B(0,1)]

/ / Lyj511<a, [81—d2]<2ite,..., [En_1—dn|<2ite)
R(n=1)d JRmd

]ID(DOCX) ®?=1 )‘)}’z(dfﬁk) ®?:1,i7é/i+l A’é(dxz)

From (A:3), the above integral is equal to (n — 1)! vy . . (Bonan(a, & — 1, €)), so that we find

V3 nm (Bonain(at, 5,€)) < n (27 + €)= (27)1)[B(0, 1) 13,01 1 (Benain(cr, & — 1,€)) .

Let us now transfer this chain induction inequality to the mixed probability measure 1%. According
to (2.5), and since configurations with less than s 4 1 spheres do not have x-chains:

(BCha.n (o, Kk, €))

~+o0 zm +oo  op
Zy Z Z Z—, m (Benan(@v, K, €))
400 zm
< (2 + )1 — (20| B(0, 1) Z S s (Bennlasn— 1,6)
' n=r+1
B +00 zm +00 sn
< ((272_‘_6) (27”) Vd =y Zy Z m) Z n! an(BChalﬂ( - 175))

< 220 4 e) — (2°) vy i (BChain(Oéw‘f —Le)).

A straightforward induction argument completes the proof of LemmalA.1] O

A.4 Proof of Lemma[3.8: fast moving spheres or particles are improbable

The oscillation estimates of the penalised processes stated in Lemma[3.8|rely on time reversal tech-
niques. Let us first write the reversible penalised process as a sum of forward and backward Brownian
motions. According to 4) the following processes are rescaled Brownian motions for 1 <¢,7 < n
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and1 < k < m:

(

)

n t
N Z /(; ()O(Z’y,R,n,m N )O(J}',R,n,m) (S) dLZ}»;-’Rm’m(S)
j=1

m t
X [ ) de )
k=1

=2

t
. . . n.m . nm 0— . .
5 Wilt) = X Brm gy — Xy R (0)+7/ VYR (Xi(s)) ds
0

n t
— g2 Z / (XIZ',R,n,m _ )zviy,R,n,m) (8) d&yk,R,n,m<S)'
i=1 70

. . . 1 [/t ..
Wi(t) = XY ()~ )+ 5 [0 s) ds
0

\

The forward process ()O(V’R’”’m(t),X,Z’R’"’m(t) LY (g, R

7 » Hag

the same distribution as the backward process

(A)zv’i)/7R,n,m(1 . t), Xz@Rm,m(l . t), L%,R,n,m<1 N t), ng]ﬁ,R,n,m

(t)) t€[0,1],1<4,5<n,1<k<m has

(1 o t>)te[0,1],1§i,jgn,1§k§m‘

Hence, the following images of the backward process also are rescaled Brownian motions:

;

. . . 1 ft_ .o
,Rnm ,Rnm ,Rnm ,Rnm
W 1) = X (= ) = XY () 4 [ (= ) ds
n t
— g /0' (Xiva7n7m _ ij,R,’fLJTL)(]_ _ S) dLZ;Rﬂ’L?m(l _ S)
j=1

mo ot
= [y 1) deg )
k=10

C 1T n,m 7' n,m v n,m d2 ! ] v
G WY () = XY — ) — XY (1)+7/0 Vg (Xk(1 — s)) ds

n t
S / (XPAmm PR (1 ) diFrm (1 — s).
i=1 0

\

As in [FKRZ24], the following relations hold for every t € [0, 1] :

o o 1 /.0 o o
XY () = XPR0) 4 5 (Wile) + W (1= 1) = W (1))

) (A.4)

. . o . . .
X me) = )+ § (VA + W - ) - ).
2 b “—
Le} us now compute the probability that, among the n spheres and m particles in the reversible solution
(XY fomm, XYY o <hem Of the finite-dimensional SDE with initial condition distributed
according to yI}:,i,n,m’ at least one sphere or particle that enters the a-neighbourhood of the origin
oscillates too much (see Definition [3.2):

o (Blaa(0,0.2)) = [ P (XA, € Bl (0,6,2)) V(%)
The n spheres (resp. m particles) are exchangeable, thus
i (Bllzast(a’ 67 5))

Rnm

o . A5
<1 Qe (K1) € Bran(@.6.9)) +m Qo (K1) € Bra(6i0) . O
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We evaluate separately first the sphere term and then the particle term.
According to Definition forag = 0anda; = a +¢/d +j/5if j € N* the event X;(-) €
Brast(, 9, €) is equivalent to:

E'j j/ € Ns.t. Q; S |)0(1(0)| < 41 and Qi S |X1(1)| < Qjry and

min |X;(s)| <« and sup |X;(t) — Xi(s)| > e.

0<s<1 [t—s|<d

0<s,t<1

For a path to go from the outside of the ball with radius «; to the inside of the ball with radius « in
a time duration of less than 1, the distance covered during at least one of the 1/6 time intervals of
length & has to be larger than d(a; — ) = € + j. Hence X (-) € Brasi(a, 9, €) implies:
E'] j/ € Ns.t. Q < |)21(0)| < Q41 and Qe < |X1<1)| < Oy and
min [X;(s)] <aand sup |X1(t) — X1(s)| > & + max(j, j').

EAS A |t—s|<d
0<s,t<1

Using expression (A.4), we get:
sup [ XY () — XY (5)] >

[t—s|<d

0<s,t<1

= sup [WPE() — WY (s)) > por sup [WYEPT(E) — WY (s)] > .
[t—s|<d [t—s|<d <
0<s,t<1 0<s,t<1

Thus, thanks to the reversibility of Q0% ,, ., we have:

o (X570 € Bl

Rmnm

<2 Z Q% <aj < |XTEM0)] < ajppand sup (WY () — WY (6)] > e 4 j) .

- [t—s|<d
jeN 0<s,t<1

We then use the following standard Brownian estimate:
Lemma A.2. If IV is a d-dimensional Brownian motion then, for every ¢ > 0 and every 6 €]0, 1],
2

p( sup |W(t)—W(s)]25> g4\/5%lexp(_ Y

t—s|<6, 0<s,t<1 10d 6

The Brownian motion is independent of the starting point in equation @ thus Lemmaimplies:

Rn,m
\/_ d <= y ° (5+])2
< 8V5 5 ;VRm,m a; < |21 < ajp1 | exp “0ds )

Then yields:  vp, . (aj <] < ozj+1> <V p1.m(D) B0, a541) \ B(0, )], so that
the above quantity is bounded by:

o (X770 € Br(a6.2) )

2

-
10d5) n-1m(P

d 12¥)
< 8\/55 exp(——— Ze s |B(0, avjy1)]-
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The above sum is smaller than some constant Co’d which only depends on the dimension d. Putting in
C, the factors depending only on the dimension, we obtain:

o

Y n,m C
3Igu,n,m, (X%”R’ ) () € BFast(a75; E)) S 6d_-|c—l1 eXp(

62

—m) Vi n1m(D) .

We evaluate in the same way the particle term Q’[M’m (Xl() € Braa(@, 9, 5)) The only difference

is that the diffusion coefficient is equal to ¢ instead of 1. We obtain again, fore < 1,4 < 1, and
a > 1, and with some constant C'; which depends only on the dimension d:

2

y n,m C 9
%,n,m <X¥’R7 7 () < BF&ST<Q7 o, 6)) < 5d__:ll eXp(—m) V%,n,m—l(@) a’,
Thanks to (A.5),
}I;L,n,m (Bllzast<a7 57 8))

a g2

< _
e exp( 10d 9 max(l,dz)) (

n éd V%,n—l,m(@) +m Cd VI)%,n,m—1<D)) .

We can now compute the probability of fast motion under the Poissonian mixture Q%:
d 2 1

y B/ 5 < Oé_ — c =y
QR( Fast(a’ ’€)> - §d+1 eXp( 10d 6 maX(LO'Q))Z}%

—+00 on—1 +00 .
2 2 LA
(LD DTS DERE MIED

n=1 .
:z%
+oo zn +oo zm—1 y
Tz Cdz nl Z (m — 1) Venm-1(D)
n=0  m=1

Choosing Crag := Cy2+Cy2 completes the proof of Lemma
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