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Hellinger—Kantorovich gradient flows:

Global exponential decay of entropy functionals
Alexander Mielke, Jia-Jie Zhu

Abstract

We investigate a family of gradient flows of positive and probability measures, focusing on the
Hellinger—Kantorovich (HK) geometry, which unifies transport mechanism of Otto—Wasserstein,
and the birth-death mechanism of Hellinger (or Fisher—Rao). A central contribution is a com-
plete characterization of global exponential decay behaviors of entropy functionals under Otto—
Wasserstein and Hellinger-type gradient flows. In particular, for the more challenging analysis of
HK gradient flows on positive measures—where the typical log-Sobolev arguments fail—we de-
velop a specialized shape-mass decomposition that enables new analysis results. Our approach
also leverages the Polyak—t.ojasiewicz-type functional inequalities and a careful extension of clas-
sical dissipation estimates. These findings provide a unified and complete theoretical framework
for gradient flows and underpin applications in computational algorithms for statistical inference,
optimization, and machine learning.

1 Introduction

We adopt a perspective rooted in the series of works from the 1990s that pioneered the study of
Otto-Wasserstein gradient flows, as eloquently articulated by [Ott01]:

The merit of the right gradient flow formulation of a dissipative evolution equation is
that it separates energetics and kinetics: The energetics endow the state space with
a functional, the kinetics endow the state space with a (Riemannian) geometry via the
metric tensor.

In essence, the seminal works such as [Ott01], JKO98] enabled a systematic perspective of studying
the PDE such as the type

. oF
Opp = —div (MV(S— [M])
L

as gradient flows of the energy functional F', where fs—i (1] is its first variation. The solution y; can be

viewed as the dynamics and the solution paths of the measure optimization problem mind F(p)in
HEP(R?)

the Wasserstein space of probability measures with finite second moment, denoted by (P(Rd), Wg).
This perspective has been instrumental in advancing the theory of computational algorithms for statis-
tical inference and, more recently, machine learning.
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A. Mielke, J.-d. Zhu 2

Statistical sampling and particle approximation For example, suppose a statistician wishes to
generate samples from a distribution 7, whose density is in the form 7 (z) = Me_v(@, where
V is referred to as the potential energy function. This can be cast in the Bayesian inference framework,
that infers the posterior distribution 7 of some model parameters. In such applications, one can rely on
the fact that 7 is the invariant distribution of the system associated with the Langevin stochastic differ-
ential equation dX, = —VV(X,)dt + v/2dZ,, where Z, is the standard Brownian motion. Then, by
numerically simulating the SDE, computational algorithms can be designed to generate samples that
approximate those of 7. From the PDE perspective, this Langevin SDE describes the same dynamical
system as the deterministic drift-diffusion Fokker-Planck PDE

Opp = — div (uV (V + log ) (1)

for probability measure p, which is the gradient-flow equation of the Otto-Wasserstein gradient flow
of the KL divergence as driving energy functional, F'(11) = Dk, (u|m). Then, the rigorous analysis
developed in the applied analysis context can be used to study the computational algorithms.

Variational inference and information geometry In practice, the exact posterior distribution 7 is
often intractable, and one can resort to approximate variational inference methods [JG*99, WaJ08,
BKM17]. Different from the Langevin sampler approach, this amounts to finding the approximate pos-
terior probability measure by parameterizing ;v with some parameter n € E' C R", resulting in the
optimization problem

min D ). 2

nEECR™ KL(,Un’ ) ( )

The parameterized distribution i, can be chosen from certain families of distributions, e.g., the fam-

ily of Gaussian or its mixtures. In such cases, an efficient approach is the natural gradient descent

[Ama9g8, AmNO0O, KhN18| HB* 13, [KhR23] on 1) that respects the geometry of the parameterized prob-
ability space. In practice, the update rule is a Riemannian gradient descent scheme

. 1
T argmin V, I (b ) (n — %) + 51— ") Gr(n*)(n — "), 3)
ne

where ' = Dy, (+|m) in the KL variational inference context and V, F'(u,) its Euclidean gradient
with respect to 7. The matrix Ger(v) := [ 1, (2) - (V, log ,, (x)) (V. log u,, () dz is referred
to as the Fisher information matrix, which can be seen as a Riemannian tensor on (the tangent bundle
of) £ C R™ and hence induces the Fisher-Rao distance over some family of distributions. It is closely
related to the Hellinger distance, which is a central topic in this paper: the Fisher-Rao distance can
be viewed as a restriction of the Hellinger geodesic distance to the submanifold of cerntain families of
distributions, e.g., Gaussian; see Remark [2.5|for more details.

Optimization and mirror descent In the optimization literature, there is a class of algorithms that
uses the Bregman divergence as the underlying geometry under the name of mirror descent, e.g.,
[BeT03, NeY83| IDH"16]. If the Bregman divergence is chosen as the KL divergence, this approach is
termed the entropic mirror descent, i.e., an optimization algorithm solving, at the k-th iteration,

1
VM argmin V, F (V%) (v — V%) + =Dk (v|VF). (4)
veAd T

DOI 10.20347/WIAS.PREPRINT.3176 Berlin 2025



Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 3

for AY := P(Q) where (2 is a finite discrete set of cardinality d. In essence, they can be used
to solve the optimization problem mind F(u) in practice by (i) either considering the probability
REP(RY)

measure on a finite domain [BeT03|, or (ii) by considering a particle approximation of the measure
U= Zf\il w;0,,, Where 0, is the Dirac measure at the particle location x; and w; is the weight, see
e.g., [Chi22, IDH*16]. Furthermore, the extension to non-gradient flows, albeit finite-dimensional, has
been studied in the optimization literature, e.g., [WWJ16| IKBB15]

The above applications are deeply connected to the gradient flow theory in various geometries, i.e.,
not just the Otto-Wasserstein geometry. Specifically, the Hellinger type gradient flows, which is the
focus of this paper, plays a crucial role and possesses distinct properties when compared with Otto-
Wasserstein. In this paper, we advance the state-of-the-art analysis of gradient flows over positive and
probability measures using tools such as the Polyak-Lojasiewicz functional inequality.

Analysis of Polyak-Lojasiewicz functional inequalities Historically, the celebrated Bakry-Emery
theorem [BaE85| provides a powerful strategy for analyzing the convergence of the Otto-Wasserstein
gradient flow under the KL-divergence energy. The Bakry-Emery condition implies a key functional
inequality, the Logarithmic-Sobolev inequality (LSI)

dull?
HVlog—'u

™

> crsr - Dip(p|m) for some cpgr > 0. (LSI)
L2 (n)
The LSI can be viewed as a special case of the (Polyak-)tojasiewicz inequality specialized to the Otto-
Wasserstein gradient flow of the KL energy D1, (1| 7). It provides a powerful tool for characterizing the
convergence of the dynamics, e.g., governed by the Langevin SDE. From the optimization perspective,
this is equivalent to analyzing the optimization dynamics of the problem

min_ Dy, (u|m) in the space of (P, Ws).
HEACP

The main goal of this paper is to extend this type of functional inequalities, and consequently the
convergence analysis, to a broader class of gradient flows beyond the now-standard setting of Otto-
Wasserstein flows in (P, W5) and the KL energy functional Dkr,. We now briefly elaborate on those
two aspects of our contribution.

Generalizing the energy functional: from KL to ¢,-divergences The KL-divergence is by no
means the only entropy-type divergence that possesses interesting properties. For example, some
works by [CG*20, [LSW23] also consider the Xz-divergence as the driving energy for machine learning
applications. [Zhu24] shows that many existing machine learning algorithms are performing the for-
ward KL (also referred to as the inclusive KL therein) minimization via kernelized Wasserstein gradient
flows. For this reason, we first generalize the KL-divergence energy in (2) to a commonly used family
of divergence functional, the p-divergence [Csi67]. We now define this divergence on non-negative
measures M ™ () x MT(Q) as

f@(%)dy if u < v(i.e.u = fvforsome f € L*(v)),

+00, otherwise.

I%WW%—{ ()

where ¢ : [0, +00) — [0, +00] is a convex entropy generator function that satisfies

(1) =¢'(1) =0, (1) = 1. (6)
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A. Mielke, J.-d. Zhu 4

We delve specifically into the concrete instantiations of the Lojasiewicz inequality for the following
power entropy generator functions.

1

©p(8) ::m(sp—ps+p—l), p € R\ {0,1}, @)

which satisfies () and ¢/(s) = sP~. Using the property @,(s) = sp1_,(1/s), we obtain the
symmetry D, (p|m) = Dy, _ (7|p). Many commonly used divergences can be recovered using the
power entropy, €.9.,

KL: p1(s) :=slogs — s+ 1, fwd-KL: @o(s) :=s—1—logs, @
2

X2 (8):%(3—1)2, rev-XQ:go_l(s):%(s_F%_Q)'

We refer to the resulting divergence functional D, as the ¢, -divergence or the p—relative entropy (cf.
[OhT11]). Slightly abusing the terminology due to a scaling factor, we refer to the power-like entropy
generated by pLas the squared Hellinger distance, i.e.,

1., B du
SHe(nv) = /90; (51/) dv. 9

We plot the corresponding entropy generator functions in Figure [1| Alternatively, one may use the

—— p=0
== p=0.5
2.5 A =—he= p=0.25
== p=1
p=2
2.0 A
o 1.5
=)
S
1.0 1
0.5 A
0.0 4 oY "‘:‘:V";“;“V“C“(,.“. ““““““““ St
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 1: The plot illustrates the power-like entropy generator functions ¢, (s) for s € [0,1.2] and
different p: purple p = 0 (forward KL), green p = 0.25, blue p = 0.5 (Hellinger), red p = 1 (KL),
orange p = 2 (x?). The large red dot represents the equilibrium at s = 1 where ¢,(1) = ¢,'(1) = 0.

Hellinger integrals to define the a-divergence Dy (p|v) := =5 (1 —f/LHTaykTa) with v € (—1,1),
from which one also obtains the KL, forward KL, and the Hellinger as special cases (for &« — 1,

a — —1,and a = 0, respectively).

Generalizing the flow geometry: from Otto-Wasserstein to Hellinger-Kantorovich In addition to
generalizing the energy functional, we extend the analysis of gradient flows beyond the standard Otto-
Wasserstein geometry. Similar to (LSI) in that case, one can examine the validity of such tojasiewicz
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Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 5

Gradient-flow geometry Geod. convexity of ¢,-divergence
Otto-Wasserstein (Bakry-Emery) | p € [1,2] and (BE) with ¢ > 0 = geod. c-cvx
Otto-Wasserstein (McCann cond.) p €[4}, 00) = geod. cvx

HK [LMS23a] over M pE [ﬁ, %} U (1,00) = geod. cvx

Table 1: Geodesic convexity of ¢,,-divergence

Gradient-flow geometry ‘ Specialized tojasiewicz-type inequality (o, 5 > 0) ‘
Hellinger 155 [1ll7, > ¢ (F(u) = Fing)
Spherical Hellinger 15 (1] = [ 55 (] dully, > e (F(u) = Fiug)
Hellinger-Kantorovich (WFR) O‘HV% (1] Hig + B‘ ‘;—i (1] Hiﬁ >c- (F(u) — Finr)
Spher. Hellinger-Kantorovich aHV% 1] H;ﬂ—ﬁ! ‘;—Z ] — ‘;—Z (] d“HZLg > ¢ (F(u)—Fir)

Table 2: kojasiewicz inequalities for different gradient flows, where Fj,; := inf, F(p).

type functional inequalities when considering general energy functional F' in other gradient-flow ge-
ometries; see Table [2| Our main topics of study are gradient flows in the Hellinger-Kantorovich (HK)
geometry, which independently discovered by a few groups of researchers [CP*18a,|CP*18b, [LMS18,
KMV16| [GaM17]. It is an infimal convolution (inf-convolution) of the Hellinger and Wasserstein dis-
tances over positive measures M. Intuitively, gradient flows in the HK and spherical HK (SHK) ge-
ometry combine the dissipation mechanisms of the Otto-Wasserstein flow, i.e., the transport of mass,
and the Hellinger flow, i.e., the creation-destruction or birth-death of mass. It is often referred to as the
unbalanced transport geometry and possesses a richer structure and more advantageous properties
than either of the pure flows alone, and is the focus of this paper. At the same time, the analysis of the
HK and SHK gradient flows is more involved than the pure Hellinger or the Otto-Wasserstein gradient
flows.

On one hand, the Otto-Wasserstein geometry describes the transport dynamics that can easily handle
the change of support of measures. However, it suffers from slow asymptotic convergence in practical
applications. For example, the behavior of its gradient flow of the KL divergence depends crucially on
the log-Sobolev constant. The reason is that, in the (quadratic) Otto-Wasserstein setting, the trans-
port over large distances (e.g., of outliers in a point cloud) has an over-proportional cost. In contrast,
Hellinger type gradient flows enjoy fast asymptotic convergence because mass can be destroyed and
created at other places instead without any transport. To understand the distinct nature of the two
gradient flows, consider an intuitive example of particle gradient descent method where the measure
is approximated using two particles, i.e., t = w10,, + Wad,, With wy; + we = 1 and w; > 0. The
objective function is an asymmetric double-well potential. The minimization is initialized as solid dots
in the illustration in Figure[2 In this case, it is easy to see that the gradient descent for each individual
particle, induced by the Otto-Wasserstein gradient flow, will get stuck in the local minimum, as illus-
trated as dashed dots. On the other hand, the birth-death process, induced by the (spherical) Hellinger
gradient flow, can easily teleport the mass to the right well, but it does not allow the change of the lo-
cation of the particles. An intuitive idea is to consider the Hellinger-Kantorovich (HK) gradient flows to
combine the strengths of both the Hellinger and Otto-Wasserstein geometries, while overcoming their
weaknesses as illustrated in Figure 2]
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A. Mielke, J.-d. Zhu 6

Figure 2: The two figures illustrate the conceptual advantage of combining the Otto-Wasserstein and
the Hellinger gradient flows. On the left, the particles are transported by the gradient descent enabled
by the Otto-Wasserstein gradient flow, where masses do not change. On the right, the dashed arrow
represent the “teleportation” of mass enabled by the Hellinger gradient flow, where the positions do
not change. The size of the dots represents the amount of mass of the particles.

Overview of the main results In making the above intuition precise, this paper advances the theory
for the HK and SHK gradient flows by establishing a few new and precise analysis results. We provide
complete and nontrivial answers to the following open question:

For the commonly used entropy functionals, e.g., (reverse) KL divergence, forward KL,
Hellinger distance, y2-divergence, reverse 2, what is the convergence behavior of gra-
dient flows in geometries such as the Hellinger-Kantorovich space of positive measures
(M, HK), or the spherical Hellinger-Kantorovich space of probability measures (P, HK)?
Similar to the Bakry-Emery Theorem and in the standard setting of (P, Dk, Ws),
can we establish precise conditions for global convergence of the gradient flows in all the
geometries mentioned above?

A few major results are summarized in Table [1} In addition and more concretely, we first establish
analysis results for the Lojasiewicz inequality for the pure Hellinger gradient flows. As an example, we
show that there is no global Lojasiewicz inequality for the Hellinger flow of the KL energy over positive
measures M ™. The global Lojasiewicz inequality is significantly more nontrivial to establish than the
local version since we need to create enough metric slope for the Hellinger gradient flow to escape
the initial birth from zero mass; see the illustration in Figure [5 and Remark [3.9] for technical details.
Our result captures the fundamental nature of the Hellinger gradient flows in contrast to the LSI for
the Otto-Wasserstein. Going deeper, the analysis of the HK and SHK flows of ¢-divergence is more
involved. We systematically extract explicit conditions for global convergence of gradient flows under
@p-divergence energy functional as defined in (5) and (7). Previously, the geodesic convexity of energy
functionals has been under scrutiny in the gradient flow literature; see a summary of the implication
on the ,-divergence in Table However, when studying the convergence of gradient flows geodesic
convexity is a sufficient but not necessary condition. For this reason, this paper establishes a few new
functional inequalities that are weaker than geodesic convexity, but still sufficient to guarantee global
exponential decay of the energy functional; see Table [1] for the precise statements and references
to the corresponding theorems for convenience. In particular, the standard LSI, when considered for
positive measures M ™, does not hold globally and must be generalized. This adds to the difficulty of
establishing the global convergence of the HK gradient flows. Nonetheless, using a novel shape-mass
decomposition analysis technique, we were able to establish global convergence to equilibrium along
the HK gradient flow for the KL divergence as driving energy, see Theorem|5.8

DOI 10.20347/WIAS.PREPRINT.3176 Berlin 2025



Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 7

Gradient-flow geometry Global exp. decay, & fcn. ineq. for ¢,-divergence

+ Q C R? bounded Lipschitz, p > 1—5 = twith ¢, > 0

Otto-Wasserstei
o-Wassersteinon P | ) T pd ) ¢ [1,2] and (BE) —> £ with ¢, — 20

Otto-Wasserstein on

M+ (Prop. iﬂc* > 0 for t; see (LSI-M ™)
Hellinger on M™ (Prop.[3.7 p € (—00, 1] <= twithe, = &

Spherical Hellinger on P
(Thm.

p € (=00, <= twithe,=M, :={'7?
( 72] * p p(7—12p) forp c {%’%]

1 1
{lTp fOI'p S 3
1-p

. —00, % ith e, — L
Hellinger-Kantorovich p € (—00,3] = twithe, = =

on M (Thm. D> % — there exists no withc, > 0
*p=1and (LSI) = No t; exp. decay is possible

In general, decay rate ¢, = max{ac.w, SM,}
(see Thm.[4.4). Specifically:

Spherical 1 . 14+2p
*p € (—00,5 = twithc, = —
Hellinger-Kantorovich on P g C(]R‘;)O 2 ST T 1
(Thm. G4) + 2 € R* bounded Lipschitz, p € (—o0,1/2] U [1 — 2, 00)

= twithe, >0
«Q=R4 pe[l,2]and EW) = Lwith c, = 2c,.w

Table 3: Summary of results for Lojasiewicz inequalities for y,-divergence energy functional F'(j1) =
[ ¢p(dp/ dm) dm in different dissipation geometries; see (7) for the definition of ¢,,. The p = 1 case,
the KL divergence, corresponds to the well-known logarithmic Sobolev inequality (LSI). Remarkably,
using the (S)He or (S)HK geometry, the dimension restriction p > 1—% in the Wasserstein setting can
be circumvented.

Other related works While there are a few works analyzing gradient flows in the unbalanced trans-
port geometry, such analysis, while valuable in its own rights, has not yet been able to capture the
true strength of the (S)HK gradient flows that this paper showcases. In [LSW23], the focus is the
regime under a uniform lower bound of the initial density ratio ( duo/ dr); see [LSW23, Theo-
rem 2.3]. Various type of assumptions on the initial measure also exist in the literature, such as
[DoP23, IRJ*19]. From this paper’s perspective, such characterizations are local and in contrast to
this paper’s global analysis. We also refer to [Chi22] for a different type of analysis where he shows
that the HK gradient flows of certain functionals, under the assumption of a dense initialization con-
dition, converge to states that satisfy a local Lojasiewicz inequality. A few recent works have also
applied the spherical Hellinger-Kantorovich gradient flow with the KL divergence energy functional to
practical statistical inference problems [YWR24, [LC*22]. [GD*24] considered the sampling problem
using the unbalanced transport gradient flow of the so-called maximum-mean discrepancy functional.
They also exploited a Lojasiewicz type inequality to establish the convergence. Furthermore, this gra-
dient flow is later shown by [Zhu24] to be a kernel approximation to the Hellinger-Kantorovich gradient
flow of the forward KL divergence (i.e., pg-divergence). After the initial preprint version of this paper
first appeared on the author’s website on January 21, 2024 (https://jj—zhu.github.io/
file/ZhuMielke24AppKerEntFR.pdf), the preprint [CC*24| appeared on arXiv.org
on July 22, 2024. It contains an insightful but different analysis of the convergence of the pure spherical
Hellinger flow (referred to as Fisher-Rao therein); see the discussion in Section
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Organization of the paper In Section 2, we provide background on gradient systems and opti-
mal transport, with a focus on the dynamic formulation and geodesics. Section [3|is dedicated to the
analysis of evolutionary behaviors in the gradient systems using the celebrated Polyak-tojasiewicz
inequalities. There, we introduce the standard log-Sobolev inequality for the pure Otto-Wasserstein
gradient flow of the KL-divergence energy. Then, we provide novel results on the pure Hellinger gradi-
ent flows. In Section |4, we study the unbalanced transport gradient flows restricted to the probability
measures, i.e., the spherical Hellinger-Kantorovich gradient flows. There, we were able to establish the
global exponential decay of a large class of entropy functionals. In Section |5 we turn to the Hellinger-
Kantorovich gradient flows over the positive measures, where the analysis of functional inequalities
is more involved. Nonetheless, using a novel shape-mass decomposition in Section (5.3, we were
able to establish the exponential decay when the LSl is not applicable. Additional proofs are given in
Section [Al

Notation We use the notation P(£2), M™*(Q) to denote the space of probability and positive mea-
sures on the closure of a open set @ C R¢ with Lipschitz boundary. The base space symbol €2 is
often dropped if there is no ambiguity in the context. In this paper, the first variation of a functional #'

at 1 € M is defined as a function g—i[u]
d OF
acl e vl = [ rlil(z)du(z) (10

for any perturbation in measure v such that ;. +€-v € M™. The Fréchet (sub-)differential in a Banach
space (X, || - || x) is defined as a set in the dual space

OF (p) :=={§ € X" | F(v) 2 F(p) + (§,v—p)x +o(lp—vlx) forv — puj,

where the small-o notation signifies that the term vanishes more rapidly than the term inside the
parentheses. When OF'(p) is a singleton, i.e., 0F (1) = {{} C X*, we simply write DF'(u) :=
£ € X*. For simplicity, we carry out the Fenchel-conjugation calculation in the un-weighted L? space.
Replacing that with duality pairing in the weighted Lf, space does not alter the results. Common
acronyms, such as partial differential equation (PDE) and integration by parts (IBP), are used without
further specifications. We often omit the time index ¢ to lessen the notational burden, e.g., the measure
at time ¢, pu(t,-), is written as . In formal calculation, we often use measures and their density
interchangeably, i.e., f f - 1 means the integral w.r.t. the measure . This is based on the standard
rigorous generalization from flows over continuous measures to discrete measures [AGS05].

After publishing the first version of this manuscript, we got notice of very similar work in [KoV19,
KoV20Db, [KoV20al.

2 Preliminaries

2.1 Gradient-flow systems and geodesics

Intuitively, a gradient flow describes a dynamical system that is driven towards the fastest dissipation of
certain energy, through a geometric structure measuring dissipation. In this work, we restrict ourselves
to the case that the dissipation law is linear and consequently can be given in terms of a (pseudo)
Riemannian metric. Such a system is called a gradient system. For example, the dynamical system
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Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 9

described by an ODE in Euclidean space, namely u(t) = —VF (u(t)), u(t) € R? is a simple
gradient system.

In this paper, we take the perspective of variational modeling and principled mathematical analysis, i.e.,
we study the underlying dynamical systems modeled as gradient systems specified by the underlying
space X, energy functional F', and the dissipation geometry specified by the dissipation potential
functional R. Given a smooth state space X, a dissipation potential is a function on the tangent
bundle TX, i.e. R = R(u,u), where, for all u € X, the functional R (u, -) is non-negative, convex,
lower semi-continuous, and satisfies R(u,0) = 0, see [Mie23] for more details and motivation. We
denote by

R*(u,{’):sup{(f,v)—R(u,v)‘UETuX} (11)

the (partial) Legendre transform of /R and call it the dual dissipation potential. Throughout this work,
we will only consider the case that R (u, -) is quadratic, i.e.

R(u,u) = %(G(u)u,w or equivalently R*(u,§) = %(S,K(u)@.

Definition 2.1 (Gradient system) A triple (X, F,R) is called a generalized gradient system, if X is
a manifold or a subset of a Banach space, F' : X — R is a differentiable functional, and R is a
dissipation potential. The associated gradient-flow equation has the primal and dual form

0=DyR(u,4) + DF(u) <= @ =D¢R"(u,—DF(u)). (12)
If R is quadratic, we simply call (X, F,R) a gradient system and obtain the gradient flow equations
0=G(uwu+DF(u) <= u=-K(u)DF(u). (13)

G = K~ is called the Riemannian tensor, and K = G~! is called the Onsager operator.

Both forms of and have their advantages, but we will often use the form with R* and K,
because they have an additive structure in the cases of interest.

Of particular interest to this paper is the gradient flow in the Hellinger space of positive measures
(M He), also called the Hellinger-Kakutani space (cf. [Kak48, [LMS18} [LaM19]), which is the gra-
dient system that generates the following reaction equation as its gradient flow equation in the primal

form of (12),

oF
Ope = —p - E (1] - (14)

This ODE is a consequence of the Hellinger dissipation geometry detailed in Example Alterna-
tively, one can also view the whole right-hand side as the Hellinger metric gradient induced by the
Onsager operator Kpe ()6 = - €.

The Hellinger gradient system is a special case of general gradient flows in metric spaces, which
has gained significant attention in recent machine learning literature due to the study of the Otto-
Wasserstein gradient flow, originated from the seminal works of Otto and colleagues, e.g., [Ott96,
JKO98! |Ott01]. Rigorous characterizations of general metric gradient systems have been carried out
in PDE literature, for which we refer to [AGS05] for complete treatments and [San15| [Pel14), [Mie23]
for a first-principles introduction. To get a concrete intuition, the gradient structure of the following
two classical PDEs will become relevant in later discussions about Hellinger and Otto-Wasserstein
respectively.
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Example 2.2 (Classical PDE: Allen-Cahn and Cahn-Hilliard) Recall the Allen-Cahn PDE
dp = Dp—V'(p), (15)
and the Cahn-Hilliard PDE
Oip = A (=Ap+V'(p)). (16)
They are the gradient flows of the energy functional F'(1) = [ (5|Vp[> 4+ V (p)) dz in two different
Hilbert space geometries, where V' is a potential function, e.g., the double-well potential V (r) =

}1(1—7"2)2. The Allen-Cahn equation is the Hilbert-space gradient-flow equation of the energy F' in
unweighted L?, i.e., Kac = 1, with dissipation potentials

SN . 1
Rac(p @) = glallzz and Ric(p, €) = Fl€]l7e- (17)

Cahn-Hilliard is the gradient flow of I in unweighted H !, i.e., Kac = — A, with dissipation potentials

N \ 1
Rou(p, i) = gllil-1, and Reu(p,€) = SIVE[7:. (18)

Geodesics and their Hamiltonian formulation. For many considerations of gradient flows, the
geodesic curves play an important role. These curves are obtained as minimizers of the length of
all curves connecting two points:

ha-om € avgunin | (@) ls) () s (= avgin 1<s<s>,K<u<s>>g<s>ds)

jz 2

( subject to fi(s) = K(u(s))&(s) >>

(19)

where s — 1i(s) has to be absolutely continuous, satisfy 1(0) = g and (1) = py.

In the sense of classical mechanics, the dissipation potential R(s, /1) = (G(u)fz, 1) plays the role

of a “Lagrangian” L(u, f1) = R(u, 1), and the dual dissipation potential R* (11, &) = 5(&, K(u)&)
as a “Hamiltonian” H (i, &) = R* (i, &). Then, minimizing the integral of L is equivalent to solving
the Hamiltonian system

. 0 = o (1) = o ]
§ = D H(u,€) = —D,R*(1.€), 1(0) = po, pu(1) = (H)

Here, the conditions for u at s = 0 and s = 1 indicate that finding geodesic curves leads to solving a
two-point boundary value problem.

The theory for geodesics becomes particularly interesting in the case that R* is affine in the state
. Because, then, DuR*(u, €) no longer depends on 1 and the system (H) decouples in the sense
that the equation for £ no longer depends on (. This particular case occurs in the Otto-Wasserstein,
Hellinger, and consequently Hellinger-Kantorovich (a.k.a. Wasserstein-Fisher-Rao) space. This struc-
ture allows for the derivation of the following characterizations of the geodesic curves and static for-
mulations of the associated Riemannian distances.
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Example 2.3 (Otto-Wasserstein geodesics in Hamiltonian formulation) /n the case of the Otto-
Wasserstein geometry, the dual dissipation potential takes the simple form

. 1 1
Rowslts) = 5IVEI2; = [ 51VePds

The Onsager operator is given by Koo (1t)§ = — div(uVE) and the geodesic curves are character-
ized by
i = — div (uVE) |
. 1 (Geod-W)
§=—35IV¢ %

Here, the first equation is the continuity equation which implies that 1 is transported along the vector
field (t,x) — VE(t,x), and the second equation is the Hamilton-Jacobi equation, which is notably
independent of . The Hopf-Lax formula then gives the explicit characterization of the solution

1
c(o.0) = nt {0.0) + bl

yielding the celebrated dual Kantorovich formulation of the Wasserstein distance. See [AGS05] for
details.

The main focus of this paper is to study the Hellinger type gradient flows, generated by the geometry
of the Hellinger distance between two nonnegative measures i, v € M,

2
) )
He%wwﬁzﬁl-/(,/%’—ﬁﬁ) dy (20)

for a reference measure v such that 19, 13 << 7. It is straightforward to show that this definition for-
mally coincides with (9) with the precise scaling factor. A unique feature of the Hellinger distance
is that it allows the two measures to have disjoint supports in contrast to divergences such as KL and
XQ. We recall its dynamic formulation below using the reaction equation; see also [GaM17], [LMS18].

1
He? (1o, j11) = min {/0 €Nz, dt ‘ fr=—p-& p(0) = po, u(1) = ul}. (21)

If we add a correction term to the reaction dynamics, i.e., 1 = —pu - (5 — - f uf), we obtain the
spherical Hellinger distance [LaM19] over the probability space P, instead of positive measures M ™.

s o ) =i { [ 63yt | ==+ (6= [ean ), n0) = o 1) = . (22
0

The spherical Hellinger distance, also termed the Bhattacharya distance by [Rao45b] after its first
occurrence in [Bha42], can be calculated explicitly, namely

(1
He?(pg, p11) = 4 arcsin (ZHe(MO’ ,ul))

see [LaM19], but note the different scaling there. Subsequently, we refer to the above as the pure
Hellinger and pure spherical Hellinger distances, i.e., without the transport aspect of Otto-Wasserstein.
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Example 2.4 (Hellinger geodesics in Hamiltonian formulation) For the Hellinger distance in (21)),
the primal and dual dissipation potential takes the form

o3/ fal

H(1.6) = Riu(.6) = €2, = / S,

7

Rue(j1, 1) = \

op

where ‘- d“ denotes the Radon-Nikodym derivative between measures. The Onsager operator is given
by KHe( )¢ = & and the geodesic curves are characterized by

/:L = —Mf,

. 1, (Geod-FR)
§=— 3 €]°.

Remarkably, different from the Hamilton-Jacobi setting of Otto-Wasserstein, this system can be solved
in the explicit form

£(0,z)

§5:0) = (0,002

2
and (s, dz) = (1+s£(0,2)/2) po(dz),

where we have used the initial condition 11(0) = pg. Applying the terminal condition j1(1) = 1, we
arrive at the explicit representation of the Hellinger geodesic

Voo (8) = (L=8)v/Fio + sy/pi1)” = (1=5) pto + 25(1—8)\/jiojin + 5% (24)

see [LMS16, Eqn. (2.8)] or [LaM19] for details. Finally, using the explicit solution for (s, x) above, one
can show that the Hellinger geodesic distance indeed admits the formula (20). Formally, one can also
obtain a static dual Kantorovich type formulation

1
§He2(#07ﬂl) Sup {/wdﬂl /¢dﬂo}
(24+6)(2—)=

Remark 2.5 (“Hellinger” versus “Fisher-Rao”) In the literature, the popular naming of “Fisher-Rao”
has been used to describe the infinite-dimensional geometry over probability and positive measures.
However, the name “Hellinger” distance was introduced after a paper of Kakutani in 1948 (based on
his work [Hel09]) and has been used largely since the early 1960s, and even by Rao in 1963. We
refer to [Mie24, Sec. 5] for some historical remarks. Nevertheless, starting from 2016 some authors
such as [BBM16,|GaM17,San17] used the name “Fisher-Rao” instead, and it is now very popular in
imaging and machine learning. However, many such uses of the name “Fisher-Rao” are an abuse of
the naming convention because it should be used in the sense of Rao’s original definition in [Rao45a]
as a way to characterize the distance of measures within a given submanifold of measures. Thus,
the Fisher-Rao distance depends on the submanifold and is given by the length of the shortest curve
within the submanifold, where length is measured in the Hellinger metric.

In the present paper, the spherical Hellinger distance SHe can be understood as a type of Fisher-
Rao distance with respect to the submanifold P (S2) as a submanifold of M™ (). Another type of
the Fisher-Rao distance occurs, for instance, if one chooses the submanifold of exponential family
distributions.

DOI 10.20347/WIAS.PREPRINT.3176 Berlin 2025



Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 13

2.2 Unbalanced optimal transport: Hellinger-Kantorovich

As we have seen in the previous subsection, the Otto-Wasserstein geometry gives us the transport
type dynamics, while the Hellinger geometry provides the birth-death, also reaction, mass creation or
destruction, type dynamics. A few groups of researchers, including [CP*18a,ICP*18b, [LMS18| [KMV16),
GaM17], proposed the Hellinger-Kantorovich (HK) geometry, which is the combination of the Hellinger
and Wasserstein distances. We refer to their works for the details and provide below a self-contained
introduction to the HK geometry and gradient flow.

The optimal transport problem of Kantorovich must be generalized for the transport between measures
of different mass to become admissible. The construction is as follows: In addition to the initial and
target measures 1o and 11, one considers measures my and m; between which classical optimal
transport happens. Then, the mismatch between py and my and between p; and m; is penalized
using a divergence functional W, e.g., the KL divergence. This is then called unbalanced transport,
defined using the entropy-transport functional

ETcw (H]po, 1) == {/C(l’o’?ﬂl)dn (wo, 1) + W(mo|po) + W (mi|pm)

mo(dzo) := I (dzo, Q) , m(dxy) =TI (R, dxl)},

c is a cost function of transport, e.g., the squared Euclidean distance. In general, functionals defined
using this type of inf-convolution do not generate a (squared) distance on M™(£2). And even if it is a
distance, it may not be a geodesic distance. It was the main achievement of [LMS16, [LMS18] that the
HK distance, defined as a geodesic distance in the sense of the dynamic Benamou-Brenier sense, via

HC (1o, p1) = (25)
1
min {/0 || VENZ:+BElI7; dt | o= adiv(p- VE)=Bug, u(0) = po, u(1) = Nl} :

can be characterized as an unbalanced transport problem as shown below, if ¢ and W are chosen in
a very particular way. Different choices of «, 5 > 0 allow us to tune the relative strength of the two
geometries, trading off the transport and the birth-death mechanisms.

Theorem 2.6 (Logarithmic-Entropy-Transport definition of HKK) [LMS16, Thm. 8] The
Hellinger-Kantorovich distance over positive measures M™ has the equivalent characterization as the
optimal value of the logarithmic-entropy-transport (LET) problem

HK? (o, p1) = He/vtiP(foQ) ETcw (1o, p11) (26)

where functional V is the (scaled) KL divergence W (u|v) := % Dy (u|v) and the transport cost is
B

_“ log \/»|x0 x| for |zo—x1| < W\/g,
C(SC(),.CL'l) = ﬂ

+00 otherwise.
Intuitively, the HK geometry combines the mechanisms of the Otto-Wasserstein geometry, i.e., the

transport of mass, and the Hellinger geometry, i.e., the birth-death of mass. It possesses a richer
structure and more advantageous properties than either of the pure geometries alone.
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The gradient flow in the HK geometry generates the gradient flow equation, which is the following
reaction-diffusion PDE.

Example 2.7 (Reaction-diffusion PDE) The gradient-flow equation of the HK gradient system over
positive measures (M™, F, HK) corresponds to the reaction-diffusion PDE

oF 5_F

= o Koalp) 5 i = 5+ Kualp) 3 = adiv (w95 ) = 5us (. (@)

The HK geometry and gradient flows are defined over the space of positive measures M ™. For many
machine learning applications, it is often more convenient to only work with probability measures.
The restriction of the HK geometry to the space of probability measures P is discussed in [LaM19],
referred to as the spherical Hellinger-Kantorovich (SHK) geometry. In this paper’s context, we establish
the following explicit formula.

Proposition 2.8 (Explicit formula for 3K, 5) For o, 3 > 0 we have the formula for the spherical
Hellinger-Kantorovich distance,

4
Ko 5o, p11) = 73 arcsin (@ Ho, 5 (140, m))- (28)

Proof. In [LaMT9], the passage from HK, 5 to $K, g is discussed in detail by showing how the
geodesics of (P(Q2), IK) and (MT(Q), HK) can be transformed into each other. Under the as-
sumption that 5 = 4, which is used in the scaling assumption (2.1) and (2.2) therein, it has been
shown that

1 . 1
K, 4(po, 1) = arccos (1 —5 I-Ka,4(,u0,m)2> = 2arcsin <§I-Ka,4(,u0,,u1)) ,

where the first identity follows from [LaM19, Thm. 2.2] and the second from the trigonometric identity
sinog = /(1— cos(20)) /2.

It now remains to apply the simple scaling HK?, ; = §Hua/5.4 and SKG 5 = 59Kua/4, and the
assertion follows. m

Similarly, the spherical Hellinger distance SHe = 3K ;, also known as the Bhattacharya distance, is
related to the Hellinger distance by

i 1
SHe(po, p1) = 4 arcsin (Z_l He(po,pl)) :

Recall our scaling of He in (9) with He(0, 1) = 2u(€2), while some other works use He = HKo.4

giving ﬁé((), ) = p(£2). We also remind the reader of the use of the notation p for the probability
measure instead of the positive measure (.

The associated Onsager operator (inverse of the Riemannian metric tensor Gg4.) is given by restrict-
ing that of the Hellinger to the probability measures, namely

Kse(p)n = 5 p(n - / ndp). (29)
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Using that relation, we obtain the Onsager operator (inverse of the Riemannian metric tensor) for the
spherical Hellinger-Kantorovich (SHK) geometry

Ksk(p)n = —adiv(pVn) + Bp (n - /pndx> :

and the SHK gradient flow equation

= —Kaulp) i = adiv (pv(;—i m) ~ oo (50— [ o5 dx) @

3 Functional inequalities: Otto-Wasserstein and Hellinger

Functional inequalities are the building blocks for the analysis of many computational algorithms, such
as for sampling and optimization over probability measures. The main goal of this section is to develop
an intuition for the tojasiewicz type inequalities for the Otto-Wasserstein and Hellinger type gradient-
flow geometries.

3.1 Otto-Wasserstein gradient flow over probability measures P

Our starting point is the differential energy dissipation balance relation of gradient flow systems,

L p(u(t) = (DF ) = - (Rm,m R (u —DF)) = ~Z(u(t)). @)

dt

where the functionals /R and R* are the primal and dual dissipation potentials discussed in Sec-
tion We refer to the quantity 7 as the dissipation of energy F'. It was also referred to, in some
contexts, as entropy production. The letter Z is due to Fisher’s information while the letter R is due
to the Helmholtz-Rayleigh dissipation principle [Ray73]. From this, we introduce the following version
of the Lojasiewicz condition. Note that, in the definition of the functional Z, it is understood that /i is
replaced by D¢R* (11, —DF (1)) to obtain a functional of 1 alone. As we are in the quadratic case,
we always have Z (1) = R*(u, —DF(u)).

Definition 3.1 (Polyak-Lojasiewicz inequality for generalized gradient systems) We say that the
Polyak-tojasiewicz inequality holds if
Rlp, 1) + R*(p, =DF) = L(p) 2 ¢ (F(p(t)) — ) with F = inf F(p). (t)

holds for some constant ¢ > 0.

For conciseness, this paper does not analyze more general Lojasiewicz inequalities, i.e., no higher
order powers on the right-hand side, due to the relevance of (£) to computational algorithms in machine
learning and optimization; cf. [KNS20]. We simply refer to it as the tojasiewicz inequality in the rest
of the paper. We refer to articles such as [OtV00, [BIB18] for a wider scope of related inequalities. An
immediate consequence of (b)) is that the energy of the gradient system converges exponentially via
Gronwall’s lemma, i.e.,

® = Fut) - F<e " (F(u0)) - F).
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Therefore, on the formal level, the intuition of the analysis is to produce the tojasiewicz type relations
in the succinct formof Z > ¢ - (F' — F™).

Concretely, in the Otto-Wasserstein gradient flows and the Fokker-Planck PDEs, energy dissipation
can be easily calculated

2
. (32)

d

SF
I _ ——F (along:WGF) / oL
(1) % (1) MV 1]

As an already well-known example, we now formally check the inequality (£) for the Otto-Wasserstein
gradient system with the KL-divergence, i.e., (P(R?), Dk (-|7), W2), where Dy, is defined in (5),
(7). We calculate the dissipation

d

dp . dp (IBP) du||?
—T(4) = =D — (log SE _q log ¥ B0 _ |\ Wiog S|

\Y

Specializing the tojasiewicz inequality () to this setting, we arrive at the logarithmic Sobolev inequality
(LSI)

d,u2
log —~
HVogd

> ¢ Dgp(p|m), (LSI)
T2 ()

which needs to hold for some ¢ > 0. By Grénwall's lemma, the entropy decays exponentially, i.e.,
Dk (u|m) < e "Dk, (1(0)]|7). (CSI) is a special case of the (Polyak)-tojasiewicz inequality for the
Otto-Wasserstein geometry and the more general -divergence energies, namely

o dp
HW (5)

In particular, we will exhaustively investigate the (,,-divergence energy functional case. The inequal-

ity reads p-1
e ()

For p = 1, i.e., the choice of wkr, (¢1-divergence or the 1-relative entropy), recovers the (LSI),
which has already been intensely investigated in the literature. The Bakry-Emery theorem [BaE85]
gives a sufficient condition for the logarithmic Sobolev inequality (LSI) to hold along the solution of
the Fokker-Planck equations: the target probability measure 7 satisfies the Bakry-Emery condition, if
7 o exp (—V) for the potential function V" that satisfies

2
> ¢+ Dy(ulm). (£-W)
3

2
dz > c- Dy, (p|m) (33)

V2V 2 CBE Id, CBg > 0. (BE)

Moreover, following [BaE85], [AM*01] provided an elementary proof of the Bakry-Emery theorem for
general p-divergence energies that satisfies

1
2
p(1) =¢(1) =0, ¢"(1) >0 and  (¢"(5))" < 5" (s)0"(s). (34)

Their results state that if holds, the Otto-Wasserstein gradient flow with the corresponding -
divergence energy converges exponentially. That is, the following sufficient relation holds

(BE) + — ([E£-W) : Lojasiewicz for Otto-Wasserstein = exp. decay. (35)

First, we slightly modify this result for the ¢,,-divergence energy functional and the case of domain
Q) = RY. The proof is straightforward by plugging in the definition of the y-divergence into and
using the relation (35).
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Theorem 3.2 (Functional inequality for pure Otto-Wasserstein: R%) Suppose the

Bakry-Emery condition (BE) holds for the target measure . Then, under the ¢,-divergence energy
for p € [1,2], the tojasiewicz inequality |E-W) holds for the Otto-Wasserstein gradient flow with the
constant 2cgg.

In addition, when the domain is an open and bounded subset of R, we no longer need Bakry-Emery
or LSI type conditions when working with sufficiently smooth measures.

Theorem 3.3 (Functional inequality for pure Otto-Wasserstein: bounded domain) Assume that
Q) C RY is an open and bounded Lipschitz domain and that = € 1L>°(2) is bounded from below
by a positive constant. Then, forallp > 1 — % there exists a positive constant ¢ > 0 such that the
tojasiewicz inequality holds for all sufficiently smooth measure . € P(€2).

Proof. For the case m = ¢y - dux, the result is established in [MiMT8, Sec. 3] as well as the master
thesis of the second author. The general case follows by estimating 7 from above and from below and

by applying the resultto r = %. [

The important question lingering is when and if the Lojasiewicz inequality holds for other gradient flows
and other energy functionals, i.e., a theory mirroring the Bakry-Emery results but going beyond the
standard Otto-Wasserstein geometry. Our starting point is replacing the Otto-Wasserstein geometry
of the gradient flows with the Hellinger geometry.

3.2 Hellinger gradient flow over M™

By a derivation similar to the Otto-Wasserstein setting, we find the energy dissipation for the Hellinger
gradient flow
2

. 36
1 (36)
In the settings other than Otto-Wasserstein gradient flow, however, the tojasiewicz inequality () can-
not be expected to hold globally for arbitrary geometry in general. We now show that this is precisely
the case for Hellinger. Consider the Hellinger gradient flow with the KL entropy energy functional, i.e.,
F(u) = Dkr(u|m). Then, the specialized t.ojasiewicz inequality asks for the existence of some ¢ > 0
such that

() = —- F(pu(t)) oo / p fs—i 1

2
2 CDKL(,UH'/T) (37)

Lemma 3.4 (No global Lojasiewicz condition in Hellinger flows of KL) There
exists no ¢ > 0 such that holds globally for positive measures ;1 € M™, i.e., the gradient system
(M, Dk (+|7), He) does not satisfy the global tojasiewicz condition for any positive constant.

For a counter-example, consider y,, = r7 in (37). Then we have Dky, (p,|m) — () for r — 07,
but [[log 7|2z || =7 log? r-m(€) — 0. See Figureand the caption for an illustration of Lemma
Despite this lack of the global Lojasiewicz condition in general, a local condition can be satisfied trivially
around the equilibrium measure . = . However, from this paper’s perspective, we are not interested
in the local version for the reason explained next.
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Figure 3: The plot illustrates the lack of global tojasiewicz inequality as in Lemma We plot the
KL-entropy generator function ¢(s) = slogs — s + 1. The blue dotted curve represents the KL-
entropy generator ((s). The function s|log s|? is plotted in solid black. The tojasiewicz inequality
condition is satisfied locally around the equilibrium s = 1 (red dot). However, it can never be satisfied
in a neighborhood around s = 0.

Example 3.5 (Birth escaping zero in the Hellinger geometry) Suppose we wish to minimize the
energy F(11) = D, (u|m) starting from the initial measure jio. It is possible that the measure i
does not have the full support as the target measure 7 ; see Figure (left), i.e., supp(po) < supp(n).
In addition, many variational inference methods, e.g., [KhN18,|LC"22] use Gaussian densities to ap-
proximate the target measure. In such cases, the measures share the support as in Figure[4, (right),
i.e., supp(po) = supp(m), but the density ratio can be arbitrarily close to zero. For example, Figure[4
(right) depicts a Gaussian mixture distribution as the initial 11y that has very little mass near v = 2.
This can be quite likely in high dimensions. The most difficult part of the minimization is fo escape the
near-zero region with enough metric slope provided by the energy. For example, the reaction dynam-
ics [ = — uf;—i [1t] implies that a significant growth field is needed to escape when (i is near zero, i.e.,
the birth process. Our theory precisely characterizes this escape threshold via the global tojasiewicz
condition, e.g., in Corollary[3.8 In contrast, the local convergence behavior near the equilibrium is
much easier to capture; see Figure[3, Figure[8 Therefore, we place the focus of our analysis on the
global tojasiewicz condition without delving into local equilibrium behavior. Finally, we note that our
analysis is for general positive measures. The submanifolds of parameterized probability distributions,
such as Gaussian densities (i.e. Fisher-Rao geometry), are not considered in this paper.

While the above results show that the Hellinger flow of the KL-entropy cannot satisfy the global
Lojasiewicz, we now show a positive result for the case when the energy functional is the squared

2

Hellinger distance, F'(u) = 1He*(u,7) = [ <‘/j_ﬁ - 1) drr. First, note that the first variation of
J (1

the squared Hellinger distance is 5 <§He2(,u, ﬂ)) = f'(n) = 2 — 24/ dw/dpu. Specializing the
i
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Figure 4: lllustration of Example [3.5] birth escaping (near) zero with initial densities ¢ (red) and target
densities 7 (blue, Gaussian).

Lojasiewicz inequality to this setting requires

dm
du

I o

e?(pu|m). (38)

-

2

It can be easily checked by definition that we have the unconditional satisfaction of the global to-
jasiewicz inequality in this case:

Lemma 3.6 (Global Lojasiewicz with Hellinger energy) The tojasiewicz inequality holds for
the Hellinger gradient system (M, %He2(~, ), He) globally for c = 2.

Going beyond the Hellinger energy, we are now ready to extract some general principles. The nat-
ural question is whether relations such as Bakry-Emery and (CSI) exist for the Hellinger geometry.
To answer that, we first establish the condition for global tojasiewicz condition for the class of -
divergence energy (5). We observe that D, (1|7) > 0 with equality if and only if # = 7 (in the sense
of measures). Moreover, it — D, (p|m) is convex, and the Fréchet subdifferential is given by

du 1 du p-l du
D, {4l) = DD, ) = ¢4 () = 1((@) 1), DD, () = tog (

Proposition 3.7 (Global Lojasiewicz for Hellinger gradient flow of relative entropy) Given the
Hellinger gradient system with -divergence energy, i.e., (M™*,D,(-|7),He). If ¢ : (0,00) —
[0, 00) is a convex entropy generator function satisfying

N————

0(1)=¢'(1) =0,¢"(1) >0 and Fec, > 0suchthatVs >0 : 3(g0’(s))2 > c.0(s), (39)

then the tojasiewicz inequality holds globally, i.e.,
o (9
dr
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Proof of Proposition As previously calculated, the first variation of the (-divergence is given

0 p
—D — o ==

5D (plm) = —Z (1) with

Tn) = ¢ ()], = [ (¢ au= [ (#(3)" $2am

Now exploiting the assumption for estimating the integrand, we immediately obtain (t-He). m

. Thus, using the Hellinger metric, we obtain the dissipation relation

Because of the simple point-wise estimate in the above proof, it is also clear that condition is
necessary and sufficient for the tojasiewicz estimate (£-He).

Corollary 3.8 (Hellinger gradient flows: necessary sufficient condition) The
tojasiewicz inequality for the Hellinger gradient system with the power-like entropy ¢,
energy, (M™, D, He), holds globally if and only if p < L Furthermore, the constant is ¢, =

5
1/(1—p) in that case.

Therefore, the Hellinger gradient flow under the @, -divergence energy functional decays exponentially
globally, i.e.,

Dy, (u(t)|m) < e~ - Dy, (u(0)|)

ifand only ifp < 3.

This decay result is also referred to as global exponential convergence in energy. In short, for the
-divergence energy functional,

= — exp. decay

In particular, Corollary shows that the energy functionals, for which the globally tojasiewicz esti-
mate holds, include the squared Hellinger (p = %), the forward KL (p = 0), the reverse x? (p = —1),
and the fractional-power entropies between those. On the negative side, it states that the tojasiewicz
estimate does not hold globally for many commonly used entropy functionals such as the KL (p = 1)
and 2 (p = 2).

Remark 3.9 (Metric slope and entropy power threshold p = %) The relevance of the threshold p =
1/2 can be seen from two perspectives. First, we observe that 1 = 0 is a steady-state solution for
the gradient systems (M™, D, (+|7),He) for p > 1/2. However, if u(t) = 0 is a solution, then
it cannot converge exponentially to the equilibrium measure . The point is that the Hellinger metric
slope, defined as ( )
. D4Pp (0) - D‘Pp <'u’) +
10Dy, [He(0) : hrfjélp He(0. 1) ,

can be calculated explicitly as the following:

Lemma 3.10 The Hellinger metric slope of the ¢, -divergence energy functional at ;n = 0 is given by

0 forp>1/2,
0D, ue(0) = {1 forp=1/2.
oo forp < 1/2.
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Figure 5: The plot illustrates the left-hand side s(¢,’(s))? of the Lojasiewicz inequality for the
Hellinger geometry for s € [0, 1.2] and different p: purple p = 2 (x%), redp = 1 (KL), green p = 0.5
(Hellinger), orange p = 0.25, blue p = 0 (forward KL), The red dot represents the equilibrium at
s = 1, where ¢/(s) = 0. This plot provides insights into the slopes of the power-like entropies in
the Hellinger gradient flow. Indeed, Proposition [3.7]discusses the relation of the corresponding curves
©,(s) in Figure with those here. We observe the threshold p = 0.5 (Hellinger; green) where the
behavior near s = 0 jumps. See the main text, especially Remark[3.9 for analysis.

In the case p > 0 where D, (0) < oo the curve t — i(t) = 0 can still be considered a solution
of the gradient-flow equation, however, the exponential decay only applies to the curves of maximal
slopes (see, e.g., [AGS05]) satisfying the dissipation balance

d

D, ) ) = — i uelt)? — 19D, e (1))

We refer to [LaM23, Section 2] for a more detailed discussion.

A second way to see the importance of the threshold p < % involves the results in [OtV00] showing that
geodesic \-convexity of a functional implies the tojasiewicz inequality with c, = 2A. This is analogous
to the finite-dimensional case in [KNS20]. For the condition of geodesic A-convexity for functionals

Dy (ulm) = [, p(52) dr in the Hellinger geometry, it can be shown that A := inf,,>q {w " (w) +

% ¢ (w) } This gives the same result when considering the p-power family v,,. But for general , we

may have 2\ g c:. The geodesic A-convexity in the HK geometry has been established in [LMS23a,
Theorem 7.2]. However, one can only obtain a tojasiewicz type inequality with constant zero by directly
applying the results in [LMS23a], which is not sufficient for exponential convergence.

3.2.1 Explicit solution of the Hellinger gradient flow equation

To further characterize the phenomena regarding the HK gradient flow mathematically, we now delve
deeper into the gradient-flow equation for the Hellinger gradient systems (./\/ﬁ, F, He) with F' =
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Dy, (-|m), which is the reaction equation

5D, (1[7)

fr=—pF-p o

=-B-ug(=). 40
] = =81 ep(3) (40)
A delicate situation arises when considering the gradient flow equation (40): in general, not all solutions
of will converge to the desired equilibrium 7. The reason is the degeneracy of the Hellinger

Onsager operator Kye (1) = - € at p = 0.

Example 3.11 (Hellinger gradient flow of KL) Taking the driving energy to be the KL divergence
(p = 1) in (40), we obtain the gradient flow equation

d
= —pFu log (—M) . (KL-He)
dr
This ODE can be explicitly solved with elementary arguments, yielding the following result.

Proposition 3.12 The ODE admits the unique solution, for all x € 2 andt > 0,

e Pt
u(t, x) = () (L) ) @)

Furthermore, we have u(t, x) — m(x) ast — oo if and only if 1(0, z) = 0.

In other words, for some location x’ with zero initial density (0, 2") = 0, the solution gets stuck
and no new mass is born. This precisely corresponds the illustration in Figure [3] In addition to the
KL divergence functional (p = 1), similar problems occur for the Hellinger gradient flow of the D, -
divergence with p € (0, 1), because solutions starting with 14(0, ) = 0 may satisfy (¢, x) = 0 for
t € [0,7(z)] and p(t,z) > 0fort > 7(x), where 7(z) can be chosen arbitrarily. However, for the
interesting case of y,-divergence with p < 1/2, the notion of curves of maximal slope selects the
unique solution with (¢, ) > 0 for t > 0.

3.2.2 Exponential decaying Lyapunov functions for Hellinger gradient flows

Clearly, the driving energy Dpp( -|7) itself decays along solutions because it is the driving energy of
the gradient system. Furthermore, an examination of the simple structure of the gradient flow equa-
tion implies that p > 0 for S—ﬁ € [0,1] and p < 0 for g—ﬁ > 1. Hence, the divergence functional
Dy, (- |m) with any g is non-increasing along solutions. We have

d du du
~D = (L) (S8 ) de < 0

-~

>0

ie., qu( -|) is a Lyapunov functional for the Hellinger gradient flow of the ¢, -divergence.

We now show that the divergence qu("ﬂ'), for some q # p, decays exponentially along the gradient
flow solutions. Set an auxiliary constant depending on p and q as

7 (1) 2y (1)

r>0and7°7é1}20.
Pq(T)

my 4 = inf {
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Proposition 3.13 (Lyapunov functionals for (M, De,, He)) Forp,q € R, we have
Myq 2 0 < p < max {0, min{1,1—¢}}.

Assume that the initial condition 11(0) satisfies D, (11(0)|7) < oo andm,,, > 0. Then D, decays
exponentially along the solutions of the gradient flow for (M™, D,, (-|7), He), namely

D, ((t)|7) < =P Dy (u(0)[m) fort > 0.

That is, the (o,-divergence is an exponentially decaying Lyapunov functional for the Hellinger gradient
flow of the ¢,,-divergence.

Proof. The technical characterization of the region with m,, ; > 0 is given in Lemma[A.]

For the decay estimate we simply observe that

D0l = 5 [ (#) ey (# =5 [ () () an

> /Qmp,qSOq(%) dm = Dy, (u(t))-

Now, the desired result follows by Gronwall’s estimate. m

1.0 A
0.5 A
o
0.0 A
-0.5
q
Figure 6: The plot illustrates the p and ¢ values that satisfy the condition

p < max{0,min{l,1—¢}}. The shaded area represents the region where p <
max {0,min{1,1-¢}} <= m,, > 0, ie, the p,-divergence converges exponentially for
the Hellinger gradient flow of the ,-divergence. See Propositionand Lemmafor the details.
Furthermore, we observe that the shaded area contains the part of the line p = ¢ for ¢ < % This
shows that Proposition[3.13|generalizes the result in Corollary [3.8]to exponentially decaying Lyapunov
functionals. In this case, when g > % the intersection is empty and hence our result no longer implies
D, itself decays exponentially.

DOI 10.20347/WIAS.PREPRINT.3176 Berlin 2025



A. Mielke, J.-d. Zhu 24

The proof above and Lemma|A.1]can further explain why it is easier to have decay estimates for the di-
vergences D, (u(t)|m) with ¢<0. Since, if ¢ > 0, the condition D, (14(0)|7) < oo will impose strict
positivity of the density (0, z) > 0 a.e. with respect to . For example, the forward KL divergence
(g = 0) does not impose this condition.

Example 3.14 (Lypunov functional for Hellinger gradient flows of KL) We again

consider the driving energy of a Hellinger gradient flow to be the KL divergence (p = 1). Due to
Proposition the forward KL (g = 0) divergence, Dy, (:|7) = Dg.(7|), and the reverse x>
(q = —1) divergence, D,_, (-|7) = D,2(7|-), are both exponentially decaying Lyapunov candidates
for this system, i.e., they decay exponentially along the Hellinger gradient flow of the KL divergence,
given the finite initialization condition in Proposition[3.13 See also Figure[@ for the relation between p
and q.

4 Spherical HK gradient flows of probability measures P

Our main goal of this section is to advance the state-of-the-art analysis for the spherical Hellinger-
Kantorovich (a.k.a., spherical Wasserstein-Fisher-Rao) space and gradient flows of probability mea-
sures P. Its properties differ from the HK (a.k.a. WFR) geometry over positive measures M™. Re-
markably, we are able to establish a global Polyak-t.ojasiewicz inequality for the (,,-divergence energy
when p € (—oo0, %] U [1, 00), which showcases the advantages of the SHK geometry over the pure
Otto-Wasserstein and Hellinger geometries. This is due to the flexibility of SHK by combining the
strengths of the Otto-Wasserstein and the spherical Hellinger geometries over probability measures.
We note that a detailed and insightful analysis of the gradient flow for (M (€2), D, (-|7), SHe) is also
contained in [CC*24]. In particular, sufficient conditions for geodesic convexity are presented, and a
necessary and sufficient condition for the tojasiewicz inequality (called “gradient dominance” therein)
are derived. Our results are different in the sense that we look for general Lyapunov functions such
as D, (-|7), where ¢ # p is allowed, whereas their focus is on the decay of the sum of certain two
entropy functionals.

4.1 Pure spherical Hellinger gradient flow of probability measures

The gradient-flow equation for the gradient system (P(£2), D, (- |7), He) takes the form

) , (d , (d
(i () [

where we have used the letter p € P for probability measure instead of the positive measure p €
M. The following result establishes a Polyak-tojasiewicz inequality for the pure SHe gradient flow,
which reads

d d
/ ot (d—i) Ks1e(p)¢, (d—f;) dz > 8 M, Dy(p|) for some M, > 0 (43)
Q

for the case p € [0, 1/2] that leads to exponential decay of solutions for t > 0. Recall the definition of
the spherical Hellinger Onsager operator Kgy. in and use fQ dp = 1, we establish the following
result.
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Theorem 4.1 (L-SHe estimate) Assume p € (—oo, 1/2] and that p € P({2) satisfies p(x) > 0 a.e.
with respect to w. Then, the following functional inequality holds,

dp ( (oY’ dp , (dp ? / dp
dp dp ([ dp , (dp g dp _
[ (A (29)) o (] 25 (2) ) 230 (1) e

5  frp<j, , ,
with M, = " Forp > 1/2 the best possible constant is M, = 0.
P U ) [, 4 b
i—p P<l3:3

For p > 1/2, we do not have convergence because there are multiple steady states, namely psieady () =
y
—ﬂ(lA) 14(z) for arbitrary sets A C 2 with m(A) > 0.

Proof of Theorem We use the abbreviation r = % such that » > 0 a.e. We treat the case
p € (0,1/2] first. We now use the definition of ¢,, (7) and the abbreviation I, (r) = [, 7*d. Since
p, ™ € P(Q2) we have

1—1,(r) >

— 2 >0, 44
p(l-p) ~ @y

Io(p) = Li(p) =1 and D, (p|7) =

which implies I,(r) < 1.

For the left-hand side of (£E-SHe), we obtain, after some major cancellations, the simple relation

1 2
LHS = m(lgp,l(r) — I,(r)?).

Moreover, Hélder’s inequality gives
[OH_B(T) < [a/g(r)efg/(lfg)(r)l_e fora, B € Randf € (0, 1).
We use [y(p) = 1 and choose «, [, and 0 such that « + = 0, a/0 = p, and 5/(1—0) =

2p — 1. This gives § = (1-2p)/(1—p) € [0,1] and @ = —f = p(1—2p)/(1—p), and we find
]§;£11—p)];1—2p)/(1_p) > Iy(r) = 1 and conclude

],
!

1/p forp € (0,

LY - L) A,
7-12p forp € [3,

e s ERE R g

(1—1I,(r)) with A, = {

N o=

The last estimate follows from the fact that y — g,(y) = (y>~/P—y?)/(1—y) satisfies g,(y
1/pfory /1. Moreover, for p € (0, 5] we have g/, (y) < 0 which gives g,(y) > 1/p. Forp € |
the result can be similarly checked or numerically verified.

The case p = 0 is easier, because [, r¢)(r)dé = [, (r—1)dé = [, dp — [, dm = 0. Hence, we
have

1
LHS = / r(1— —)2d7r and D, (p|7) = /—1ogr dm.
Q r Q

We further process the left-hand side,
1 1 1
/T(l——)QdW:/(T’—Q—I——)dﬂ':/ (——1) dr,
Q r Q r o \7T
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where the last equality follows from fQ r dm = 1. Then, the desired estimate with M, = 1 follows
from the elementary inequality % — 1> —logrforr >0,i.e.,

LHS:/Q(E—1)d772/Q(—logr)dﬂ:D%(phr).

r

In the case of p < 0, we use an argument similar to the case of 0 < p < 1/2, but taking into
account I,(p) > 1. Using Hélder's inequality, we have I,(p) < Io(p)'~?L,0(p)" = L,s(p)’.
Choosing 6 = —p/(1—2p) € [0,1) gives I,_1(p) > I,(p)**'/IPl. By the convexity of the function
y*> /1Pl — 42 and a Taylor expansion around y = 1, we have y>*1/IPl — 2 > ﬁ(g—l) fory > 1.
With y = I,(p) > 1, we find

1

Ly (p)—L(p)? _ L(p)*VP—L(p)? _ L(p)—1 )
b1 2 -1 - 1o e

which is the desired result.

LHS =

For p > 1/2 we consider the measure p. such that p.(z) = ¢ - w(x), ¢ > 0 on A and p.(z) =
2-m(z) on X \ A.. Since I1(p.) = 1 must be satisfied, we obtain m(A.) = 1/(2—¢), 1 —7(A.) =
(1—¢)/(2—¢). Moreover, for ¢ > 0 we have I,(p.) — 297! fore — 0. Thus, for e — 0, we obtain

Dy, (pelm) — 2"=1)/(p* = p) > 0. L(p:) = 2", Dypa(pe) — 2772

where the last relation uses the assumption p > 1/2. Thus, LHS(p.) — 0 for ¢ — 0, and the ratio
LHS(p:)/Dy, (pz|m) — 0, i.e., this ratio cannot be lower bounded by a positive constant /,, > 0.
Hence, the statement is proved. m

Remark 4.2 (Hellinger flow of forward KL is mass-preserving) From the proof of Theorem|4. 1, we
observe that the tojasiewicz inequality for the spherical Hellinger gradient flow of the forward KL en-
ergy (p, with p = 0) is contained in the case for the (non-spherical) Hellinger tojasiewicz ({t-He).
However, it must be noted that those two gradient flows are not the same: in the case of (non-
spherical) Hellinger, the mass is only preserved when starting in the probability subspace P(£2),
but not otherwise. In fact, the total mass can be explicitly calculated with elementary arguments as
Z(t) = 1+ e PY(Z(0) — 1). In contrast, the SHK flows can be extended to the outside of P(2) to
a mass-preserving flow. This is often done for the Otto-Wasserstein flow on positive measures; see
Section[4

Corollary 4.3 (Exponential Decay of D, -divergence along SHe gradient flow)

Assume p € (—oo, 1] and consider an initial datum p(0) € P(2) with D, (p(0)|7) < oo. Then,
the solution p of with p(t,x) > 0 for allt > 0 a.e. with respect to 7 satisfies an exponential
decay estimate with constant M, > 0 from Theorem|4.1, namely

Dy, (p(t)|m) < e MDD, (p(0)|r) foralit > 0.

Proof. This follows directly from and a Gronwall estimate. m
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4.2 Spherical Hellinger-Kantorovich space and gradient flows

Finally, we apply our results for the SHe flows above to obtain the global functional inequality and
hence exponential convergence of the spherical Hellinger-Kantorovich gradient flow over probability
measures P.

The specialized tojasiewicz inequality for the SHK gradient flow reads
/ 2 ay ) > e (F = it Fw). @)
« — - —_— Cx — in v) ).
p P 5p 2 Z p v

We establish the following result.

Theorem 4.4 (Functional inequality for spherical Hellinger-Kantorovich) The

SHK tojasiewicz inequality holds globally with a positive constant for the spherical Hellinger-
Kantorovich (a.k.a., Wasserstein-Fisher-Rao) gradient flow over probability measures for the ©,, diver-
gence energy forp € (—oo, 3] with ¢, = csie = M, > 0.

oF
Vg (]

2 |6F
+5‘$[P]

Furthermore, if the Otto-Wasserstein-tojasiewicz inequality {-W) with reference measure m holds
with ¢,y > 0 for all probability measures P (), then the SHK tojasiewicz inequality holds with
c. = acpy > 0. Consequently, the SHK gradient flow converges globally with exponential decay rate
¢ = max{acew, B M,}.

Note that, for bounded Lipschitz domains 2and m € L>°(2) with infg 7(z) > 0, the Otto-Wasserstein-
tojasiewicz inequality (£-W) indeed holds with ¢,.w > 0 for p > 1—%, see [MiM18, Sec. 3.1]. If the
domain §2 = R¢, the tojasiewicz inequality holds for the SHK gradient flows of pp-divergence energy
for p € (—o0, 3] U [1, 2] given that (EW) holds.

Remark 4.5 This theorem showcases the strength of the SHK gradient flows. For dimension d < 4,
the tojasiewicz inequality holds for SHK gradient flows of all p,—divergence energy! For d > 5, we
still have the generous interval p € (—oco,1/2] U [1 — 2, 00), which improves significantly from the
pure Otto-Wasserstein and the pure (spherical) Hellinger geometries.

A direct consequence is the following qualitative statement that applies to a large family of practical
energy functionals

Corollary 4.6 The SHK gradient flows converge exponentially globally for the following energy func-
tionals: KL divergence (p = 1) under LSI, forward KL divergence (p = 0) unconditionally, x?-
divergence (p = 2) under a tojasiewicz inequality, reverse x>-divergence (p = —1) unconditionally,
and the Hellinger distance (p = 1/2).

5 Hellinger-Kantorovich gradient flows of positive measures M ™

Unlike the spherical counterpart, the HK gradient flows over positive measures M™ are more chal-
lenging to treat. This is due to the absence of the global LS| type inequalities for the Otto-Wasserstein
flows over positive measures M ™, which we discuss in Section Subsequently, we provide the
analysis for the HK gradient flow over positive measures M ™. Concretely, we establish global con-
vergence results for the ,,-divergence energy for p € (—o0,1/2], as well as for the KL divergence
energy (p = 1)using a novel analysis via a shape-mass decomposition.
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5.1 The loss of LSI on positive measures M ™ and a sufficient condition

For the Wasserstein distance, the McCann condition (see, e.g., [AGS05]) shows that D, (-| dz) (i.e.,
the reference measure is Lebesgue) is geodesically convex only for p > (d—1)/d where d is the
dimension. In [LMS23a], necessary and sufficient conditions for the geodesic convexity of entropy
functionals with respect to the HK distance were derived. The upper threshold p = 1/2 was also
observed in the sense that densities with p € [p.,1/2] U (1,00) lead to geodesically convex p-
divergences, where p, = 1/3 for space dimension d = 1 and p, = 1/2 for d = 2. For d > 3 only
the range p > 1 is admitted. However, only the convexity constant A = 0 has been shown for all
p > 1 (i.e., not strongly convex).

To improve on the state-of-the-art analysis, we first provide our result on the HK tojasiewicz in the
following corollary. The tojasiewicz inequality in the HK geometry over positive measures M ™ reads,

fora, 5 > 0,
/(e

Corollary 5.1 (A sufficient condition for HK flow) For ¢,,-divergence energy F'(j1) = D, (pu|m)
withp € (—oo, %] the tojasiewicz inequality holds globally over positive measures M™ with the
1

oF

\% o (1]

2 oF
w\@w

2
) dp > fe. (F(u) — i F(V)) : (46)

constantc, = ——.

I—p
In relating those results to previous geodesic convexity results for the HK gradient flows in Table[T] we
first note that geodesic convexity implies tojasiewicz inequality but only with a non-negative constant
c > 0. As the dimension increases, [LMS23a]’s result and the McCann condition have an increasing
power threshold for the value of p. For dimension d > 3, their intervals no longer overlap with the
threshold of p < % for the global Lojasiewicz in the Hellinger geometry. Yet, we are able to provide a
further Lojasiewicz result that is weaker than [LMS23a|’s geodesic convexity condition; see Table
In previous works such as [LMS23b], it has been suggested that the tojasiewicz inequality for the HK
geometry holds whenever the tojasiewicz inequalities for the Otto-Wasserstein (LSI) and Hellinger
both hold. However, we next show that such a strategy cannot result in a global tojasiewicz inequality.

First,if p < % Corollaryhas established the tojasiewicz inequality with a constant ¢ > ﬁ.
This directly results in the tojasiewicz inequality in the HK geometry. If p > 1 different from the pure
Fisher-Rao case, it does not automatically imply the absence of the HK tojasiewicz inequality. This
can be seen by first assuming a tojasiewicz condition for the Otto-Wasserstein dissipation (£-W) with
a constant condition ¢y > 0. Then, since the Hellinger dissipation quantity is always non-negative
along gradient flows,

e

which yields the HK Lojasiewicz with the constant cy;,. Now, it may seem that the Lojasiewicz inequality
in the HK geometry can be established in this manner. However, the situation is more nuanced due
to the Otto-Wasserstein dissipation over positive measures M ™, instead of the probability measure
space P. In such cases, tojasiewicz inequality cannot hold globally for the Otto-Wasserstein flow.

OF

V— [

2
oF
5 +5‘E (1]

2) > acy - (F(u) — i F(v)) + -0,

Proposition 5.2 (No Lojasiewicz for Otto-Wasserstein flows over M™) Given the (-divergence
energy functional D (-|). Then, there exists no global tojasiewicz inequality {=W) for the Otto-
Wasserstein gradient flow over the positive measures M.
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Proof of proposition @ For any non-negative target measure 7 € M™, we pick the measure 1
to be a scalar multiple of 7, i.e., u = Z 7 with Z > (. See the illustration in Figure The Radon-
Nikodym derivative is a constant % = Z. Then, the Ltojasiewicz inequality reads

o)

which cannot hold whenever D, (i|7) = ¢(Z)7(€2) > 0. m

> ¢ Dy(p|m) for some ¢ > 0,

2
Li

The intuition for the above proposition is that the Otto-Wasserstein flow of D, (+|7) “gets stuck” when
the density ratio is constant % = Z since the metric slope is zero. See also the illustration in Figurei
This result shows that we cannot hope to rely on the Otto-Wasserstein dissipation to establish the
tojasiewicz inequality in the HK flow of positive measures.

Density

Figure 7: See Proposition [5.2) for the details of the functional inequality and Otto-Wasserstein flow of
positive measures. In this plot, the density ratio % is a constant Z > (. Hence, there is no “Otto-
Wasserstein gradient” to drive the curve from v towards 7. In the opposite regime, the density ratio %
has many close-to-zero locations. Hence, there is not enough “Hellinger gradient” to drive the curve

from p towards 7.

5.2 A special case: HK gradient flows of KL divergence energy

In contrast to the global convergence results for the SHK gradient flows in Section |4} results such as
Proposition might hint a pessimism about the HK gradient flows. However, in this section, we show
that the HK gradient flows of KL divergence (i.e. o, for p = 1) driving energy have a special property
that still guarantees the global convergence.

To further understand the idea behind Proposition we first show a straightforward extension of the
(LSI) over probability measures to positive measures. Without loss of generality, we assume that the
target measure 7 is a probability measure, i.e., 7(£2) = 1.
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Proposition 5.3 (Generalized log-Sobolev inequality on M ™) Suppose the logarithmic Sobolev in-
equality (CSI) holds with a positive constant c s p > 0 when restricted to probability measures (i.e. j

and 7 are probability measures). Then, the following inequality holds for the Otto-Wasserstein gradient

flow over the positive measures M :

/Vlo

where z := 11(2) is the total mass of the measure yi. Moreover, we have

The intuition here is that the Otto-Wasserstein gradient flow, viewed as a mass-preserving flow with
total mass .(£2), satisfies the LS| type inequality. This is illustrated in Figure|7]

2
du > crgp - <DKL (u|m) — (zlogz — 2z + 1)), (LSI-M™)

2
dp > cpsep - Dk (,U|Z : 77) . (47)

Proof of Proposition 5.3 We have the logarithmic Sobolev inequality (LSI) for the probability mea-
sures ji := L -y where z := p(Q) is the mass of 4,

/d“w AN s Dt (il )
ar d7r T 2 CLSI.P KL{M|T).

Expanding the KL divergence, we have

. djt dji 1d du
Dk (f|m) :/d_ilogd_zdﬂ_/zdi <log = logz> dr
1 d d 1
= - Mlog 'ud7r—z+1 —logz+1——
z drm drm z
1 1
= ;DKL(/WT) — ;(zlogz —z+1).

Combining the above relation with property of the Sobolev norm,

dp dp)* / dji i\ 2
- log— ) dmr = Vieg— | d
/ dm (V o8 dﬂ') S & dn i
> csip - (Dxr (p|m) — (2logz — 2+ 1))
|

= cusip - (D (plm) = D (0(€) - 7)) -

For the last part of the result, we rewrite the right-hand side of the inequality above using the rela-
tion zlogz — z + 1 = Dxy, (u(Q2) - 7|7m). Recall a generalized Pythagorean inequality for the KL
divergence that reads

Dxr, (p|m) > Dy (p|7™) 4+ Dy, (77| 7)

where 7" is the information projection of 7 onto the positive measures of total mass 2
7* € arginf { Dy, (v|7) | v € MT,7(Q) = z}.

By Jensen’s inequality,

Dxr, (v[m) = /wKde > K (/ dﬂ) = pkr(2),

DOI 10.20347/WIAS.PREPRINT.3176 Berlin 2025



Hellinger—Kantorovich gradient flows: Global exponential decay of entropy functionals 31

where the inequality holds when 7* = z - . Therefore,

Dxr (p|m) > Dk (p]z - m) + D, (2 - m[mr) . (48)
Combining the results above, we obtain the desired inequality
dp de o _
3 (Vog——)"dm = cisip - (Die (pl7m) = Drr (u(€) - ) 2 €~ D (plu(2) - 7).

(49)
Thus, Proposition [5.3|is established. m

The insight from Proposition [5.3]also provides us an exponentially decaying Lyapunov functional along
the Otto-Wasserstein flow over the M ™. Noting the property of the KL divergence Dy, (uu|z - ) =
z - D1, (% . /L‘ﬂ'), we find

d 1 [ dp du ?
—&DKL(,LLLZ'W)—;/E' (V <log%—logz>) d(z-m)

2 p
rop.[5.3]
= /d_ . (V log d—) dr > csip - Dxr (plz - m)  (50)

Then, by Grénwall's lemma, the Lyapunov functional Dy, (1|2 - ) decays exponentially along the
mass-preserving Otto-Wasserstein gradient flow.

Corollary 5.4 (D, (1|(Q2) - 7) is Lyapunov for Otto-Wasserstein-M™) For the mass-preserving
Otto-Wasserstein gradient flow over the positive measures M™ with the KL divergence energy F' (1) =
Dxr,(u|), the Lyapunov functional Dy, (14| z - ) (where z := 11(€2) is the total mass of the measure

1) decays exponentially along the flow, i.e.,

1 e 1
Dict,(p(8)]z - ) < e Dyer (u(0)]z - ) and Dicr. (- pu(t) ) < e Dicr (- p(0) )
fort > 0 and the LSI constant c;s;.p as in Proposition|5.3

This result, combined with the Pythagorean type relation (48), shows the Lyapunov functional
Dk (]2 - ) decays towards the lower bound Dk, (z - 7|m) = zlogz — z + 1. Furthermore, it
implies that, while p itself does not converge to 7 due to Proposition the shape ﬁu does con-
verge to the target. Using a similar idea, we next analyze the Hellinger (He) and the spherical Hellinger
(SHe) geometries.

We exploit a special property of the KL divergence, namely, for any constant Z € R™, the SHe flow of
the KL divergence energy Dy, (| Z7) is independent of Z. Yet, in the He flow of positive measures,
the constant Z in the minimization has an impact. This idea can be easily seen by calculating the
gradient flow equation of the He flow

—-o5) <o) )

i.e., the growth field is indeed affected by the scalar Z. In comparison, the scalar Z is canceled for the
SHe flow of probability measures

s o) () () ()

Since the Otto-Wasserstein flow is always mass-conserving, this difference in He and SHe is the key
for our analysis next, which we term the shape-mass analysis.
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5.3 Shape-mass analysis: global KL decay of HK gradient flows

Our starting point is to carefully compare the HK and SHK gradient flows. For the convenience, we
remember below the associated gradient-flow equations of HK and SHK flows under the KL energy

d d
L= ozdiv(Vu + —MVW) — Bulog oA , (HK-KL)
dm drm

S dp dp dp
p= adlv(Vp + EVW) — Bp <log (E) — / plog (d > dx) (SHK-KL)

For the clarity of the analysis, we use the symbol p for the positive measure in the HK flow and p
for the probability measure in the SHK flow. We exploit the following simple observation of those two
equations.

Theorem 5.5 (Relation between solutions to HK and SHK equations) /ft — 1.(t) solves (HK-KD),
thent — p(t) = ﬁu(t) with z(t) = [qa pu(t, z) dz solves (SHK-KL). Moreover, ift — p(t) solves
(SHKKD), thent — u(t) = k(t)p(t) solves for suitable functions t — k(t) independent of
the variable x. Furthermore, r(t) is the solution to the following equation of mass

2= —pfzlogz — ﬁz/ plog (g ) dx. (Mass-HK)

Proof of Theorem [5.5| The first part of the proposition is straightforward. To derive the mass equa-
tion, suppose p is a solution to the HK equation (HK-KL). Applying the chain rule to the time derivative
[t = zp + zp, where the shape-mass decomposition ;1 = zp is used. Plug this into the HK equa-

tion (HKKD),
d d
zp = adiv <Vu + d—/;VW) — Bulog (d—g) — zp.

Since the shape p is a probability measure, we have f,o der =1, f,o' dx = 0. Then, we integrate
both sides of the above equation to obtain

z':a/div(v,u—i——Vﬂ) ﬁ/,ulog( ) = —leogz—ﬁ/plog( )dx

which is the desired mass equation (Mass-HK). m

This observation reveals the key to the following shape-mass analysis we will present: consider a
general solution ¢ — p(t) of (HK-KD) and write it in the form p(t) = z(t)p(t) with the normalized
density p(t) € P(2) describing the shape and z(¢) > 0 the total mass. Using this observation, We
can further extend the SHK analysis to general target measure m € M™. The p-equation is
mass-preserving and invariant under the change of variable from 7 to y7 with v > 0. In that case, one
expects convergence to the steady state v, € P(£2), where -, is a normalizing constant. Hence, we
now denote the shape-mass decomposition of the target m = z,m, where m, € P(Q) Then, when
starting from a solution ¢ — p(t) of the mass-preserving flow (SHK-KL) and assuming 7, € P(£2),

zo > 0, and z, > 0, the mass equation (Mass-HK) reads

i =pz(logz — Dru(plm) —logz),  2(0) = z.
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Thent — pu(t) = z(t)p(t) is a solution of (HK-KL) with the initial condition p(0) = zop(0) for the
energy functional D (- |z.7).

To provide a general decay estimate for solutions of (M™(Q), Hg, H, 5), we now use the shape-
mass decomposition x(t,z) = z(t)p(t,x). As shown in Proposition [5.2] and Proposition [5.3] LSI
cannot hold globally over M ™. Therefore, we use the standard log-Sobolev inequality but restricted
to the probability measures, which is the same as in (LSI) and recalled here for convenience: for
Te = Y2 T € P(£),

2d$ > CLSIDKL(p’7*>- (LSI-P)

deag >0VpeP(Q): /p‘Vlog(p/ﬂ*)
0

In the following result, we can see two contributions to the convergence of u(t) = z(t)p(t) to m =
2T, Where z, := 7(2) is the total mass of the target measure and 7, is a probability measure,
a.k.a. the shape. We now detail the results of the shape-mass analysis for the HK-KL gradient flow.

We first provide the convergence of the mass variable z(t) to the target mass z,.

Proposition 5.6 (Solution of the mass equation) The equation of mass admits the ex-
plicit solution

where h(t) = fot e P=)Dy, (p(s)|m,) ds is an auxiliary function.

If Dir(p(s)|ms) — 0 fort — oo, then h(t) — 0 and z(t) — z..

Setting Hy = Dx1.(p(0)|m.) and @ = acpsip, we now deliver the convergence of the shape p(t) to
the target shape 7. and the mass z(t) to the target mass z,.

Proposition 5.7 (Shape and mass convergence) The shape, i.e. the normalized probability mea-
sure p(t) = —-u(t), converges to the target . exponentially in KL divergence along the HK gradient

: @
flow, i.e.,
Dy (p(t)|m,) < e % Hy. (shape convergence)

The mass variable z(t) converges to the target mass z, exponentially, i.e.,
Z

log (—O)
Zx

Note that the convergence rate of the shape p(¢) to the limiting shape 7, is dominated by the transport
part alone, with an exponential decay rate & = aC\g. The total mass can only be changed by the
growth through the Hellinger dissipation. Hence, the decay rate is simply 3, but it may be delayed by
e~ if the shape converges only slowly.

oAt _ =Bt
|2(t) — zi| < max{zo, 2.} e Pt 4 HQ? (mass convergence)
—

Combining the results of Proposition[5.6/and Proposition we can now provide the global exponen-
tial decay analysis for the HK-KL gradient flow in the sense of the Hellinger distance.
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Theorem 5.8 (Convergence to equilibrium via shape-mass analysis) The following convergence
estimate in the Hellinger distance holds

max{zl/Q, Zi/Q} 1/2 1/2 20 12 1 —~t
He(u(t), ) < 5 H'"+zg||— +=||e " fort >0, (52)
2y a

where ¥ = min {8, a/2} and g(a) = max{log(1/a),a—1} > 0.

Before delving into the proof, we highlight that the singularity of g(a) = log(1/a) (for a < 1) is
needed to cover the case that, for a very small initial mass zy, it takes a long time to build up enough
mass to see the exponential decay to the limiting profile.

The above results imply that we cannot have a global tojasiewicz inequality for the HK gradient flow
over the positive measures M ™. However, the last theorem shows that, for the KL divergence as
driving energy, global exponential decay is still guaranteed. An exception is the case that we start with
w1 = 0, which remains an unstable steady state of the flow.

Proof of Theorem 5.8, We use the shape-mass decomposition (i(t) = z(t)p(t) and ™ = z,, with
., p(t) € P(RY). We first estimate the convergence of p to T, via

—%DKL( |7r*)=/Rd (aprlog(p/m)

*+ Bo(log(p/m) ~ [ plog(p/r)’”) ds
> aDi(pl.) + -0,

where we ignored the term due to the spherical Hellinger geometry since it's non-negative. Thus, we
obtain
DKL( ( )|7T*) < € atHO with a= QaCLg|-p and H(] DKL( (0)|7T*)

Next, we use the relation for z(t) with zp = [, 11(0, x) da:

_ Bt t
2(t) = 2.(20/2)° " e with h(t) = / e "Dy (p(s)|m.) ds.
0

Using the estimate for Dy (p(t)|m.) we have 0 < h(t) < H(t) := Ho(e ®—e ") /(f—0).
Moreover, for all a,t > 0 we have

|a®—1]

1 = max{log(1/a),a—1}.

0Bt _
‘ — 1| < g(a)e ™ where g(a) = SUD,e(0,1)

Using e () < 1, we find, for o € ]0, 1], the estimate

—Bt —h(t —h(t —h(t
20(20)2,)°¢ e MBI _ 507D 7o Mo _ o

(zo/z*)"e_ﬁt—l}—i-zfaH(t) < 27g(25/20) e P+ 270 H(1).

[2(1)7 =20 <
< z

We estimated the last term on the first line by e *—1| < x for all z > 0, using x = oh(t

)-
For the full estimate, we use the classical bound 4He(p, 7)* = 2Dy, ., (p|7) < Dxi(p|m) < H, e o,
With z(t) < max{z, 2.}, we are now able to establish (52) as follows:

He(u, m) = He(z(t)p, z«m) < He(z(t)p, z(t)m,) + He(z(t) 7y, z.ms)
= VzHe(p, m) + |V2— /]

1/2 1/2

< ma{eh/?, 2 2w 12y () ) 1 2 ),
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Moreover, we establish H(t) < (2/a) e~ with v = min{3, @/2} as follows: For § < a/2, we
have

—at__ ,—pBt t t
Sl / D5 g < ot / o852 g < 2 Bt
0 0 o
and for § > @//2 we estimate as follows:
e—at_e—ﬁt
f—a
Putting together the results, the desired estimate is established. m

—at/2

t t
— / e—,@(t—s)eas ds S / e—a(t—s)/Qe—&s ds S e
0 0

) v

A decay estimate for Dy, (p(t)|m) similar to can also be derived by using the decomposition
Dict (1(D)) = D (2(E)p(8)|27.) = 2(2) Dict (p(1) 7.) + 2A(=(1),/2.) with A(r) = 7 log 7 —
r + 1. We omit the elementary proof to avoid redundancy.

Remark 5.9 (Beyond the KL energy functional) /t is tempting to generalize the above analysis to
general @-divergence energy F'(11) = D, (p|m), beyond the KL case. However, we now present the
following observation that such a generalization is difficult.

Using a similar shape-mass decomposition ;. = zp as in the proof of Theorem[5.5, we extract the

equation
. . oF oF z
p = adiv (PVE [M]) — Bp (E 1] + ;) : (53)

We integrate both sides and again use the fact that p remains a probability measure along the mass-
preserving flow. Noting the simple relation X ;1] = g—i[zp], we obtain

o
: / o e (54)
- =- - —12p-
z P I P
Therefore, the shape equation can be rewritten as

p=adi (W3 le0)) — o (51enl = [ -5t

Specialized to the y,-divergence energy F (1) = Dy, (u|m), we have

— odi (9P T N A BT
p—adW(pV@p<de)) ﬁp(sop(zdﬁ) /p %(zdﬂ)) (55)

This shape equation (55) reveals the insight about the SHK flow of the ©,,-divergence energy. Ifp = 1,
i.e., the KL divergence energy, the shape equation simplifies to the energy equation of (SHK-KL),
which is the observation of Theorem[5.5 and Section[5.2

In the case of p # 1, the shape equation (55) is not the SHK gradient flow equation by itself — the
shape and mass variables are coupled. Therefore, the observation of Theorem|[5.5 does not hold for
other p,-divergence energies than the KL. For example, in the case of p = 2, the shape equation

reads
. . dp B dp B dp
p=« zdlv(pv d7r) B-zp (dw /p dw)

where the right-hand side has a coupled mass variable z. Hence, it is not the SHK gradient flow
equation. In this sense, our shap-mass analysis is specifically designed for the HK-KL gradient flow.
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A Further proofs and technical results

We need the following technical properties to prepare for the characterization of the Lyapunov func-
tional of the HK gradient flows.

Lemma A.1 The constant m,, , satisfies the following estimates:

(@) my, , > 0 ifand only if p < p(q) with p(q) := max {O, min{1, 1—q}},
(b) Forp < 1/2 we have m,,, = 1/(1—p).

(c) Forp € [0, 1] we have m;, 1, = min{1/p,1/(1—-p)} € [1,2].

Proof. We define N, (1) = ¢ (1)@, (1)/¢4(r) which can be continuously extended at r = 1
by the value N, ,(1) = 2. Thus, using the continuity and positivity of N, , : (0,00) — (0, 00),
we obtain m,, > 0 if and only if the two limits for NV, ,(0) = lim,_,o N, ,(r) and N, ,(c0)
lim, _,o N, 4(00) are positive as well.

The asymptotic behavior for r — o0 is easily discussed:

00 forp > 1,
Np,q(OO) = {max{ 1} P
ﬁ forp < 1.

To see this, we first observe that r¢)(r)/¢,(r) — max{l,q} for r — oo. Second, we have
@) (1) — cofor > 1and o, (r) — 1/(1—p) for p < 1.

The determination of V,, ,(0) needs a more detailed case-by-case study, but is elementary. We obtain

0 forg>1andp > max{0,1—q},
qqu forq > 1landp =0,
Npy(0) = q 1=, forg €]0,1]andp = 1—¢,
p—qu forg <Oandp > 0,
oo  otherwise.

With this, part (a) is established.
To see part (b) we observe LN, ,(r) < 0 and find m,,;, = N, ,,(c0) = 1/(1—p).

Similarly, for part (c) one shows =N, 1_,(r) < O forp € [0,1/2] giving my1—p = Npi1_p(c0) =

1/(1—p). Moreover, for p € [1/2, 1] one shows L N,,;_,(r) > 0, which implies m,,1_, = N,,1_,(0)
=1/p.m

Proof of Corollary@. According to the previous result, we need to find ¢, = ¢, which is given via

1

— = sup P(s) with &(s) := ———.

Cp  0<s#l 3(90;;(5))2
Observe that 1 /2(s) = 2(y/s — 1)* implies ®; o = 1/2, and hence ¢;» = 2.

The derivative of the power-like entropy generator (/) is

sP=t —1 1

@}(s)zﬁfOWGR\{Oyl}; ©o(s) = 3 ¢ (s) = logs.
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For general p € R, an explicit calculation yields

p—1 P —ps+p—1
poos(ert =12

O(s) =

we easily verify that ® is continuous at the s = 1 and hence continuous on (0, co). Moreover, we have
®(s) — max{0,1—p} for s — oo. For s — 0 we obtain $(s) — oo forp > 1/2 and ®(s) — 0
forp < 1/2.

Thus, we conclude sup ® = oo for p > 1/2. For p < 1/2 a closer inspection shows that sup & =
1—p. and hence ¢, = 1/(1—p) as stated. m

Proof of Corollary @ By our threshold condition, for p € (—o0, 1], the constant cpe = >
satisfies

|50

Z e (1) — ().

Since the dissipation of the Otto-Wasserstein part is always non-negative, we trivially have

2

§F §F
vV— —
(1] p +6H 5 1]

: > Bewe - (F() = F(m) +0,
L

«

2
2
Ly

which is the desired statement. m
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