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A multiplicative surface signature through its Magnus expansion

Ilya Chevyrev, Joscha Diehl, Kurusch Ebrahimi-Fard, Nikolas Tapia

ABSTRACT. In the last decade, the concept of path signature has achieved significant success in data science applications. It
offers a powerful set of features that effectively capture and describe the characteristics of paths or sequential data. This is partly
explained by the fact that the signature of a path can be computed in linear time, using a dynamic programming principle based on
Chen’s identity. The path signature can be viewed as a specific example of a product or time-/path-ordered integral. In other words,
it represents a one-parameter object built on iterated integrals over a path.

Defining a signature over surfaces requires considering iterated integrals over these surfaces, effectively introducing an addi-
tional parameter, resulting in a two-parameter signature. This extended signature is intrinsically connected to a non-commutative
generalization of Stokes’ theorem, which is fundamentally connected to the concept of crossed modules of groups. The latter
provides a well-established framework in higher gauge theory, where crossed modules with feedback maps exhibiting non-trivial
kernels, combined with multiparameter iterated integrals, play a pivotal role.

Building on Kapranov’s work, we explore the surface analog of the log-signature for paths by introducing a Magnus-type
formula for the logarithm of the surface signature. This expression takes values in a free crossed module of Lie algebras, defined
over a free Lie algebra. We furthermore prove a non-commutative sewing lemma applicable to the crossed module setting and
give a definition of rough surface in the so-called Young–Hölder regularity regime along with a corresponding continuous extension
theorem. This approach enables the analysis and computation of surface features that go beyond what can be expressed by
computing line integrals along the boundary of a surface.

1. INTRODUCTION

The notion of path signature originated in K.-T. Chen’s work on iterated integrals and homotopy theory (see, for example,
[ Che57 ,  Che77 ]), and rose to prominence in the context of stochastic analysis through the work of T. Lyons on rough paths
[ Lyo98 ]. The path signature consists of a sequence of values computed through iterated integrals along a path. It provides a
powerful tool for extracting meaningful information about the path.

Recently, several authors have promoted the practical utility of the concept of path signature in data science, where it offers
features that encapsulate information encoded in sequential data, i.e., chronologically ordered sequences of data points
such as, for instance, time-series in finance [ CS24 ,  CK16 ,  LM24 ]. Its computational effectiveness derives, in part, from the
ability to calculate the path signature in linear time, which is made possible by a dynamic programming approach rooted in
Chen’s identity (see ( 6 ) below as well as [ DEFT22 ]).

The main aim of the work at hand is to extend the concept of signature from paths to surfaces which amounts to
considering some form of iterated integrals along surfaces. Several attempts at this challenging task have been made
recently [ DEFHT24 ,  LO23 ]. Our approach is based on the categorical framework of higher gauge theory where iterated
integrals along surfaces play an important role [ BH11 ,  BS07 ]. More precisely, we utilize the concept of crossed modules of
groups and Lie algebras, as detailed in Wagemann’s textbook [ Wag21 ].

Our work draws from the seminal contribution of Kapranov [ Kap15 ], where a comprehensive description of the algebraic
structure involved, i.e., free crossed modules of Lie algebras, is given. The latter replaces the free Lie algebra underlying
the path signature case, thereby providing the Lie algebraic framework for describing the logarithm of the surface signature.
We will motivate this structure in  Section C and provide precise description of this analog of the free Lie algebra in  Section 4 .
This can be seen as a multiparameter generalization of the Magnus expansion. We compute its first few orders explicitly
to better understand its components and their relevance for describing features of the underlying surface. Regarding the
classical Magnus expansion and its relation to the path signature, we refer to  Section 2 for a brief recap.

Our first definition of surface development (or its Magnus series respectively log-signature) is based on classical path
development and is close, to a large extent, to the methods of [ SZ15 ,  LO23 ]. While this construction relies only on classical
tools from controlled differential equations, it has the drawback that it seemingly breaks the natural coordinate invariance
of the problem (essentially by treating the x -axis and y -axis differently), and only a posteriori one shows some form of
coordinate invariance.

One of our main contributions is to provide another construction of the surface development that does not break coordinate
invariance. This construction starts from a “germ” and applies a 2D non-commutative sewing lemma inspired by rough
path theory that we state and prove in  Section 6 . We emphasize that this construction is independent of the first one (via
controlled differential equations), but the two agree in the case when both are well-defined. However, our construction via
sewing applies in weaker regularity regimes. This fact naturally leads us to the definition of a “rough surface” ( Definition 6.25 )
and to a corresponding continuous extension theorem ( Theorem 6.27 ).

In  Section 6.5  we show how a surface X : [0, 1]2 → Òn leads to a rough surface in the so-called Young–Hölder regularity
regime. This regime agrees with the Young regime of [ LO23 ] when measuring regularity in terms of rectangular increments.
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Contributions

1 In  Section 4.1 , we provide a detailed elaboration of Kapranov’s algebraic structure, including several examples.
Although probably known to experts, we also provide a proof of the freeness of his crossed module of Lie algebras in

 Section 4.3 .
2 In  Section 5 , we define the surface signature by its Magnus expansion. For calculations in the Lie algebra, we

spell out Chen’s identity on that level,  Theorem 5.1 . In  Section 5.1 , we give explicit expressions of the first few
levels of the surface Magnus expansion, in addition to multiple consistency checks. In particular, we emphasize that
our perspective generalizes Magnus’ expansion to the setting of two-parameter objects. We provide a universality
statement: every surface development factors through the surface log-signature,  Theorem 5.3 (this can be considered
a special form of the log-ODE method [ MKS+20 ], for linear ODEs).

3 In  Section 6 , we provide a 2D non-commutative sewing lemma which we use to define surface developments. We
furthermore give a definition of a “rough surface” along with a corresponding continuous extension theorem (i.e. the
existence of a (log-)signature).

4 In  Section C , we provide a novel heuristic motivation for the use of a crossed module structure within the context of
surface signatures.

Related works

Recently, there have been several proposed generalizations of the path signature to surfaces: Reference [ DS22 ] extrapolates
the time-warping invariance of the iterated-sums signature [ DEFT20 ] to two parameters; reference [ GLNO22 ] extrapolates
the mapping space viewpoint of Chen to multiple parameters; reference [ ZLT22 ] uses a specific set of integrals for texture
classification; reference [ DEFHT24 ] extrapolates the “integration over ordered tuples”-viewpoint of Chen to surfaces. All
these approaches have the shortcoming of not satisfying a meaningful Chen’s identity and hence pose computational
challenges.

Surfaces can be considered as “paths in the space of paths”, so they are naturally related to higher category theory. The
two, in many aspects equivalent, main approaches are formulated in terms of 2-category, or globular, and double category,
or cubical, concepts.

The 2-category approach to surface development, and its relation to higher gauge theory, was constructed in [ BS07 ,  BH11 ,
 SW11 ], see also [ GP04 ,  SZ15 ,  Par19 ]. The algebraic structure underlying our work is laid out in Kapranov’s 2015 preprint
[ Kap15 ]. We note also the work [ BM05 ], where the term fake curvature seems to originate from, and the use of a formal
homology connection in [ Koh20 ].

Regarding the algebraic and categorical foundation of the double categorical approach to surface development, much
work was done by Brown and Higgins. We mention [ BH81 ] for an early reference and [ BHS11 ] for a more recent textbook
treatment. See also [ FM16 ]. For the surface development itself, see [ MP08 ,  SZ15 ], and more recently [ LO23 ] (which also
covers certain non-smooth surfaces).

There have been more “hands-on” approaches regarding the Lie algebraic formulation of a non-commutative Stokes
theorem, [ CF91 ], [ RB98 ], [ ZM19 ], but they only consider the so-called “Schlesinger case” in which the surface integrals –at
the Lie algebra level– are in fact determined by boundary integrals. The exception is the work of Yekutieli [ Yek16 ], which
defines “multiplicative surface integrals” in a general (crossed module) setting.

During the preparation of this paper, we learned of an independent work [ Lee24 ] that achieves several similar results as this
article, but from a different and complementary viewpoint. Algebraically, [ Lee24 ] constructs and works primarily in the free
crossed module of associative algebras and embeds Kapranov’s construction of the free crossed module of Lie algebras
into this structure. In contrast, we work directly in the framework of Lie algebras and define surface developments via their
Magnus expansion. Therefore, [ Lee24 ] constructs a more direct analogue of the signature, while our method construct
directly the surface analogue of the log-signature.

Analytically, both works provide an extension theorem via sewing-type methods for (potentially rough) surfaces. The main
difference between our results is that [ Lee24 ] considers decay estimates for the signature terms, which is similar to the
original extension theorem of [ Lyo98 ]. This decay estimate implies that the signature is ‘universal’ in the sense that the
surface development 

1
 for affine connections factors through the signature. In contrast, we do not aim to control the size of

terms as we send the truncation level N → ∞, and this is anyway not possible in the Lie algebra setting (log-signature
terms do not decay factorially in general), but consequently our analysis appears simpler. We also provide a ‘universality’
statement for the surface log-signature, but which requires either a small domain or nilpotency assumption.

1Sometimes called surface holonomy.
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2. PRELIMINARIES: LOG-SIGNATURE AND MAGNUS EXPANSION

In this paper, we study the Magnus expansion of the “signature of a surface”. A surface for us will be a (smooth enough)
function X : [0, 1] → Òn or X : Ò2 → Òn . To put our main contribution in perspective, we first recall that the algebraic
framework underlying the concept of path signature is based on the free Lie algebra L(Òn ) generated over Òn and its
corresponding universal enveloping algebra, which is understood to be the tensor algebra

T(Òn ) B
∞⊕
k=0

(Òn )⊗k ,

with its usual associative and non-commutative algebraic tensor product ⊗ defined over Ò and with the empty word 1 as its
unit ((Òn )⊗0 B Ò1) – it is, in fact, a graded connected cocommutative Hopf algebra [ Reu93 ]. Its elements are denoted as
wordsw = i1 · · · im ∈ T(Òn ), of length m C |w | (the empty word has length |1| = 0).

Elements in the space of tensor series

T((Òn )) B
∏
k ≥0
(Òn )⊗k

can be seen as linear maps from T(Òn ) to Ò written as formal series

F =
∑
k ≥0

∑
1≤j1,...,jk ≤n

α (j1 · · ·jk )Zj1 · · · Zjk (1)

in monomials of the canonical basis {Zj }nj=1 of Òn . The natural pairing between T((Òn )) and T(Òn ) is used such that for

F ∈ T((Òn )) and a word i1 · · · im ∈ T(Òn ) one finds

F (i1 · · · im ) = ⟨F , i1 · · · im⟩ = α (j1 · · ·jm ) ∈ Ò.
Note that the tensor product in T(Òn ) can be extended to T((Òn )) making it a unital, associative and non-commutative
algebra, with unit 1.

Consider an Òn -valued Lipschitz path defined over the interval [0,T ]

ηt =
n∑
i=1

η
(i )
t Zi

and the linear initial value problem in T((Òn ))
dSs,t = Ss,t ⊗ dηt , Ss,s = 1, (2)

driven by the pullback

dηt = η
∗
t a =

n∑
i=1

Zi dη
(i )
t =

n∑
i=1

¤η (i )t Zi d t , (3)

of the Lie algebra valued constant one-form on Òn

a =
n∑
i=1

Zi dx
i ∈ Ω1 (Òn , L(Òn )).

The solution S = S (η) of (  2 ) is called path signature and defines a 1-parameter family of functionals defined with respect
to paths in Òn

Ss,· (η) : [0,T ] → T((Òn )). (4)

Seen as a function sending wordsw ∈ T(Òn ) to ⟨Ss,t (η),w ⟩ ∈ Ò, the path signature has a representation as a sequence
of numbers ( 1 ) in T((Òn )) by setting

Ss,t (η) = 1 +
∑
k>0

∑
1≤i1,...,ik ≤n

⟨Ss,t (η), i1 · · · ik ⟩ Zi1 · · · Zik , (5)

where the coefficients in ( 5 ) are given in terms of Chen iterated integrals. See [ LCL07 ] for a review. The path signature
satisfies Chen’s identity, that is, it has the 1-cocycle property 

2
 with respect to concatenation of paths

S (η1η2) = S (η1)S (η2). (6)

As the unique solution to a linear initial value problem, it can be shown that the path signature ( 5 ) is a 1-parameter family
of elements in the particular subset G((Òn )) ⊂ T((Òn )) of so-called group-like elements. In fact, G((Òn )) forms a

2We follow terminology used by Soncini and Zucchini [  SZ15 ] in their formulation of higher parallel transport, which suggests to identify the path
signature as a particular example of the concept of time- or path-ordered exponential characterised by the 1-cocycle property – in the same spirit the
surface signature, as we will see later, can be seen as a 2-cocycle.
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non-commutative (infinite dimensional) group with respect to the tensor product in T((Òn )). Its elements can be expressed
as tensor-exponentials

G((Òn )) = exp⊗
(
L((Òn ))

)
.

The linear space L((Òn )) consists of elements in T((Òn )) which can be written as an infinite sum
∑
k ≥1 pk of Lie

polynomials pk ∈ L(Òn ) (of increasing minimal degree).

With the group structure in G((Òn )) available, we may return to ( 2 ) and define the (left) logarithmic derivation

Lt (Ss,·) B S−1s,t ⊗ dSs,t = dηt . (7)

Following [ BCOR08 ,  Mag54 ], the group-valued solution to ( 7 ) can be expressed in terms of the Lie series ωs,u resulting as
the solution to the Magnus ODE

dωs,u =
adωs,u

1 − e−adωs,u
(dηu ) =

∑
k ≥0

Bk
k !

ad(k )ωs,udηu . (8)

Note that, to avoid confusion, though diverging from standard notation, we useω = ω (η) for denoting the Magnus expansion
in the usual, i.e., path setting, while reserving Ω for its application in the surface setting.

The second equality in ( 8 ) derives from the well-known generating series

z

1 − e−z =
∑
k ≥0

Bk
z k

k !
,

where {Bm }m≥0 are the Bernoulli numbers: B0 = 1, B1 = 1
2 , B2 = 1

6 , . . . , and B2k+1 = 0, for k > 0. Integrating ( 8 )
defines a particular Lie series known as the Magnus expansion 

3
 

ωs,t =

∫ t

s
dηu +

1

2

∫ t

s

∫ u1

s
[dηu2 , dηu1 ] +

1

4

∫ t

s

∫ u1

s

∫ u2

s

[
[dηu3 , dηu2 ], dηu1

]
+ 1

12

∫ t

s

∫ u1

s

∫ u1

s

[
dηu3 , [dηu2 , dηu1 ]

]
+ · · · .

Using ( 3 ), we obtain the following expansion 

4
 

ωs,t =

∫ t

s
dη
(i )
u Zi +

1

2

∫ t

s

∫ u1

s
dη
(i2 )
u2 dη

(i1 )
u1 [Zi2 , Zi1 ] +

1

4

∫ t

s

∫ u1

s

∫ u2

s
dη
(i3 )
u3 dη

(i2 )
u2 dη

(i1 )
u1

[
[Zi3 , Zi2

]
, Zi1 ]

+ 1

12

∫ t

s

∫ u1

s

∫ u1

s
dη
(i3 )
u3 dη

(i2 )
u2 dη

(i1 )
u1

[
Zi3 , [Zi2 , Zi1 ]

]
+ · · · .

In summary, seen as an element in G((Òn )) ⊂ T((Òn )), the path signature can be expressed as a tensor exponential of
the Magnus expansion, more commonly known as the log-signature

Ss,t (η) = 1 +
∑
k>0

∑
1≤j1,...,jk ≤n

⟨Ss,t (η), j1 · · · jk ⟩ Zj1 · · · Zjk (9)

= exp⊗
(
ωs,t (η)

)
. (10)

According to [ CS24 ], the coefficients of the path signature ( 9 ) can be viewed as a “library" of features that describe the path
η at the group level. Uniqueness results from [ BGLY16 ] indicate that these features, in fact, characterize the path (up to thin
homotopy, or tree-like, equivalence, and translation). From ( 10 ), on the other hand, we see that this information is equally
captured by the description of its logarithm represented as an element of L((Òn )) in terms of the Magnus expansion.
Indeed, at the Lie algebra level path features are identified with the coefficients in front of the iterated Lie brackets in the Lie
series ωs,t (η). We note, however, that there is redundancy in the feature set ( 9 ) coming from, for instance, integration by
parts, e.g., ⟨Ss,t (η), i1⟩ ⟨Ss,t (η), i2⟩ = ⟨Ss,t (η), i1i2⟩ + ⟨Ss,t (η), i2i1⟩. At the Lie algebra level ( 10 ) this redundancy is
eliminated in Magnus’ Lie series ωs,t (η). This comes with the drawback that Chen’s indentity now has to be formulated in
terms of the Baker–Campbell–Hausdorff series which poses a significant computation challenge. In summary, choosing
to work with either representation involves considering a trade-off between high dimensionality (path signature) versus
computational complexity (Magnus series).

Outlook From this perspective, the paper at hand aims to extend the concept of log-signature seen as a “library” of
(redundancy-free) path features to a library of surface features. To achieve this, we need to “enlarge our library” by

3At this point we do not worry about existence and convergence of the Magnus expansion; but note that no issues arise in the free case considered
here.

4To simplify notation, we employ Einstein’s summation convention implying summation over repeated (upper and lower) indices.
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A multiplicative surface signature through its Magnus expansion 5

considering iterated Lie brackets in the letters {Zi }ni=1 ∪ {Zi j }
n
i ,j=1, where the Zi j s should be interpreted as unit surface

elements. For comparison we list the surface analogue of the Magnus series up to order three:

Ω (1)s1,s2;t1,t2 = 0

Ω (2)s1,s2;t1,t2 =
∑
i<j

∫ t1

s1

dr

∫ t2

s2

dp J
(i j )
r ,p Zi j

Ω (3)s1,s2;t1,t2 =
∑
i

∑
j<k

∫ t1

s1

dr

∫ t2

s2

dp (X (i )r ,p − X (i )s1,s2 )J
(j k )
r ,p [Zi , Zj k ],

where X : Ò2 → Òn is a smooth enough surface and the Jacobi minors

J
(j k )
r ,p B ∂1X

(j )
r ,p ∂2X

(k )
r ,p − ∂1X (k )r ,p ∂2X

(j )
r ,p .

The multi-parameter index (s1, s2; t1, t2) describes the lower left and upper right corners of a rectangle inside Ò2. For
details, we refer to the later sections in the paper.

3. COCYCLES

We first introduce notation and terminology regarding paths and rectangles, which will be “indexing objects” for cocycles.
In  Section 3.1  we start by recalling the (one-parameter) notion of cocycles in Lie groups. These correspond to path
developments. Then we introduce the notion of 2-cocycles and give two constructions as “surface developments” of them:
an ODE construction from the literature and a novel “sewing” construction. In  Section 3.2 we expand the ODE solutions
to both 1-cocycles and 2-cocycles in Magnus expansions in the Lie algebra. This approach enables us to directly apply
Kapranov’s construction of the free crossed module of Lie algebras ( Section 4 ) to build the logarithm of a surface signature,
effectively circumventing the need to construct the group itself.

Remark 3.1. The term “cocycle” originates from the geometric perspective of holonomy in principal bundles, a viewpoint we
adopt here to align with the literature [ SZ15 ]. However, this perspective will not be used in this paper. Readers may instead
interpret “cocycle” as synonymous with “multiplicative map” within the context of either 1D or 2D frameworks.

Recall ([ Bar91 ,  CP94 ]) that two Òn -valued paths γ, η : [0, 1] → Òn are thinly homotopic if they are related under the
equivalence relation generated by the following relation:

γ is related to η if there exists a piecewise smooth map H : [0, 1]2 → Òn such that

H (t , 0) = γt , H (t , 1) = ηt , H (0, s) = H (1, s) = γ0 = η0,

and H ( [0, 1]2) is contained in the image of the union of the images of γ and η. For piecewise smooth paths, thin homotopic
equivalence is equivalent to tree-like equivalence [ HL10 ,  BGLY16 ].

Concatenation of (equivalence classes of) paths written as γη = γ ⊔ η, is well-defined as soon as the endpoint of γ
coincides with the starting point of η. As a result, the set Pathsn of thin-homotopy classes of piecewise smooth paths in Òn

forms a groupoid.

For later use, we define the following elements of Paths2:

■ v1, q
v1,v2
↑: the linear path from (v1,v2) to (v1, q ) (usually v2 ≤ q ),

■ v1, q
v1,v2
↓: the linear path from (v1, q ) to (v1,v2) (usually v2 ≤ q ),

■ v1,v2→r ,v2 : the linear path from (v1,v2) to (r ,v2) (usually v1 ≤ r ),
■ v1,v2←r ,v2 : the linear path from (r ,v2) to (v1,v2) (usually v1 ≤ r ),
■ v1,v2 ↰r , q B v1, q

v1,v2
↑⊔ v1, q→r , q ,

■ v1,v2

↰ r , q B v1,v2→r ,v2 ⊔ r , q
r ,v2
↑.

For a, b ∈ Ò we denote the unique (up to thin homotopy) element of Paths1 starting at a and ending at b by a→b .

We will also need the concept of “rectangles” in Ò2. Define the set

Rect B {(e−, e+) ∈ Ò2 ×Ò2 | e−1 ≤ e
+
1 , e
−
2 ≤ e

+
2 },

where (e−, e+) is considered the bottom-left and top-right corner of a rectangle. General elements of Rect will sometimes
be denoted by the symbol □. If we want to specify the corners of a rectangle, we will also write e−□e+ . The area of a
rectangle □ is denoted by |□|.

DOI 10.20347/WIAS.PREPRINT.3171 Berlin 2025



I. Chevyrev, J. Diehl, K. Ebrahimi-Fard, N. Tapia 6

Let □A,□B ∈ Rect be two rectangles. If the right edge of □A coincides with the left edge of □B , then we can concatenate
them horizontally, to obtain a new rectangle □ = □A□B , whose bottom-left corner is that of □A and whose top-right corner
is that of □B . Analogously, if the top edge of □A coincides with the bottom edge of □B , then we can concatenate them
vertically, to obtain a new rectangle □ = □B

□A
, whose bottom-left corner is that of □A and whose top-right corner is that of

□B .

As boundaries of rectangles are crucial for our computations with crossed modules, we define the boundary map

∂ : Rect→ Paths2, (11)

which sends a rectangle to (the thin-homotopy class of) its boundary path, starting at the bottom-left corner and going
counter-clockwise. For example, if □ = (e−, e+), then

∂ (□) = e−1 , e
−
2
→e+1 , e

−
2
⊔ e+1 , e

+
2

e+1 , e
−
2
↑⊔ e−1 , e

+
2
←e+1 , e

+
2
⊔ e−1 , e

+
2

e−1 , e
−
2
↓ .

3.1. Cocycles in (Lie) groups.

Definition 3.2. Let G be a group. A 1-cocycle is a functor P : Pathsn → G . Spelled out, this means that P is a function
from equivalence classes of paths to G and for any composable (equivalence classes of) paths γ1, γ2 ∈ Pathsn ,

P(γ1γ2) = P(γ1)P(γ2). (12)

Let G be a Lie group. It is well known that (smooth enough) 1-cocycles are in one-to-one correspondence with (smooth
enough) 1-forms. For general results see [ SW09 ], but we mention the following statement.

Theorem 3.3 ([ SZ15 , Proposition 2.4], Path development). Let a ∈ Ω1 (Òn , g) be a g-valued 1-form where g is the Lie
algebra of a Lie group G . Let γ : [0, 1] → Òn be a continuous, piecewise smooth path. Then the ODE

Lt (Y ) = (γ∗a)t , Y0 = 1G ,

has a unique solutionY . Here Lt is the (left) logarithmic derivative, defined by

Lt (Y ) B (L (Y −1t ) )∗dYt ,
where Lg is left-multiplication by g ∈ G .Y1 is constant on thin-homotopy classes of paths. One then defines the path
development

Pa (γ) B Y1,
which is a 1-cocycle.

We also have the following alternative construction of 1-cocycles, which will follow from the sewing constructions in  Section 6 

(in particular  Lemma 6.1 ).

Theorem 3.4. Admit the assumptions of  Theorem 3.3 , parametrize γ ∈ Pathsn by [0, 1], and define

P̂ ([s, t ]) B exp(
∫ t

s
γ∗a).

Then there exists a “sewed” map P, which is sufficiently close to P̂, and we have Pa (γ) = P([0, 1]).
Example 3.5. A natural example of 1-cocycle is the path signature S , ( 4 ), which satisfies Chen’s property ( 6 ). Indeed, even
though it does not exactly fit the previous two theorems (since G((Òd )) is not an honest Lie group), it is a 1-cocycle that
satisfies an analogous ODE.

The notion of 2-cocycles is supposed to generalize path development and ( 12 ) to surface development. To support this
viewpoint, we sketch a concrete computation of the path signature over a closed loop η in Òn and how it relates - via
a Stokes’-type formula - to the integral over a rectangle. The loop is identified with the “boundary” of a surface patch
X : [0, 1]2 → Òn . 

5
 

Recall the notation of axis-parallel paths from  Section 3 and let

γ B γ1,1 B 0, 0→1, 0 ⊔ 1, 1

1, 0↑⊔ 0, 1←1, 1 ⊔ 1, 1

0, 1↓,
which can be thought of as the boundary of the unit square. Define η B X∗γ, the image of γ under X . As before, we
consider the Lie algebra-valued, constant 1-form

a =
n∑
i=1

Zi dx
i ,

5By a choice of interpolation, any closed loop can be written as the boundary of a surface. Also, note that we use the terms surface and membrane
interchangeably.
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A multiplicative surface signature through its Magnus expansion 7

and its pullback, α B X ∗a =
∑n
i=1 Zi ∂1X

i dt + ∑n
i=1 Zi ∂2X

i ds . Even though G((Òn )) is not a Lie group, it is well-
known (see  Example 3.5 ) that the path development,  Theorem 3.3 , Pα (γ), is well-defined (and coincides with the path
signature of η). In this case of a closed loop, using physics terminology, it amounts to computing a so-called Wilson-loop
[ KMR99 ] in the group G((Òn )) of invertible tensor series.

We now turn γ into a 2-parameter family of curves, parametrized by the top-right corner of the rectangle ((0, 0), (t1, t2)),
γt1,t2 = 0, 0→t1, 0 ⊔ t1, t2

t1, 0
↑⊔ 0, t2←t1, t2 ⊔ 0, t2

0, 0↓ .
A lengthy calculation similar to the Wilson-loop computation presented in [ KMR99 ] gives

Lt2 (Pα (γt1,•)) = Kt1,t2 dt2, (13)

where Kt1,t2 = K0,0;t1,t2 is the function

Kt1,t2 B

∫ t1

0
Pα (0, 0 ↰r , t2)

(
∂1α

(2)
r ,t2
− ∂2α (1)r ,t2 + [α

(1)
r ,t2
, α
(2)
r ,t2
]
)
Pα (0, 0 ↰r , t2)−1dr . (14)

Remark 3.6. 1 Recall that the 2-form 

6
 

α ∧ α ′ (X ,Y ) B 1

2
( [α (X ), α ′ (Y )] − [α (Y ), α ′ (X )]).

Explicitly, for α =
∑k
i=1 Aiα

i and α ′ =
∑l
j=1 A

′
jα
′j in Ω1 (M , g), with Ai ,A′j ∈ g, and α i , α ′j ∈ Ω1 (M ), we have

α ∧ α ′ = 1
2

∑
i ,j [Ai ,A′j ]α

i ∧ α ′j = ∑
i<j [Ai ,A′j ]α

i ∧ α ′j .
2 The element

F12 B (dα + α ∧ α) (∂t1 , ∂t2 ) = ∂1α
(2)
r ,t2
− ∂2α (1)r ,t2 + [α

(1)
r ,t2
, α
(2)
r ,t2
]

is a coefficient of the 2-form F which could be interpreted as curvature form associated to the 1-form α ([ KMR99 ]).
3 Owing to the fact that a is a constant 1-form, ( 14 ) simplifies to

Kt1,t2 =

∫ t1

0
Pα (0, 0 ↰r , t2) [α (1)r ,t2 , α

(2)
r ,t2
] Pα (0, 0 ↰r , t2)−1dr .

However, we shall carry the more general expression along.

If we want to stay in the Lie algebra throughout, we can use the Magnus expansion to write

ωr ,t B logPα (0, 0 ↰r , t ).
Then, using the fact that exp(x )y exp(−x ) = eadx y , we obtain

Kt1,t2 B

∫ t1

0
eadωr ,t2

[
∂1α

(2)
r ,t2
− ∂2α (1)r ,t2 + [α

(1)
r ,t2
, α
(2)
r ,t2
]
]
dr ,

and ( 13 ) can then also be solved via another use of Magnus expansion

ωt1,t2 =

∫ t2

0

adωt1,r

1 − e−ad
ωt1,r
(Kt1,r )dr , (15)

which defines a 2-parameter Magnus series that exponentiates to the following identity in the group G as a result of
computing the path signature along a closed path γt1,t2

exp(ωt1,t2 ) = Pα (γt1,t2 ).
Introducing notation for the left-hand side, we find

R(0, 0□t1, t2) B exp(ωt1,t2 ) = Pα (γt1,t2 )
= Pα (0, 0→t1, 0)Pα (t1, t2t1, 0

↑)Pα (0, t2←t1, t2)Pα (0, t20, 0↓),
(16)

which can be summarized in the “non-commutative Stokes’ identity”

R(□) = Pα (∂□). (17)

It is not hard to generalize the above computation to a rectangle s1, s2□
t1, t2 with arbitrary corners corners (s1, s2), (s1, t2),

(t1, t2), (t1, s2). The non-commutative Stokes identity ( 17 ) permits to show that R satisfies the following “horizontal
Chen-identity”, s1 < u1 < t1, s2 < t2,

R(s1, s2□t1, t2) = mPα (s1, s2→t1, s2 ) (R(u1, s2□
u1, t2)) R(s1, s2□u1, t2), (18)

as well as the “vertical Chen’s identity”, s1 < t1, s2 < u2 < t2,

R(s1, s2□t1, t2) = R(s1, s2□t1,u2)mPα (s1,u2s1, s2↑) (R(s1,u2□
t1, t2)), (19)

6In the literature this is also denoted 1
2 [α , α

′ ] or 1
2 [α ∧ α

′ ].
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where we define mg (h) B ghg −1. For example, using ( 17 ) and the multiplicative property of the path development, we
have

R(s1, s2□u1, t2) = Pα (∂ s1, s2□
u1, t2)

= Pα (s1, s2→t1, s2 ⊔∂ t1, s2□
u1, t2 ⊔ s1, s2←t1, s2 ⊔∂ s1, s2□

t1, t2)
= mPα (s1, s2→t1, s2 ) (P

α (∂ t1, s2□
u1, t2)) Pα (∂ s1, s2□

t1, t2)
= mPα (s1, s2→t1, s2 ) (R(t1, s2□

u1, t2)) R(s1, s2□t1, t2).

Identity ( 17 ) says that the surface development on the left-hand side is completely determined by the path development
along the boundary of the surface X , which makes the former less interesting. However, the pertinent feature here is that
identity ( 17 ) can be used to “extrapolate”, by interpreting the id-map on the group G((Òn )) as a group morphism sending
elements in G((Òn )) specified by surface development along X to elements in G((Òn )) determined by path development
along the boundary X :

idG( (Òn ) ) (R(□)) = Pα (∂□).
It is also clear that the group G((Òn )) acts on itself via inner automorphism m : G((Òn )) → Aut(G((Òn ))). This
interpretation is summarized in the fact that every group trivially defines a crossed module over itself. It motivates the
following definition of 2-cocycles on a general crossed module of groups.

The concept of crossed modules of groups appeared in Whitehead’s work [ Whi49 ], alongside the notion of crossed
morphisms. The simplest example of a crossed module consists of a group G and its group of automorphisms, Aut(G ),
along with the canonical homomorphism from the former to the latter. For a comprehensive historical account, we refer to
Huebschmann’s recent articles [ Hue21 ,  Hue23 ]. According to [ Hue21 ], the notion of crossed module of a Lie algebra, also
known as differential crossed modules, first appeared in the 1982 work by Kassel and Loday [ KL82 ].

In this subsection, we briefly recall the definition of crossed modules of groups and Lie algebras. We derive the latter
from the former, analogous to the classical relationship between (Lie) groups and Lie algebras (see  Proposition 4.13 

for the particular example of going from a crossed module of nilpotent Lie algebras to a crossed module of Lie groups).
For a comprehensive exposition of the modern theory of crossed modules and its applications in theoretical physics,
particularly in the context of higher gauge theory, we refer the reader to Wagemann’s textbook [ Wag21 ] and additional works
[ BS07 ,  BH11 ,  GP04 ,  Par19 ,  SZ15 ].

Definition 3.7. Let H and G be (Lie) groups. A crossed module of (Lie) groups (T : H → G ,m) is a diagram

H
T→ G

m→ Aut(H ),
where T and m are (Lie) group morphisms, satisfying the identities (the second is also known as the Peiffer identity)

T(mg (h′)) = gT(h′)g −1 h′ ∈ H , g ∈ G (EQUI)

mT(h ) (h′) = hh′h−1 h, h′ ∈ H . (PEIF)

Example 3.8. Let G be any group, H a normal subgroup of G , T the inclusion map, and mg (h) B ghg −1.

Taking derivatives in the Lie group case, we obtain the following definition of crossed module of Lie algebras.

Definition 3.9. Let h and g be Lie algebras. A crossed module of Lie algebras 

7
 (t : h→ g,m) is a diagram

h
t→ g m→ Der(h),

where t and m are Lie algebra morphisms, satisfying

t(mx (y ′)) = [x , t(y ′)] y ′ ∈ h, x ∈ g (EQUID)

m t(y ) (y ′) = [y , y ′] y , y ′ ∈ h. (PEIFD)

Example 3.10. Let g be any Lie algebra, h ⊂ g a Lie ideal, t the inclusion map, and mx (y ) B [x , y ].
Lemma 3.11. Let (T : H → G ,m) be a crossed module of Lie groups. Let h, g be the Lie algebras of H ,G respectively.
Let t : h→ g be the differential of T. Let mg : h→ h be the differential of mg , which is an element of Aut(h). Finally, let

m : g→ Der(h) be the differential of m.

Then (t : h→ g,m) is a crossed module of Lie algebras. Further, for x ∈ g
mexpG (x ) = exp(mx ),

as automorphisms of h.

7Also called a differential crossed module.
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Remark 3.12. Our notation m,m,m makes sense in light of the last lemma.

Proof of  Lemma 3.11 . Both statements are elementary, we prove the second one. Define the following paths in Aut(h),
ft B exp(tmx ), gt B mexpG (t x ) .

Then f0 = g0 = id, and ¤ft = ftmx . Further

¤gt =
d

dh

����
h=0

gt+h = mexpG (t x )
d

dh

����
h=0

mexpG (hx )

= mexpG (t x )mx = gtmx .

Hence, by uniqueness of solutions of linear ODEs, ft = gt , t ∈ Ò. Taking t = 1 gives the result. □

Definition 3.13. A morphism of two crossed modules of Lie algebras (t : h→ g,m) and (t′ : h′ → g′,m′), is a tuple
(ψ,φ), where

ψ : h→ h′, φ : g→ g′,
are Lie algebra morphisms, satisfying

φ ◦ t = t′ ◦ψ
ψ (mg (h)) = m

′
φ (g ) (ψ (h)) g ∈ g, h ∈ h.

Definition 3.14. Let (T : H → G ,m) be a crossed module of groups. Given a functor P : Paths2 → G on paths (later
this will be a path development), a 2-cocycle is a map R : Rect→ H such that:

■ It satisfies “Stokes’ ” theorem,

T(R(□)) = P(∂□), □ ∈ Rect. (Stokes)

■ It satisfies a horizontal Chen’s identity

R(□A□B ) = mP( A→)
(R(□B )) R(□A), (Chen-H)

and it satisfies a vertical Chen’s identity

R(□B

□A
) = R(□A)mP(↑A) (R(□B )). (Chen-V)

(We also just say that R satisfies Chen’s identity.)

Here,
A→ is the (equivalence class of the) horizontal path from the bottom-left corner of □A to the bottom-right

corner of □A, and ↑A is the (equivalence class of the) vertical path from the bottom-left corner of □A to the top-left
corner of □A.

Remark 3.15. If R and P satisfy ( Stokes ), then

R(□A)mP( ) (R(□B ))
( PEIF )
= mT(R (□A ) ) (mP( ) (R(□B ))) R(□A)
= mP(∂□A ) P ( ) (R(□B )) R(□A)
= m

P( A→)
(R(□B )) R(□A).

Here is the boundary path of □A, clockwise and leaving out the last linear piece at the bottom. This then leads to an
alternative right-hand side of ( Chen-H ).

Analogously,

mP( ) (R(□B )) R(□A) = R(□A)mP(↑A) (R(□B )).
Here is the boundary path of □A, counter-clockwise and leaving out the last linear piece on the left.

It is well-known in the higher category theory literature, that a 2-cocycle can be constructed from a compatible pair of forms
(in fact, there is an equivalence of categories, see [ SW11 ], but note that they work in the globular, i.e. 2-category setting
whereas our formulation is closer to that of a double category).

Theorem 3.16 (2-cocycles from forms / Surface development; [ SZ15 ]). Let (T : H → G ,m) be a crossed module of Lie
groups, and (t : h→ g,m) be the corresponding crossed module of Lie algebras.

Let α ∈ Ω1 (Ò2, g) and β ∈ Ω2 (Ò2, h) and assume that they are related in terms of the vanishing fake curvature
condition

t(β ) = dα + α ∧ α . (20)
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Then, letting Pα be the path development of α , define the following 1-form K
α ,β
v1,v2;s1,• ∈ Ω1 (Ò, h),

K
α ,β
v1,v2;s1,t

d t B

∫ s1

v1

mPα (v1,v2 ↰r , t )
(
βr ,t

)
dr d t , (21)

and define the surface development 

8
 

Rα ,β (v1,v2□s1,s2 ) = PK
α ,β
v1,v2;s1,• ( [v2, s2]). (22)

Then: Rα ,β , together with Pα , is a 2-cocycle.

Moreover, “switching the axes”, defining

K̄
α ,β
v1,v2;t ,s2

d t =

∫ s2

v2

mPα (v1,v2

↰ t , q )
(
βt ,q

)
dq d t ,

we have

Rα ,β (v1,v2□s1,s2 ) = P̄K̄
α ,β
v1,v2;•,s2 ( [v1, s1]), (23)

where P̄ is as stated in the path development  Theorem 3.3 , but using the right-logarithmic derivative instead.

Remark 3.17. We are mostly interested in the case where α = X ∗a and β = X ∗b are the pullbacks of some (constant) 1-
respectively 2-forms on Òn under a smooth enough map X : Ò2 → Òn . Alternatively, and closer to  Definition 3.2 , one
could consider 2-cocycles as double functors on equivalence classes of such maps (“surfaces” or “membranes”). In this
setting one can also formulate the thin-homotopy invariance of 2-cocycles. We want to avoid (double) categorical language
and stick to the concrete formulation in terms of rectangles.

Note the ostensible breaking of symmetry here: each of the two equivalent definitions of R treat the two axes of the plane
differently. In  Section 6 , we present another method to obtain 2-cocycles. In addition to working in regularity regimes where
the above theorem does not apply, this method is symmetric in the two axes of the plane.

Theorem 3.18. Admit the assumptions of  Theorem 3.16 . Consider the “germ”

R̂ (□) = exp
( ∫

□
β
)
, □ ∈ Rect .

Then there exists a unique 2-cocycle R = Rα ,β such that 

9
 

ρ (R(□), R̂ (□)) ≲ aλ (24)

for any λ ∈ (2, 3], where a is the length of the longer side of □ and ρ is a Riemannian metric on H . Furthermore, R
satisfies the stronger bound

ρ (R(□), R̂ (□) ≲ a2b (25)

where b is the other side length of □ with b ≤ a.

The proof of the theorem is given at the end of  Section 6.2 .

In case of smooth forms (as is assumed in the above theorems), the two methods coincide:

Corollary 3.19. Let R be the 2-cocycle from  Theorem 3.16 . Then R agrees with the 2-cocycle provided by  Theorem 3.18 ,
i.e. R satisfies ( 24 ).

Proof. Since R is a 2-cocycle, by the uniqueness part of  Theorem 3.18 it suffices to prove that R satisfies the bound ( 24 )
for some λ > 2. To this end, observe that ▷Pα (v1,v2 ↰r , t ) = id+O (a). Therefore Kv1,v2;s1,t =

∫ s1
v1
βr ,t dr +O (a2) and thus

R(□) = PKv1,v2;s1,• ( [v2, s2]) = exp
( ∫ s2

v2

∫ s1

v1

βr ,t dr d t +O (a3)
)
.

Since the double integral above is precisely
∫
□ β , it follows that ρ (R(□), R̂ (□)) ≲ a3. □

8Recall, see at beginning of  Section 3 , that we write [a, b ] for the unique, up to thin homotopy, path in Ò from a to b .
9Recall that ≲ means up to a constant factor.
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3.2. Cocycles in the Lie algebra. Although the sewing perspective of  Theorem 3.18 is far more flexible (and, arguably,
more symmetric), we use the ODE perspective of  Theorem 3.16 to obtain a Magnus-type expansion.

We recall the classical setting first, proven for example in [ BCOR98 , p.263],[ IMKNZ00 , Theorem 4.1]. As a side-note: in the
(graded) nilpotent case of  Equation (10) , the Magnus expansion exists without any smallness assumption.

Theorem 3.20. There exists Cm > 0 such that the following is true.

Let a ∈ Ω1 (Òn , g) where g is the matrix Lie algebra of a matrix Lie group G (and we endow g with the norm induced by a
sub-multiplicative matrix norm). Let Pa be the 1-cocycle of  Theorem 3.3 . Then, for γ ∈ Pathsn satisfying 

10
 ∫ 1

0
| | (γ∗a)t (∂t ) | |d t =

∫ 1

0
| |aγ (t ) ( ¤γ (t )) | |d t < Cm,

the logarithm

ω B logPa (γ)

is well-defined, satisfies the Magnus ODE ( 8 ) and is given by a converging Magnus series ω =
∑∞
n=1 ω

(n ) , where
(At B (γ∗a) (∂t ))

ω
(1)
t =

∫ t

0
Asds

ω
(i )
t =

∫ t

0

∑
m>0

Bm
m!

∑
i1+···+im=i−1

ad
ω
(i1 )
s
· · · ad

ω
(im )
s
Asds, i > 1.

(26)

The first terms are given by:

ω
(2)
t =

1

2

∫ t

0
[ω (1)s ,As ]ds

ω
(3)
t =

1

2

∫ t

0
[ω (2)s ,As ]ds +

1

12

∫ t

0

[
ω
(1)
s , [ω (1)s ,As ]

]
ds

ω
(4)
t =

1

2

∫ t

0
[ω (3)s ,As ]ds +

1

12

∫ t

0

[
ω
(1)
s , [ω (2)s ,As ]

]
ds + 1

12

∫ t

0

[
ω
(2)
s , [ω (1)s ,As ]

]
ds .

(27)

Theorem 3.21. Let (T : H → G ,m), α ∈ Ω1 (Ò2, g), β ∈ Ω2 (Ò2, h) be as in  Theorem 3.16 . Let v1 ≤ s1, v2 ≤ s2.
Then, for

1 either small |s1 − v1 |, |s2 − v2 |, or
2 nilpotent Lie algebras h and g (and arbitrary v1 < s1, v2 < s2),

for r ∈ [v1, s1], t ∈ [v2, s2],
ωr ,t B log(Pα (v1,v2 ↱r , t )),

is well-defined and given by a converging Magnus series. K α ,β can be written as

K
α ,β
v1,v2;s1,t

d t =

∫ s1

v1

exp(mωr ,t )
(
βr ,t

)
dr d t ,

where the exponential is the operator exponential, and Ωα ,β defined by the Magnus series of K α ,β , corresponding to the
Magnus ODE

d

d t
Ω
α ,β
v1,v2;s1,t

=
ad

Ω
α ,β
v1,v2;s1,t

1 − exp(−ad
Ω
α ,β
v1,v2;s1,t

) (K
α ,β
v1,v2;s1,t

), Ω
α ,β
v1,v2;s1,v2 = 0, (28)

is well-defined and

Rα ,β (v1,v2□s1, s2) = exp(Ωα ,β
v1,v2;s1,s2 ),

where R is the 2-cocycle from  Theorem 3.16 .

Moreover, “switching the axes” and defining for v1 ≤ t ≤ s1,

ω̄t ,q B log
(
P̄α (v1,v2

↰ t , q )
)
,

defining K̄ α ,β

K̄
α ,β
v1,v2;s1,t

d t =

∫ s1

v1

exp(mω̄t ,q )
(
βt ,q

)
dq d t ,

10γ is an equivalence class, so it is enough for one representative to satisfy this.
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then Ω̄α ,β defined by the Magnus series of K̄ , corresponding to the Magnus ODE

d

d t
Ω̄
α ,β
v1,v2;t ,s2

=
ad

Ω̄
α ,β
v1,v2;t ,s2

exp(ad
Ω̄
α ,β
v1,v2;t ,s2

) − 1 (K̄
α ,β
v1,v2;t ,s2

), Ω̄
α ,β
v1,v2;s1,s2 = 0,

is well-defined and Ωα ,β = Ω̄α ,β .

Remark 3.22. The work [ ZM19 ] discusses the Magnus expansion as a method for solving linear systems of PDEs involving
two independent parameters that arise in variational problems with Lie group symmetries. The paper shows that, provided
certain compatibility conditions are satisfied (think fake curvature condition), the Magnus expansion can be consistently
applied sequentially along each parameter to solve these PDEs while ensuring compatibility conditions in Lie group settings
are maintained.

Remark 3.23. Take α { ϵα , β { ϵ2β . Then the ansatz

ω =
∞∑
k=1

ϵkω (k ) , Ω =
∞∑
k=1

ϵkΩ (k ) ,

leads to Ω (1) ≡ 0 and

Ω (2)v1,v2;s1,s2 =

∫
[v1,s1 ]×[v2,s2 ]

β , Ω (3)v1,v2;s1,s2 =

∫
[v1,s1 ]×[v2,s2 ]

mω (1);r ,q (βr ,q )

Ω (4)v1,v2;s1,s2 =

∫
[v1,s1 ]×[v2,s2 ]

mω (2);r ,q (βr ,q ) +
1

2

∫
[v1,s1 ]×[v2,s2 ]

mω (1);r ,q (mω (1);r ,q (βr ,q ))

+ 1

2

∫
v2<q1<q2<s2

[∫
[v1,s1 ]

βr ,q1 ,

∫
[v1,s1 ]

βr ,q2

]
.

At order five, we find

Ω (5)v1,v2;s1,s2 =

∫
[v1,s1 ]×[v2,s2 ]

mω (3);r ,q (βr ,q )

+ 1

2

∫
[v1,s1 ]×[v2,s2 ]

mω (1);r ,q (mω (2);r ,q (βr ,q )) +
1

2

∫
[v1,s1 ]×[v2,s2 ]

mω (2);r ,q (mω (1);r ,q (βr ,q ))

+ 1

6

∫
[v1,s1 ]×[v2,s2 ]

mω (1);r ,q (mω (1);r ,q (mω (1);r ,q (βr ,q )))

+ 1

2

∫
v2<q1<q2<s2

[∫
[v1,s1 ]

m
ω (1);r ,q1 (βr ,q1 ),

∫
[v1,s1 ]

βr ,q2

]
+ 1

2

∫
v2<q1<q2<s2

[∫
[v1,s1 ]

βr ,q1 ,

∫
[v1,s1 ]

m
ω (1);r ,q2 (βr ,q2 )

]
.

Proof. We argue the non-nilpotent case. Embed the finite-dimensional Lie algebra h into a Lie algebra of matrices, which
comes endowed with a sub-multiplicative norm | |.| |. We argue in this embedding. By  Theorem 3.20 there is a constant Cm

such that if a curve γ satisfies ∫ 1

0
| |αγt ( ¤γt ) | |d t < Cm,

then ω B logPα (γ) exists and is given by a converging Magnus series. Furthermore

| |ω | | ≤ ψ (
∫
γ
| |α | |),

for a continuous ψ with ψ (0) = 0.

Choose s1, s2 with |s1 − v1 |, |s2 − v2 | small enough such that for every v1 ≤ u1 ≤ s1, v2 ≤ u2 ≤ s2 the path
γu1,u2 B v1,v2 ↱

u1,u2 satisfies ∫ 1

0
| |αγu1,u2t

( ¤γu1,u2t ) | |d t < Cm.

Then, for all such u1,u2

ωu1,u2 B log(Pα (γu1,u2 ))
exists and is given by a converging Magnus series. Now, taking the operator norm on the linear endomorphisms of h, we get

| | exp(mωr ,t ) | | ≤ exp( | |mωr ,t | |) ≤ exp(C | |ωr ,t | |),
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for some constant C . Using  Lemma 3.11 , K from  Theorem 3.16 can be written as

Kv1,v2;s1,t d t B

∫ s1

v1

mPα (v1,v2 ↰r , t ) (βr ,t )dr d t

=

∫ s1

v1

exp
(
mωr ,t

)
(βr ,t )dr d t .

By continuity of ψ we can pick s1, s2 small enough such that∫ s1

0
dr | |Kr ,t | | ≤

∫ s1

0
dr

∫ s2

0
dq exp(C | |ωr ,t | |) |βr ,t | ≤ Cm.

The first statement then follows.

Now, decreasing s1, s2 if necessary, K̄ and Ω̄ are also well-defined and by  Theorem 3.16 the claimed identity follows. □

We also encode how Chen’s identities translate to the Lie algebra level.

Lemma 3.24. Let (T : H → G ,m), α ∈ Ω1 (Ò2, g), β ∈ Ω2 (Ò2, h) be as in  Theorem 3.16  and Pα , R be the
corresponding 1- resp. 2-cocycles. Let v1 ≤ s1, v2 ≤ s2. Then, for

1 either small |s1 − v1 |, |s2 − v2 |, or
2 nilpotent Lie algebras h and g (and arbitrary v1 < s1, v2 < s2),

the following

ω (γ) B logG (Pα (γ)), Ω
α ,β
v1,v2;s1,s2 B logH Rα ,β (v1,v2□s1, s2),

are well-defined, and using temporarily the more suggestive notation Ωα ,β (v1,v2□s1, s2) B Ω
α ,β
v1,v2;s1,s2 ,

t(Ω(□)) = ω (∂□), (Stokes-LA)

and for composable rectangles contained in [v1, s1] × [v2, s2] (recall the notation
A→, ↑A from  Definition 3.14 ),

Ω(□A□B ) = BCHg−1n

(
exp(▷

ω ( A→)
)Ω(□B ),Ω(□A)

)
, (Chen-H-LA)

and

Ω(□B

□A
) = BCHg−1n

(
Ω(□A), exp(▷ω (↑A) )Ω(□B )

)
. (Chen-V-LA)

Proof. For the logarithms, and then BCH, to be well-defined, one needs to show, in the non-nilpotent case, that the group
elements are close to the identity. Calculations very similar to those in the proof of  Theorem 3.21  show that this is the case
on small enough rectangles. □

4. A FREE CROSSED MODULE OVER THE FREE LIE ALGEBRA

We introduce a free crossed module, which underpins the surface signature, much like the free Lie algebra underpins the
path signature in  Section 4.1 . In  Section 4.2 , we consider quotients of crossed modules of Lie algebras, and show how
from a nilpotent Lie algebra one can always construct a crossed module of Lie groups. In  Section 4.3 we show that the
constructed crossed module is indeed free, and in  Example 4.21 we construct the truncated, nilpotent versions of it.

4.1. Kapranov’s construction of a free crossed module of Lie algebras. A differential graded Lie algebra (dg Lie
algebra) 

11
 is a Ú-graded vector space

L =
⊕
i

Li ,

with a bilinear, graded map [., .] (i.e. [., .] : Li ⊗ Lj → Li+j ) satisfying

■ (graded anti-symmetry)

[x , y ] = (−1) |x | |y |+1 [y , x ]
■ (graded Jacobi identity)

(−1) |x | |z | [x , [y , z ]] + (−1) |y | |z | [y , [z , x ]] + (−1) |z | |x | [z , [x , y ]] = 0

11A historical reference is Quillen’s work on rational homotopy theory [ Qui69 ], and a modern reference is the book [ Man22 , Section 5.6].
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and maps (cohomologically graded, as used by Kapranov [ Kap15 ])

d i : Li → Li+1,

satisfying

■ (chain complex)

d 2 = 0

■ (derivative)

d [x , y ] = [dx , y ] + (−1) |x | [x , dy ] .

A morphism of dg Lie algebras

φ : L → L′

is a chain map (i.e.φm : Lm → L′m is a family of linear maps commuting with the differentials: d ′φ = φd ) respecting the
Lie bracket: φ ( [x , y ]) = [φ (x ),φ (y )], x , y ∈ L.

Most results in this section are taken from [ Kap15 ] and [ Reu90 ]. The main results are  Theorem 4.4 ,  Theorem 4.6 and
 Theorem 4.7 .

Recall that n ∈ Î is the dimension of the ambient space. Consider the symbols, p ∈ Î,

ZI = Zi1,...,ip , I = {i1 < · · · < ip } ⊂ [n],
and assign the degrees deg(ZI ) B −p + 1. Consider the free, graded Lie algebra (see for example [ Qui69 , Section B.2])
generated by it, f• (Òn ).

Remark 4.1.

1 f0 (Òn ) can be identified with the free Lie algebra L(Òn ).
2 This is a graded object, so that, for example [Zi j , Zi j ] , 0 .

Define the codifferential d , on generators as

dZI B
1

2

∑
J⊔K=I

sign(J ,K ) [ZJ , ZK ],

and extend uniquely using the Leibniz rule. Here, sign is the sign of the shuffle permutation corresponding to J ,K . For
example

dZi = 0, dZi j = [Zi , Zj ], dZi j k = [Zi , Zj k ] − [Zj , Zi k ] + [Zk , Zi j ]
d [Zi j , Zk l ] = [[Zi , Zj ], Zk l ] − [Zi j , [Zk , Zl ]] .

The following proposition is a direct consequence of the definition of d .

Proposition 4.2. (f• (Òn ), d ) is a dg Lie algebra. Moreover, 

12
 

im d −1 = [f0, f0] .

The following lemma is implicit in [ Kap15 ], we spell it out for completeness.

Lemma 4.3. A linear basis for f−1 (Òn ) is given by

[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], p ∈ Î≥2, i j ∈ [n], j = 1, ..., p, ip−1 < ip .

Proof. Let f0 (Òn )ℓ be the subspace of f0 (Òn ) generated by brackets with ℓ symbols Zi . Let f−1 (Òn )ℓ be the subspace of
f−1 (Òn ) generated by brackets with ℓ − 1 symbols Zi and one symbol Zj k . Then,

dim f−1 (Òn )ℓ = nℓ−1 ·
(
n

2

)
.

Indeed, we only have to count the number of Lyndon words over the alphabet {Zi , Zj k } of length ℓ that contain exactly one
letter from {Zj k }. For this it is enough to count the number of Lyndon words of length ℓ containing exactly one letter from
{Zj k } which is equal to Z12, and multiply the result by

(n
2

)
.

12In fact it is exact everywhere except at 0, [ Kap15 , Proposition 1.1.4].
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Without loss of generalization we can assume that in the order on the alphabet, the letter Z12 is minimal. Then, every such
Lyndon word is of the form

Z12Zi1 . . . Ziℓ−1 ,

with arbitrary i1, . . . , iℓ−1 ∈ [n]. This gives the claimed dimension.

Now it remains to show that an arbitrary element of f−1 (Òn ) can we written in terms of “right-combed” brackets, with
the letters Zi j appearing at the end. This is a routine check using the Jacobi identity and anti-symmetry. For ℓ = 2 it is
immediate. Let it be true up to ℓ − 1. Then, let x ∈ f−1 (Òn )ℓ ,

x = [P ,Q ],

with P ∈ f−1 (Òn )j and Q ∈ f0 (Òn )k with j + k = ℓ . By induction hypothesis, P can be assumed to be right-combed. For
the free Lie algebra it is well-known that Q can be assumed right-combed. If k = 1, we can re-arrange x to be right-combed
by using anti-symmetry. Else write

P = [Zi1 , [Zi2 , . . . , [Ziq−2 , Ziq−1iq ] . . . ]]
Q = [Zw1 , [Zw2 , . . . , [Zwk −2 , [Zwk −1 , Zwk ]] . . . ]] .

Then, by the Jacobi identity,

[P ,Q ] =
[ [
P , Zw1

]
,
[
Zw2 , . . . , [Zwk −2 , [Zwk −1 , Zwk ]] . . .

] ]
+
[
Zw1 ,

[
P , [Zw2 , . . . , [Zwk −2 , [Zwk −1 , Zwk ]] . . . ]

] ]
.

The second term is [Zw1 , P̃ ], where P̃ ∈ f−1 (Òn )ℓ−1 which can be right-combed by induction hypothesis. Hence, again
using anti-symmetry, [Zw1 , P̃ ] can be right-combed.

Regarding [
[P , Zw1 ], [Zw2 , . . . , [Zwk −2 , [Zwk −1 , Zwk ]] . . . ]

]
,

we can apply the Jacobi identity again and continue in this fashion: one term is covered by the induction hypothesis and the
other term has moves P one bracketing-level deeper. □

A dg Lie algebra h• is semiabelian if [h≤−1, h≤−1] = 0. Let h be any dg Lie algebra. Define its semiabelianization as

h
•
sab B h

•/([h≤−1, h≤−1] + d [h≤−1, h≤−1]).

The main algebraic object used in this paper is the following.

Theorem 4.4. Consider the dg Lie algebra f• (Òn ) from the beginning of this subsection, perform its semiabelianization
and restrict to degrees −1 and 0, i.e.

g
−1
n B f

−1
sab (Ò

n ) = f−1 (Òn )/d [f−1 (Òn ), f−1 (Òn )]
g
0
n B f

0
sab (Ò

n ) = f0 (Òn ).

Define the derived bracket on g−1n as

[x , y ]g−1n B [dx , y ] .

The differential d on f• (Òn ) induces a map τ : g−1n → g0n . The adjoint action of f0 (Òn ) on f−1 (Òn ) induces an action ▷ of
g0n on g−1n . We use the derived bracket [., .]g−1n on g−1n . Then:

1 (τ : g−1n → g0n , ▷) is a differential crossed module, the free differential crossed module over the free Lie algebra g0n
and the map Zi j ↦→ [Zi , Zj ].

2 g0n is the free Lie algebra over Òn and, as Lie algebras and as GL(Òn )-representations

g
−1
n � ker τ ⊕ [g0n , g0n ] .

Remark 4.5. When we endow g−1n with the derived bracket, g≥−1n is not a dg Lie algebra. When we write g•n we mean the
crossed module (i.e. using the derived bracket). When we write f•sab (Ò

n ) we mean the dg Lie algebra.

Proof.

1 This is not proven in [ Kap15 ] and we prove it in  Section 4.3 .
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2 By  Proposition 4.2 , τ is ontoW = [g0n , g0n ]. SinceW is a free Lie algebra ( Theorem 4.6 ) there exists a Lie morphism
s :W → g−1n such that τ ◦ s = idW . Since ker τ is in the center of g−1n , we get, as Lie algebra,

g
−1
n � ker τ ⊕ [g0n , g0n ] .

Now, τ is GL(Òn )-equivariant, so that ker τ is a GL(Òn )-representation. Moreover, [g0n , g0n ] is clearly a
GL(Òn )-representation.

□

Following [ Kap15 ] we now describe, a set of (free) generators for the Lie algebra [g0n , g0n ],  Theorem 4.6 , (this goes back
to [  Reu90 ]), and a linear basis for the (commutative) Lie algebra ker τ ,  Theorem 4.7 , the proofs of which are deferred to

 Section D .

We shall need the sets

In,p B
{
i1 ≥ i2 ≥ · · · ≥ ip−1 < ip | i j ∈ [n]

}
Jn,p B

{
i1 ≥ i2 ≥ · · · ≥ ip−2 < ip−1 < ip | i j ∈ [n]

}
.

Theorem 4.6. The Lie algebraW B [g0n , g0n ] is free over the generators

[Zi1 , [Zi2 , . . . , [Zip−1 , Zip ] . . . ]], (i1, . . . , ip ) ∈ In,p , p ≥ 2.

A basis ofW compatible with these generators is given as follows. Consider H1 the following subset of binary trees with
leaves indexed by [n]:

(i1, (i2, . . . , (ip−2, (ip−1, ip )) . . . )), (i1, . . . , ip ) ∈ In,p , p ≥ 2.

(In particular: the Lie bracketings of H1 provides the above mentioned generators.) Order H1 totally (in  Example 4.9 we use
the lexicographic order on the tree’s foliation). Define the following sets of trees recursively:

Hn+1 B {(t1, (t2, . . . , (tp−1, tp )) . . . ) | t1, . . . , tp ∈ Hn , t1 ≥ t2 ≥ · · · ≥ tp−1 < tp },

and order Hn+1 totally. Then a basis ofW is given by the Lie bracketing of the trees in
⋃
n≥1 Hn .

As a GL(Òn )-representation, (W /[W ,W ])ℓ is the irrep corresponding to the shape (ℓ − 1, 1). (OnW /[W ,W ] we
consider the grading induced from the grading ofW , which is supported in degrees ≥ 2.)

Proof. Every Lie subalgebra of a free Lie algebra is free, [ Reu93 , Theorem 2.5], hence [g0n , g0n ] is free.

The statement regarding the free generators and the compatible basis is proven in [ Reu93 , Section 5.3]. The GL(Òn )-
representation structure follows from [  Reu90 , Theorem 2] (and is made more explicit with  Theorem D.2  Item iii.  together
with  Lemma D.1  Item iii. ). □

Theorem 4.7. The abelian Lie algebra ker τ is isomorphic, as a GL(Òn )-representation, to a direct sum of the representa-
tions corresponding to the shapes (p − 1, 1, 1), p ≥ 3.

In particular, a basis for it is indexed by Jn,p , p ≥ 3. A concrete indexing is given by

Jn,p ∋ (i1, . . . , ip−2, ip−1, ip ) ↦→ [Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]] − [Zi1 , [Zi2 , . . . , [Zip−1 , Zip−2ip ] . . . ]]
+ [Zi1 , [Zi2 , . . . , [Zip , Zip−2ip−1 ] . . . ]] ∈ ker τ .

 Theorem 4.7 follows from  Theorem D.4 and goes back to Kapranov. We provide an explicit indexing of a basis for
convenience, although it is immediate for experts in representation theory.

We finish with some low-dimensional dimension counting and examples. Note that (see for example [ FH13 , Theorem 6.3
(1)])

#In,p =
∏

1≤i<j ≤n

λi − λj + j − i
j − i , #Jn,p =

∏
1≤i<j ≤n

λi − λj + j − i
j − i .

Example 4.8. Consider ambient dimension n = 2. Then #J2,p = 0 for all p . Hence ker τ = 0 and

g
−1
2 � [g

0
2, g

0
2] .
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p (level) dim Lp (Ò2) = dim f0p #I2,p #J2,p dim(d [f−1, f−1])p dim f−1p
2 1 1 0 0 1
3 2 2 0 0 2
4 3 3 0 1 4
5 6 4 0 2 8

Example 4.9. Consider ambient dimension n = 3.

p (level) dim Lp (Ò3) = dim f0p #I3,p #J3,p dim(d [f−1, f−1])p dim f−1p
2 3 3 0 0 3
3 8 8 1 0 9
4 18 15 3 6 27
5 48 24 6 27 81

Here dim(d [f−1, f−1])p is the dimension of level p of the image d [f−1, f−1], the space that is quotiened by to obtain
f−1sab (Ò

3) = g−1. Their values must be equal to

dim f−1p − dim f0p −#J3,p ,

but at the moment it is unclear to us how to obtain these values from first principles.

A basis for L(Ò3) up to level 5, compatible with the derived series ( Theorem 4.6 with lexicographic order on the Hk ):

------- LEVEL= 1 (# = 3) ------- LEVEL= 4 (# = 18) ------- LEVEL= 5 (# = 48)
1 (1, (1, (1, 2))) (1, (1, (1, (1, 2)))) ((1, (1, 2)), (1, 2))
2 (2, (1, (1, 2))) (2, (1, (1, (1, 2)))) ((1, (1, 3)), (1, 2))
3 (2, (2, (1, 2))) (2, (2, (1, (1, 2)))) ((1, (1, 2)), (1, 3))
------- LEVEL= 2 (# = 3) (3, (1, (1, 2))) (2, (2, (2, (1, 2)))) ((1, (1, 3)), (1, 3))
(1, 2) (3, (2, (1, 2))) (3, (1, (1, (1, 2)))) ((1, 2), (2, (1, 2)))
(1, 3) (3, (3, (1, 2))) (3, (2, (1, (1, 2)))) ((1, 3), (2, (1, 2)))
(2, 3) (1, (1, (1, 3))) (3, (2, (2, (1, 2)))) ((1, 2), (2, (1, 3)))
------- LEVEL= 3 (# = 8) (2, (1, (1, 3))) (3, (3, (1, (1, 2)))) ((1, 3), (2, (1, 3)))
(1, (1, 2)) (2, (2, (1, 3))) (3, (3, (2, (1, 2)))) ((1, 2), (2, (2, 3)))
(2, (1, 2)) (3, (1, (1, 3))) (3, (3, (3, (1, 2)))) ((1, 3), (2, (2, 3)))
(3, (1, 2)) (3, (2, (1, 3))) (1, (1, (1, (1, 3)))) ((1, (1, 2)), (2, 3))
(1, (1, 3)) (3, (3, (1, 3))) (2, (1, (1, (1, 3)))) ((1, (1, 3)), (2, 3))
(2, (1, 3)) (2, (2, (2, 3))) (2, (2, (1, (1, 3)))) ((2, (1, 2)), (2, 3))
(3, (1, 3)) (3, (2, (2, 3))) (2, (2, (2, (1, 3)))) ((2, (1, 3)), (2, 3))
(2, (2, 3)) (3, (3, (2, 3))) (3, (1, (1, (1, 3)))) ((2, (2, 3)), (2, 3))
(3, (2, 3)) ((1, 2), (1, 3)) (3, (2, (1, (1, 3)))) ((1, 2), (3, (1, 2)))

((1, 2), (2, 3)) (3, (2, (2, (1, 3)))) ((1, 3), (3, (1, 2)))
((1, 3), (2, 3)) (3, (3, (1, (1, 3)))) ((2, 3), (3, (1, 2)))

(3, (3, (2, (1, 3)))) ((1, 2), (3, (1, 3)))
(3, (3, (3, (1, 3)))) ((1, 3), (3, (1, 3)))
(2, (2, (2, (2, 3)))) ((2, 3), (3, (1, 3)))
(3, (2, (2, (2, 3)))) ((1, 2), (3, (2, 3)))
(3, (3, (2, (2, 3)))) ((1, 3), (3, (2, 3)))
(3, (3, (3, (2, 3)))) ((2, 3), (3, (2, 3)))

A corresponding basis for a complement to ker d inside of g−13 , the “non-abelian part”, is given by replacing in each
expression the last bracket [i , j ] by Zi j .

A basis for Γcl2 (Ò
3) up to level 5, according to  Theorem 4.7 is given as follows:

[Z1, Z23] − [Z2, Z13] + [Z3, Z12]
[Z1, [Z1, Z23]] − [Z1, [Z2, Z13]] + [Z1, [Z3, Z12]],
[Z2, [Z1, Z23]] − [Z2, [Z2, Z13]] + [Z2, [Z3, Z12]],
[Z3, [Z1, Z23]] − [Z3, [Z2, Z13]] + [Z3, [Z3, Z12]] .

4.2. Quotients of crossed modules and nilpotent crossed modules. For a Lie algebra (g, [., .]), recall the notion of Lie
ideal which is a subsetV ⊂ g such that for all v ∈ V and all g ∈ g the Lie bracket [v , g ] ⊂ V . It follows that a Lie ideal is
a Lie subalgebra.

Definition 4.10. Let (t : h→ g,m) be a crossed module of Lie algebras. A crossed ideal is a pair (I , J ) such that

1 I ⊂ h and J ⊂ g are Lie ideals,
2 t(I ) ⊂ J ,
3 mg (I ) ⊂ I for all g ∈ g,
4 mx (h) ⊂ I for all x ∈ J .

The proofs of the next three statements are in  Section A .
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Proposition 4.11. Let (t : h → g,m) be a crossed module of Lie algebras and (I , J ) a crossed ideal. There exists a
unique crossed module (t′ : h/I → g/J ,m′). Moreover, the pair (ψ,φ), where ψ : h→ h/I and φ : g→ g/J are the
canonical projections, is a morphism of crossed modules of Lie algebras.

We now restrict to the case where both g and h are nilpotent and realize the group laws via the Baker–Campbell–Hausdorff
formula. Let g be a nilpotent Lie algebra and G = exp(g) the corresponding group. Given x , y ∈ g there exists a unique
element x ⋆ y ∈ g such that exp(x ) exp(y ) = exp(x ⋆ y ), that is, x ⋆ y B BCH(x , y ). The nilpotency assumption
implies that this operation is well-defined, in the sense that the BCH series terminates and so it yields an element of g, no
completion is needed. Multiplication in G implies that this operation is associative. Indeed,

exp((x ⋆ y ) ⋆ z ) = exp(x ⋆ y ) exp(z )
= exp(x ) exp(y ) exp(z )
= exp(x ) exp(y ⋆ z )
= exp(x ⋆ (y ⋆ z )).

Inverses for this operation are simply given by x⋆−1 = −x . Therefore, (g,BCHg) is a group, where g is regarded as a set.

Lemma 4.12. Let h be a nilpotent Lie algebra and δ ∈ Der(h). Then exp(δ) ∈ Aut(h). In particular, if H = (h,BCHh)
is the corresponding group, then exp(δ) ∈ Aut(H ).

Proposition 4.13. Let (t : h → g,m) be a crossed module of nilpotent Lie algebras. Define G B (g,BCHg), H =
(h,BCHh), an action m : G → Aut(H ) by

mg B exp(mg )
and a feedback T : H → G by

T(h) B t(h).
Then, (T : H → G ,m) is a crossed module of Lie groups.

Our main example of this construction is given in  Example 4.21 .

4.3. Freeness. A crossed module satisfying  Definition 3.9 except for  eq. (PEIFD) is called a precrossed module. We
recall the definition of a free differential crossed module [ Mar16 , p. 69], [ Whi49 , p.455], [ Rat80 ], [ HAMS93 ].

Definition 4.14. A precrossed module (t : e→ g,m), together with an injection ι : E → e, is a free precrossed module
over t0 : E → g if given any precrossed module (t′ : e′ → g′,m′) and maps φ : g → g′, ψ0 : E → h′ such that
φ ◦ t0 = t′ ◦ψ0, there exists a unique ψ : e→ e′ with ψ ◦ ι = ψ0, such that the pair (ψ,φ) is a morphism of differential
precrossed modules. In other words, the following diagram commutes:

e g

E

e′ g′

t

ψ φ

t0ι

ψ0

t ′

A crossed module is a free crossed module if it satisfies above universal property with (t : h → g,m) and (t′ : h′ →
g′,m

′) being crossed modules.

Once we have constructed the free precrossed module, the free crossed module can be obtained by taking an appropriate
quotient.

Definition 4.15 (Peiffer commutator). Let (t : e→ g,m) be a precrossed module. The Peiffer commutator is the bilinear
map [[−,−]] : e ⊗ e→ e given by

[[x , y ]] B m t(x ) (y ) − [x , y ] .

Lemma 4.16. The subspace

[[e, e]] B {[[x , y ]] | x , y ∈ e},

is invariant under the action of mx for all x ∈ g. Moreover, [[e, e]] ⊂ ker t.
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Proof. Let z ∈ g and x , y ∈ e. Since mz ∈ Der(e) we have

mz ( [[x , y ]]) = mz (m t(x ) (y ) − [x , y ])
= mz ◦m t(x ) (y ) − [mz (x ), y ] − [x ,mz (y )] .

Since the action is a Lie morphism we may write

mz ◦m t(x ) = m [z ,t(x ) ] +m t(x ) ◦mz ,

so that

mz ( [[x , y ]]) = m t(x ) (mz (y )) − [x ,mz (y )] +m [z ,t(x ) ] (y ) − [mz (x ), y ]
= [[x ,mz (y )]] +m [z ,t(x ) ] (y ) − [mz (x ), y ] .

Finally,  eq. (EQUID) we see that m [z ,t(x ) ] = m t(mz (x ) ) , hence

mz ( [[x , y ]]) = [[x ,mz (y )]] + [[mz (x ), y ]] .

To verify the inclusion, recall that t is a Lie morphism and that  eq. (EQUID) holds, so that

t( [[x , y ]]) = t(m t(x ) (y )) − [t(x ), t(y )]
= [t(x ), t(y )] − [t(x ), t(y )]
= 0. □

Let us consider the Lie ideal p ⊂ e generated by [[e, e]].  Lemma 4.16 implies that p ⊂ ker t and mx (p) ⊂ p for all x ∈ g.

Lemma 4.17. Let (t : e→ g,m) be a differential precrossed module and consider the Lie algebra h B e/p. The action
and feedback descend to unique maps n : g→ h and t̃ : h→ g, such that (̃t : h→ g, n) is a differential crossed module.

Proof. Since p ⊂ ker t there exists a unique map t̃ : h→ g such that t̃◦π = t, where π : e→ h is the canonical projection.
Moreover, since mz (p) ⊂ p for every z ∈ g, the maps nz : h → h, nz (π (x )) B π (mz (x )) are well-defined and give
derivations on h.

Next, we note that  eq. (EQUID) is preserved. Indeed, given z ∈ g and h = π (x ) ∈ h,
t̃(nz (h)) = t̃(π (mz (x )))

= t(mz (x ))
= [z , t(x )]
= [z , t̃(h)] .

Hence, (̃t : h → g, n) is a well-defined differential precrossed module. Furthermore,  eq. (PEIFD) is satisfied, since if
h = π (x ), h′ = π (x ′) ∈ h,

n
t̃(h ) (h

′) = π (m t(x ) (x ′))
= π ( [x , x ′]) + π ( [[x , x ′]])
= [h, h′] . □

In particular, we obtain the following result.

Corollary 4.18. Let (t : e→ g,m) be a free differential precrossed module. Then the crossed module (̃t : h→ g, n) given
by  Lemma 4.17 is a free differential crossed module.

Proof. Let (t : h′ → g′,m′) be any differential crossed module. Suppose we are given t0 : E → g and maps φ : g→ g′,
ψ0 : E → h′ such that φ ◦ t0 = t′ ◦ψ0. By freeness there exists a unique extension ψ : e→ h′ of ψ0 such that (φ,ψ) is
a morphism of differential precrossed modules.

We note that p ⊂ kerψ . Indeed, for any x , y ∈ e we have

ψ ( [[x , y ]]) = ψ (m t(x ) (y )) − [ψ (x ),ψ (y )]
= m

′
φ (t(x ) ) (ψ (y )) − [ψ (x ),ψ (y )]

= m
′
t′ (ψ (x ) ) (ψ (y )) − [ψ (x ),ψ (y )] .

DOI 10.20347/WIAS.PREPRINT.3171 Berlin 2025



I. Chevyrev, J. Diehl, K. Ebrahimi-Fard, N. Tapia 20

Since (t′ : h′ → g′,m′) is a differential crossed module,  eq. (PEIFD) holds so that

ψ ( [[x , y ]]) = [ψ (x ),ψ (y )] − [ψ (x ),ψ (y )] = 0.

Therefore, ψ descends to a unique Lie morphism ψ̃ : h→ h′, hence the claim. □

We now review a realization of the free differential precrossed module over the data g = L(Òn ) whose generators we
denote by {Z1, . . . , Zn }, E = {Zi j : 1 ≤ i < j ≤ n} and t0 (Zi j ) = [Zi , Zj ]. By  Corollary 4.18 it is enough to understand
this construction to get a hold of the free differential crossed module.

Consider the real vector space E spanned by E ,V B T(Òn ) ⊗ E and e B L(V ).

The Lie algebra g acts on its universal envelope T(Òn ) by left multiplication, here denoted as concatenation of words, and
then onV by

mx (w ⊗ Zi j ) B xw ⊗ Zi j ,
extended linearly. It further extends to e as a derivation, [ Reu93 , Lemma 0.7].

The adjoint action of g on itself also extends uniquely to an action of T(Òn ) on it via
••
ρZi1 · · ·Zin

(x ) = [Zi1 , [Zi2 , . . . , [Zin , x ] . . . ]],
for x ∈ g.

The feedback map t0 extends linearly to E and then to t0 : V → g by

t0 (w ⊗ Zi j ) =
••
ρw ( [Zi , Zj ]).

Finally, it extends as a Lie algebra morphism t : e→ g since e is free as a Lie algebra.

Proposition 4.19. The maps (t : e→ g,m) defined above form a differential precrossed module.

Proof. Let us verify  Definition 3.9 . By construction t : e→ g is a Lie map. Given x , y ∈ g, note that

m [x ,y ] (w ⊗ Zi j ) = [x , y ]w ⊗ Zi j
= x yw ⊗ Zi j − yxw ⊗ Zi j
= mx (my (w ⊗ Zi j )) −my (mx (w ⊗ Zi j )).

Therefore, the linear maps m [x ,y ] and [mx ,my ]Der(e) coincide onV , hence on e.

For the same reason, it is enough to verify  eq. (EQUID) onV since for any x ∈ g the maps

e ∋ a ↦→ t(mx (a)) and e ∋ a → [x , t(a)]
are both derivations on e. In this case we have

t(mx (w ⊗ Zi j )) = t(xw ⊗ Zi j )

=
••
ρxw ( [Zi , Zj ])

= [x , ••ρw ( [Zi , Zj ])]
= [x , t(w ⊗ Zi j )] . □

Theorem 4.20. The precrossed module Xn B (t : e→ g,m) constructed above is the free precrossed module above g
and t0 (Zi j ) = [Zi , Zj ] in the sense of  Definition 4.14 .

Proof. Let (t′ : e′ → g′,m′) be an arbitrary precrossed module and consider maps φ : g→ g′, ψ0 : E → e′ such that
φ ◦ t0 = t′ ◦ψ0.

Define the extension ψ : e → e′ by first setting ψ (w ⊗ Zi j ) = m
′
φ (w ) (ψ0 (Zi j )) on V , and extending to e as a Lie

algebra map. Here, we are considering the unique extension φ : T(Òd ) → U(g′) as an algebra morphism, and
m
′
: U(g′) → Der(e′) is given by

m
′
x1 · · ·xn (a) = m

′
x1 ◦ · · · ◦m

′
xn (a)

for all a ∈ e′.

Note that the maps φ ◦ t and t′ ◦ψ are Lie algebra maps on e, therefore it suffices to verify they coincide onV . We have

φ ◦ t(Zk1 · · · Zkn ⊗ Zi j ) = φ (
••
ρZk1 · · ·Zkn

( [Zi , Zj ]))
= φ

(
[Zk1 , . . . [Zkn , [Zi , Zj ]] . . . ]

)
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= [φ (Zk1 ), . . . [φ (Zkn ), t′ (ψ0 (Zi j ))] . . . ] .

 Equation (EQUID) implies that [φ (Zk ), t′ (ψ0 (Zi j ))] = t′
(
m
′
φ (Zk ) (ψ0 (Zi j ))

)
hence

φ ◦ t(Zk1 · · · Zkn ⊗ Zi j ) = t′
(
m
′
φ (Zk1 )

◦ · · · ◦m′φ (Zkn ) (ψ0 (Zi j ))
)

= t′ ◦m′φ (Zk1 · · ·Zkn ) (ψ0 (Zi j ))
= t′ ◦ψ (Zk1 · · · Zkn ⊗ Zi j ).

In order to check the second equality in  Definition 3.13 , we note once more that ψ ◦m and m
′
φ ◦ψ are two Lie morphisms

from g to Der(e), hence it suffices to check that they coincide on generators. We have

ψ ◦mZk (w ⊗ Zi j ) = ψ (Zkw ⊗ Zi j )

= m
′
φ (Zk )

(
m
′
φ (w ) (ψ0 (Zi j ))

)
= m

′
φ (Zk ) ◦ψ (w ⊗ Zi j ). □

We now verify that Kapranov’s construction, outlined in  Section 4.1 , can be understood in these terms. That is we will first
construct an explicit isomorphism between the crossed module obtained from Xn via  Corollary 4.18 and the crossed module
(τ : g−1n → g0n , ▷) from  Theorem 4.4 

Since g0n = g = L(Òd ) we may take φ : g→ g0 to be the identity map. We must find a Lie isomorphismψ : e→ g−1n such
that the pair (φ,ψ) is a morphism of (pre)crossed modules. As before, take t0 (Zi j ) = [Zi , Zj ] and ψ0 (Zi j ) B Zi j . Note
that

φ ◦ t0 (Zi j ) = [Zi , Zj ] = dZi j = d (ψ0 (Zi j )).

By the above construction, ψ0 lifts to ψ : e→ g−1n , given by

ψ (Zi1 · · · Zip ⊗ Zi j ) = [Zi1 , [. . . , [Zip , Zi j ]] .

Now we observe that after taking the quotient to obtain the free crossed module from Xn , the Lie bracket on e/p is simply
given by

[u ⊗ Zi j ,v ⊗ Zk l ] = m t(u⊗Zi j ) (v ⊗ Zk l )
= t(u ⊗ Zi j )v ⊗ Zk l
= [Zi1 , [. . . , [Zip , [Zi , Zj ] . . . ]]v ⊗ Zk l

for u = Zi1 . . . Zip , which is then mapped to the corresponding element in g−1n by ψ , where as before g−1n is endowed with
the derived bracket. It is easy to check, in view of  Lemma 4.3 that ψ is indeed an isomorphism.

Example 4.21. We construct now the free nilpotent crossed module by means of  Proposition 4.11 . For this, grade g0n and
g−1n according to |Zi | = 1, |Zi j | = 2 and | [x , y ] | = |x | + |y |.  

13
 We denote the corresponding homogeneous components

by g0
n;k

and g−1n;k , k ≥ 1. Given a fixed N ∈ Î, consider the subspaces

J≥N+1 B
∞⊕

k=N+1
g
0
n;k , I≥N+1 B

∞⊕
k=N+1

g
−1
n;k .

Clearly I≥N+1 and J≥N+1 are Lie ideals. It is easy to check from the definitions that the feedback is graded, in the sense
that t(g−1n;k ) ⊂ g

0
n;k

, and so t(IN ) ⊂ JN . Then define

g
0
n;≤N B g

0
n/J≥N+1,

g
−1
n;≤N B g

−1
n /I≥N+1.

Note that this truncation is already defined at [ Kap15 , p.41].

There are canonical morphisms of crossed modules of Lie algebras (g0n;≤N , g
−1
n;≤N ) → (g

0
n;≤M , g

−1
n;≤M ) for M ≤ N , and

the inverse limit can be considered as infinite formal sums of elements of g−1n , resp. g0n , where the coefficient on each finite
homogeneity stays constant after finite many summands. call these spaces g−1 and g0. Since the maps τ and ▷ are graded,
they extend to g−1 and g0, turning the latter into a differential crossed module.

13Note that this is different than the homological grading in  Section 4.1 .
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5. MAGNUS EXPANSION OF THE MULTIPLICATIVE SURFACE SIGNATURE

Let (τ : g−1n → g0n , ▷) be the free differential crossed module of Lie algebras of  Section 4 . Given a smooth enough surface
X : Ò2 → Òn , define

αX B X ∗ (
n∑
i=1

Zi dx
i ) =

n∑
i=1

∂1X
(i )
t1,t2

Zi dt
1 +

n∑
i=1

∂2X
(i )
t1,t2

Zi dt
2

βX B X ∗ (
∑

1≤i<j ≤n
Zi j dx

i ∧ dx j ) =
∑
i<j

J
(i j )
t1,t2

Zi j dt 1 ∧ dt 2,

with Jacobian minor

J
(i j )
t1,t2
B ∂1X

(i )
t1,t2

∂2X
(j )
t1,t2
− ∂1X (j )t1,t2∂2X

(i )
t1,t2
. (29)

Then - formally, since we do not consider the group “above” the free crossed module - PαX (v1,v2 ↱r , t ) is equal to the path
signature ( Section 1 ) of the path X∗ (v1,v2 ↱r , t ). In the spirit of  Theorem 3.21 , let 

14
 

ωr ,t B log
(
PαX (v1,v2 ↱r , t )

)
=
∑
i

(X (i )r ,t − X
(i )
v1,v2 )Zi +

∑
i<j

Areai j (X∗ (v1,v2 ↱r , t )) [Zi , Zj ] + · · · ,

be the log-signature of that path. Note that ωr ,t is, in general, not an element of g0n , but rather an element of the projective
limit / formal series space ( Example 4.21 ). Define

K
αX ,βX

v1,v2;s1,t
d t B

∫ s1

v1

e ▷ ωr ,t
(
βX r ,t

)
dr d t .

Then, ΩαX ,βX defined by the Magnus series of K , corresponding to the Magnus ODE

d

d t
Ω
αX ,βX

v1,v2;s1,t
=

ad
Ω
αX ,βX

v1,v2;s1,t

1 − exp(−ad
Ω
αX ,βX

v1,v2;s1,t

)

(
K
αX ,βX

v1,v2;s1,t

)
, Ω

αX ,βX

v1,v2;s1,v2 = 0,

is well-defined as an element of the space of formal series in g−1n ( Example 4.21 ).

Applying  Theorem 3.21 to the nilpotent truncations, we obtain:

Theorem 5.1. The maps

ωα
X

: Paths2 → g0, ΩαX ,βX : Rect→ g−1,

satisfy the following properties:

■ τ (ΩαX ,βX (□)) = ωαX (∂□),
■ For composable rectangles, we have

ΩαX ,βX (□A□B ) = BCHg−1n (exp(▷ωαX ( A→)
)ΩαX ,βX (□B ),ΩαX ,βX (□A)),

and

ΩαX ,βX (□B

□A
) = BCHg−1n (Ω

αX ,βX (□A), exp(▷ωαX (↑A) )Ω
αX ,βX (□B )).

Remark 5.2. Although this theorem is formulated in the smooth case, we note that using  Theorem 6.27 , Ω with the same
properties can be defined for surfaces X with less regularity. See in particular  Section 6.5 where we spell out the so-called
Young–Hölder regularity regime. Outside of this regime, extra data (iterated integrals) need to be defined “above” the surface,
just as for rough paths.

We now show that surface development, that is, the 2-cocycle R given by the previous theorem is universal, in a sense
similar to how the path signature is universal amongst 1-cocycles.

14We denote by

Areai j (γ ) B 1

2

(∫
dγ (i )dγ (j ) −

∫
dγ (j )dγ (i )

)
,

the signed area. Note the pre-factor 1
2 , which for example is not used in the nomenclature of [ DLPR20 ].
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Theorem 5.3. Let (T : H → G ,m) be a crossed module of Lie groups and (t : h→ g,m), the corresponding crossed
module of Lie algebras.

Let (τ : g−1 → g0, ▷) be the free crossed module of Lie algebras of  Section 4 . In particular, g0 is the free Lie algebra over
Òn .

Let g−1 and g0 the corresponding infinite-series spaces.

Let

a =
∑
i

Ai dx
i b =

∑
i<j

Bi j dx
i ∧ dx j ,

be two constant forms on Òn , valued in g and h respectively, and let α = X ∗a, β = X ∗b .

Suppose that vanishing of fake curvature ( 20 ) and the assumptions of  Theorem 3.21 hold, so that the Magnus expansion
Ωα ,β exists. Let ΩαX ,βX be the Magnus expansion in the context of the free case as above.

There exists a unique morphism of crossed modules (Ψ,Φ) : (τ : g−1 → g0) → (t : h → g) such that Ωα ,β =

Ψ(ΩαX ,βX ).

Proof. We begin by constructing a morphism of crossed modules ψ : g−1 → h, φ : g0 → g. Since g0 is the free Lie
algebra on n generators Z1, . . . , Zn there exists a unique Lie algebra moprhism φ such that φ (Zi ) = Ai . Now, define
E B {Zi j : i < j } and ψ0 : E → h by ψ0 (Zi j ) = Bi j . Since we have assumed that the fake curvarture vanishes and we
are dealing with constant differential forms we have that t(Bi j ) = [Ai ,Aj ], hence

t(ψ0 (Zi j )) = t(Bi j )
= [Ai ,Aj ]
= φ ( [Zi , Zj ])
= φ (τ (Zi j )).

Hence, by freeness (see  Definition 4.14 ) there exists a unique Lie algebra morphism ψ : g−1 → h such that (ψ,φ) is a
morphism of crossed modules. Both maps uniquely extend to the corresponding algebraic completion as

Ψ(
∑
n

Ln ) =
{∑

n Ψ(Ln ) if the series converges absolutely,

0 else,

and likewise for Φ. Hence we have a morphism of crossed modules (Ψ,Φ) as in the statement of the Theorem.

Now it suffices to check that Ψ(K αX ,βX ) = K α ,β . Indeed, once we have shown this identity, it follows that Ω B

Ψ(ΩαX ,βX

v1,v2;s1,t
) solves the ODE

d

dt
Ω = Ψ

(
d

dt
Ω
αX ,βX

v1,v2;s1,t

)
= Ψ

©­«
ad

Ω
αX ,βX

v1,v2;s1,t

1 − exp(−ad
Ω
αX ,βX

v1,v2;s1,t

) (K
αX ,βX

v1,v2;s1,t
)ª®¬

=
adΩ

1 − exp(−adΩ)
(K α ,βv1,v2;s1,t

)

which is identical to the one solved by Ωα ,β , hence Ψ ◦ ΩαX ,βX = Ωα ,β .

We first note that by definition Φ ◦ αX = α and Ψ ◦ βX = β . Next, from  Definition 3.13 it follows that (denoting by
ω̃r ,t = logPαX (v1,v2 ↱r , t ) the Magnus expansion of the universal 1-cocycle)

Ψ ◦ ▷ω̃r ,t = mΦ (ω̃r ,t ) ◦ Ψ = mωr ,t ◦ Ψ,

where in the last equality we have used that since Φ is itself a Lie algebra morphism it clearly holds that Φ(ω̃r ,t ) = ωr ,t C
logPα (v1,v2 ↱r , t ). Iterating this identity it is also immediately clear that for any integer n ≥ 1 it holds that Ψ◦ ▷nω̃r ,t = m

n
ωr ,t ◦Ψ

and so Ψ ◦ exp(▷ω̃r ,t ) = exp(mωr ,t ) ◦ Ψ. Hence

Ψ
(
K
αX ,βX

v1,v2;s1,t

)
dt =

∫ s1

v1

Ψ
(
exp(▷ω̃r ,t ) (βX r ,t )

)
drdt

=

∫ s1

v1

exp(mωr ,t ) (βr ,t ) drdt
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= K
α ,β
v1,v2;s1,t

. □

5.1. The first few terms explicitly. Let X : Ò2 → Òn be a smooth enough surface with X0,0 = 0. To streamline notation,

we write Ks1,s2 = K
αX ,βX

0,0;s1,s2
, Ωs1,s2 = Ω

αX ,βX

0,0;s1,s2
. Then

Ks1,t d t =

∫ s1

0
exp(▷ωr ,t ) (βX r ,t )dr d t

=

∫ s1

0

(
βX r ,t + [ωr ,t , βX r ,t ] +

1

2
[ωr ,t , [ωr ,t , βX r ,t ]] + . . .

)
dr d t .

Consider X { ϵX for a dummy variable ϵ. Then, collecting terms of ϵk in Ω (k ) , we get (compare with  Remark 3.23 )

Ω (1)s1,s2 = 0

Ω (2)s1,s2 =
∑
i<j

∫ s2

0
dq

∫ s1

0
dr J

(i j )
r ,q Zi j

Ω (3)s1,s2 =
∑
i

∑
j<k

∫ s2

0
dq

∫ s1

0
dr X

(i )
r ,q J

(j k )
r ,q [Zi , Zj k ]

Ω (4)s1,s2 =
1

2

∑
i

∑
j

∑
k<ℓ

∫ s2

0
dq

∫ s1

0
dr X

(i )
r ,q X

(j )
r ,q J

(k ℓ )
r ,q [Zi , [Zj , Zk ℓ ]]

+
∑
i<j

∑
k<ℓ

∫ s2

0
dq

∫ s1

0
dr Areai j (X∗ (0, 0 ↱r , q ))J (k ℓ )r ,q [[Zi , Zj ], Zk ℓ ]

+ 1

2

∑
i<j

∑
k<ℓ

∫ s2

0
dq2

∫ q2

0
dq1

∫ s1

0
dr J

(i j )
r ,q1

∫ s1

0
dr ′ J (k ℓ )r ′,q2

[[Zi , Zj ], Zk ℓ ] .

We now specialize to the case n = 3. Written in terms of the basis of  Example 4.9 we get, withXJi ,j ,k B
∫ s2
0
dq

∫ s1
0
dr X

(i )
r ,q J

(j k )
r ,q ,

and I B {(1, 1, 2), (2, 1, 2), (1, 1, 3), (3, 1, 3), (2, 2, 3), (3, 2, 3)}.

Ω (3)s1,s2 = XJ1,2,3 ( [Z1, Z23] − [Z2, Z13] + [Z3, Z12]) +
∑
(i ,j ,k ) ∈I

XJi ,j ,k [Zi , Zj k ]

+ (XJ2,1,3 + XJ1,1,3) [Z2, Z13] + (XJ3,1,2 − XJ1,2,3) [Z3, Z12] .

Further, Ω (4) in terms of that basis has coefficients given in  Table 1 .

Lie basis Coefficient
[Z1, [Z1, Z12]] 1

2XXJ
1,1,1,2

[Z2, [Z1, Z12]] XXJ2,1,1,2

[Z2, [Z2, Z12]] 1
2XXJ

2,2,1,2

[Z3, [Z1, Z12]] XXJ1,3,1,2 − 1
2XXJ

1,1,2,3

[Z3, [Z2, Z12]] XXJ2,3,1,2 − XXJ1,2,2,3
[Z3, [Z3, Z12]] 1

2XXJ
3,3,1,2 − XXJ1,3,2,3

[Z1, [Z1, Z13]] 1
2XXJ

1,1,1,3

[Z2, [Z1, Z13]] XXJ1,2,1,3 + 1
2XXJ

1,1,2,3

[Z2, [Z2, Z13]] 1
2XXJ

2,2,1,3 + XXJ1,2,2,3
[Z3, [Z1, Z13]] XXJ3,1,1,3

[Z3, [Z2, Z13]] XXJ2,3,1,3 + XXJ1,3,2,3
[Z3, [Z3, Z13]] 1

2XXJ
3,3,1,3

[Z2, [Z2, Z23]] 1
2XXJ

2,2,2,3

[Z3, [Z2, Z23]] XXJ3,2,2,3

[Z3, [Z3, Z23]] 1
2XXJ

3,3,2,3

[[Z1, Z2], Z13] 1
2XXJ

1,2,1,3 − 1
2XXJ

1,3,1,2 + XXJ1,1,2,3 + AJ1,2,1,3 − AJ1,3,1,2 + 1
2JJ

1,2,1,3 − 1
2JJ

1,3,1,2

[[Z1, Z2], Z23] 3
2XXJ

1,2,2,3 − 1
2XXJ

2,3,1,2 + AJ1,2,2,3 − AJ2,3,1,2 + 1
2JJ

1,2,2,3 − 1
2JJ

2,3,1,2

[[Z1, Z3], Z23] 1
2XXJ

1,3,2,3 − 1
2XXJ

2,3,1,3 + AJ1,3,2,3 − AJ2,3,1,3 + 1
2JJ

1,3,2,3 − 1
2JJ

2,3,1,3

[Z1, [Z1, Z23]] − [Z1, [Z2, Z13]] + [Z1, [Z3, Z12]] 1
2XXJ

1,1,2,3

[Z2, [Z1, Z23]] − [Z2, [Z2, Z13]] + [Z2, [Z3, Z12]] XXJ1,2,2,3

[Z3, [Z1, Z23]] − [Z3, [Z2, Z13]] + [Z3, [Z3, Z12]] XXJ1,3,2,3

TABLE 1. Ω (4) ’s coefficients in terms of the basis of  Example 4.9 . The last three terms are in the kernel
of the feedback.
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Here we use the short notation

XXJi ,j ,k ,ℓ B

∫ s2

0
dq

∫ s1

0
dr X

(i )
r ,q X

(j )
r ,q J

(k ℓ )
r ,q

AJi ,j ,k ,ℓ B

∫ s2

0
dq

∫ s1

0
dr Areai j (X∗ (0, 0 ↱r , q ))J (k ℓ )r ,q

JJi ,j ,k ,ℓ B

∫ s2

0
dq2

∫ q2

0
dq1

∫ s1

0
dr J

(i j )
r ,q1

∫ s1

0
dr ′ J (k ℓ )r ′,q2

.

We now proceed with explicit calculations and consistency checks.

Linear data. Consider a linear map X : Ò2 → Ò3, for coefficients Mi j ∈ Ò,

Xr ,q =
©­«
M11r +M12q
M21r +M22q
M31r +M32q

ª®¬.
Then, the 1- and 2-forms are given by

αX = (M11Z1 +M21Z2 +M31Z3) d t1 + (M12Z1 +M22Z2 +M32Z3) d t2

βX =
(
det(M (12) )Z12 + det(M (13) )Z13 + det(M (23) )Z23

)
d t1 ∧ d t2,

with M (i j ) the 2 × 2 matrix obtained by restricting to rows i , j , i.e. J (i j )t1,t2
= det(M (i j ) ) is constant. Further

X
(i )
r ,q = Mi1r +Mi2q , Areai j (X∗ (0, 0 ↱r , q )) = −

r q

2
det(M (i j ) ),

and ∫ s2

0
dq

∫ s1

0
dr J

(i j )
r ,q = s2s1 det(M (i j ) )

∫ s2

0
dq

∫ s1

0
dr X

(i )
r ,q J

(j k )
r ,q =

∫ s2

0
dq

∫ s1

0
dr (Mi1r +Mi2q ) det(M (j k ) )

= ( 1
2
s2s

2
1Mi1 +

1

2
s1s

2
2Mi2) det(M (j k ) )∫ s2

0
dq

∫ s1

0
dr X

(i )
r ,q X

(j )
r ,q J

(k ℓ )
r ,q

=

∫ s2

0
dq

∫ s1

0
dr (Mi1r +Mi2q ) (M j 1r +M j 2q ) det(M (k ℓ ) )

=

(
1

3
s2s

3
1Mi1M j 1 +

1

4
s22s

2
1Mi1M j 2 +

1

4
s22s

2
1Mi2M j 1 +

1

3
s32s1Mi2M j 2

)
det(M (k ℓ ) )

as well as ∫ s2

0
dq

∫ s1

0
dr Areai j (X∗ (0, 0 ↱r , q ))J (k ℓ )r ,q = −

∫ s2

0
dq

∫ s1

0
dr

r q

2
det(M (i j ) ) det(M (k ℓ ) )

= −1
8
s22s

2
1 det(M

(i j ) ) det(M (k ℓ ) ),

and ∫ s2

0
dq2

∫ q2

0
dq1

∫ s1

0
dr J

(i j )
r ,q1

∫ s1

0
dr ′ J (k ℓ )r ′,q2

=

∫ s2

0
dq2

∫ q2

0
dq1

∫ s1

0
dr det(M (i j ) ) det(M (k ℓ ) )

=
1

2
s22s

2
1 det(M

(i j ) ) det(M (k ℓ ) ).

Verifying Stokes (modulo feedback)
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Looking at the coefficient of Zi j , we get, using (classical) Stokes’ formula∫ s2

0
dq

∫ s1

0
dr J

(i j )
r ,q =

∫
[0,s1 ]×[0,s2 ]

d [X ∗ ( 1
2
xi dx

j − 1

2
xj dx

i )]

=

∫
∂ [0,s1 ]×[0,s2 ]

X ∗ ( 1
2
xi dx

j − 1

2
xj dx

i ),
(30)

where we recall J (i j ) from ( 29 ). The final expression is the area integral of the path around the boundary, as expected.

Now, regarding Ω (3) ,

d [X ∗ [xi xj dx k ]] = X ∗ [d [xi xj dx k ]]
= X ∗ [xj dx i ∧ dx k + xi dx j ∧ dx k ]

= X (j )
(
∂1X

(i )∂2X
(k ) − ∂2X (i )∂1X (k )

)
dt 1 ∧ dt 2

+ X (i )
(
∂1X

(j )∂2X
(k ) − ∂2X (j )∂1X (k )

)
dt 1 ∧ dt 2.

For i = j = 1, k = 3, we get∫ s2

0
dq

∫ s1

0
dr X

(1)
r ,q J

(13)
r ,q =

∫
[0,s1 ]×[0,s2 ]

1

2
d [X ∗ (x 21 dx

3)]

= ⟨S (X∗ (∂□)), Z1Z1Z3⟩

= ⟨S (X∗ (∂□)),
1

6
(Z1Z1Z3 − 2Z1Z3Z1 + Z3Z1Z1)⟩,

where we used that the increment is zero, hence Z3Z1Z1 = − 1
2Z1Z3Z1 (modulo testing against S ), and Z1Z3Z1 = −2Z1Z1Z3

(modulo testing against the iterated-integrals signature S ). Doing this analogously for all terms, but the first one, we see that
we get exactly the terms in  Table 2 on level 3.

Verify horizontal Chen’s identity for the first few terms.

Consider □A = 0, 0□s1, s2,□B = s1, 0□
t1, s2 . We use the notation ωγ B logPαX (γ). Then, using  Lemma 3.24 , ( Chen-H-LA ),

BCH
(
exp(▷ω (0, 0→s1, 0 ) )Ω□B

,Ω□A

)
2

= BCH
(
Ω□B
,Ω□A

)
2 = Ω (2)

□B
+ Ω (2)

□A

=
∑
i<j

∫ s2

0
dq

∫ t1

s1

dr J
(i j )
r ,q Zi j +

∑
i<j

∫ s2

0
dq

∫ s1

0
dr J

(i j )
r ,q Zi j

=
∑
i<j

∫ s2

0
dq

∫ t1

0
dr J

(i j )
r ,q Zi j = Ω (2)

□A□B
,

as expected.

Further

BCH
(
exp(▷ω (0, 0→s1, 0 ) )Ω□B

,Ω□A

)
3

= BCH
(
(id+▷ω (0, 0→s1, 0 ) )Ω□B

,Ω□A

)
3
= Ω (3)

□B
+ ▷ω (0, 0→s1, 0 ) (Ω

(2)
□B
) + Ω (3)

□A

=
∑
i

∑
j<k

∫ s2

0
dq

∫ t1

s1

dr
(
X
(i )
r ,q − X (i )s1,0

)
J
(j k )
r ,q [Zi , Zj k ]

+
∑
i

(
X
(i )
s1,0
− X (i )0,0

)∑
j<k

∫ s2

0
dq

∫ t1

s1

dr J
(j k )
r ,q

[
Zi , Zj k

]
+
∑
i

∑
j<k

∫ s2

0
dq

∫ s1

0
dr

(
X
(i )
r ,q − X (i )0,0

)
J
(j k )
r ,q [Zi , Zj k ]

=
∑
i

∑
j<k

∫ s2

0
dq

∫ t1

0
dr

(
X
(i )
r ,q − X (i )0,0

)
J
(j k )
r ,q [Zi , Zj k ] = Ω (3)

□A□B
,

as expected.
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6. NON-COMMUTATIVE SEWING

In this section, we present our aforementioned non-commutative 2D sewing lemma, which is one of the main results of this
article. The general idea is that, starting from local descriptions (or germs), one can construct a global surface development
that is close to the local description in a quantitative way. This idea permeates rough path theory [ Lyo98 ,  Gub04 ,  FdLP06 ],
and rough analysis in general [ Hai14 ,  FH20 ,  Har21 ], and our contribution in particular generalises previous non-commutative
sewing lemmas [ FdLPM08 ,  Bai15 ,  GHN21 ] to the 2D setting of crossed modules. Our proof is novel on several points, using
a special dyadic decomposition that gives an easy verification of Chen’s identity and which appears new even in the 1D
setting.

6.1. 1D sewing. For comparison with the more involved 2D case, we first give a statement of the 1D non-commutative
sewing lemma. Suppose G is a group equipped with a complete metric ρ such that there exists Q > 0 for which
ρ (x y , xz ) ≤ Qρ (y , z ) and ρ (yx , zx ) ≤ Qρ (y , z ) for all x , y , z in a ball {a : ρ (a, eG ) < δ} with δ > 0 and where
eG is the identity element of G . (For instance, take G to be a Lie group equipped with a Riemannian metric.)

Lemma 6.1. [ GHN21 , Theorem 3.4] Assume that P̂ : [0,T ] × [0,T ] → G is a continuous function satisfying

ρ (P̂ (s, t ), P̂ (s,u)P̂ (u, t )) ≲ |t − s |θ , θ > 1 ,

and P̂ (t , t ) = eG . Then there exists a unique continuous map (s, t ) ↦→ P(s, t ) satisfying P(s, t ) = P(s,u)P(u, t )
and ρ (P(s, t ), P̂ (s, t )) ≲ |t − s |θ .

Remark 6.2. The statement of  Lemma 6.1 is less quantitative than [ GHN21 , Thm. 3.4] (see also [ FdLPM08 , Thm. 6]).
Our statement furthermore differs from the latter because we do not assume the “moderate growth” condition of [ GHN21 ,
Def. 3.3]. The reason for this is that, by a simple inductive argument, the continuity assumption on P̂ in fact implies the
moderate growth condition on sufficiently small intervals.

6.2. 2D sewing. We now come to the main result of this section, which is a 2D analogue of  Lemma 6.1 in the context

of crossed modules. Throughout this section, suppose H
T→ G

m→ Aut(H ) is a crossed module. We denote by eG , e
the identities of G ,H respectively. We suppose that G ,H are equipped with complete metrics ρG and ρ that satisfy the
following conditions:

■ For all ϵ > 0 there exists δ > 0 such that for all x1, x2, y , z ∈ Bδ (e) B {a ∈ H : ρ (a, e) < δ}

ρ (x1yx2, x1zx2) ≤ ρ (y , z ) (1 + ϵ) (31)

and for all g1, g2,u,v ∈ BGδ (e) B {a ∈ G : ρG (a, eG ) < δ}

ρG (g1ug2, g1vg2) ≤ ρG (u,v ) (1 + ϵ). (32)

■ For all ϵ > 0 there exists δ > 0 such that, whenever ρG (g , eG ) ∨ ρ (h1, e) ∨ ρ (h2, e) < δ ,

ρ (mgh1,mgh2) ≤ ρ (h1, h2) (1 + ϵ) (33)

and, whenever ρG (g , eG ) ∨ ρG (g1, eG ) ∨ ρG (g2, eG ) < δ ,

ρG (Adg g1,Adg g2) ≤ ρ (g1, g2) (1 + ϵ). (34)

■ The maps T : H → G and G × H ∋ (g , h) ↦→ mgh ∈ H as well as the group operations (h, h′) ↦→ hh′ and
h ↦→ h−1 (for both G and H ) are locally uniformly continuous.

We leave it as an exercise to show that these conditions are satisfied if G ,H are Lie groups equipped with Riemannian
metrics.

Convention 6.3. Throughout this section, all rectangles in Rect are assumed to be subrectangles of [0, 1]2. Similarly, all
paths in Paths B Paths2 take values in [0, 1]2.

Unless otherwise stated, we let □ denote a rectangle with height h and width w. We denote a = max{h,w} and
b = min{h,w}. Define the eccentricity of □ by

E (□) = a/b .

Definition 6.4. A two-element partition {□A,□B } of a rectangle □ ∈ Rect is called balanced if □A,□B ∈ Rect are
rectangles and

max{E (□A), E (□B )} ≤ max{3, 2E (□)/3} .
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A function F : Rect → [0,∞) is called a subcontrol if there exists 0 < L < 1 such that, for any balanced partition
{□A,□B } of a rectangle □,

F (□A) + F (□B ) ≤ LF (□) (35)

and
lim
|□ |→0

F (□) = 0 . (36)

Remark 6.5. A (1D) control (see e.g. [ Lyo98 ,  LCL07 ,  FV10 ]) is a continuous functon ω : Ò2 → [0,∞), zero on the
diagonal, and superadditive, i.e., ω (s, t ) + ω (t ,u) ≤ ω (s,u). Our notion of subcontrol plays the role of (a special case
of) ωθ , where ω is a 1D control and θ > 1, which frequently appears in sewing lemmas. Indeed, (s, t ) ↦→ |t − s | is a 1D
control and, for any θ > 1, the function (s, t ) ↦→ |t − s |θ satisfies |u − s |θ + |t − u |θ < L |t − s |θ for some L ∈ (0, 1)
whenever s < u < t and |s − u |/|t − s | and |t − u |/|t − s | are bounded away from zero. In the 1D case, the existence of
such L, while elementary, is a crucial ingredient in the proofs of the sewing lemmas of [ FdLP06 ,  FdLPM08 ,  Bai15 ,  FH20 ].

The following proposition gives a basic example of a subcontrol that we will later use.

Proposition 6.6. Define F : Rect→ [0, 1] by

F (□) =
{
(ab)θ if E (□) ≤ e

aλbζ if E (□) > e

where e ≥ 3, θ, λ > 1, ζ ≥ 0 with λ ≥ ζ and 2θ ≥ λ + ζ. Then F satsifies ( 35 ). If furthermore ζ > 0, then F satisfies ( 36 ),
so F is a subcontrol.

For the proof, we require the following lemmas.

Lemma 6.7. Suppose E (□) ≥ 9/2 and that w > h. Then any balanced partition □A,□B is formed by a vertical cut and
moreover, if wA,wB , hA, hB are the widths and heights of □A,□B respectively, then wi /w ∈ [ 13 ,

2
3 ] and wi > hi for

i = A,B .

Proof. Since 2E (□)/3 ≥ 3, we have wi ≤ h2E (□)/3 = 2
3w. Since wA + wB = w, it follows that wA/w ∈ [ 13 ,

2
3 ]. In

particular, wi ≥ 1
3w = 1

3E (□)h ≥
3
2h. □

Lemma 6.8. If □A,□B is a balanced partition of □, then |□i | > 2
27 |□|.

Proof. If E (□) ≥ 9/2, it follows from  Lemma 6.7 that |□i | ≥ 1
3 |□|. On the other hand, if E (□) < 9/2, then suppose

without loss of generality that □A,□B is formed by a vertical cut and that wA,wB ,w are the widths of □A,□B ,□, so
that wA + wB = w, and all three rectangles have common height h. Then w

h < 9/2 and wi
h ≥ 1/3, which implies

wi ≥ h/3 > 2w
27 and thus |□i | = hiw >

2wh
27 = 2

27 |□|. □

Proof of  Proposition 6.6 . To show ( 35 ), note that, if E (□A), E (□B ) > e, then E (□) > 3e/2 ≥ 9/2 and therefore, by
 Lemma 6.7 , letting aA, aB denote the long sides of □A,□B , we have aA, aB ∈ a[ 13 ,

2
3 ] and aA + aB = a. Hence, since

λ > 1,
F (□A) + F (□B ) = aλAb

ζ + aλBb
ζ ≤ Laλbζ = F (□) .

Here and below, we let L denote a constant depending only on λ, ζ, θ such that L < 1. If E (□A) > e ≥ E (□B ) then
again E (□) > 9/2 and thus

F (□A) + F (□B ) = aλAb
ζ + aθBb

θ ≤ aλAb
ζ + aλBb

ζ ≤ Laλbζ = LF (□) ,
where we used that aB > b, λ ≥ ζ, and 2θ ≥ λ + ζ. Finally, suppose E (□A), E (□B ) ≤ e. Then, because θ > 1 and
□A,□B partition □ and |□i | > 2

27 |□| by  Lemma 6.8 ,

F (□A) + F (□B ) = |□A |θ + |□B |θ ≤ L |□|θ ≤ LF (□) .
Finally, if ζ > 0, then ( 36 ) is clear. □

Definition 6.9. A rectangle □ is called dyadic if its four corners are in 2−NÚ for some N ≥ 0. If N is the smallest integer
with this property, then we say that □ is 2−N -dyadic. Let RectN denote the set of all 2−N -dyadic rectangles. If □ ∈ RectN
has both height and width 2−N (in particular □ is a square), then we say that □ is elementary. We writeDN ⊂ RectN for
the set of all elementary 2−N -dyadic squares.

Convention 6.10. We equip Paths with the bounded variation metric |γ − η |BV =
∫
| ¤γ − ¤η | and Rect with the Hausdorff

metric where we identify every □ ∈ Rect canonically with a closed subset of Ò2. By  Convention 6.3 , note that Rect is a
compact metric space.
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The following is our announced 2D non-commutative “sewing lemma”. For a function f , we frequently use the shorthand
f x = f (x ).

Theorem 6.11 (Sewing Lemma). Suppose we are given locally uniformly continuous

P : Paths→ G

R̂ : Rect→ H ,
(37)

such that R̂ (□) = e if |□| = 0. Assume that P is a 1-cocycle, i.e. P satisfies the usual Chen’s identity

P(γ ⊔ η) = P(γ)P(η) . (38)

Assume there exists a subcontrol F such that, for all 2−N -dyadic rectangles □ ∈ RectN , N ≥ 0, R̂ satisfies the following
2-parameter approximate Chen identity:

ρ
(
R̂ (□A□B ),mP( 1→)

(R̂□B ) R̂□A

)
≤ F (□) , (39)

for all balanced horizontal partitions □A□B = □ and

ρ
(
R̂ (□B

□A
), R̂□A mP(↑1) (R̂□B )

)
≤ F (□) (40)

for all balanced vertical partitions □B

□A
= □.

Finally, assume there exists a subcontrol F̄ such that R̂ satisfies approximate Stokes

ρG (T(R̂□),P(∂□)) ≤ F̄ (□) (41)

for all elementary squares □ ∈ DN .

Then there exists a unique map

R : Rect→ H ,

which is a 2-cocycle, i.e. satisfies Chen’s identities ( Chen-H )-( Chen-V ) and Stokes’ identity ( Stokes ), and, for some C > 0,
for all □ ∈ Rect

ρ (R□, R̂□) ≤ CF (□) . (42)

Furthermore, R is continuous and the map

C(Paths,G ) × C(Rect,H ) ∋ (P, R̂) ↦→ R ∈ C(Rect,H ) (43)

is uniformly continuous on any set B1 × B2 equipped with the uniform metric, where B1 ⊂ C(Paths,G ) is such that

lim
ϵ↓0

sup
|γ |BV <ϵ

sup
P∈B1

ρG (P(γ), eG ) = 0 (44)

and B2 ⊂ C(Rect,H ) is such that

lim
ϵ↓0

sup
|□ |<ϵ

sup
R̂∈B2

ρ (R̂□, e) = 0 (45)

and there exists a subcontrol F such that all R̂ ∈ B2 satisfy the bounds ( 39 )-( 40 ), and, for each R̂ ∈ B2, there exists F̄
such that ( 41 ) is satisfied.

Remark 6.12. The subcontrol F̄ in  Theorem 6.11 is used only to ensure that the constructed R satisfies Chen and Stokes.
In particular, it does not feature in the bound ( 42 ).

Remark 6.13. For another multiparameter sewing lemma in the case when H is a linear space and P,G play no role, see
[ Har21 , Lem. 14]. Restricting to this setting, our sewing lemma is different from (in fact weaker than) the latter. The reason
behind this difference is that we do not employ the notion of rectangular increments and it remains open whether there is an
analogue of  Theorem 6.11 that utilizes rectangular increments. A similar problem was noticed in [ Lee24 ].

Proof of Uniqueness in  Theorem 6.11 . Suppose R̄ is another map satisfying the given properties. In particular ρ (R□, R̄□) ≲
F (□). By Chen’s identities for R, R̄, it suffices to show that R̄ (□) = R for all □ ∈ Rect with sufficiently small diameter
and E (□) ≤ 2.

Let us divide □ in half k times horizontally and vertically to arrive at rectangles □i , 1 ≤ i ≤ 2k , with E (□i ) ≤ 2. Chen’s
identity for R, R̄ and the bounds ( 31 ) and ( 33 ) imply the telescoping bound

ρ (R□, R̄□) ≲
2k∑
i=1

F (□i ) ,
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where the bound is uniform in k . Since each division resulted in a balanced partition and since F is a subcontrol, we have∑2k

i=1 F (□i ) ≤ Lk F (□). Taking k →∞, it follows that ρ (R□, R̄□) = 0. □

Remark 6.14. The above proof of uniqueness in  Theorem 6.11 reveals that R is in fact the unique 2-cocycle such that, for
some C > 0,

ρ (R□, R̂□) ≤ CF̃ (□)
where F̃ is any function satisfying ( 35 ) for some L < 1 and F ≲ F̃ . In other words, for uniqueness, it is not necessary to
assume the vanishing area condition ( 36 ).

For the proof of existence of  Theorem 6.11 , we require the following definitions and lemma. For simplicity, we write γγ̄ for
the concatenation of two paths γ, γ̄.

Definition 6.15. For N ≥ 0, let PathsN denote the set of paths c ∈ Paths such that c linearly interpolates points of
2−NÚ2.

A 2−N -dyadic lasso is a loop of the form ℓ = cbc−1 where b, c ∈ PathsN and b is the boundary of an elementary square
(recall  Definition 6.9 and the boundary map ( 11 )). We let LassoN denote the set of all 2−N -dyadic lassos.

Our notion of a lasso is inspired by the works [ Gro85 ,  Dri89 ,  Lév03 ] on 2D gauge theory and is similar to that of a ‘kite’ of
Yekutieli [ Yek16 ]. Given P : Paths→ G and R : Rect→ H , we extend the definition of R to all lassos ℓ = cbc−1 by

R(ℓ) = mP(c )R(b)
where R(b) B R(B) and B is the elementary square such that ∂B = b .

Lemma 6.16. Suppose P : Paths→ G and R : Rect→ H where P satisfies the usual Chen’s identity ( 38 ) and Stokes
identity for every □ ∈ DN :

T(R□) = P(∂□) . (46)

Suppose ℓi = ci bi c
−1
i ∈ LassoN , i = 1, . . . , k , and ℓ̄i = c̄i b̄i c̄

−1
i ∈ LassoN , i = 1, . . . , k̄ , are lassos where

ci , c̄i ∈ PathsN all share a common basepoint. Suppose that

k∏
i=1

ℓi ∼t
k̄∏
i=1

ℓ̄i . (47)

where ∼t denotes thin-homotopy equivalence. Then

k∏
i=1

R(ℓi ) =
k̄∏
i=1

R(ℓ̄i ) .

Remark 6.17. In the language of double categories, which we avoid in this paper, the lemma states the following. Given
a partition of a (big) rectangle into (small) rectangles, and an assignment of edges to 1-cells and of (small) rectangles to
2-cells both in some double category which is compatible with the boundary operations (this is where Stokes’ identity comes
in), then there is a unique “aggregated” 2-cell assigned to the big rectangle ([ DP93 , Theorem 1.2] and [ FPP08 , Section 3]).

Proof. We have the equalities

T

( k∏
i=1

R(ℓi )
)
=

k∏
i=1

T(R(ℓi )) =
k∏
i=1

T(mP(ci )R(bi )) =
k∏
i=1

AdP(ci ) (T(R(bi )))

=
k∏
i=1

AdP(ci ) (P(∂bi )) =
k∏
i=1

P(ℓi ),

where we used Stokes identity in the 4th equality. It follows from ( 47 ) and Chen’s identity for P that

T

( k∏
i=1

R(ℓi )
)
= P

( k∏
i=1

ℓi

)
= P

( k∏
i=1

ℓ̄i

)
= T

( k̄∏
i=1

R(ℓ̄i )
)

(48)

for all ℓi , ℓ̄i as in the lemma statement.

In the rest of the proof, it suffices to consider the case when
∏k
i=1 ℓi is thin-homotopy equivalent to a constant path and

show that
∏k
i=1 R(ℓi ) = e .

We treat 2−NÚ2 as graph in which two vertices x , y ∈ 2−NÚ2 are connected if and only if |x − y | = 2−N for the Euclidean
norm | · |. Recalling that all rectangles are assumed to be subsets of [0, 1]2, we may identify the group of loops modulo
thin-homotopy with the fundamental group π1 (2−NÚ2 ∩ [0, 1]2).
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Observe that π1 (2−NÚ2 ∩ [0, 1]2) is free and a set of generators is given by lassos {ℓ̂i }4
N

i=1 ⊂ LassoN where the

corresponding b̂i ranges over all the squares in 2−NÚ2 ∩ [0, 1]2. (The corresponding ĉi ∈ PathsN , which connects 0 to
the bottom-left corner of b̂i , is left unspecified.)

For every ℓi , there exists ℓ̂k (i ) such that bi = b̂k (i ) . Let us write ℓi ∼t ci ĉ−1i ℓ̂k (i ) ĉi c
−1
i . Then, for the loop ci ĉ−1i , there

exists a wordwi on the alphabet {1, . . . , 4N } such that

ci ĉ
−1
i ∼t

∏
w ∈wi

ℓ̂w .

It follows from Chen’s identity ( 38 ), the equalities ( 48 ), and identity ( PEIF ) that

R(ℓi ) = mP(ci )R(bi ) = mP(ci ĉ−1i )R(ℓ̂k (i ) ) = mT
∏
w R(ℓ̂w )R(ℓ̂k (i ) ) = Ad∏

w R(ℓ̂w ) R(ℓ̂k (i ) ) .

Doing this for every ℓi , it follows that
∏k
i=1 R(ℓi ) can be written as

∏
w ∈w ∗ R(ℓ̂w ) for a wordw ∗. Furthermore,

∏
w ∈w ∗ ℓ̂w

is thin-homotopy equivalent to
∏k
i=1 ℓi and thus to the constant path. By freeness of π1 (2−NÚ2 ∩ [0, 1]2), it follows that

the wordw ∗ is trivial and therefore
∏
w ∈w ∗ R(ℓ̂w ) = e as claimed. □

Definition 6.18. Suppose □ ∈ RectN is a 2−N -dyadic rectangle with lower-left corner x ∈ 2−NÚ2, height h = H2−N

and width w = W2−N , H,W ≥ 1. We define the midway partition {□A,□B } of □ as follows.

If □ is an elementary square, i.e. H = W = 1, then □A is the 2−N −1-dyadic rectangle with lower-left corner x , height h
and width w/2.

If □ is not an elementary square then

1 if W ≥ H and W is even, then □A is the 2−N -dyadic rectangle with lower-left corner x , height h and width w/2,
2 if W ≥ H and W is odd, then □A is the 2−N -dyadic rectangle with lower-left corner x , height h and width
2−N (W + 1)/2,

3 if H >W and H is even, then □A is the 2−N -dyadic rectangle with lower-left corner x , height h/2 and width w,
4 if H >W and H is odd, then □A is the 2−N -dyadic rectangle with lower-left corner x , height 2−N (H + 1)/2 and

width w.

Then □B is the complement of □A in □. See  Figure 1 for examples.

FIGURE 1. Examples of the five cases of the midway partition of a dyadic rectangle. The blue rectangle
is □A and the green rectangle is □B .

Lemma 6.19. Let □ be a dyadic rectangle and {□A,□B } its midway partition. Then {□A,□B } is balanced.
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Proof. If □ is elementary, then the claim is clear. Suppose henceforth that □ is not elementary.

Case 1: E (□) ≤ 9/2.

Case 1a: W = H, so that E (□) = W/H = 1.

■ If W is even, then □A and □B have width w/2 and height w = h, so E (□A) = E (□B ) = 2.
■ If W is odd, then □A has width 2−N (W + 1)/2 and height w = h, so E (□A) = 2W/(W + 1) ≤ 6/4 and
E (□B ) = 2W/(W − 1) ≤ 3, where the inequalities follow from W ≥ 3 since □ is not elementary.

Case 1b: W > H, so that E (□) = w/h ≤ 9/2.

■ If W is even, then □A and □B have width w/2 and height h. Remark that w/(2h) = 1
2E (□) and 2h/w ≤ 2,

which implies E (□A), E (□B ) ≤ 3.
■ If W is odd, then □A has width 2−N (W + 1)/2 and height h. Remark that

(W + 1)/(2H) ≤ 9

4
+ 1

2H
≤ 11

4
< 3

and 2H/(W + 1) ≤ 2, which implies E (□A) < 3, and likewise (W − 1)/(2H) < 3 and 2H/(W − 1) ≤
2W/(W − 1) ≤ 3 due to W ≥ 3 since □ is not elementary, which implies E (□B ) ≤ 3.

The case H >W follows by symmetry from the case W > H. This completes the proof of Case 1.

Case 2: E (□) > 9/2. Without loss of generality, suppose that W > H.

■ If W is even, then □A and □B have width w/2 and height h and thus, since w > 9h/2,

E (□A) = E (□B ) =
w

2h
=

1

2
E (□) .

■ If W is odd, then □A has width 2−N (W + 1)/2 and height h and thus,

E (□A) =
W + 1
2H

=
1

2
E (□) + 1

2H
<

2

3
E (□) ,

where we used that H ≥ 1 and thus
1

2H
≤ 1

2
<

3

4
=

1

6
× 9

2
<

1

6
E (□) .

Similarly □B has width 2−N (W−1)/2 and height h and thus, since W ≥ 3 and therefore (W−1)/2 ≥W/3 ≥
H, we have

E (□B ) =
W − 1
2H

< E (□A) <
2

3
E (□) .

This completes the proof in Case 2. □

Proof of Existence and Continuity in  Theorem 6.11 . Consider □ ∈ RectN with midway partition {□A,□B }. Define the
scale n approximation of R̂ on □ iteratively by R̂0□ = R̂□ and

R̂n□ =

{
m
P( A→)

(R̂n−1 (□B )) R̂n−1 (□A) if □A□B = □

R̂n−1 (□A)mP(↑A) R̂n−1 (□B ) if □B

□A
= □ .

(49)

To lighten notation, we let→ and ↑ denote
A→ and ↑A from  Definition 3.14 respectively.

Take ϵ > 0 such that
K B L (1 + ϵ)2 < 1 (50)

where L < 1 is as in  Definition 6.4 associated to F . Consider δ > 0 such that ( 31 ) and ( 33 ) hold. We let diam(X ) denote
the diameter of a set X ⊂ Ò2.

Claim 1: There exists κ > 0 with the following property. If diam(□) < κ then for all n ≥ 0

ρ (R̂n+1□, R̂n□) ≤ F (□)K n . (51)

To prove the claim, we proceed by induction. The case n = 0 follows by assumption ( 39 )-( 40 ).

For the inductive step, we will assume that □A□B = □ (the case that □B

□A
= □ is identical). We then have the telescoping

bound

ρ (R̂n+1□, R̂n□) ≤ ρ (mP(→) (R̂n□B ) R̂n□A,mP(→) (R̂n□B ) R̂n−1□A)
+ ρ (mP(→) (R̂n□B ) R̂n−1□A,mP(→) (R̂n−1□B ) R̂n−1□A) .

(52)
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We also have the telescoping bound

ρ (mP(→) (R̂n□B ), e) ≤ ρ (mP(→) (R̂0□B ), e) +
n∑
i=1

ρ (mP(→) R̂i□B ,mP(→) R̂i−1□B ) .

Since R̂ is continuous and R̂ (□̄) = e for any □̄ ∈ Rect with diam(□̄) = 0, we have ρ (R̂0□B , e) ≤ cδ for diam(□)
sufficiently small, where c is a small constant. By telescoping and our inductive hypothesis, we have for all i = 1, . . . , n − 1,

ρ (R̂i□B , R̂0□B ) ≤
i∑
j=1

ρ (R̂ j□B , R̂ j −1□B ) ≤ F (□)/(1 − K ) .

Hence ρ (R̂i□B , e) ≤ cδ whenever diam(□) is sufficiently small since lim |□ |→0 F (□) = 0. Furthermore, since P is
locally uniformly continuous and is a 1-cocycle, ρG (P(→), eG ) ≤ δ for diam(□) sufficiently small. Therefore, by ( 33 ), for
all i = 1, . . . , n ,

ρ (mP(→) R̂i□B ,mP(→) R̂i−1□B ) ≤ (1 + ϵ)ρ (R̂i□B , R̂i−1□B ) .
In conclusion, applying once more our inductive hypothesis,

ρ (mP(→) (R̂n□B ), e) ≤ ρ (mP(→) (R̂0□B ), e) + (1 + ϵ)
n∑
i=1

K −iF (□) ≤ δ

where the final bound holds once diam(□) is sufficiently small.

The same conclusion applies with mP(→) (R̂n□B ) replaced by R̂n−1□A.

Now applying the assumptions ( 31 ) and ( 33 ) on ρ and again the inductive hypothesis, we conclude that the right-hand side
of ( 52 ) is bounded by

(1 + ϵ)2K n−1 (F (□A) + F (□B )) .
(The factor (1 + ϵ)2 appears from applying ( 31 ) then ( 33 ) to the first term on the right-hand side of ( 52 ).)

Since □A,□B is a balanced partition by  Lemma 6.19 and since F is a subcontrol,

F (□A) + F (□B ) ≤ LF (□) .

Since K = (1 + ϵ)2L, it follows that the right-hand side of ( 52 ) is bounded by K nF (□). This concludes the inductive step
and the proof of Claim 1.

(Remark: the proof of Claim 1 only uses the Lipschitz estimates ( 31 ) and ( 33 ), uniform continuity of P, R̂, and approximate
Chen ( 39 )-( 40 ).)

By completeness of ρ, the previous claim implies the existence of the limit

R(□) = lim
n→∞
R̂n (□) .

Furthermore, the claim shows the bound ( 42 ) for all □ ∈ RectN , N ≥ 0.

Claim 2. For all N sufficiently large, TR(□) = P(∂□) for all elementary squares □ ∈ DN .

The proof of the claim is essentially the same as (even simpler than) that of Claim 1, except that we compare TR̂n (□) to
P(∂□), so we only highlight the differences.

Let □ ∈ DN . By definition ( 49 ), R̂2n (□) satisfies the recursion R̂0 (□) = R̂ (□) and

R̂2n (□) = mP(→) (R̂2(n−1)□3)mP(→⊔↑) (R̂2(n−1)□4)R̂2(n−1)□AmP(↑) (R̂2(n−1)□B ) ,

where we decompose □ into four squares as

□ = □B□4

□A□3

and the arrows join the lower left corner of □A with that of the other squares.

Suppose L̄ ∈ (0, 1) is as in  Definition 6.4  associated to F̄ and take ϵ > 0 such that K̄ B L̄2 (1 + ϵ)2 < 1. Consider
δ > 0 such that ( 32 ) and ( 34 ) hold. We claim that, similar to ( 52 ), for all n ≥ 0,

ρG (TR̂2n□,P(∂□)) ≤ F̄ (□)K̄ n (53)

whenever diam(□) is sufficiently small.
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Indeed, proceeding by induction, the base case n = 0 is true by assumption ( 41 ). For the inductive step, we have, by
definition of R̂n , the identity ( EQUI ) Tmgh = Adg Th, the morphism property of T, and Chen’s identity ( 38 ) for P,

ρG (TR̂n□,P(∂□)) = ρG
{
AdP(→) (TR̂2(n−1)□3)AdP(→⊔↑) (TR̂2(n−1)□4)

TR̂2(n−1)□A AdP(↑) (TR̂2(n−1)□B ) ,

AdP(→) (P(∂□3))AdP(→⊔↑) (P(∂□4))P(∂□A)AdP(↑) (P(∂□B ))
}

=: ρG {∆1,∆2} .

By the same argument as in the proof of Claim 1, combined with continuity ofT at e and the facts that limdiam(□)→0 R̂ (□) =
e and lim |γ |BV→0 P(γ) = eG , we can ensure that all products of terms comprising ∆1 and ∆2 are in the δ -ball of eG once
diam(□) is sufficiently small.

It follows that, applying a similar telescoping sum as in ( 52 ), the inductive hypothesis, and our assumptions on ρ ( 32 )
and ( 34 ), we obtain

ρG (TR̂n□,P(∂□)) ≤ (1 + ϵ)2K̄ n−1 (F̄ (□A) + · · · + F̄ (□4)) .
Observe that F̄ (□A) + · · · + F̄ (□4) ≤ L̄2F̄ (□) by the fact that F̄ is a subcontrol, and thus, by our choice K̄ = L̄2 (1+ϵ)2,
we obtain

ρG (TR̂n□,P(∂□)) ≤ K̄ n F̄ (□) .
This completes the proof of ( 53 ) and thus of Claim 2 by continuity of T.

(Remark: the proof of Claim 2 uses only the Lipschitz estimates ( 32 ) and ( 34 ), the morphism property and continuity of T,
Chen’s identity ( 38 ) for P, approximate Stokes ( 41 ), and uniform continuity of P, R̂.)

Claim 3. TR(□) = P(∂□) on any dyadic rectangle □ ∈ RectN , N ≥ 0.

Observe that the midway partition (  Definition 6.18 ) reduces □ ∈ RectN to two 2−N −1-dyadics □A,□B if and only if □ is
an elementary square. Moreover, in this case, the midway partitions of □A and □B are again elementary 2−N −1-dyadic
squares. Therefore, for any □ ∈ RectN , there exists m sufficiently large such that, for all n ≥ m,

R̂n (□) =
k∏
i=1

mP(c̃i ) R̂n−m (b̃i ) (54)

where b̃i , c̃i ∈ PathsN i with b̃i the boundary of either an elementary square or a composition of two elementary squares
and with

∏k
i=1 c̃i b̃i c̃

−1
i = ∂□. (Note, that different b̃i may be boundaries of dyadic rectangles of different scales.)

Taking n sufficiently large, we can furthermore find ri ≥ 0 for i = 1, . . . , k such that

R̂n (□) =
k∏
i=1

mP(ci ) R̂n−m−ri (bi ) (55)

where now ci bi c−1i ∈ Lasso
N ∗ are lassos ( Definition 6.15 ) of the same dyadic scale N ∗ ≥ N and with

∏k
i=1 ci bi c

−1
i =

∂□. See  Figure 2 for an example.

Taking the limit n →∞, we obtain

R(□) =
k∏
i=1

mP(ci )R(bi ) . (56)

We can assume without loss of generality that N ∗ is sufficiently large so that TR(bi ) = P(bi ) by Claim 2. Hence applying
T to both sides of ( 56 ) and using ( EQUI ) Tmgh = Adg Th, Chen’s identity for P, and

∏k
i=1 ci bi c

−1
i = ∂□, it follows that

TR(□) = P(∂□).

Claim 4. R satisfies Chen for all dyadic □ ∈ RectN , N ≥ 0.

This claim is a consequence of Claim 3 and  Lemma 6.16 . More precisely, suppose □A□B = □ is a subdivision of
□ ∈ RectN into two dyadic rectangles. Then, by the argument in the proof of Claim 3, there exist N1 ≥ N and lassos
c1i b

1
i (c

1
i )
−1 ∈ LassoN1 for i = 1, . . . , k1, such that

∏k1
i=1 c

1
i b

1
i (c

1
i )
−1 = ∂□A (these lassos are based at the lower left

corner of □A, which is also the lower left corner of □), and

R(□A) =
k1∏
i=1

mP(c1
i
)R(b1i ) . (57)
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FIGURE 2. The first 4 iterations of the midway partition of the dyadic rectangle [0, 34 ] × [0,
1
4 ] ∈ Rect

0.

The rectangles colored red are elementary squares in Rect1 that partition the original rectangle. These
correspond to bi in ( 55 ).

Likewise there exist N2 ≥ N and lassos c2i b
2
i (c

2
i )
−1 ∈ LassoN2 for i = 1, . . . , k2, such that

∏k2
i=1 c

2
i b

2
i (c

2
i )
−1 = ∂□B

(these lassos are now based at the lower left corner of □B ) and

R(□B ) =
k2∏
i=1

mP(c2
i
)R(b2i ) . (58)

By taking further subdivisions, we may furthermore suppose that N1 = N2, i.e. the lassos are on the same dyadic scale.

Finally, consider the new lassos c̄2i b
2
i (c̄

2
i )
−1 where c̄2i =→ ⊔c

2
i (these new lassos are based at the lower left corner of □).

It follows that

∂□ =→ ⊔(∂□B ) ⊔ (←) ⊔ (∂□A) =
( k2∏
i=1

c̄2i b
2
i (c̄

2
i )
−1
)
⊔
( k1∏
i=1

c1i b
1
i (c

1
i )
−1
)
.

We thus obtain

R(□) =
k∏
i=1

mP(ci )R(bi ) =
( k2∏
i=1

mP(c̄2
i
)R(b2i )

) ( k1∏
i=1

mP(c1
i
)R(b1i )

)
= mP(→) (R□B )R□A ,

where we used ( 56 ) in the first equality,  Lemma 6.16 in the second equality, and Chen’s identity for P and ( 57 )-( 58 ) in the
final equality. This proves horizontal Chen. The proof of vertical Chen is identical. This completes the proof of Claim 4.

To complete the proof of existence, it remains to extend R to all rectangles such that ( 42 ), Chen, and Stokes are satisfied.
To this end, suppose □ ∈ Rect and let □i ∈ RectN i be a sequence of dyadics that converges to □. Then the symmetric
difference between □i and □j (as subsets of Ò2) can be written as a disjoint union of at most 8 dyadic rectangles whose
area is vanishing as i , j →∞. Therefore, by the approximation bound ( 42 ) for dyadic rectangles, the fact that

lim
|□ |→0

ρ (R̂□, e) = lim
|□ |→0

F (□) = 0 , (59)
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and the continuity of group and crossed module operations, we obtain that R(□i ) ∈ H is a Cauchy sequence. The limit
R(□) B limi→∞ R(□i ) therefore exists. It follows from continuity of P and R̂ that R satisfies ( 42 ), Chen, and Stokes,
concluding the proof of existence of R.

To prove the final claim, by again considering the symmetric difference between rectangles and using ( 59 ), □ ↦→ R(□) is a
continuous function on Rect. To prove the stated uniform continuity of (P, R̂) ↦→ R, consider (P (1) , R̂ (1) ), (P (2) , R̂ (2) ) ∈
B1×B2. Suppose sup□∈Rect ρ (R̂ (1)□, R̂ (2)□) < ϵ and sup |γ |BV ≤1 ρG (P (1) (γ),P (2) (γ)) < ϵ. Then, for all □ ∈ Rect
with sufficiently small diameter,

ρ (mP (1) (γ ) R̂ (1)□,mP (2) (γ ) R̂ (2)□) < ϵ̄
where ϵ̄ → 0 as ϵ → 0 due to the joint (uniform) continuity of (g , h) ↦→ mgh around (eG , e) ∈ G × H . It follows

that, for any dyadic □ ∈ RectN , ρ (R̂ (1),n□, R̂ (2),n□) ≲ ϵ̄2n uniformly in n,N ≥ 0. On the other hand, if diam(□)
is sufficiently small, then by ( 51 ), ρ (R̂ (1),n□,R (1)□) ≲ LnF (□) where L < 1, and likewise for R̂ (2) ,R (2) . Therefore
ρ (R (1)□,R (2)□) ≲ Ln + ϵ̄2n uniformly in n ≥ 1. Taking n as a small multiple of log ϵ̄ we have Ln + ϵ̄2n → 0. This
shows that ρ (R̂ (1)□,R (2)□) = o (1) as ϵ ↓ 0 whenever diam(□) is small. The fact that ρ (R̂ (1)□,R (2)□) = o (1) for
all □ ∈ Rect follows from Chen’s identity and local uniform continuity of (g , h) ↦→ mgh. □

Proof of  Theorem 3.18 . By  Theorem 6.11  , it suffices to show that R̂ satisfies the approximate Chen identities ( 39 )-( 40 )
and approximate Stokes ( 41 ) identity for some subcontrols F , F̄ respectively. Starting with Stokes, consider an elementary
square □ ∈ DN . Then

TR̂ (□) = T exp
( ∫

□
β
)
= exp

( ∫
□
tβ
)
= exp

( ∫
□
{dα + α ∧ α }

)
,

where the final equality is due to the vanishing fake curvature condition ( 20 ). By standard Euler estimates for ODEs and the

BCH formula, ρG (Pα (∂□), e
∫
□ {dα+α∧α }) ≲ |□|3/2. Therefore, approximate Stokes is satisfied with the subcontrol F̄

taken as a sufficiently large multiple of the subcontrol from  Proposition 6.6 with θ = λ = ζ = 3/2.

To show approximate horizontal Chen ( 39 ), consider □ ∈ Rect and a balanced partition □A□B = □. Then, recalling the
differential mg ∈ Aut(h) of mg ,

mP(→) (R̂□B ) = exp
{
mP(→)

( ∫
□B

β
)}

= exp
{ ∫

□B

β +O (wA |□B |)
}

where the final equality is due to mg − id = O (wA) ∈ Aut(h). Therefore

mP(→) (R̂□B ) R̂□A = exp
( ∫

□A

β +
∫
□B

β +O (wA |□B |) +O ( |□|2)
)

where we used the BCH formula. Since |□| ≲ |□B | by  Lemma 6.8 and clearly |□|1/2 ≲ wA, we have |□|2 = O (wA |□B |).
Furthermore R̂□ = exp(

∫
□ β ) = exp(

∫
□A
β +

∫
□B
β ) by additivity of integrals. It follows that

ρ (R̂□,mP(→) (R̂□B ) R̂□A) ≲ wA |□B | .

In conclusion, R̂ satisfies ( 39 ) with F taken as a sufficiently large multiple of the subcontrol from  Proposition 6.6 with θ = 3
2

and λ = 2, ζ = 1, which shows ( 25 ).

Finally, it follows from  Remark 6.14 and  Proposition 6.6 with θ = 3
2 and λ = 3, ζ = 0 that R is furthermore the unique

2-cocycle verifying the weaker bound ρ (R□, R̂□) ≲ aλ for any λ ∈ (2, 3]. □

6.3. Extension theorem. In addition to giving a proof of  Theorem 3.18  , another important application of the Sewing Lemma
( Theorem 6.11 ) is an extension theorem for (possibly rough) surfaces. We phrase this extension theorem in the general
setting of homogenous groups, of which the nilpotent (truncated) crossed module from  Example 4.21 is a special case.

We believe this general setting has potential to define the surface signature taking values in different algebraic structures,
analogous to signatures of branched rough paths [ Gub10 ] in the Grossman–Larson algebra, planarly branched rough paths
[ CEFMMK20 ] in the Munthe-Kaas–Wright algebra, multi-index rough paths [ Lin23 ] in the free Novikov algebra, or other
graded Hopf algebras [ BZ22 ,  Man25 ].

6.3.1. Homogenous groups. For details on homogenous groups, see [ FS82 ,  HS90 ]. Our notation is taken from [ Che18 ].

Throughout the section, we fix a homogenous groupG , i.e. a nilpotent, connected, and simply connected Lie group endowed
with a one-parameter family of dilations (group automorphisms) (δλ)λ>0, which, upon identifyingG with its Lie algebra g via
the diffeomorphism exp: g→ G , is given by

δλ (ui ) = λdi ui
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for a basis u1, . . . ,um of g and real numbers dm ≥ · · · ≥ d1 ≥ 1 which we call the degrees of G . We equip G with a
“homogeneous norm”, i.e. a continuous map ∥ · ∥ : G → [0,∞) for which ∥δλx ∥ = λ∥x ∥ and ∥x ∥ = 0 if and only if
x = eG . We assume that ∥ · ∥ is sub-additive, i.e. ∥x y ∥ ≤ ∥x ∥ + ∥y ∥ (see [ HS90 ] for the existence of such a norm) and
equip G with the corresponding left-invariant metric d (x , y ) = ∥x −1y ∥ on G .

Unless otherwise stated, we identify G with g via the exp-map and write x =
∑
x [i ]ui for x ∈ G . For a multi-index

α = (α1, . . . , αm ) ∈ Úm , α i ≥ 0, we define deg(α) = ∑m
i=1 α

i di , and for x ∈ G , write x [α ] = (x [1])α1 · · · (x [m ])αm .
By the BCH formula, for all i ∈ {1, . . . ,m} there exist constants C iα ,β such that

(x y ) [i ] = x [i ] + y [i ] +
∑
α ,β

C iα ,βx
[α ]y [β ], (60)

where the (finite) sum runs over all non-zero multi-indexes α , β such that deg(α) + deg(β ) = di .

Example 6.20 (Graded groups). Recall that a Lie groupG is called graded if its Lie algebra is endowed with a decomposition

g = g1 ⊕ · · · ⊕ gN (61)

such that [gi , gj ] ⊂ gi+j , where gk = {0} for k > N (we allow the possibility that gk = {0} for some k ≤ N ). Every
graded Lie group can be equipped with a natural family of dilations (δλ)λ>0, and thus a homogeneous structure, for which
d1, . . . , dm are integers determined by δλ (u) = λku for all u ∈ gk .

Recall also that a graded Lie group G is called a step-N Carnot group (or stratified group in the terminology of [  FS82 ]) if
the decomposition ( 61 ) further satisfies [gi , gj ] = gi+j , where gk = {0} for k > N . Every Carnot group is a homogeneous
group for which the metric d can be taken as the Carnot–Carathéodory distance [ Bau04 , p. 38].

Due to ( 60 ), for every 1 ≤ n ≤ m, the set Kn B span{un+1, . . . ,um } is a normal subgroup of G and therefore the
projection map

πn : G → G [n ] B G/Kn (62)

is a group homomorphism. Furthermore G [n ] carries a canonical homogenous group structure and we identify G [n ] with
span{u1, . . . ,un } equipped with the obvious group law given by the BCH formula.

6.3.2. 1D extension. Consider a homogenous group G as in  Section 6.3.1 . For a function X : [0,T ] → G and ζ ∈ [0, 1],
define the ζ-Hölder “norm” ∥X ∥ζ = sups,t |t − s |−ζd (Xs ,Xt ).

For comparison with the 2D (surface) case, we first provide an extension theorem for paths in G [n ] of sufficient regularity.
The statement and proof is very similar to that of [  BZ22 , Prop. 4.5], although our setting of homogenous groups is more
general (vs. the Hopf algebra setting of [ BZ22 ]).

Lemma 6.21 (1D Extension). Suppose 1 ≤ n < m and ζ ∈ (0, 1] such that dn+1ζ > 1. Let X : [0,T ] → G [n ] be a
path with ∥X ∥ζ < ∞.

Then there exists a unique pathY : [0,T ] → G such that πn (Y ) = X and ∥Y ∥ζ < ∞.

Furthermore, ∥Y ∥ζ ≲ ∥X ∥ζ , where the proportionality constant depends only on ζ and G , and the map X ↦→Y is locally
uniformly continuous in the ζ-Hölder metric dζ (X , X̄ ) B sups,t |t − s |−ζd (Xs,t , X̄s,t ) where we denote Xs,t = X −1s Xt .

Proof. By induction, it suffices to consider n = m − 1. By ( 60 ), the kernel of πn is contained in the centre of G .

The proof is done once we show the existence of a unique two-parameter map Rs,t ∈ Ò such that |Rs,t | ≲ |t − s |ζdm and,
for s < u < t ,

δRs,u,t B Rs,u + Ru,t − Rs,t = −Fs,u,t B −
∑
α ,β

Cmα ,βX
[α ]
s,u X

[β ]
u,t = −(Xs,u ·G Xu,t ) [m ] ,

where we write Xs,t = X −1s Xt (the inverse and product are inG [n ] ) and treat Xs,u ,Xu,t ∈ G by setting the um -component
to 0, and ·G denotes the product in G . Indeed, settingYs,t = Xs,t + Rs,tum , leads to

(Ys,u ·G Yu,t ) [m ] = Rs,u + Ru,t +
∑
α ,β

Cmα ,βX
[α ]
s,u X

[β ]
u,t = Rs,t =Y

[m ]
s,t .

ThereforeYs,t satisfies Chen’s identity and is therefore the increment of a pathY .

To find R , by the classical (linear) sewing lemma (see [ BZ22 , Thm. 3.1], also [ Gub04 ,  FdLP06 ]), since |Fs,u,t | ≲ |t −
s |ζdm ∥X ∥γ , it suffices to show that there exists A : (s, t ) ↦→ As,t ∈ Ò such that δA = F , or equivalently, that

δFs,u,v ,t B Fs,u,v − Fs,u,t + Fs,v ,t − Fu,v ,t = 0
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for all (s,u,v , t ). To this end, observe that

(Xs,u ·G Xu,t ·G Xt ,s ) [m ] = (Xs,u ·G Xu,t ) [m ] + X [m ]t ,s +
∑
α ,β

Cmα ,βX
[α ]
s,t X

[β ]
t ,s = Fs,u,t

since the sum in the middle term vanishes. More generally, if x1, . . . , xk ∈ G [n ] with x1 · · · xk = eG [n ] , then

(x1 ·G · · · ·G xk ) [m ] = (x1 ·G · · · ·G xk −1) [m ] = (x2 ·G · · · ·G xk ) [m ] ,

which means the expression is invariant under cyclic permutations. Therefore

δFs,u,v ,t = Fs,u,v − Fs,u,t + Fs,v ,t − Fu,v ,t
= (Xs,u ·G Xu,v ) [m ] − (Xs,u ·G Xu,t ) [m ] + (Xs,v ·G Xv ,t ) [m ] − (Xu,v ·G Xv ,t ) [m ]

= (Xs,u ·G Xu,v ·G Xv ,s ) [m ] + (Xt ,u ·G Xu,s ·G Xs,t ) [m ]

+ (Xs,v ·G Xv ,t ·G Xt ,s ) [m ] + (Xt ,v ·G Xv ,u ·G Xu,t ) [m ] .

We now use the cyclic property of the products, and the fact that their products in G [n ] are all eG as well as

(x1 ·G · · · ·G xk ) [m ] + (y1 ·G · · · ·G yℓ ) [m ] = (x1 ·G · · · ·G yℓ ) [m ]

whenever x1 · · · xk = eG [n ] and y1 · · · yℓ = eG [n ] , to see that the above sum is equal to

(Xs,u ·G Xu,v ·G Xv ,t ·G Xt ,s ) [m ] + (Xt ,u ·G Xu,s ·G Xs,t ) [m ] + (Xt ,v ·G Xv ,u ·G Xu,t ) [m ]

= (Xs,u ·G Xu,v ·G Xv ,t ·G Xt ,u ·G Xu,s ) [m ] + (Xt ,v ·G Xv ,u ·G Xu,t ) [m ]

= (Xu,v ·G Xv ,t ·G Xt ,u ·G Xu,t ·G Xt ,v ·G Xv ,u ) [m ]

= 0 .

This shows that δF = 0 and concludes the proof of existence and uniqueness ofY . The claim about continuity of X ↦→Y
follows from the boundedness of the linear sewing map F ↦→ R , the details of which we leave to the reader. □

Remark 6.22. In the above proof, a (non-unique) A such that δA = F is

As,t =
∑
α ,β

Cmα ,βX
[α ]
0,s X

[β ]
s,t = (X0,s ·G Xs,t ) [m ] .

6.3.3. 2D extension. Consider now two homogenous groups G ,H . We denote dim(H ) = m and dim(G ) = ℓ and let
1 ≤ d1 ≤ · · · ≤ dm be the degrees of H with corresponding basis u1, . . . ,um of h, and let 1 ≤ c1 ≤ · · · ≤ cℓ be the
degrees of G with corresponding basis v1, . . . ,vℓ of g. We follow the notation of  Section 6.3.1 (with H here playing the role
of G from  Section 6.3.1 ). In particular, we identify G with g and H with h via the exp maps.

We suppose that H
T→ G

m→ Aut(H ) is a crossed module where T and m are continuous and graded in the following
sense. In addition to the BCH formula ( 60 ), we assume that there exist constants B iα ,β such that for every i = 1, . . . ,m

(mgh) [i ] = h [i ] +
∑
α ,β

B iα ,βg
[α ]h [β ] (63)

where the sum is over all non-zero multi-indexes α = {α1, . . . , α ℓ } and β = {β 1, . . . , βm } such that

deg(α) + deg(β ) = di
where deg(α) = ∑ℓ

j=1 α
j cj and deg(β ) = ∑m

k=1 β
k dk . We similarly suppose that

Tuk ∈ gdk (64)

where gζ for ζ > 0 is the subspace of all X ∈ G ≃ g for which δλX = λζX . We let πn : H → H [n ] denote the
projection ( 62 ) with kernel Kn B span{un+1, . . . ,um }. Assumption ( 64 ) implies that, for all 1 ≤ n ≤ m, TKn is a normal
subgroup of G . We define the quotient map

p≤n : G → G ≤n B G/TKn .

Our assumptions on m,T imply that

H [n ]
T→ G ≤n

m→ Aut(H [n ])
forms a crossed module for every 1 ≤ n ≤ m.

Recall the metrics we put on Paths and Rect from  Convention 6.10 .

DOI 10.20347/WIAS.PREPRINT.3171 Berlin 2025



A multiplicative surface signature through its Magnus expansion 39

Lemma 6.23 (2D Extension). Consider a 1-cocycle P : Paths→ G which is locally uniformly continuous. Suppose further
that, for some ζ ∈ (0, 1],

|P(γ) [i ] | ≲ |γ |ζciBV uniformly over γ ∈ Paths with |γ |BV < 1. (65)

Let 1 ≤ n ≤ m and R̂ : Rect→ H [n ] be continuous. Suppose that R̂ is a 2-cocyle up to level n , i.e, R̂ satisfies the level-n
Stokes identity

TR̂ (□) = p≤nP(∂□)

and similarly for level-n Chen identities (for the crossed module H [n ]
T→ G ≤n

m→ Aut(H [n ] ).

Finally, consider ϵ ∈ (0, 12 ] and suppose that
ζdn+1 > 2 (66)

and, for all 1 ≤ k ≤ n , uniformly over □ ∈ Rect,
|R̂ (□) [k ] | ≲ (adk −ϵd1bϵd1 )ζ , (67)

where we recall that a, b are the side lengths of □ with a ≥ b.

Then there exists a unique continuous 2-cocycle R : Rect→ H such that πnR = R̂ and which satisfies

|R(□) [k ] | ≲ adk ζ (68)

for all k ≤ m. Moreover, R satisfies the stronger bound ( 67 ) for all k ≤ m, i.e. |R(□) [k ] | ≲ (adk −ϵd1bϵd1 )ζ .

Furthermore, the ‘extension map’

C(Paths,G ) × C(Rect,H [n ]) ∋ (P, R̂) ↦→ R ∈ C(Rect,H ) (69)

is uniformly continuous over B1 × B2 where B1 is any set such that ( 65 ) holds uniformly over P ∈ B1 and B2 is any set
such that ( 67 ) holds uniformly over R̂ ∈ B2.

Remark 6.24. Since adk −ϵd1bϵd1 is decreasing in ϵ, the bound ( 67 ) becomes weaker as ϵ → 0. Therefore, both the
assumption and conclusion of  Lemma 6.23 weaken as ϵ → 0.

Proof. By induction, it suffices to consider the case n = m − 1. Extend R̂ to a map R̂ ∈ C(Rect,H ) by R̂ (□) [m ] = 0 for
all □. Since R̂ satisfies Chen on level m − 1, we have R̂ (□A□B ) [i ] = (mP(→) (R̂□B )R̂□A) [i ] for all 1 ≤ i ≤ m − 1,

where mP(→) is understood as the action of P(→) ∈ G on R̂□B ∈ H . On the other hand, R̂ (□A□B ) [m ] = 0 and

(mP(→) (R̂□B )R̂□A) [m ] = (mP(→) R̂□B ) [m ] +
∑
α ,β

Cmα ,β (mP(→) R̂□B ) [α ] R̂ (□A) [β ] (70)

for all balanced partitions □A□B = □ where α , β are non-zero with deg(α) + deg(β ) = dm .

Furthermore, by ( 63 ), for all i ≤ m,

(mP(→) R̂□B ) [i ] = R̂ (□B ) [i ] +
∑
α ,β

B iα ,βP(→)
[α ] R̂ (□B ) [β ] (71)

where α , β are non-zero with deg(α) + deg(β ) = di . Recall that R̂ (□B ) [m ] = 0.

For i = 1, . . . ,m, define the function Fi : Rect→ [0,∞)

Fi (□) =
{
(ab)ζdi /2 if E (□) ≤ 3

aζ (di −ϵd1 )bϵζd1 if E (□) > 3 .

Since |P(→) [i ] | ≲ aζci due to ( 65 ) and |R̂ (□A) [i ] | ≲ Fi (□A), |R̂ (□B ) [i ] | ≲ Fi (□B ) due to ( 67 ), and Fi (□j ) ≤
Fi (□) for j = 1, 2, it follows that

| (mP(→) (R̂□B )R̂□A) [m ] | ≲
{
(ab)ζdm/2 if E (□) ≤ 3

aζ (dm−ϵd1 )bϵd1 if E (□) > 3
(72)

where we used that, if E (□) ≤ 3, then a ≍ (ab)1/2, and that, if E (□) > 3, then the ‘worst’ term in ( 70 )-( 71 ) is
P(→) [α ] (R̂□B ) [β ] with multi-index β = (1, 0, . . . , 0) ∈ Úm for which we have the bounds (R̂□B ) [β ] ≲ aζ (1−ϵ )d1bζϵd1

and P(→) [α ] ≲ aζ (dm−d1 ) due to ( 63 ).

The right-hand side of ( 72 ) is precisely Fm (□). Since ζdm/2 > 1 by assumption ( 66 ) and ϵ ≤ 1
2 , it follows that

dm − ϵd1 ≥ dm − ϵdm ≥ dm/2, thus
ζ (dm − ϵd1) ≥ ζdm/2 > 1 .
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Therefore Fm is a subcontrol by  Proposition 6.6 .

To summarize, for the Euclidean norm | · |h on H ≃ h,

|R̂ (□A□B ) −mP(→) (R̂□B ) R̂□A | ≲ Fm (□) .

The same bound holds for vertical balanced partitions □B

□A
= □. We therefore satisfy approximate Chen in the sense of

 Theorem 6.11 wherein ρ is the Euclidean metric.

To verify approximate Stoke in the sense of  Theorem 6.11 , note that, since R̂ satisfies Stokes to level m − 1, we have for
every square □ with side length a

|R̂□ − P(∂□) | ≤ |P(∂□) |gdm ≲ aζdm = |□|ζdm/2 .

Since ζdm/2 > 1 by assumption ( 66 ), the map □ ↦→ |□|ζdm/2 is a subcontrol.

Therefore all the conditions of  Theorem 6.11 are satisfied and we conclude that there exists a unique 2-cocycle R ∈
C(Rect,H ) such that

|R̂□ − R□|h ≲ Fm (□) .
Since R̂ is already a 2-cocycle on level n , the uniqueness part of  Theorem 6.11 implies that πnR = R̂. Furthermore since
R̂ [m ] = 0, it follows that | (R□) [m ] |h ≲ Fm (□) as desired. The fact that the bound ( 68 ) is enough to determine R uniquely
follows from  Remark 6.14 .

Finally, uniform continuity of the extension map ( 69 ) follows from that of the sewing map ( 43 ) once we remark that the
bound ( 65 ) uniform over B1 implies ( 44 ) and likewise for ( 67 ) and ( 45 ) with B2. □

6.4. Signature of a rough surface. We now focus on the crossed module

HN B HN (Òn ) T→ GN B GN (Òn ) m→ Aut(HN (Òn )) ,
which is the exponentials of the level-N truncation of the “free crossed module of Lie algebras” as in  Example 4.21 . That
is, GN is the exponential of gN B g0n;≤N (i.e., the level-N free nilpotent Lie group over Òn ), and HN is the exponential

of hN B g−1n;≤N , where we apply  Proposition 4.13 to build a crossed module of nilpotent Lie groups from a crossed

module of nilpotent Lie algebra. The degrees of GN are integers 1 = c1 ≤ · · · ≤ cℓ = N and those of HN are integers
2 = d1 ≤ · · · ≤ dm = N . As usual, we identify GN ,HN with gN , hN via the exp-maps.

For 1 ≤ k ≤ N , and x ∈ gN , we let x (k ) ∈ gk B gNk denote the projection of x onto the k -th homogenous level gk (so

that x = x (1) + · · · + x (N ) and δλx k = λk x k ), and similarly for x ∈ hN and 2 ≤ k ≤ N .

The extension  Lemma 6.23 (with ϵ = 1
2 ), yields the following natural definition.

Definition 6.25 (Rough surface). Consider ζ ∈ (0, 1] and N ≥ 1 such that ζ (N + 1) > 2. A level-N ζ-Hölder rough
surface is a pair of maps X = (P,R) ∈ C(Paths,GN ) × C(Rect,HN ), locally uniformly continuous, such that P is a
1-cocycle and R is a 2-cocycle and there exists C > 0 such that

|P(γ) (k ) | ≤ C |γ |ζkBV
for all γ ∈ Paths with |γ | < 1 and k = 1, . . . ,N , and

|R(□) (k ) | ≤ C (ak −1b)ζ

for all □ ∈ Rect and k = 2, . . . ,N , and where we recall that a, b are the side length of □ with a ≥ b. The smallest
constant C for which these bounds hold is denoted ∥X∥ζ and is called the ζ-Hölder norm of X.

Remark 6.26. Although P in  Definition 6.25 is, a priori, an arbitrary 1-cocycle, the facts that (Th) (1) = 0 for all h ∈ HN
and that there exists a 2-cocycle R above P implies that P (1) (γ) = 0 whenever γ is a loop. It follows that there exists a
(unique up to translation) function X : [0, 1]2 → Òn such that P(γ) (1) = X (y ) − X (x ) for any path γ starting at x and
ending at y . This X is the ‘surface’ aluded to in the above definition.

We can now state the extension theorem for rough surfaces, which is a corollary of the Extension  Lemmas 6.21 and  6.23 .
For M ≥ N , as earlier let π≤N : GM (Òn ) → GN (Òn ) and π≤N : HM → H N denote the canonical projections (the fact
that both maps are denoted π≤N will not cause confusion).

Theorem 6.27 (Extension of rough surfaces). Suppose X = (P,R) is a level-N ζ-Hölder rough surface. For every
M ≥ N , there exists a unique level-M ζ-Hölder rough surfaceY such that π≤NY = X. Furthermore, the map X ↦→ Y is
uniformly continuous in the uniform metric on every set of the form {X : ∥X∥ζ ≤ C } for C > 0.
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Proof. The facts that there exists a unique level-M ζ-Hölder rough ‘1-cocycle’ P̄ such that π≤N P̄ = P and that the map
P ↦→ P̄ is locally uniformly continuous follows from  Lemma 6.21 . (In  Lemma 6.21 , continuity is stated for the ζ-Hölder
norm, from which continuity under the uniform metric on sets bounded in ζ-Hölder norm follows by interpolation, see
[ FV10 , Lem. 8.16].) In turn, the existence of the extension of R (and its continuity) to a level-M 2-cocycle is given by

 Lemma 6.23 . □

Remark 6.28. In [ Lee24 ] another notion of rough surface and extension theorem is given, and a decay estimate asM →∞
is shown that is similar to the original extension theorem of [ Lyo98 ] for rough paths.

6.5. Young case. In this section, we give several conditions under which a ‘surface’ X : [0, 1]2 → Òn admits a canonical
(and/or unique) lift to a rough surface in the sense of  Definition 6.25 . We first give a condition based on ζ-Hölder norms for
X to admit a unique lift for ζ > 2

3 (and demonstrate non-uniqueness for ζ = 2
3 ), and then give a simple condition based on

‘rectangular’ Hölder norms for X to admit a canonical (but not unique) lift.

Consider a X : [0, 1]2 → Òn . Assume that, for some ζ > 2
3 ,

∥X ∥ζ-Höl B sup
x,y

|X (y ) − X (x ) |
|x − y |ζ

< ∞ . (73)

For any path γ : [0, 1] → [0, 1]2, it holds that ∥X ◦ γ∥ζ-Höl ≤ ∥X ∥ζ-Höl |γ |ζ1-Höl and thus, if γ is parametrized at constant

speed, ∥X ◦ γ∥ζ-Höl ≤ ∥X ∥ζ-Höl |γ |ζBV . It follows therefore from  Lemma 6.21 (or equivalently, from classical Young

integration) that there exists a unique continuous 1-cocycle P : Paths→ G2 such that P(γ) (1) = X (γ (1)) − X (γ (0))
and, for k = 1, 2,

|P(γ) (k ) | ≲ |γ |k ζBV .

Since the kernel of T is trivial on level 2, there exists a unique continous 2-cocycle R : Rect→ H2 such that

TR(□) = P(∂□) .
(The fact that R is indeed a 2-cocycle over P is a consequence of the classical Chen identity.)

We now assume the extra regularity condition

|P(∂□) (2) | ≲ |□|ζ = aζbζ . (74)

Since 3ζ > 2, X B (P,R) ∈ C(Paths,G2) × C(Rect,H2) is a level-2 ζ-Hölder rough surface.  Theorem 6.27  now
implies the following result.

Proposition 6.29. Assume the two regularity assumptions ( 73 ) and ( 74 ) for some ζ ∈ ( 23 , 1] and let notation be as above.
Then X admits a unique extension to all levels N > 2 that satisfies the bound

|R(□) (k ) | ≲ aζk , (75)

and this extension furthermore satisfies the stronger bound

|R(□) (k ) | ≲ aζ (k −1)bζ . (76)

Example 6.30 (Optimality of ζ > 2
3 — pure level-3 rough surface). It may appear strange that ζ > 2

3 is the threshold for

the ‘Young regime’ to extend R uniquely. This is because ζ > 1
2 is the threshold for the Young regime to extend P uniquely.

The following example demonstrates a ‘pure level-3’ 2
3 -Hölder rough surface and thus the necessity of ζ > 2

3 to obtain

unique lifts in our setting. This is analogous to the ‘pure area’ 1
2 -Hölder lift of the constant path in rough path theory.

Consider the constant surface X ≡ 0. The canonical level-N extension of X , given by the above construction, is simply
P ≡ eGN and R ≡ eHN , and this is the unique lift which satisfies ( 75 ) for all ζ ∈ ( 23 , 1].

We now demonstrate a different extension of X to level-3 which satisfies for ζ = 2
3

|R(□) (k ) | ≲ |□|ζk /2 . (77)

(which is even stronger than ( 76 )). Let P ≡ eG3 as before (here we have no choice but to use the canonical Young lift), but
now define R : Rect→ H3 by

R(□) (2) = 0 , R(□) (3) = ω
∫
□
Y ,

where ω ∈ h3 is any non-zero element such that τω = 0 andY ∈ L∞ ( [0, 1]2,Ò). Then R is a 2-cocyle above P by
additivity of integration. Furthermore

|R(□) (3) | ≤ |Y |∞ |□|
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showing that ( 77 ) is satisfied for k = 3 (the case k = 2 is trivial). ThereforeX = (P,R) is a level-3 2
3 -Hölder rough surface

lift of X .

(Applying  Theorem 6.27 to X, there is a unique level-N ζ-Hölder rough surface lift of X for all N ≥ 3 and ζ ∈ ( 12 ,
2
3 ],

where the lower bound ζ > 1
2 comes from the condition (N + 1)ζ > 2 from  Definition 6.25 with N = 3.)

6.5.1. Rectangular increment regularity. We now show that one can still obtain a ‘canonical’ level-3 rough surface lift for
ζ > 1

2 provided that we control the rectangular increments of X . En passant, we provide a sufficient (linear) condition on X
for ( 74 ) to hold.

Assume that, now for ζ ∈ ( 12 , 1], X satisfies the Hölder bound ( 73 ) and

∥X ∥ζ-Höl;Rect B sup
□∈Rect

|δ□X |
|□|ζ

< ∞ , (78)

where, for □ = (e−, e+) with lower left corner e− = (e−1 , e
−
2 ) and top right corner e+ = (e+1 , e

+
2 ),

δ□X = X (e+) − X (e−1 , e
+
2 ) − X (e

+
1 , e
−
2 ) + X (e

−)

is the rectangular increment of X . As before, the 1-cocycle P : Paths→ G3 is well-defined since ζ > 1
2 .

We claim that ( 74 ) holds, or more precisely, that

|P(∂□) (2) | ≲ |□|ζ ∥X ∥ζ-Höl (∥X ∥ζ-Höl + ∥X ∥ζ-Höl;Rect) . (79)

Indeed, for two parallel lines γ, γ̄ forming the long sides of □, we have

∥X ◦ γ∥ζ-Höl ∨ ∥X ◦ γ̄∥ζ-Höl ≤ aζ ∥X ∥ζ-Höl ,

and likewise for the short sides. Furthermore

∥X ◦ γ − X ◦ γ̄∥ζ-Höl ≤ bζ ∥X ∥ζ-Höl;Rect .

Together with Chen’s identity, these bounds readily imply ( 79 ).

Recall from  Section 5.1 that the level-3 lift of X takes the form

R(□) (3) B Ω (3) =
∑
i

∑
j<k

∫
□
dqdr X

(i )
r ,q J

(j k )
r ,q [Zi , Zj k ] .

The identity ( 30 ) (extrapolated to general rectangles) and the bound ( 79 ) imply that |
∫
□ J
(j k )
r ,q | ≲ |□|ζ , which, by 2D Young

integration (see [ Har21 , Thm. 16] or [ FV10 , Thm. 6.18]), implies that R(□) (3) = Ω (3) is well-defined and satisfies

|R(□) (3) | ≲ a2ζbζ ∥X ∥ζ-Höl (∥X ∥ζ-Höl + ∥X ∥ζ-Höl;Rect)2 ,

where we supposed, without loss of generality, that X (e−) = 0. This is precisely the bound required for X = (P,R) to
be a level-3 ζ-Hölder rough surface. This demonstrates a canonical (but not unique) level-3 lift of X for ζ > 1

2 under the
Hölder regularity conditions ( 73 ) and ( 78 ).

APPENDIX A. SOME PROOFS OF THE MAIN TEXT

Proof of  Proposition 4.11 . Let us define t′ (a + I ) = t(a) + J and m
′
X+J (a + I ) = mX (a) + I . Note first that t′ is well

defined, since if a − a ′ ∈ I then property 2 implies that t(a) − t(a ′) ∈ J , so that

t
′ (a + I ) = t(a) + J

= t(a ′) + J
= t′ (a ′ + I ).

For a similar reason t′ is a Lie algebra morphism. Indeed, if a, a ′ ∈ h then

t
′ ( [a + I , a ′ + I ]) = t′ ( [a, a ′] + I )

= t( [a, a ′]) + J
= [t(a), t(a ′)] + J
= [t(a) + J , t(a ′) + J ]
= [t′ (a + I ), t′ (a ′ + I )] .
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Let us now verify that m
′

is well defined. Suppose that X ,X ′ ∈ g and a, a ′ ∈ h are such that X ′ −X ∈ J and a ′ − a ∈ I .
Then

m
′
X ′+J (a ′ + I ) = mX ′ (a ′) + I

= mX (a ′) +mX ′−X (a ′) + I
= mX (a) +mX (a ′ − a) +mX ′−X (a ′) + I

However, since by property 4 we have that mX ′−X (a ′) ∈ I and by property 3 that mX (a ′ − a) ∈ I , we get that

m
′
X ′+J (a ′ + I ) = mX (a) + I

= m
′
X+J (a + I ).

Moreover, for every X ∈ g, m′X+J ∈ Der(h/I ). Indeed, if a, a ′ ∈ h then

m
′
X+J ( [a + I , a ′ + I ]) = mX ( [a, a ′]) + I

= [mX (a), a ′] + [a,mX (a ′)] + I
= [mX (a) + I , a ′ + I ] + [a + I ,mX (a ′) + I ]
= [m′X+J (a + I ), a ′ + I ] + [a + I ,m

′
X+J (a ′ + I )] .

Finally, let us verify that m
′
: g/J → Der(h/I ) is a Lie morphism. Take X ,X ′ ∈ g and a ∈ h, then

m
′
[X+J ,X ′+J ] (a + I ) = m

′
[X ,X ′ ]+J (a + I )

= m [X ,X ′ ] (a) + I
= mX (mX ′ (a)) −mX ′ (mX (a)) + I
= m

′
X+J (m

′
X ′J
(a)) −m′X ′+J (mX+J (a)).

Next, we verify that t′ and m
′

satisfy  eqs. (EQUID) and  (PEIFD) . Let X ,X ′ ∈ g and a, a ′ ∈ h. Then

t
′ (m′X+J (a + I )) = t′ (mX (a) + I )

= t(mX (a)) + J
= [X , t(a)] + J
= [X + J , t(a) + J ]
= [X + J , t′ (a + I )]

so that  eq. (EQUID) holds. Similarly,

m
′
t′ (a+I ) (a ′ + I ) = m

′
t(a )+J (a ′ + I )

= m t(a ) (a ′) + I
= [a, a ′] + I
= [a + I , a ′ + I ] . □

Proof of  Lemma 4.12 . The Leibniz rule yields

δn [X ,Y ] =
n∑
k=0

(
n

k

)
[δkX , δn−kY ] .

Thus

exp(δ) [X ,Y ] =
∞∑
n=0

1

n!
δn [X ,Y ]

=
∞∑
n=0

1

n!

n∑
k=0

(
n

k

)
[δkX , δn−kY ]

=
∞∑
k=0

∞∑
n=k

1

k !

1

(n − k )! [δ
kX , δn−kY ]

= [exp(δ)X , exp(δ)Y ] .
The last statement is evident. □
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Proof of  Proposition 4.13 . We begin by noting that by the previous Lemma, indeed we have mg ∈ Aut(H ). Next, we
check that m is a morphism of groups. Since m is a morphism of Lie algebras we have

mgg ′ = exp(mBCHg (g ,g ′ ) )

= exp
(
BCHDer(h) (mg ,mg ′ )

)
= exp(mg ) ◦ exp(mg ′ ).

That T is a morphism of Lie groups is direct from its definition.

Now we verify that m and T satisfy  eqs. (EQUI) and  (PEIF) . For  eq. (EQUI) , it suffices to note that  eq. (EQUID) implies that
for any k ≥ 1,

t(mk
x (y ′)) = adkx (t(y ′)),

so that

T(mg (h′)) = t(exp(mg ) (h′))
= exp(adg ) (t(h))
= gT(h′)g −1

since exp(adx ) = Adexp(x ) (and the Lie exponential map is the identity in our case).  Equation (PEIF) follows similarly, by
simply noting that  eq. (PEIFD) implies that for any k ≥ 1,

m
k
t(y ) (y ′) = adky (y ′),

hence

mT(h ) (h′) = exp(m t(h ) ) (h′)
= exp(adh) (h′)
= hh′h−1. □

APPENDIX B. COORDINATES OF THE FIRST KIND

When expressing the logarithm of the iterated-integrals signature in terms of a basis of the free Lie algebra, the dual element
which picks out the coefficient of a basis element in the signature is called the coordinate of the first kind (see [ DLPR20 ,
Section 3] for a recent overview of this classical topic).

For the sanity checks in  Section 5.1 we need the coordinates of the first kind on level 3 and 4, for the basis used in
 Example 4.9 (for n = 3). It is given in  Table 2 .

APPENDIX C. WHY CROSSED MODULES?

In this section, we provide an intuitive description of the conceptual transition from 0-dimensional (0D) objects (points) to
1-dimensional (1D) objects (paths), to motivate the subsequent transition from 1D to 2-dimensional (2D) objects (surfaces).
We will place particular emphasis on how the structure of crossed module is motivated by the latter transition.

This section aims to inspire, avoiding intricate details or strict mathematical rigor (such as, for instance, questions of
regularity).

C.1. Paths. The basic 1-dimensional (1D) objects that we aim to study are paths X (1) : [0, 1] → Òn , the set of which,
only in this subsection, we denote O (1) . In this subsection, we use the superscript (d ) to emphasise the parameter
dimension d of the associated objects. This space comes equipped with a natural notion of splitting / concatenation.

Given paths X (1) ,X (1)
A
,X
(1)
B ∈ O (1) , we write X (1) = X (1)

A
⊔ X (1)B if there exist t0 ∈ [0, 1] and increasing bijections

ψA : [0, 1] → [0, t0] , ψB : [0, 1] → [t0, 1] (80)

such that for all t ∈ [0, 1],
X (1) (ψA (t )) = X (1)A

(t ) , X (1) (ψB (t )) = X (1)B (t ) .

NB. The equality X (1) = X (1)
A
⊔ X (1)B should not be interpreted as an equality in the strict sense since we never define

X
(1)
A
⊔ X (1)B as an element of O (1) .
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Lie basis Coefficient (“coordinates of the first kind”)
[Z1, [Z1, Z2]] 1

6 (112 − 2 121 + 211)
[Z1, [Z1, Z3]] 1

6 (113 − 2 131 + 311)
[Z2, [Z1, Z2]] 1

6 (−122 + 2 212 − 221)
[Z2, [Z1, Z3]] 1

6 (123 − 2 132 + 213 − 2 231 + 312 + 321)
[Z2, [Z2, Z3]] 1

6 (223 − 2 232 + 322)
[Z3, [Z1, Z2]] 1

6 (−2 123 + 132 + 213 + 231 + 312 − 2 321)
[Z3, [Z1, Z3]] 1

6 (−133 + 2 313 − 331)
[Z3, [Z2, Z3]] 1

6 (−233 + 2 323 − 332)
[Z1, [Z1, [Z1, Z2]]] − 1

61121 +
1
61211

[Z2, [Z1, [Z1, Z2]]] 1
62211 −

1
62121 +

1
61212 −

1
61122

[Z2, [Z2, [Z1, Z2]]] − 1
62122 +

1
62212

[Z3, [Z1, [Z1, Z2]]] − 1
61123 +

1
61213 +

1
61231 −

1
61321 −

1
63121 +

1
63211

[Z3, [Z2, [Z1, Z2]]] 1
63212 −

1
62123 −

1
63122 −

1
61322 +

1
61232 −

1
62321 +

1
62231 +

1
62213

[Z3, [Z3, [Z1, Z2]]] 1
61233 −

1
61323 −

1
63123 +

1
63213 +

1
63231 −

1
63321

[Z1, [Z1, [Z1, Z3]]] − 1
61131 +

1
61311

[Z2, [Z1, [Z1, Z3]]] − 1
61132 +

1
61312 +

1
61321 −

1
61231 −

1
62131 +

1
62311

[Z2, [Z2, [Z1, Z3]]] 1
61322 −

1
61232 −

1
62132 +

1
62312 +

1
62321 −

1
62231

[Z3, [Z1, [Z1, Z3]]] 1
63311 −

1
63131 +

1
61313 −

1
61133

[Z3, [Z2, [Z1, Z3]]] 1
61323 −

1
63231 −

1
61233 −

1
62133 +

1
62313 −

1
63132 +

1
63312 +

1
63321

[Z3, [Z3, [Z1, Z3]]] − 1
63133 +

1
63313

[Z2, [Z2, [Z2, Z3]]] − 1
62232 +

1
62322

[Z3, [Z2, [Z2, Z3]]] 1
63322 −

1
63232 +

1
62323 −

1
62233

[Z3, [Z3, [Z2, Z3]]] − 1
63233 +

1
63323

[[Z1, Z2], [Z1, Z3]] − 1
31231 +

1
62311 +

1
31321 +

1
63112 +

1
61123 −

1
63211 −

1
62113 −

1
61132

[[Z1, Z2], [Z2, Z3]] − 1
31232 +

1
32321 +

1
61322 +

1
63122 +

1
61223 −

1
63221 −

1
62213 −

1
62231

[[Z1, Z3], [Z2, Z3]] − 1
61332 +

1
63132 +

1
61323 −

1
63231 −

1
62313 +

1
62331

TABLE 2. Magnus in a basis (i.e. coordinates of the first)

Consider now a group G . We aim to study the path space O (1) via maps M (1) : O (1) → G , which are multiplicative in the
sense that

M (1) (X (1) ) = M (1) (X (1)
A
)M (1) (X (1)B )

whenever X (1) = X (1)
A
⊔ X (1)B . One of the motivations to consider such maps is computational: if we view M (1) as a

feature map on O (1) , then the multiplicativity property implies that it suffices to computeM (1) on the ‘sub-path’ over [0, t0],
for any t0 ∈ [0, 1], then compute M (1) on the ‘sub-path’ over [t0, 1], and then combine the results directly in the group G .
This can be much more efficient than computing M (1) directly over the full path on [0, 1].

The following is a simple and natural way to build multiplicative maps. Consider a linear map m (1) : Òn → g where g is a
vector space. Then the map

m (1) (X (1) ) B m (1) (X (1) (1)) −m (1) (X (1) (0)) =
∫ 1

0
m (1) ( ¤X (1) (t )) d t

is multiplicative for the abelian group structure of g.

It is important to remark that m (1) factors through a boundary operator on O (1) . More precisely, there is a natural boundary
operator ∂ (1) : O (1) → O (0) , where O (0) is the space of all maps X (0) : {0, 1} → Òn , defined by

(∂ (1)X (1) ) = X (1) ◦ γ (0) : {0, 1} → Òn ,

where γ (0) : {0, 1} → [0, 1] is the canonical injection, i.e. (∂ (1)X (1) ) (0) = X (1) (0) and (∂ (1)X (1) ) (1) = X (1) (1).
Then we define m (0) : O (0) → g by m (0) (X (0) ) = m (1) (X (0) (1)) − m (1) (X (0) (0)) and remark that, trivially, for
X (1) ∈ O (1) ,

m (1) (X (1) ) = m (0) (∂ (1)X (1) ) .

Now suppose g is the Lie algebra of a Lie group G (not necessarily abelian). Equip G with a suitable (e.g. Riemannian)
metric ρ. Then m (1) induces a unique map M (1) : O (1) → G which is multiplicative and satisfies the local increment
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property 

15
 

ρ (M (1) (X (1) ), em (1) (X (1) ) ) ≲ ∥X (1) ∥θBV (81)

for some θ > 1, where BV stands for 1D bounded variation. It is given as the time-1 solution of the ODE

dY (t ) =Y (t )m (1) (dX (1) (t )) , Y (0) = 1 ∈ G .

We call any multiplicative map M (1) constructed as above linearly generated. If G is abelian, then M (1) (X (1) ) =
em

(1) (X (1) ) = em
(0) (∂ (1)X (1) ) , so that again M (1) factors through the boundary.

There is a universal linearly generated map S (1) : O (1) → G((Òn )), called the signature, that every other linearly
generated map factors through. It is given by applying the above construction to the linear map denoted s (1) : Òn → Òn

(instead of m (1) ), which we take to be the identity and where Òn on the right-hand side is identified canonically with a
subspace of L((Òn )), the Lie algebra corresponding to the group-like elements G((Òn )). That is, S (1) (X (1) ) is the
time-1 solution of the ODE

dY (t ) =Y (t ) ⊗ s (1) (dX (1) (t )) , Y (0) = 1

taking values in the algebra of tensor series. Then, for every linear m (1) : Òn → g there is a unique group morphism
M̃ (1) : G((Òn )) → G such that

M (1) (X (1) ) = M̃ (1) ◦ S (1) (X (1) ) .
Note that G((Òn )) is not a bona fide finite-dimensional Lie group, but a suitable subgroup of it can be turned into a Polish
group with the stated universality property, see reference [ CL16 ] for details.

It is known that the signature of X (1) determines X (1) up to tree-like (i.e. thin-homotopy) equivalence [ Che58 ,  HL10 ,
 BGLY16 ].

C.2. Surfaces. We now turn to our 2D objects of interest, which are maps X (2) : [0, 1]2 → Òn , the set of which, again
only in this subsection, we denote O (2) .

We first remark that, as in the 1D case, there is a boundary operator ∂ (2) : O (2) → O (1) defined by

(∂ (2)X (2) ) = X (2) ◦ γ (1) : [0, 1] → Òn ,

where γ (1) : [0, 1] → [0, 1]2 is a fixed loop with γ (1) (0) = γ (1) (1) = 0 which runs around the boundary of [0, 1]2, by
convention, counter-clockwise.

Moreover, again as in the 1D case, O (2) comes equipped with a natural notion of splitting / concatenation, but the description
of this is now more involved.

Definition C.1. Given X (2) ,X (2)
A
,X
(2)
B ∈ O (2) , we write X (2) = X (2)

A
⊔ X (2)B if

■ there exists a point x ∈ ∂ [0, 1]2 and a path ζ : [0, 1] → [0, 1]2 such that ζ (0) = 0 and ζ (1) = x ,
■ there exist maps ψA,ψB : [0, 1]2 → [0, 1]2 with ψi (0) = 0 and such that the boundary of ∂ψA is given by first

running counter-clockwise along ∂ [0, 1]2 until we hit x , and then running backwards along ζ, while ∂ψB is given by
first running along ζ and then running from x counter-clockwise along ∂ [0, 1]2 until we return to 0.

■ one has for all z ∈ [0, 1]2

X (2) (ψA (z )) = X (2)A
(z ) , X (2) (ψB (z )) = X (2)B (z ) .

See  Figure 3 for illustrations. Remark that we do not require ψi to be injective: in the right drawing in  Figure 3 , a triangle
with non-zero area is collapsed to a line. This example especially motivates our definition of 2-cocycle in  Section 3.1 .

The path ζ should be interpreted as a ‘splitting’ or ‘cut’ of the surface and plays the role of the point t0 in ( 80 ) from the 1D

setting. Again, the notation X (2) = X (2)
A
⊔ X (2)B should not be interpreted as a strict equality.

We remark that the boundary map is multiplicative in the following sense: if X (2) ∈ O (2) with X (2) = X (2)
A
⊔ X (2)B , then

M (1) (∂ (2)X (2) ) = M (1) (∂ (2)X (2)
A
)M (1) (∂ (2)X (2)B ) (82)

for any linearly generated multiplicative map M (1) : O (1) → G , and in particular for M (1) = S (1) the (universal linearly
generated) path signature map.

As in the 1D case, we wish to study maps M (2) : O (2) → H , where H is a group, that are multiplicative in the sense that

M (2) (X (2) ) = M (2) (X (2)
A
)M (2) (X (2)B )

15Here ≲ means up to a constant factor.
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ζ

0
ψB ψA

ζ

0
ψB

ψA

FIGURE 3. Examples of surface splitting. In the right figure, the mapping ψB collapses the bottom left
triangle of the left square to the green line on the boundary of the top square; in particular, the entire
brown diagonal line in the left square is mapped to the intersection point of the green and blue lines in
the top square.

whenever X (2) = X (2)
A
⊔X (2)B . The computational motivation for such maps is the same as before: we can compute M (2)

over subdomains first, and then combine the answers in the group H .

A natural way to build multiplicative maps is the following. Consider a 2-form m (2) : Òn ∧Òn → h, for a vector space h.
Then the map

m (2) (X (2) ) B
∫
[0,1]2
(X (2) )∗m (2) =

∫
[0,1]2

m (2) (∂1X (2) ∧ ∂2X (2) ) d t1 d t2

is multiplicative for the abelian group h.

Now suppose h is the Lie algebra of a Lie group H . Equip H with a suitable (e.g. Riemannian) metric ρ. Then, as in 1D, we
aim to find a multiplicative map M (2) : O (2) → H which satisfies the local increment property

ρ (M (2) (X (2) ), em (2) (X (2) ) ) ≲ |X (2) |θ (83)

for some θ > 1 and |X | B ∥X ∥BV , where BV now stands for 2D bounded variation. In analogy with the 1D case, such
maps M (2) , whenever they exist, will be called linearly generated.

An important case where we can find such a map M (2) is the so-called Schlesinger case. We take h to be the Lie
algebra of a Lie group H and m (2) (x , y ) = [m (1) (x ),m (1) (y )]h for x , y ∈ Òn and some linear m (1) : Òn → h. Then
M (2) (X (2) ) B M (1) (∂ (2)X (2) ), with M (1) : O (1) → H on the right determined as in ( 81 ), is indeed multiplicative; it is
the unique map that satisfies ( 83 ).

To see this, observe that 2(X (2) )∗m (2) = 2m (2) (∂1X (2) , ∂2X (2) ) dt 1 ∧ dt 2 is the exterior derivative of the 1-form 

16
 

α = m (2) (X (2) , ∂1X (2) ) dt 1 +m (2) (X (2) , ∂2X (2) ) dt 2 .
So, by Stokes’ theorem,∫

[0,1]2
(X (2) )∗m (2) = 1

2

∫
[0,1]2

dα =
1

2

∫
∂ [0,1]2

α =

∫ 1

0
[m (1) (Y (t )),m (1) ( ¤Y (t ))]h dt , (84)

whereY (t ) = X (2) ◦ γ (1) (t ) and where the final equality follows from a direct computation 

17
 usingY (1) = Y (0) = 0.

The term ( 84 ) is the first non-zero approximation of M (1) (∂ (2)X (2) ) so we indeed have, denoting eH the identity element
of H ,

M (2) (X (2) ) = eH +
∫
[0,1]2
(X (2) )∗m (2) +O (∥X ∥3/2BV ) = e

m (2) (X (2) ) +O (∥X ∥3/2BV ) .

where we implicitly treat H and h as embedded in a matrix algebra to make sense of the final two expressions.

Any map built in the Schlesinger case will, by construction, factor through the boundary and thus not reveal any ‘surface’
information.

In the rest of this subsection, we show how to build a class of linearly generated multiplicative maps that do reveal surface
information. A crucial step turns out to be a generalisation of an algebraic identity in the Schlesinger case (but which appears
to have no analogue in 1D) which naturally leads to a crossed module.

16To make sense of α as a 1-form, we recall that X (2) is Òn -valued.
17We note that ( 84 ) can be identified with the so-called Lévy area of X (2) ◦ γ (1) contracted with m (1) ⊗ m (1) .
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ζ

0
ψB

ψA

ζ̃

0

x̃

ψ̃A
ψ̃B = ψA

FIGURE 4. Two ways of subdividing the same square.

To describe this identity, note that M (2) (X (2) ), in the Schlesinger case, is sensitive to the location of the basepoint
X (2) (0) ∈ Òn . That is, if

X (2) = X̃ (2) ◦ψ
where ψ : [0, 1]2 → [0, 1]2 is a diffeomorphism such that ψ (x ) = 0 for some x ∈ ∂ [0, 1]2 and which preserves the
boundary and its orientation, then in general M (2) (X (2) ) , M (2) (X̃ (2) ). However, there is a basepoint shift identity
given by

AdM (1) (X̃ (2)◦η ) M
(2) (X̃ (2) ) = M (2) (X (2) ) (85)

where η : [0, 1] → ∂ [0, 1]2 is the curve from x to 0 along ∂ [0, 1]2 moving clockwise.

We now suitably generalise this identity. Suppose we are given two groups, G and H , with a group homomorphism
▷ : G → Aut(H ), ▷ : g ↦→ ▷g , and multiplicative maps M (1) : O (1) → G and M (2) : O (2) → H that are linearly
generated.

The map M (1) encodes boundary information of X (2) via the multiplicative map X (2) ↦→ M (1) (X (2) ◦ γ (1) ), while M (2)

encodes the ‘surface’ information. (As far as surface information is concerned, there is no loss of generality in assuming
G ⊂ Aut(H ) and ▷ is the inclusion map.) The Schlesinger case would correspond to G = H and ▷g = Adg .

We now ask that M (1) and M (2) satisfy the following generalisation of ( 85 ):

▷M (1) (X̃ (2)◦η )M
(2) (X̃ (2) ) = M (2) (X (2) ) . (86)

We now explain how this condition naturally leads to the structure of a crossed module.

Note that if X (2) = X (2)
A
⊔ X (2)B with corresponding maps ζ,ψA,ψB , then we can find a (non-unique)Y (2) such that

X (2) = Y (2) ⊔ X (2)
A

with corresponding maps ζ̃, ψ̃A, ψ̃B where ψ̃B = ψA. For example, as in  Figure 4 , take ζ̃ as ∂ψA
run up until some point x̃ ∈ ∂ψB ∩ ∂ [0, 1]2 (we could simply take x̃ = 0 in which case we run around the entire boundary
∂ψA). This also determines ∂ψ̃A and ∂ψ̃B (the latter, by construction, agrees with ∂ψA). From this, is it easy to build ψ̃A
with the claimed property.

Since M (2) is linearly generated, it is simple to see that M (2) (Z (2) ) = eH whenever Z (2) has zero area (like the maps
sending the lower left triangles in  Figure 4 to curves). In particular, taking above x̃ = 0 and suitably shifting the basepoint of
Y (2) , we obtain from ( 86 ) that

▷
M (1) (X (2)

A
◦γ (1) )M

(2) (X (2)B ) = M
(2) (Y (2) ) .

On the other hand, by multiplicativity, M (2) (X (2)
A
)M (2) (X (2)B ) = M

(2) (Y (2) )M (2) (X (2)
A
). It follows that

▷M (1) (X (2)◦γ (1) )M
(2) (X (2)B ) = AdM (2) (X (2) ) M

(2) (X (2)B ) . (87)

It is now natural to assume that there exists a group morphism T : H → G that satisfies

▷T(h ) = Adh (88)

and
T ◦ ▷g = Adg ◦T . (89)

One should think of T as the abstract analogue of Ad: H → Aut(H ). (Again, there is no loss of generality in taking
G ⊂ Aut(H ) and T : h ↦→ Adh , but it is crucial that G is larger than T(H ) to capture non-boundary information as
otherwise we are in the Schlesinger case.) The tuple (G ,H ,T, ▷) is the structure of a crossed module.
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Due to ( 88 ), property ( 87 ) reads simply as

T(M (2)X (2) ) = M (1) (X (2) ◦ γ (1) ) .
This last condition is called (non-commutative) Stokes’ identity and will play an important role in the sequel. In light of ( 86 ),
condition ( 88 ) follows naturally from the demand that M (2) (X (2) ) = M (2) (X (2)

A
)M (2) (X (2)B ) for all X (2)

A
,X
(2)
B such

that X (2) = X (2)
A
⊔ X (2)B , while ( 89 ) follows from the Stokes’ identity.

It turns out that, starting with a crossed module (G ,H ,T, ▷) and linear maps m (2) : Òn ∧Òn → h and m (1) : Òn → g
that are suitably compatible with the differentials of T and ▷ (see  Theorems 3.16 and  3.18 for details), we can build a unique
multiplicative map M (2) : O (2) → H that satisfies the local increment property ( 83 ) (and, additionally, ( 86 )). The existence
and characterization of this map M (2) via the germ em

(2) (X (2) ) , as well as the study of the universal linearly generated
map, i.e. the ‘surface signature’, is one of the main contributions of this paper.

APPENDIX D. KAPRANOV’S PROOFS

The representation theory of GL(Òn ) will play a central role for both of these tasks, so we briefly recall it (see for example
[ Ful97 ,  FH13 ,  SS12 ] for more background). The finite-dimensional irreducible representations (irreps) of GL(Òn ) are
indexed by partitions λ of integers p ∈ Î, that is λ1 ≥ λ2 ≥ · · · ≥ λk > 0 with

∑k
i=1 λi = p . A basis for the irrep

corresponding to the shape λ is indexed by semistandard fillings (weakly increasing along rows and strictly increasing
along columns), from [n], of the Young diagram of λ. For example, for λ = (2, 1) and n = 3, the semistandard fillings are

1 1

2
, 1 2

2
, 1 3

2
, 1 1

3
, 1 2

3
, 1 3

3
, 2 2

3
, 2 3

3
,

so that particular irrep has dimension 8.

Note that In,p and Jn,p index semistandard Young tableaux of shapes (p − 1, 1) and (p − 1, 1, 1), respectively.

We start with well-known results, encapsulated in the following lemma.

Lemma D.1. Consider the cochain complex of polynomial forms onV = Òn ,

Ω• (V ) B
⊕
m≥0

Ωm (V ), Ωm (V ) B Λm (V ∗) ⊗ S (V ∗),

where S (V ∗) is the space of polynomials onV . We use the usual exterior/de Rham differential dΩ on Ω• (V ). As a vector
space we declare the space Λm (V ∗) ⊗ Sd (V ∗) of m-forms with polynomial coefficients of homogeneity d to have degree
d +m. With respect to the (shifted polynomial) grading, consider the graded dual

Γm (V ) = Λm (V ) ⊗ S (V ),

with analogous grading convention. Dualize dΩ to a chain map ∂ on Γ•, ∂m B (dm−1Ω )∗. For m ≥ 1 consider

Γclm B ker{∂m : Γm → Γm−1}.
Then ( Figure 5 )

i. Γclm � coker{∂m+2 : Γm+2 → Γm+1}
ii.

Γclm � (ker dm+1Ω )0,
the graded dual (monomial grading).

iii. As GL(Òn )-representations (recall the “shifted” grading on Γm ),

(Γclm )ℓ � the irrep of GL(Òn ) corresponding to the shape (ℓ −m, 1, .., 1︸︷︷︸
m

).

Before proving  Lemma D.1 , we introduce notation. On Ωm consider the basis

xα11 . . . x
αn
n dx i1 ∧ · · · ∧ dx im .

Write the dual basis (recall, we are working in the graded dual) as

y α11 . . . y
αn
n dy i1 ∧ · · · ∧ dy im .

Then

∂1
[
y α11 . . . y

αn
n dy j

]
= (αj + 1)y α11 . . . y

αj+1
j
. . . y αnn
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Γclm = ker ∂m coker ∂m+2 (ker dm+1)0

Γm−1 Γm Γm+1 Γm+2

Ωm−1 Ωm Ωm+1 Ωm+2

ker dm+1

� �

(graded) dual

∂m ∂m+1 ∂m+2

dm−1 dm dm+1

FIGURE 5. Γclm etc.

∂2
[
y α dy j ∧ dy k

]
= (αj + 1)y α+e j dy k − (αk + 1)y α+ek dy j ,

We also consider on Ωm the basis

r α11 . . . r
αn
n dr i1 ∧ · · · ∧ dr im B 1

α1! . . . αn !
xα11 . . . x

αn
n dx i1 ∧ · · · ∧ dx im ,

and write the dual basis as

sα11 . . . s
αn
n ds i1 ∧ · · · ∧ ds im .

In this basis

dΩr
β =

n∑
ℓ=1

r β−eℓ dr ℓ , dΩ [r β dr i ] =
n∑
ℓ=1

r β−eℓ dr ℓ ∧ dr i .

and

∂1
[
sα ds j

]
= sα+e j , ∂2s

α ds j ∧ dsk = sα+e j dsk − sα+ek ds j .

Proof of  Lemma D.1 .

1 Since d is exact so is ∂ (except at 0). Then

Γclm = ker ∂m = im ∂m+1 � Γm+1/ker ∂m+1 = Γm+1/im ∂m+2 = coker ∂m+2.

2 We establish

coker ∂m+2 � (ker dm+1Ω )0.

This is straightforward linear algebra. For [f ] ∈ coker ∂m+2 defineT ( [f ]) ∈ (ker dm+1Ω )0 via

T ( [f ]) (ω) B f (ω).

This is well-defined: if f = ∂m+2h ∈ im ∂m+2 then for any ω ∈ ker dm+1Ω :

f (ω) = (∂m+2h) (ω) = h (dm+1Ω ω) = h (0) = 0,

so we get a well-defined (linear) mapT : coker ∂m+2 → (ker dm+1Ω )0.
T is injective: assume

0 = T ( [f ]) (ω) = f (ω) [ω ∈ ker dm+1Ω .

Then (Fredholm alternative), there is h ∈ Γm+2 with ∂m+2h = f and then [f ] = 0.
T is surjective: let ν : ker dm+1Ω → Ò be linear. Pick S , a subspace of Ωm+1 complementary to ker dm+1Ω . Then,

there exists a unique linear map µ̂ : Ωm+1 → Ò with

µ̂ (ω) = µ (ω),ω ∈ ker dm+1Ω

µ̂ (s) = 0, s ∈ S .

Then, for ω ∈ ker dm+1Ω ,

T ( [µ̂]) (ω) = µ̂ (ω) = µ (ω),
which gives surjectivity.
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f−1 [f0, f0]

f−1sab =
f−1

d [f−1,f−1 ] [f0, f0]

f−1ab = f−1

[ [f0,f0 ],f−1 ]
[f0,f0 ]

[ [f0,f0 ],[f0,f0 ] ]

Γ2 Γcl1

sab

ρ−1

d

id

ρ0
ab

d sab

ρsab−1

ab

ρsab0

ρab−1

d ab

ρab0

∂

FIGURE 6. ρ0 is defined in  Theorem D.2 . ρ−1 is defined in  Theorem D.4 ρab−1, ρ
ab
0 are Lie algebra

isomorphisms (since domain and codomain are abelian, these are just linear isomorphisms). ρsab−1 , ρ
sab
0

are Lie algebra isomorphisms (with abelian codomain).

3 A proof of this statement, using highest weight vectors, is sketched in [ KZ+92 , Lemma 2.6], [ GKZ+94 , Proposition
2.2].

The isomorphism is given by the map

φ : Ó(ℓ−m,1,...,1) (V ) → (Γclm )ℓ
iℓ−m . . . i1

. . .

iℓ

↦→ ∂2 (s i1 . . . s iℓ−m−1 ds iℓ−m ∧ · · · ∧ ds iℓ ).

where Óλ (V ) is the Schur module corresponding to the shape λ. The map is well-defined, since

∂2 (s i1 . . . s iℓ−m−1 ds iℓ−m ∧ · · · ∧ ds iℓ ) = 0,

if any of the iℓ−m , . . . , iℓ are equal, and since for any r = 1, . . . , ℓ −m − 1

∂2 (s i1 . . . s iℓ−m−1 ds iℓ−m ∧ · · · ∧ ds iℓ )

=
∑

q=ℓ−m,...,ℓ
∂2 (s i1 . . . s ir −1s iq s ir+1 . . . s iℓ−m−1 ds iℓ−m ∧ · · · ∧ ds iq ds ir ∧ · · · ∧ ds iℓ ).

□

Theorem D.2. For I = (i1, i2, . . . , ip ) ∈ [n]p , define the following element νI ∈ (Ω2)0,

νI B sα ds ip−1 ∧ ds ip , where αℓ B #{k ≤ p − 2 | ik = ℓ}, ℓ = 1, . . . , n .

Then:

i. Endow Γcl1 with the trivial Lie algebra structure (i.e. with the zero bracket). Consider ∂2νI ∈ Γcl1 . Then: there exists a
unique Lie algebra morphism ρ0 : [g0n , g0n ] → Γcl1 such that

ρ0 ( [Zi1 , [Zi2 , . . . , [Zip−1 , Zip ] . . . ]]) = ∂2νI , I = (i1, . . . , ip ) ∈ In,p .

ii. ρ0 induces a linear morphism

ρab0 :
[g0n , g0n ][

[g0n , g0n ], [g0n , g0n ]
] → Γcl1 ,

and for any J = (j1, . . . , jp ) ∈ [n]p we have

ρ0 ( [Zj1 , [Zj2 , . . . , [Zjp−1 , Zjp ] . . . ]]) = ∂2νJ .

iii. ρab0 is in fact a linear isomorphism of GL(Òn )-representations,

ρab0 :
[g0n , g0n ][

[g0n , g0n ], [g0n , g0n ]
] ∼−→ Γcl1 . (90)
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Remark D.3. We have

νI (ω) = ∂i1∂i2 . . . ∂ip−2ωe ip−1 ,e ip (0),
which is the definition used in [ Kap15 ]. Indeed,

νI (r α dr j ∧ dr k ) = νI (
1

α !
xα dx j ∧ dx k )

=


1 if αℓ = #{k ≤ p − 2 | ik = ℓ}, j = ip−1, k = ip

−1 if αℓ = #{k ≤ p − 2 | ik = ℓ}, j = ip , k = ip−1
0 else.

Proof of  Theorem D.2 .

i. By  Theorem 4.6 , the unique existence of ρ0 follows from the universal property of free Lie algebras.
ii. Let W B [g0n , g0n ]. First, ρ0 factors through the abelianization W /[W ,W ], since, by construction, ρ0 is a Lie

morphism with abelian codomain.
Further, for all σ ∈ Sp−2,

[Zi1 , [Zi2 , . . . [Zip−2 , [Zip−1 , Zip ] . . . ]]]
= [Ziσ (1) , [Ziσ (2) , . . . [Ziσ (p−2) , [Zip−1 , Zip ] . . . ]]], mod [W ,W ] . (91)

Indeed, for any k , ℓ ∈ [n] and any I = (i1, . . . , ip ) ∈ [n]p , p ≥ 2, we have, mod [W ,W ],
0 =

[
[Zi1 , [Zi2 , . . . , [Zip−1 , Zip ]]], [Zk , Zℓ ]

]
=

[
[[Zi1 , [Zi2 , . . . , [Zip−1 , Zip ]]], Zk ], Zℓ

]
+
[
Zk , [[Zi1 , [Zi2 , . . . , [Zip−1 , Zip ]]], Zℓ ]

]
=

[
Zℓ , [Zk , [Zi1 , [Zi2 , . . . , [Zip−1 , Zip ]]]]

]
−
[
Zk , [Zℓ , [Zi1 , [Zi2 , . . . , [Zip−1 , Zip ]]]]

]
.

Since [W ,W ] is a Lie ideal, we have, mod [W ,W ],
0 = [Zi1 , [Zi2 , . . . , [Zir , [Zir+1 , . . . , [Zip−1 , Zip ] . . . ]]]]

− [Zi1 , [Zi2 , . . . , [Zir+1 , [Zir , . . . , [Zip−1 , Zip ] . . . ]]]],
for any r = 1, . . . , p − 3. Since Sp−2 is generated by transpositions, this shows ( 91 ).

Now let

[Zi1 , [Zi2 , . . . [Zip−2 , [Zip−1 , Zip ] . . . ]]] ∈W .
By what we just showed, we can assume i1 ≥ i2 ≥ · · · ≥ ip−2, since re-ordering these indices does not change
the image under ρ0 = ρab0 ◦ π

ab (where πab is the projection to the abelianization). By changing the sign (which is
compatible with ρ0), we can assume ip−1 < ip .

If ip−2 ≥ ip−1, we are in the setting of the previous point i. Otherwise, we apply the Jacobi identity to obtain

[Zi1 , [Zi2 , . . . , [Zip−2 , [Zip−1 , Zip ] . . . ]]]
= [Zi1 , [Zi2 , . . . , [[Zip−2 , Zip−1 ], Zip ] . . . ]] + [Zi1 , [Zi2 , . . . , [Zip−1 , [Zip−2 , Zip ]] . . . ]]
= −[Zi1 , [Zi2 , . . . , [Zip , [Zip−2 , Zip−1 ] . . . ]]] + [Zi1 , [Zi2 , . . . , [Zip−1 , [Zip−2 , Zip ] . . . ]]],

which under ρ0 is mapped to

∂2 (−sI ′s ip ds ip−2 ∧ ds ip−1 + sI ′s ip−1 ds ip−2 ∧ ds ip )
= −sI ′s ip s ip−2 ds ip−1 + sI ′s ip−1s ip−2 ds ip

= ∂2νI ,

where I = (i1, . . . , ip−2, ip−1, ip ) and I ′ = (i1, . . . , ip−2). This proves the claim.
iii. First, ρab0 is a morphism of GL(Òn )-representations. Indeed, let A ∈ GL(Òn ). Then, for all J ∈ [n]p , (using

Einstein summation)

ρab0 (A · [Zj1 , [Zj2 , . . . , [Zjp−1 , Zjp ] . . . ]])
= ρab0 ( [Ar1j1Zr1 , [Ar2j2Zr2 , . . . , [Arp−1jp−1Zrp−1 ,Arp jpZrp ] . . . ]])
= Ar1j1Ar2j2 . . .Arp−1jp−1Arp jpρ

ab
0 ( [Zr1 , [Zr2 , . . . , [Zrp−1 , Zrp ] . . . ]])

= Ar1j1Ar2j2 . . .Arp−1jp−1Arp jp ∂2 (xr1 . . . xrp−2 dx rp−1 ∧ dx rp )
= A · ∂2 (xj1 . . . xjp−2 dx jp−1 ∧ dx jp ).

LetW B [g0n , g0n ]. We consider the graded piece of degree ℓ of bothW /[W ,W ] and Γcl1 .
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By  Lemma D.1  Item iii. , (Γcl1 )ℓ is the irrep of GL(Òn ) corresponding to the shape (ℓ − 1, 1).
By  Theorem 4.6 , (W /[W ,W ])ℓ is the irrep of GL(Òn ) corresponding to the shape (ℓ − 1, 1).
By Schur’s lemma ([ FH13 , Lemma 1.7]) it remains to show that ρab0 is not the zero map. And indeed, for

I = (i1, . . . , iℓ ) ∈ In,ℓ ,

ρab0 ( [Zi1 , [Zi2 , . . . , [Ziℓ−1 , Ziℓ ] . . . ]]) = ∂2νI , 0.

□

Next we consider Γcl2 (Ò
n ), which is indexed by Jn,p , p ≥ 2.

Theorem D.4. Recall νI ∈ (Ω2 (V ))0 � Γ2 (V ) defined in  Theorem D.2 . There is a unique linear map

ρ−1 : f
−1 → Γ2 (Òn ),

satisfying, for p ∈ Î≥2, i j ∈ [n], j = 1, ..., p

ρ−1
(
[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]]

)
= νI .

It is a morphism of GL(Òn )-representations. Moreover,

i. ρ−1 factors through a map ρsab−1 : f
−1
sab → Γ2 (Òn ) of GL(Òn )-representations. Moreover, for any x ∈ f−1, y ∈

[f0, f0],
ρsab−1 ( [x , y ]) = 0.

ii. ρsab−1 induces a linear isomorphism of GL(Òn )-representations

ρab−1 :
f−1[

[f0, f0], f−1
] ∼−→ Γ2 (Òn ).

iii.

ρsab−1 : ker d sab → Γcl2 = ker{∂2 : Γ2 → Γ1},
is a linear isomorphism of GL(Òn )-representations.

Proof. Define ρ−1 on f−1 (Òn ) as

ρ−1
(
[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]]

)
= νI ,

for p ∈ Î≥2, i j ∈ [n], j = 1, ..., p, ip−1 < ip . This is well-defined by  Lemma 4.3 . Changing the order of ip−1 and ip
changes the sign on both sides, so the identity is true for all I ∈ [n]p . As in the proof of  Theorem D.2 , this implies that ρ−1
is a morphism of GL(Òn )-representations.

To verify that ρ−1 factors through the quotient of the semi-abelianization, we need to verify d [f−1 (Òn ), f−1 (Òn )] ⊂ ker ρ−1.
We show the stronger statement: [

f
−1 (Òn ), [f0 (Òn ), f0 (Òn )]

]
⊂ ker ρ−1. (92)

To show this, it is enough that, for any i1, ..., ip ∈ [n], ip−1 < ip , p ≥ 2, and any j1, ..., jq ∈ [n], q ≥ 2,

ρ−1
( [
[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], [Zj1 , [Zj2 , . . . , [Zjq−2 , [Zjq−1 , Zjq ]] . . . ]]

] )
= 0.

First, it is true for q = 2:

ρ−1
( [
[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], [Zj1 , Zj2 ]

] )
= ρ−1

(
[[[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], Zj1 ], Zj2 ]

+ [Zj1 , [[Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], Zj2 ]]
)

= ρ−1
(
[Zj2 , [Zj1 , [Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]]]]

− [Zj1 , [Zj2 , [Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]]]]
)

= 0.

Now let it be true for arbitrary q − 1 ≥ 2. Let I = (i1, . . . , ip ), J = (J ′, jq ) = (j1, . . . , jq ), be given. Define

Z −1I B [Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], Z 0
J ′ B [Zj1 , [Zj2 , . . . , [Zjq−1 , Zjq ] . . . ]] .
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Then

ρ−1 ( [Z −1I , [Zj1 , Z
0
J ′ ]]) = ρ−1 ( [[Z

−1
I , Zj1 ], Z

0
J ′ ]) + ρ−1 ( [Zj1 , [Z

−1
I , Z

0
J ′ ]])

Now

ρ−1 ( [[Z −1I , Zj1 ], Z
0
J ′ ]) = ρ−1 ( [Z

0
J ′ , [Zj1 , Z

−1
I ]]) = 0,

by induction hypothesis, since |J ′ | = q − 1. Lastly, by  Lemma 4.3 , we have

[Z −1I , Z
0
J ′ ] =

∑
K

αK Z
−1
K ,

for some αK ∈ Ò and the sum is over all K = (k1, . . . , kp+q−1) with kp+q−2 < kp+q−1. Then

ρ−1 ( [Zj1 , [Z −1I , Z
0
J ′ ]]) =

∑
K

αK ρ−1 ( [Zj1 , ZK ]) = s j1ρ−1 (
∑
K

αK ZK ) = 0.

i. The map ρ−1 factors through the semi-abelianization, by ( 92 ). Since ker ρ−1 is a GL(Òn )-submodule of f−1, we
get a map of GL(Òn )-representations.

ii. By  Lemma 4.3 , the elements

zI B [Zi1 , [Zi2 , . . . , [Zip−2 , Zip−1ip ] . . . ]], p ∈ Î≥2, i j ∈ [n], j = 1, ..., p, ip−1 < ip ,

form a basis of f−1. Its image under abelianization [zI ]ab hence span f−1ab . Restricting to I ∈ In,p , they are mapped
under ρab−1 to the basis νI of Γ2 (Òn ). Hence [zI ]ab, I ∈ In,p , form a basis of f−1ab and ρab−1 is an isomorphism.

iii. Consider the diagram in  Figure 6 . The outermost square commutes i.e. ρ0 ◦ d = ∂ ◦ ρ−1. Indeed, this follows from
 Theorem D.2 , Item ii. : for an J ∈ [n]p

ρ0d [Zj1 , [Zj2 , . . . , [Zjp−2 , Zjp−1jp ] . . . ]] = ρ0 [Zj1 , [Zj2 , . . . , [Zjp−2 , [Zjp−1 , Zjp ]] . . . ]]
= ∂2νJ

= ∂2ρ−1 [Zj1 , [Zj2 , . . . , [Zjp−2 , Zjp−1jp ] . . . ]] .

Now ρ−1 factors through the abelianization,  Equation (92) . Again, since ker ρsab−1 is a GL(Òn )-submodule of
f−1, we get a map of GL(Òn )-representations. Further ρ0 factors through the abelianization, by construction.
Further, d [f−1, f−1] ⊂ ker d , so that d sab is well-defined. Lastly, d [[f0, f0], f−1] ⊂ [[f0, f0], [f0, f0]], so that d ab

is well-defined. Since everything is well-defined and the outer square commutes, all squares commute.
ρ0 is surjective and then so are ρsab0 , ρ

ab
0 . By  Theorem 4.4 , as GL(Òn )-representations,

f
−1
sab � ker d sab ⊕ [f0, f0] .

Now the action of [f0, f0] on f−1sab acts on the direct summands as follows

[[f0, f0], ker d sab] = 0 ⊂ ker d sab, [[f0, f0], [f0, f0]] ⊂ [f0, f0] .

Indeed, only the first statement is non-trivial, so let x ∈ ker d sab, y ∈ [f0, f0]. Then, by  Proposition 4.2 there is
b ∈ f−1 such that db = y . Then

0 = d [b, x ] = [db, x ] + [b, dx ] = [y , x ] in f−1sab.

Then, as GL(Òn )-representations (and hence, as abelian Lie algebras),

f
−1
ab = f−1sab/

[
[f0, f0], f−1sab

]
� ker d sab ⊕ [f0, f0][

[f0, f0], [f0, f0]
] � ker d ab ⊕ [f0, f0][

[f0, f0], [f0, f0]
] .

Since the lower square in  Figure 6 commutes and ρab−1 is an isomorphism we thus have

ρab−1 : ker d ab → ker ∂,

is an isomorphism of GL(Òn )-representations (and hence, as abelian Lie algebras).

□

APPENDIX E. SYMBOLIC INDEX

We collect in this appendix commonly used symbols of the article and a page of reference where they occur. Groups are
denoted using capital letters, e.g., G , H , etc. Lie algebras are denoted using lowercase fraktur letters, e.g., g, h, and so on.
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Symbol Meaning Page

α ∧ α ′ Lie algebra valued 2-form  7 

g Lie series over Lie algebra g  23 

G((Òn )) group-like elements in T((Òn ))  3 

J (i j ) Jacobian minor  22 

L(Òn )/L((Òn )) free Lie algebra/series  3 

m (Lie) group action  8 

m Lie algebra action  8 

n ∈ Î ambient dimension, i.e. we will consider functions X : [0, 1]2 → Òn  3 

ω 1D Magnus expansion (log-signature)  11 

Ω 2D Magnus expansion (2-log-signature)  11 

Ωk (Òn , g), k ≥ 1 smooth 

18
 k -forms on Òn with values in Lie algebra g

P path development, i.e., 1D signature (1-cocycle)  6 

P̂ 1D germ (see  Section 6.1 )  27 

R surface development, i.e., 2D signature (2-cocycle)  9 

R̂ 2D germ (see  Theorem 6.11 )  29 

T(Òn )/T((Òn )) tensor algebra/series over Òn  3 

T feedback (or boundary) map in a crossed module of (Lie) groups  8 

t feedback (or boundary) map in a crossed module of Lie algebras  8 

▷ Lie algebra action in free differential crossed module  15 
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