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A multiplicative surface signature through its Magnus expansion

llya Chevyrev, Joscha Diehl, Kurusch Ebrahimi-Fard, Nikolas Tapia

ABSTRACT. In the last decade, the concept of path signature has achieved significant success in data science applications. It
offers a powerful set of features that effectively capture and describe the characteristics of paths or sequential data. This is partly
explained by the fact that the signature of a path can be computed in linear time, using a dynamic programming principle based on
Chen’s identity. The path signature can be viewed as a specific example of a product or time-/path-ordered integral. In other words,
it represents a one-parameter object built on iterated integrals over a path.

Defining a signature over surfaces requires considering iterated integrals over these surfaces, effectively introducing an addi-
tional parameter, resulting in a two-parameter signature. This extended signature is intrinsically connected to a non-commutative
generalization of Stokes’ theorem, which is fundamentally connected to the concept of crossed modules of groups. The latter
provides a well-established framework in higher gauge theory, where crossed modules with feedback maps exhibiting non-trivial
kernels, combined with multiparameter iterated integrals, play a pivotal role.

Building on Kapranov’s work, we explore the surface analog of the log-signature for paths by introducing a Magnus-type
formula for the logarithm of the surface signature. This expression takes values in a free crossed module of Lie algebras, defined
over a free Lie algebra. We furthermore prove a non-commutative sewing lemma applicable to the crossed module setting and
give a definition of rough surface in the so-called Young—Hélder regularity regime along with a corresponding continuous extension
theorem. This approach enables the analysis and computation of surface features that go beyond what can be expressed by
computing line integrals along the boundary of a surface.

1. INTRODUCTION

The notion of path signature originated in K.-T. Chen’s work on iterated integrals and homotopy theory (see, for example,
[Cheb7, Che77]), and rose to prominence in the context of stochastic analysis through the work of T. Lyons on rough paths
[Lyo98]. The path signature consists of a sequence of values computed through iterated integrals along a path. It provides a
powerful tool for extracting meaningful information about the path.

Recently, several authors have promoted the practical utility of the concept of path signature in data science, where it offers
features that encapsulate information encoded in sequential data, i.e., chronologically ordered sequences of data points
such as, for instance, time-series in finance [CS24, CK16, LM24]. Its computational effectiveness derives, in part, from the
ability to calculate the path signature in linear time, which is made possible by a dynamic programming approach rooted in
Chen’s identity (see (6) below as well as [DEFT22]).

The main aim of the work at hand is to extend the concept of signature from paths to surfaces which amounts to
considering some form of iterated integrals along surfaces. Several attempts at this challenging task have been made
recently [DEFHT24, LO23]. Our approach is based on the categorical framework of higher gauge theory where iterated
integrals along surfaces play an important role [BH11, BS07]. More precisely, we utilize the concept of crossed modules of
groups and Lie algebras, as detailed in Wagemann’s textbook [Wag21].

Our work draws from the seminal contribution of Kapranov [Kap15], where a comprehensive description of the algebraic
structure involved, i.e., free crossed modules of Lie algebras, is given. The latter replaces the free Lie algebra underlying
the path signature case, thereby providing the Lie algebraic framework for describing the logarithm of the surface signature.
We will motivate this structure in Section C and provide precise description of this analog of the free Lie algebra in Section 4.
This can be seen as a multiparameter generalization of the Magnus expansion. We compute its first few orders explicitly
to better understand its components and their relevance for describing features of the underlying surface. Regarding the
classical Magnus expansion and its relation to the path signature, we refer to Section 2 for a brief recap.

Our first definition of surface development (or its Magnus series respectively log-signature) is based on classical path
development and is close, to a large extent, to the methods of [SZ15, LO23]. While this construction relies only on classical
tools from controlled differential equations, it has the drawback that it seemingly breaks the natural coordinate invariance
of the problem (essentially by treating the x-axis and y-axis differently), and only a posteriori one shows some form of
coordinate invariance.

One of our main contributions is to provide another construction of the surface development that does not break coordinate
invariance. This construction starts from a “germ” and applies a 2D non-commutative sewing lemma inspired by rough
path theory that we state and prove in Section 6. We emphasize that this construction is independent of the first one (via
controlled differential equations), but the two agree in the case when both are well-defined. However, our construction via
sewing applies in weaker regularity regimes. This fact naturally leads us to the definition of a “rough surface” (Definition 6.25)
and to a corresponding continuous extension theorem (Theorem 6.27).

In Section 6.5 we show how a surface X : [0, 1]2 — R" leads to a rough surface in the so-called Young—Hélder regularity
regime. This regime agrees with the Young regime of [LO23] when measuring regularity in terms of rectangular increments.
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Contributions

1 In Section 4.1, we provide a detailed elaboration of Kapranov’s algebraic structure, including several examples.
Although probably known to experts, we also provide a proof of the freeness of his crossed module of Lie algebras in
Section 4.3.

2 In Section 5, we define the surface signature by its Magnus expansion. For calculations in the Lie algebra, we
spell out Chen’s identity on that level, Theorem 5.1. In Section 5.1, we give explicit expressions of the first few
levels of the surface Magnus expansion, in addition to multiple consistency checks. In particular, we emphasize that
our perspective generalizes Magnus’ expansion to the setting of two-parameter objects. We provide a universality
statement: every surface development factors through the surface log-signature, Theorem 5.3 (this can be considered
a special form of the log-ODE method [MKS*20], for linear ODEs).

3 In Section 6, we provide a 2D non-commutative sewing lemma which we use to define surface developments. We
furthermore give a definition of a “rough surface” along with a corresponding continuous extension theorem (i.e. the
existence of a (log-)signature).

4 In Section C, we provide a novel heuristic motivation for the use of a crossed module structure within the context of
surface signatures.

Related works

Recently, there have been several proposed generalizations of the path signature to surfaces: Reference [DS22] extrapolates
the time-warping invariance of the iterated-sums signature [DEFT20] to two parameters; reference [GLNO22] extrapolates
the mapping space viewpoint of Chen to multiple parameters; reference [ZLT22] uses a specific set of integrals for texture
classification; reference [DEFHT24] extrapolates the “integration over ordered tuples”-viewpoint of Chen to surfaces. All
these approaches have the shortcoming of not satisfying a meaningful Chen’s identity and hence pose computational
challenges.

Surfaces can be considered as “paths in the space of paths”, so they are naturally related to higher category theory. The
two, in many aspects equivalent, main approaches are formulated in terms of 2-category, or globular, and double category,
or cubical, concepts.

The 2-category approach to surface development, and its relation to higher gauge theory, was constructed in [BS07, BH11,
SW11], see also [GP04, SZ15, Par19]. The algebraic structure underlying our work is laid out in Kapranov’s 2015 preprint
[Kap15]. We note also the work [BMO5], where the term fake curvature seems to originate from, and the use of a formal
homology connection in [Koh20].

Regarding the algebraic and categorical foundation of the double categorical approach to surface development, much
work was done by Brown and Higgins. We mention [BH81] for an early reference and [BHS11] for a more recent textbook
treatment. See also [FM16]. For the surface development itself, see [MP08, SZ15], and more recently [LO23] (which also
covers certain non-smooth surfaces).

There have been more “hands-on” approaches regarding the Lie algebraic formulation of a non-commutative Stokes
theorem, [CF91], [RB98], [ZM19], but they only consider the so-called “Schlesinger case” in which the surface integrals —at
the Lie algebra level—- are in fact determined by boundary integrals. The exception is the work of Yekutieli [Yek16], which
defines “multiplicative surface integrals” in a general (crossed module) setting.

During the preparation of this paper, we learned of an independent work [Lee24] that achieves several similar results as this
article, but from a different and complementary viewpoint. Algebraically, [Lee24] constructs and works primarily in the free
crossed module of associative algebras and embeds Kapranov’s construction of the free crossed module of Lie algebras
into this structure. In contrast, we work directly in the framework of Lie algebras and define surface developments via their
Magnus expansion. Therefore, [Lee24] constructs a more direct analogue of the signature, while our method construct
directly the surface analogue of the log-signature.

Analytically, both works provide an extension theorem via sewing-type methods for (potentially rough) surfaces. The main
difference between our results is that [Lee24] considers decay estimates for the signature terms, which is similar to the
original extension theorem of [Lyo98]. This decay estimate implies that the signature is ‘universal’ in the sense that the
surface development1 for affine connections factors through the signature. In contrast, we do not aim to control the size of
terms as we send the truncation level N — oo, and this is anyway not possible in the Lie algebra setting (log-signature
terms do not decay factorially in general), but consequently our analysis appears simpler. We also provide a ‘universality’
statement for the surface log-signature, but which requires either a small domain or nilpotency assumption.

TSometimes called surface holonomy.
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A multiplicative surface signature through its Magnus expansion 3

2. PRELIMINARIES: LOG-SIGNATURE AND MAGNUS EXPANSION

In this paper, we study the Magnus expansion of the “signature of a surface”. A surface for us will be a (smooth enough)
function X : [0, 1] — R” or X : R? — R". To put our main contribution in perspective, we first recall that the algebraic
framework underlying the concept of path signature is based on the free Lie algebra L(R") generated over R” and its
corresponding universal enveloping algebra, which is understood to be the tensor algebra

T(R") = (P®R)H,
k=0
with its usual associative and non-commutative algebraic tensor product ® defined over R and with the empty word 1 as its
unit ((R”)@’0 := R1) —itis, in fact, a graded connected cocommutative Hopf algebra [Reud3]. Its elements are denoted as
words w = i1 - - i, € T(R™), of length m =: |w| (the empty word has length |1| = 0).

Elements in the space of tensor series
T(RM) = [ [®M=*
k=0

can be seen as linear maps from T'(R"”) to R written as formal series

F=> > alriy ..z (1)

k>0 1<j1,....jk<n
in monomials of the canonical basis {Z; }}’:1 of R". The natural pairing between T((R")) and T(R") is used such that for
F e T((R™)) and aword /; - - - iy € T(R") one finds
Fiy-evim)=(F, iy ip)=aYIm e R,

Note that the tensor product in T(R") can be extended to T((R")) making it a unital, associative and non-commutative
algebra, with unit 1.

Consider an R"-valued Lipschitz path defined over the interval [0, T']

n
n=3 07
i=1
and the linear initial value problem in T((R"))

dss,t = Ss,t ® dr]t, Ss,s =1, (2
driven by the pullback

n n
df]t = r]:a = Z Z/dl‘]il) = Z ﬁ;l)z,'dt, (3)
i=1 i=1

of the Lie algebra valued constant one-form on R”
n
a=» 7zpdx" € Q"(R",L(R")).
i=1
The solution S = S(n) of (2) is called path signature and defines a 1-parameter family of functionals defined with respect
to paths in R”

Ss.(m): [0, T] = T((R")). 4)

Seen as a function sending words w € T(R") to (Ss.¢(17), w) € R, the path signature has a representation as a sequence
of numbers (1) in T((R")) by setting
Seelm =1+ D0 (Seelmiv-++i) Ziy -+ 7, (5)
k>01<i,...,ixk<n

where the coefficients in (5) are given in terms of Chen iterated integrals. See [LCLO7] for a review. The path signature
satisfies Chen’s identity, that is, it has the 1-cocycle property2 with respect to concatenation of paths

S(mn2) = S(n1)S(n2). (6)

As the unique solution to a linear initial value problem, it can be shown that the path signature (5) is a 1-parameter family
of elements in the particular subset G((R")) c T((R")) of so-called group-like elements. In fact, G((R")) forms a

2We follow terminology used by Soncini and Zucchini [SZ15] in their formulation of higher parallel transport, which suggests to identify the path
signature as a particular example of the concept of time- or path-ordered exponential characterised by the 1-cocycle property — in the same spirit the
surface signature, as we will see later, can be seen as a 2-cocycle.
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non-commutative (infinite dimensional) group with respect to the tensor product in T((R")). lts elements can be expressed
as tensor-exponentials

G((R") = exp®(L((R"))).
The linear space L((R")) consists of elements in T((R")) which can be written as an infinite sum ;1 p« of Lie
polynomials px € L(R") (of increasing minimal degree).
With the group structure in G((R")) available, we may return to (2) and define the (left) logarithmic derivation
L(Ss.) = S;{ ®dS; = dn. (7)
Following [BCOR08, Mag54], the group-valued solution to (7) can be expressed in terms of the Lie series ws , resulting as
the solution to the Magnus ODE

ady,, By
e (A1) = Fadi)s,)u dny. @8)

dws, =
1-e k>0

Note that, to avoid confusion, though diverging from standard notation, we use w = w(#) for denoting the Magnus expansion
in the usual, i.e., path setting, while reserving Q for its application in the surface setting.

The second equality in (8) derives from the well-known generating series

where {B,}m>0 are the Bernoulli numbers: By = 1, By =
defines a particular Lie series known as the Magnus expansio

t 1 t uy 1 t u uz
ws,t = / d’]u + E / / [d’hm d’hu] + Z / / [[dth’ d’]uz]a drth]
s s s s s s
1 t u u
+ _/ / / [drluga [drIUZ’dr]lM]] +ee
12 s s s

Using (3), we obtain the following expansion*

PG TR B Y A ST L A T U ST
1 I 1 I I 1
wse = / a7+ 1 / / dn® dn( (2, 241 + 1 / / / dn® dn? ' [[2, 25] 741
S 2 S S 4 S S S

+L ¢ u u1d (i3)d (,'z)d (h)[Z‘ [Z Z]] + ..
1 2 nu:,v ,7112 r]l“ 39 2> &
s Js s

In summary, seen as an element in G((R")) c T((R")), the path signature can be expressed as a tensor exponential of
the Magnus expansion, more commonly known as the log-signature

B, = é, ...,and By = 0, for £ > 0. Integrating (8)

Ssem) =1+ > >0 (Sea(mjr--ji) 2jy -+ 2, ©)
k>01§j1,...,jk§n
= exp® (ws,¢(1)). (10)

According to [CS24], the coefficients of the path signature (9) can be viewed as a “library" of features that describe the path
n at the group level. Uniqueness results from [BGLY16] indicate that these features, in fact, characterize the path (up to thin
homotopy, or tree-like, equivalence, and translation). From (10), on the other hand, we see that this information is equally
captured by the description of its logarithm represented as an element of L((R")) in terms of the Magnus expansion.
Indeed, at the Lie algebra level path features are identified with the coefficients in front of the iterated Lie brackets in the Lie
series w; ¢ (7). We note, however, that there is redundancy in the feature set (9) coming from, for instance, integration by
parts, e.g., (Ss.t (1), i1) (Ss.t (), i2) = (Ss,t(n), i1i2) + (Ss.t(n), i2i1). At the Lie algebra level (10) this redundancy is
eliminated in Magnus’ Lie series ws ¢(17). This comes with the drawback that Chen’s indentity now has to be formulated in
terms of the Baker—Campbell-Hausdorff series which poses a significant computation challenge. In summary, choosing
to work with either representation involves considering a trade-off between high dimensionality (path signature) versus
computational complexity (Magnus series).

Outlook From this perspective, the paper at hand aims to extend the concept of log-signature seen as a “library” of
(redundancy-free) path features to a library of surface features. To achieve this, we need to “enlarge our library” by

Sat this point we do not worry about existence and convergence of the Magnus expansion; but note that no issues arise in the free case considered
here.
“To simplify notation, we employ Einstein’s summation convention implying summation over repeated (upper and lower) indices.
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A multiplicative surface signature through its Magnus expansion 5

considering iterated Lie brackets in the letters {Z;}"_, U {Z;; }, ~_1» Where the Z;;s should be interpreted as unit surface
elements. For comparison we list the surface analogue of the Magnus series up to order three:

(M) _

Q51,52;%12 =0
o® (1))
51 s2;t1,t2 Z/ dr/ dp Jf,P Zij
i<y
o® () () jUk)
s1 s2;t1,t2 Z Z/ dl’/ dp (Xf, XS1 Sz)'/ [Zi, ij]’
i j<k

where X : R?2 — R” is a smooth enough surface and the Jacobi minors
ik i k k i
I = o X o x®) — o x K o x ).

The multi-parameter index (s1, s2; t1, t2) describes the lower left and upper right corners of a rectangle inside R2. For
details, we refer to the later sections in the paper.

3. COCYCLES

We first introduce notation and terminology regarding paths and rectangles, which will be “indexing objects” for cocycles.
In Section 3.1 we start by recalling the (one-parameter) notion of cocycles in Lie groups. These correspond to path
developments. Then we introduce the notion of 2-cocycles and give two constructions as “surface developments” of them:
an ODE construction from the literature and a novel “sewing” construction. In Section 3.2 we expand the ODE solutions
to both 1-cocycles and 2-cocycles in Magnus expansions in the Lie algebra. This approach enables us to directly apply
Kapranov’s construction of the free crossed module of Lie algebras (Section 4) to build the logarithm of a surface signature,
effectively circumventing the need to construct the group itself.

Remark 3.1. The term “cocycle” originates from the geometric perspective of holonomy in principal bundles, a viewpoint we
adopt here to align with the literature [SZ15]. However, this perspective will not be used in this paper. Readers may instead
interpret “cocycle” as synonymous with “multiplicative map” within the context of either 1D or 2D frameworks.

Recall ([Bar91, CP34]) that two R"-valued paths y,n: [0, 1] — R” are thinly homotopic if they are related under the
equivalence relation generated by the following relation:

y is related to 7 if there exists a piecewise smooth map H: [0, 1]2 — R” such that
H(t70):yt’ H(t’1):rlt’ H(Oas):H(17S):y0:r]0’

and H([0, 1]?) is contained in the image of the union of the images of y and 7. For piecewise smooth paths, thin homotopic
equivalence is equivalent to tree-like equivalence [HL10, BGLY16].

Concatenation of (equivalence classes of) paths written as yn = y U n, is well-defined as soon as the endpoint of y
coincides with the starting point of 1. As a result, the set Paths,, of thin-homotopy classes of piecewise smooth paths in R"”
forms a groupoid.

For later use, we define the following elements of Paths;:

»-91: the linear path from (v1, v2) to (v1, q) (usually v, < g),
»4 | the linear path from (v1, q) to (v, v) (usually v, < q),
ww—r.1,: the linear path from (v1, v2) to (r, v) (usually v;

«—, . the linear path from (r, v3) to (vy, v2) (usually v;
wal =T

L0 i= ", |_|"’T

viLv2 ( rv

<
<

For a, b € R we denote the unique (up to thin homotopy) element of Paths; starting at a and ending at b by ,—,.
We will also need the concept of “rectangles” in R2. Define the set
Rect := {(e7,e*) e RZxR? | e; <el,e, <e}},

where (e~, e*) is considered the bottom-left and top-right corner of a rectangle. General elements of Rect will sometimes
be denoted by the symbol [J. If we want to specify the corners of a rectangle, we will also write ,-[1°". The area of a
rectangle (] is denoted by |[]].
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Let (14, s € Rect be two rectangles. If the right edge of [14 coincides with the left edge of [z, then we can concatenate
them horizontally, to obtain a new rectangle [1 = (14, whose bottom-left corner is that of [14 and whose top-right corner

is that of [Jg. Analogously, if the top edge of [14 coincides with the bottom edge of (g, then we can concatenate them

vertically, to obtain a new rectangle (] = Ei , whose bottom-left corner is that of (14 and whose top-right corner is that of

Og.
As boundaries of rectangles are crucial for our computations with crossed modules, we define the boundary map
d: Rect — Paths,, (11)

which sends a rectangle to (the thin-homotopy class of) its boundary path, starting at the bottom-left corner and going
counter-clockwise. For example, if (1 = (e, e*), then

e, e e;.e;
a(D) = e(.ez’ﬁef,ez’ us:*,szTI—le(.e;F s o L o zl'

ef. ey er. e,

3.1. Cocycles in (Lie) groups.

Definition 3.2. Let G be a group. A 1-cocycle is a functor $ : Paths, — G. Spelled out, this means that # is a function
from equivalence classes of paths to G and for any composable (equivalence classes of) paths y1, y2 € Paths,,

P(riv2) = P(yr1)P(r2). (12)

Let G be a Lie group. It is well known that (smooth enough) 1-cocycles are in one-to-one correspondence with (smooth
enough) 1-forms. For general results see [SW09], but we mention the following statement.

Theorem 3.3 ([SZ15, Proposition 2.4], Path development). Leta € Q! (R", g) be a g-valued 1-form where g is the Lie
algebra of a Lie group G. Lety: [0, 1] — R" be a continuous, piecewise smooth path. Then the ODE

Li(Y) = (r"a), Yo =1g,
has a unique solution Y . Here L, is the (left) logarithmic derivative, defined by
Li(Y) = (L(Y;W))*dYt,

where L is left-multiplication by g € G. Y1 is constant on thin-homotopy classes of paths. One then defines the path
development

P2(y) =1,
which is a 1-cocycle.
We also have the following alternative construction of 1-cocycles, which will follow from the sewing constructions in Section 6
(in particular Lemma 6.1).

Theorem 3.4. Admit the assumptions of Theorem 3.3, parametrize y € Paths, by [0, 1], and define
t
P([s, t]) = exp(/ Yy a).
S

Then there exists a “sewed” map P, which is sufficiently close to P, and we have P? (y) =P([0,1]).

Example 3.5. A natural example of 1-cocycle is the path signature S, (4), which satisfies Chen’s property (6). Indeed, even
though it does not exactly fit the previous two theorems (since G((R?)) is not an honest Lie group), it is a 1-cocycle that
satisfies an analogous ODE.

The notion of 2-cocycles is supposed to generalize path development and (12) to surface development. To support this
viewpoint, we sketch a concrete computation of the path signature over a closed loop 7 in R” and how it relates - via
a Stokes’-type formula - to the integral over a rectangle. The loop is identified with the “boundary” of a surface patch
X:[0,1? > R"S
Recall the notation of axis-parallel paths from Section 3 and let
R IS , ,
Yy =y’ = o.o_’1.0|—|1,<1)T|—|0,1‘_1.1 |—|(1)': s

which can be thought of as the boundary of the unit square. Define n := X.y, the image of y under X. As before, we
consider the Lie algebra-valued, constant 1-form
n
a= Z Zi dxi,
i=1

5By a choice of interpolation, any closed loop can be written as the boundary of a surface. Also, note that we use the terms surface and membrane
interchangeably.

DOI 10.20347/WIAS.PREPRINT.3171 Berlin 2025



A multiplicative surface signature through its Magnus expansion 7

and its pullback, a = X*a = X7, Z; 0 X' dt + 2 Zi & X' ds. Even though G((R")) is not a Lie group, it is well-
known (see Example 3.5) that the path development, Theorem 3.3, P%(y), is well-defined (and coincides with the path
signature of n). In this case of a closed loop, using physics terminology, it amounts to computing a so-called Wilson-loop
[KMR99] in the group G((R")) of invertible tensor series.
We now turn y into a 2-parameter family of curves, parametrized by the top-right corner of the rectangle ((0, 0), (¢1, t2)),
}’“ = = g0~no ZQT ot ts |—|0 til

A lengthy calculation similar to the Wilson-loop computation presented in [KMR99] gives

Ltz(Pa(yth.)) = Kt1,t2 dt29 (13)

where K¢, 1, = Koo:t,,1, is the function
ty
- 2 1 @ -
Ky, :=/ P, 1" )(a a? — oal) +[all), fg])soa( o) dr (14)
0

Remark 3.6. 1 Recall that the 2-form®
1
ana'(X,Y) = 5([“()()»0('()’)] —[a(Y),a (X)]).

Explicitly, for & = 25;1 Aia’anda’ = //‘=1 Aj’.a’j in Q' (M, g), with A;, Aj’. eg,anda’,a” € Q' (M), we have
aAa’ = %Z,-J[A,-,Aj’.]ai Aa'l = Z,-<J-[A,-,Aj’.]a’ Aal,
2 The element
Fig = (da+a Aa)(6,, 0,) = d1a(2) - dza“) + [a(” (2)]

r,ty r,ty r,ty? r ty
is a coefficient of the 2-form F which could be interpreted as curvature form associated to the 1-form a ([KMR99]).
3 Owing to the fact that a is a constant 1-form, (14) simplifies to

ty
K, = / P (o) Lo s a o] P (oo ™) "
0

r,ty’ I‘ ty

However, we shall carry the more general expression along.

If we want to stay in the Lie algebra throughout, we can use the Magnus expansion to write
P = log P (50"").

Then, using the fact that exp(x) y exp(—x) = €®x y, we obtain

ty
- 1 1 @
Kt1,t2 - ‘/O' ad ty [010’ azar( t; [ r(tl’ar(,tz] dr,

and (13) can then also be solved via another use of Magnus expansion
t2
ad,,t.r
w'? = / 2 —(Ky,,)dr, (15)
0o 1—e ®hr
which defines a 2-parameter Magnus series that exponentiates to the following identity in the group G as a result of
computing the path signature along a closed path y!i-2

exp(w“’tz) = y)a(ytutz).
Introducing notation for the left-hand side, we find
R (500" 1= exp(wih2) = P4 (y1:t2)

o ‘ (16)
= Pa((0<0_>t‘.0)P0( ; 2T)Pa(o 6, tz)Pa 0 Zl)
which can be summarized in the “non-commutative Stokes’ identity”
R(O) = P*(o0). (17)

It is not hard to generalize the above computation to a rectangle ., ,,[1"% with arbitrary corners corners (s1, s2), (s1, t2),
(t1,t2), (t1, s2). The non-commutative Stokes identity (17) permits to show that R satisfies the following “horizontal
Chen-identity”, s1 < u1 < t1, sp < tg,

R(,. 0% = mpa(, 5, ) (R, 079) R(, 0, (18)
as well as the “vertical Chen’s identity”, s1 < t1, s2 < up < to,
R(,. 077 = R(, .0 mpa@regy (R(,.,,0"7)), (19)

8in the literature this is also denoted %[a, a’]or %[a Aa'l.
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where we define m, (h) := ghg". For example, using (17) and the multiplicative property of the path development, we
have
R(,,,07%) =P9(0,,,0"%)
=P (050, U0, O L, e, U0, 007%)

Mmepa(, ) (P00 PY(0,,.,0"%)
mpa(, . ) (R(0")) R(, 7).

Identity (17) says that the surface development on the left-hand side is completely determined by the path development
along the boundary of the surface X, which makes the former less interesting. However, the pertinent feature here is that
identity (17) can be used to “extrapolate”, by interpreting the id-map on the group G((R")) as a group morphism sending
elements in G((R")) specified by surface development along X to elements in G((R")) determined by path development
along the boundary X:
idg(rny) (R(O)) = P¥(o0).

It is also clear that the group G((R")) acts on itself via inner automorphism m: G((R")) — Aut(G((R"))). This
interpretation is summarized in the fact that every group trivially defines a crossed module over itself. It motivates the
following definition of 2-cocycles on a general crossed module of groups.

The concept of crossed modules of groups appeared in Whitehead’'s work [Whi49], alongside the notion of crossed
morphisms. The simplest example of a crossed module consists of a group G and its group of automorphisms, Aut(G),
along with the canonical homomorphism from the former to the latter. For a comprehensive historical account, we refer to
Huebschmann’s recent articles [Hue21, Hue23]. According to [Hue21], the notion of crossed module of a Lie algebra, also
known as differential crossed modules, first appeared in the 1982 work by Kassel and Loday [KL82].

In this subsection, we briefly recall the definition of crossed modules of groups and Lie algebras. We derive the latter
from the former, analogous to the classical relationship between (Lie) groups and Lie algebras (see Proposition 4.13
for the particular example of going from a crossed module of nilpotent Lie algebras to a crossed module of Lie groups).
For a comprehensive exposition of the modern theory of crossed modules and its applications in theoretical physics,
particularly in the context of higher gauge theory, we refer the reader to Wagemann’s textbook [Wag21] and additional works
[BS07, BH11, GP04, Par19, SZ15].

Definition 3.7. Let H and G be (Lie) groups. A crossed module of (Lie) groups (T: H — G, m) is a diagram
HSG D Aut(H),

where T and m are (Lie) group morphisms, satisfying the identities (the second is also known as the Peiffer identity)

Tmg(H)) = g¥(h)g™! WeHgeG (EQUI)
mx(ny (h') = hh'A7! hh €H. (PEIF)

Example 3.8. Let G be any group, H a normal subgroup of G, T the inclusion map, and m, (h) = ghg™ .

Taking derivatives in the Lie group case, we obtain the following definition of crossed module of Lie algebras.

Definition 3.9. Leth and g be Lie algebras. A crossed module of Lie algebras7 (t: h — g, m) is a diagram

b — g - Der(b),

where t and 1 are Lie algebra morphisms, satisfying

t(mx(y')) = [xt(y)] y ebhxeg (EQUID)
M) (y) =1y, ¥’ v,y €b. (PEIFD)

Example 3.10. Let g be any Lie algebra, ) C g a Lie ideal, t the inclusion map, and i, (y) = [x, y].

Lemma 3.11. Let (T: H — G, m) be a crossed module of Lie groups. Let b, g be the Lie algebras of H, G respectively.
Lett: h — g be the differential of T. Let Fﬁg: b — D) be the differential of mg, which is an element of Aut (D). Finally, let
m: g — Der(D) be the differential of m.

Then (t: h — g, m) is a crossed module of Lie algebras. Further, for x € g

Fﬁexpg(x) = exp(;ﬁX)7

as automorphisms of ).

7plso called a differential crossed module.
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A multiplicative surface signature through its Magnus expansion 9

oe ee

Remark 3.12. Our notation m, m, m makes sense in light of the last lemma.

Proof of Lemma 3.11. Both statements are elementary, we prove the second one. Define the following paths in Aut(b),
fe = exp(tiny), &t = Mexpg(tx)-
Then fy = go = id, and f; = f;im,. Further
. d os d os
8t = ah hzogt+h = Mexpg(tx) ah hzomexpG(hX)
= Mexpg (tx) Mx = GtiMx.
Hence, by uniqueness of solutions of linear ODEs, f; = g¢, t € R. Taking t = 1 gives the result. m]

Definition 3.13. A morphism of two crossed modules of Lie algebras (t: h — g, 7) and (t': i/ — g/, %), is a tuple
(w, ), where
y:h—b, ¢:g—4,
are Lie algebra morphisms, satisfying
pot=t oy

w(Hg(h)) =g, (w(h) gea heb.

Definition 3.14. Let (T: H — G, m) be a crossed module of groups. Given a functor $ : Paths, — G on paths (later
this will be a path development), a 2-cocycle is a map R: Rect — H such that:

B It satisfies “Stokes’ ” theorem,
T(R(O)) = P(o0d), O € Rect. (Stokes)
B |t satisfies a horizontal Chen’s identity
R(Uals) = mp(i)((R(DB))(R(DA)’ (Chen-H)

and it satisfies a vertical Chen’s identity
R(52) = R(Ta) mp(1a) (R(Op)). (Chen-V)
(We also just say that R satisfies Chen’s identity.)

Here, % isthe (equivalence class of the) horizontal path from the bottom-left corner of [14 to the bottom-right
corner of L4, and Ta is the (equivalence class of the) vertical path from the bottom-left corner of [ 4 to the top-left
corner of (4.

Remark 3.15. If R and P satisfy (Stokes), then
P
R(Oa)mp ) (R(Us))

EIF

"m0 (Mp(y (R(O6)) R(Oa)
mp o0, e () (R(Op)) R(O4)
= mp(i)(R(DB))R(DA)-

Here r is the boundary path of (14, clockwise and leaving out the last linear piece at the bottom. This then leads to an
alternative right-hand side of (Chen-H).

Analogously,
mp+)(R(Up)) R(La) = R(L4) mp1a) (R(Up)).
Here + is the boundary path of [14, counter-clockwise and leaving out the last linear piece on the left.
It is well-known in the higher category theory literature, that a 2-cocycle can be constructed from a compatible pair of forms

(in fact, there is an equivalence of categories, see [SW11], but note that they work in the globular, i.e. 2-category setting
whereas our formulation is closer to that of a double category).

Theorem 3.16 (2-cocycles from forms / Surface development; [SZ15]). Let (T: H — G, m) be a crossed module of Lie
groups, and (t: ) — g, M) be the corresponding crossed module of Lie algebras.

Leta € Q'(R?,g) and B € Q%(R2,1) and assume that they are related in terms of the vanishing fake curvature
condition

t(B) =da+aAa. (20)
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Then, letting P be the path development of a, define the following 1-form K, z’ﬁz;m,- e Q'(R, D),

s1
B — oo
Klz,vz;sw,t dt = ‘/‘q ! ]Pa(wvwl”m)(ﬂf,t)dr dt, (1)

and define the surface development8

a.p
ROP (., 00°52) = PKrivsie ([ vy, 55]). (22)

Then: R*#  together with P, is a 2-cocycle.

Moreover, “switching the axes”, defining

52

—a,ﬁ oe
KV1,V2;t,$2 dt = Mpay, 249 ('Bt’q)dq dt,

V2

we have
_pap
R (1., 0°0%2) = PRrvzesa ([, 51]), (23)
where P is as stated in the path development Theorem 3.3, but using the right-logarithmic derivative instead.

Remark 3.17. We are mostly interested in the case where @ = X*a and f = X™b are the pullbacks of some (constant) 1-
respectively 2-forms on R” under a smooth enough map X : R?Z - R". Alternatively, and closer to Definition 3.2, one
could consider 2-cocycles as double functors on equivalence classes of such maps (“surfaces” or “membranes”). In this
setting one can also formulate the thin-homotopy invariance of 2-cocycles. We want to avoid (double) categorical language
and stick to the concrete formulation in terms of rectangles.

Note the ostensible breaking of symmetry here: each of the two equivalent definitions of R treat the two axes of the plane
differently. In Section 6, we present another method to obtain 2-cocycles. In addition to working in regularity regimes where
the above theorem does not apply, this method is symmetric in the two axes of the plane.

Theorem 3.18. Admit the assumptions of Theorem 3.16. Consider the “germ”
ﬁ(m)zexp(/ﬁ), [ € Rect .
O

Then there exists a unique 2-cocycle R = R*F such that’
p(R(OD),R(D)) < o' (24)

for any A € (2, 3], where a is the length of the longer side of (] and p is a Riemannian metric on H. Furthermore, R
satisfies the stronger bound

p(R(D),R(D) S a’b (25)
where b is the other side length of (1 withb < a.

The proof of the theorem is given at the end of Section 6.2.

In case of smooth forms (as is assumed in the above theorems), the two methods coincide:

Corollary 3.19. LetR be the 2-cocycle from Theorem 3.16. Then R agrees with the 2-cocycle provided by Theorem 3.18,
i.e. R satisfies (24).

Proof. Since R is a 2-cocycle, by the uniqueness part of Theorem 3.18 it suffices to prove that R satisfies the bound (24)

for some A > 2. To this end, observe that ?;'P"’(V P = id +O(a). Therefore Ky, vy:5,.¢ = f; B+ dr + O(a?) and thus

s2 s
R(D) = PF291# ([ v, 52]) = exp (/ / Bredrdt+0()).
17) V1
Since the double integral above is precisely /D B, it follows that p (R (0J), ﬁ(D)) < ad. m]

sRecaII, see at beginning of Section 3, that we write [ a, b] for the unique, up to thin homotopy, path in R from a to b.
SRecall that < means up to a constant factor.
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A multiplicative surface signature through its Magnus expansion 11

3.2. Cocycles in the Lie algebra. Although the sewing perspective of Theorem 3.18 is far more flexible (and, arguably,
more symmetric), we use the ODE perspective of Theorem 3.16 to obtain a Magnus-type expansion.

We recall the classical setting first, proven for example in [BCORS8, p.263],[IMKNZ00, Theorem 4.1]. As a side-note: in the
(graded) nilpotent case of Equation (10), the Magnus expansion exists without any smallness assumption.

Theorem 3.20. There exists C,, > O such that the following is true.

Leta € Q'(R", g) where g is the matrix Lie algebra of a matrix Lie group G (and we endow g with the norm induced by a
sub-multiplicative matrix norm). Let P? be the 1-cocycle of Theorem 3.3. Then, fory € Paths, satisfying'®

1 1
[ iranatiac= [ llaoenie <
the logarithm
= logP?(y)

is well-defined, satisfies the Magnus ODE (8) and is given by a converging Magnus series w = 2211 w'™, where

(At = (y*a)(d))
“) /tA ds

(26)
(/) / Z Z adw(i1) .. -adwg,-m)Ast, i>1.

m>0 ! i1+ Aim=i—1

The first terms are given by:

1 t
w? = 5/0 [w", As]ds

1
wt(3)=§‘/[ (2), lds + — /[wm, “), ]]ds (27)

1 1 !
wt(4)=§/0 [0 A]ds+12/ [w§1),[w§2),/“s]]ds+ﬁ/0 [w§2>,[w§1>,As]]dS~

Theorem 3.21. Let (T: H — G, m), a € Q'(R?,q), B € Q?(R?,1) be as in Theorem 3.16. Let v; < s1, vo < 3.
Then, for

1 either small |s1 — v1|, |s2 — o, or
2 nilpotent Lie algebras ) and g (and arbitrary vi < s1, vp < §2),

forr € [v1,s1], t € [vo, s2],
= log(P*(,,..7")),

is well-defined and given by a converging Magnus series. K @B can be written as
$1
KV1 vo;si.t dt = / eXp(;ﬁwr,t)(ﬁr’t)dr dt,
Vi

where the exponential is the operator exponential, and Q*P defined by the Magnus series of K @B corresponding to the
Magnus ODE

ad a,
9 ges Wt e
dt - vivast, t= 1-— exp(—adgu-/3 )

V1,v2;81,t

Q% =0, (28)

V1,V2;81, t) V1,v2:51,v2

is well-defined and
ROL(,,07) = exp(Q5,16,.5,):
where R is the 2-cocycle from Theorem 3.16.
Moreover, “switching the axes” and defining for vi < t < s1,
@™ = log(P(,..2"),
defining K %P

S1
KV1 vo;s1,t dt = / eXp(;ﬁ@Z,q)(ﬂt,q)dq dt,
i

my is an equivalence class, so it is enough for one representative to satisfy this.
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then Q%P defined by the Magnus series of K, corresponding to the Magnus ODE
ad ~a.B

iQa’ﬁ _ Qv1.v2;!$52 ( >a.pB ) Qa,ﬁ =0
dt= veits exp(adga,ﬁ ) =1 vt V1,231,852 i
v].vpit,sp

is well-defined and Q%# = Q8.

Remark 3.22. The work [ZM19] discusses the Magnus expansion as a method for solving linear systems of PDEs involving
two independent parameters that arise in variational problems with Lie group symmetries. The paper shows that, provided
certain compatibility conditions are satisfied (think fake curvature condition), the Magnus expansion can be consistently
applied sequentially along each parameter to solve these PDEs while ensuring compatibility conditions in Lie group settings
are maintained.

Remark 3.23. Take o ~» €a, f ~» eZ,B. Then the ansatz

[oe]

- k (k), Q= N kQ(k)’
w=3 ¢ >

k=1
leads to Q") = 0 and

2 3 .o
Q\S],)Vz;shsz = / ,B’ Q\(/1,)V2;51,Sz = / mw(Ui’»q (ﬁr,q)
[vi.s1]x[va,s2] [vi.s1]x[v2,s2]

4 . 1 . .
95/1,)vz;s1,sz = / my@;ir.q (.Br,q) + E‘/ mwﬂ):hq(mwm:nq (,qu))
[vi,s11%[va,s2] [vi,s11%[va,s2]

ol B
+ = Br ot Bro2 |-
2 va<q'<q?<sy LS [v1,s1] e [vi.s1] na
At order five, we find

(5) _ .o
QVW,Vz;ShSz - my,G)irq (:B’»q)
[vi.s1]x[v2,s2]

1 e . 1 . .
+ E / mw(”?’vq(mw(z)?’vq (ﬂrq)) + 5/ mw(Z):r,q(me);r-q (ﬂrq))
[vi,s1]x[v2,52] [vi,s1]x[v2,s2]
1 . . .
*5 st Xl My ira (Mg (Myira (Brg)))
V1,81 | X[ V2,52
+5 m,wra' (Brg)s Br.q2
2 v2<q'<q?<sy LJ [v1,81] wra A [vi,s1] 9
Lol B [
+ — Brots m_ a2 (Bra2) |-
2 Jv,<q'<q2<s; [ [vi.1] e [vi.s1] wlire Ara

Proof. We argue the non-nilpotent case. Embed the finite-dimensional Lie algebra [ into a Lie algebra of matrices, which
comes endowed with a sub-multiplicative norm ||.||. We argue in this embedding. By Theorem 3.20 there is a constant Cy,
such that if a curve y satisfies

1
/O llay, (70l d¢ < Con.

then w := log P%(y) exists and is given by a converging Magnus series. Furthermore

IIwIISW(/IlaII),
Y

for a continuous y with w (0) = 0.
Choose s1, sp with |s1 — vq|, |s2 — v»| small enough such that for every vi < uy < s1, vo < up < sy the path
yutz = rene satisfies
1
[ tiages 2y1de < G

0 t
Then, for all such uq, up

@2 = log (P (y*))
exists and is given by a converging Magnus series. Now, taking the operator norm on the linear endomorphisms of ), we get

|lexp(ipre)ll < exp(||fipre|]) < exp(Clla™ ),
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for some constant C. Using Lemma 3.11, K from Theorem 3.16 can be written as

S1
Ky vaisi e dt ::/ ;7:]?0((‘/ P"’)(,Br,t)dr dt
VW 1. V2

s1
:/ exp(Myre) (Bre)dr dt.
v

By continuity of ¥ we can pick s1, s small enough such that

S $1 $2
/Odr||/<,,t||s/O dr/O dq exp(Cllo™ D1Brc] < Cm.

The first statement then follows.

Now, decreasing s1, s if necessary, K and Q are also well-defined and by Theorem 3.16 the claimed identity follows. O

We also encode how Chen’s identities translate to the Lie algebra level.

Lemma 3.24. Let (T: H — G, m), a € Q'(R%,g), B € Q?(R2,b) be as in Theorem 3.16 and P*, R be the
corresponding 1- resp. 2-cocycles. Let v; < s1, vp < . Then, for

1 either small |s1 — v1|, |s2 — va, or
2 nilpotent Lie algebras ) and g (and arbitrary vi < s1, vp < §3),

the following

w(y) =1ogg(PT(r). Qe = logy RTP(,,00),
are well-defined, and using temporarily the more suggestive notation Q%8 (%) = Qf{fqm 5
t1(Q(0)) = w(o0)), (Stokes-LA)
and for composable rectangles contained in [v1, s1] X [va, s2] (recall the notation i>, Ta from Definition 3.14),
Q(040) = BCH, (exp(‘l;w(i))Q(DB), Q(DA)), (Chen-H-LA)
and

Q(32) = BCH,1 (Q(04), exp(¥u(14) Q(0s)). (Chen-V-LA)

Proof. For the logarithms, and then BCH, to be well-defined, one needs to show, in the non-nilpotent case, that the group
elements are close to the identity. Calculations very similar to those in the proof of Theorem 3.21 show that this is the case
on small enough rectangles. O

4. A FREE CROSSED MODULE OVER THE FREE LIE ALGEBRA

We introduce a free crossed module, which underpins the surface signature, much like the free Lie algebra underpins the
path signature in Section 4.1. In Section 4.2, we consider quotients of crossed modules of Lie algebras, and show how
from a nilpotent Lie algebra one can always construct a crossed module of Lie groups. In Section 4.3 we show that the
constructed crossed module is indeed free, and in Example 4.21 we construct the truncated, nilpotent versions of it.

4.1. Kapranov’s construction of a free crossed module of Lie algebras. A differential graded Lie algebra (dg Lie
algebra)'' is a Z-graded vector space
=P
i

with a bilinear, graded map [.,.] (i.e. [.,.]: L; ® L; — Lj4;) satisfying

B (graded anti-symmetry)

[x, y1 = (=DM, ]
B (graded Jacobi identity)

DX e Ly 211+ (0P Ly [z x0T+ (D)2, [x, y1] = 0

A historical reference is Quillen’s work on rational homotopy theory [Qui69], and a modern reference is the book [Man22, Section 5.6].
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and maps (cohomologically graded, as used by Kapranov [Kap15])
dis L L,

satisfying

B (chain complex)

d>=0
B (derivative)
dx, y1 = [dx, y1 + (=D [x, dy].
A morphism of dg Lie algebras
¢: L L

is a chain map (i.e.pm: Ly, — L7, is a family of linear maps commuting with the differentials: d’¢ = ¢d) respecting the
Lie bracket: ¢ ([x, y]) = [¢(x),¢(¥)]. x,y € L.

Most results in this section are taken from [Kap15] and [Reu90]. The main results are Theorem 4.4, Theorem 4.6 and
Theorem 4.7.

Recall that n € N is the dimension of the ambient space. Consider the symbols, p € N,
I={ih<---<ipyC[n],

and assign the degrees deg(Zy) := —p + 1. Consider the free, graded Lie algebra (see for example [Qui69, Section B.2))
generated by it, {*(R").

Remark 4.1.

1 fO(R") can be identified with the free Lie algebra L(R").
2 This is a graded object, so that, for example [Z,-j, Z,-j] 0.

Define the codifferential d, on generators as

1 .
dir= Z sign(J, K)[Z,, 7«1,
JUK=I

and extend uniquely using the Leibniz rule. Here, sign is the sign of the shuffle permutation corresponding to J, K. For
example

dz; =0, d7Zj=[2, 2], dZijk = [Zis Zjk) = [Z), Zik] + [Zk Zij]
d(Zij, Zir] = [[Zis Zj), Zt) = 12, (24, Z4]].
The following proposition is a direct consequence of the definition of d.
Proposition 4.2. (§*(R"), d) is a dg Lie algebra. Moreover,'?
imd™" = [{%1].
The following lemma is implicit in [Kap15], we spell it out for completeness.
Lemma 4.3. A linear basis fori~' (R") is given by
[Zf19 [pr ) [Zl'p,p Zl'p,wl'p] e ]]5 p € NZZ» I_.j € [n],j = 1’ ceey p, ip—1 < ip-

Proof. Let f9(R"), be the subspace of {%(R") generated by brackets with £ symbols Z;. Let f~' (R"), be the subspace of
§~1(R") generated by brackets with £ — 1 symbols Z; and one symbol Zjk- Then,

dimi~ ' (R"), = n®T. ('27)

Indeed, we only have to count the number of Lyndon words over the alphabet {Z;, ij} of length £ that contain exactly one
letter from {Z; }. For this it is enough to count the number of Lyndon words of length € containing exactly one letter from
{Zjk} which is equal to Z12, and multiply the result by (5).

2| fact it is exact everywhere except at O, [Kap15, Proposition 1.1.4].
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Without loss of generalization we can assume that in the order on the alphabet, the letter Z12 is minimal. Then, every such
Lyndon word is of the form

2122 « .. Z,'éq,
with arbitrary /1, ..., ig_1 € [n]. This gives the claimed dimension.

Now it remains to show that an arbitrary element of i (R™) can we written in terms of “right-combed” brackets, with
the letters Z;; appearing at the end. This is a routine check using the Jacobi identity and anti-symmetry. For £ = 2 itis
immediate. Let it be true up to € — 1. Then, let x € f~! (R™),,

x =[P, QI

with P € §! (R"); and Q € fO(R™), with j + k = £. By induction hypothesis, P can be assumed to be right-combed. For
the free Lie algebra it is well-known that Q can be assumed right-combed. If K = 1, we can re-arrange x to be right-combed
by using anti-symmetry. Else write

P = [Z,’l, [Z,‘z, e, [Z,‘qu, Z,‘qq,‘q] ]
Q=1Zws [Zwys - s [Zwipo [Zwiys Zwi D] - - 1]
Then, by the Jacobi identity,
[P, Q1 =[P 2w\ ], [Zwss - - -+ [Zwi s [Zweys Zwg 11 - - ]]
+ [Zuns [Po [Zwgs - s [Zwegs [Zw g Zw 1 << 1] ]

The second term is [Z,,, P], where P € #=T(R"),_1 which can be right-combed by induction hypothesis. Hence, again

using anti-symmetry, [Z,,, P] can be right-combed.
Regarding
[[P’ ZW1]3 [ZWQ’ ces [ZWk,Qa [Zwk,p ZW/(]] e ]]7

we can apply the Jacobi identity again and continue in this fashion: one term is covered by the induction hypothesis and the
other term has moves P one bracketing-level deeper. O

A dg Lie algebra b® is semiabelian if [H="", h5=<~"] = 0. Let [) be any dg Lie algebra. Define its semiabelianization as

b;ab = bo/([bﬁ—1 , bS—1] + d[bS—1 , bé—‘l ])
The main algebraic object used in this paper is the following.

Theorem 4.4. Consider the dg Lie algebra {*(R") from the beginning of this subsection, perform its semiabelianization
and restrict to degrees —1 and 0, i.e.
o, = inp(R) = (R /[T (R"), i (R")]
a9 = To,p (R”) = P°(R").

Define the derived bracket on g;;' as
[x, ¥l = [dx, y].

The differential d on i*(R") induces amap t: g, — a. The adjoint action of i®(R") on{~'(R”") induces an action ¥ of

gy ong,'. We use the derived bracket [.,.], -1 ong,". Then:

1 (t: g,’,1 - g?,, ) is a differential crossed module, the free differential crossed module over the free Lie algebra g?,
and the map Z;; — [Z;,Z;].
2 o0 is the free Lie algebra over R" and, as Lie algebras and as GL(R")-representations

a," = kert @ [, o).

Remark 4.5. When we endow g,‘,1 with the derived bracket, 9,2,‘1 is not a dg Lie algebra. When we write g7 we mean the

crossed module (i.e. using the derived bracket). When we write f;ab(lR”) we mean the dg Lie algebra.

Proof.

1 This is not proven in [Kap15] and we prove it in Section 4.3.
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2 By Proposition 4.2, T is onto W = [g?,, g?,]. Since W is a free Lie algebra (Theorem 4.6) there exists a Lie morphism
s: W — g, " suchthat T o s = idyy. Since ker 7 is in the center of g, !, we get, as Lie algebra,

g;1 = kert @ [gg, gg].

Now, 7 is GL(R")-equivariant, so that ker 7 is a GL(R")-representation. Moreover, [¢%, a%] is clearly a
GL(R")-representation.

]

Following [Kap15] we now describe, a set of (free) generators for the Lie algebra [g(,),, g(,’,], Theorem 4.6, (this goes back
to [Reu80]), and a linear basis for the (commutative) Lie algebra ker 7, Theorem 4.7, the proofs of which are deferred to
Section D.

We shall need the sets

\%
[\

ip—1 <ip | i; € [n]}

> lp_g < ip_1 < p | ij € [n]}.

|n,p = {I] >y >

Jn,p = {f] > i

\%

Theorem 4.6. The Lie algebra W := [g%, a%] is free over the generators
[Z,‘1, [ZIZ’ Cee, [prfw Z,‘p] . ]], (i], e, Ip) € |n,p’ p =2

A basis of W compatible with these generators is given as follows. Consider H1 the following subset of binary trees with
leaves indexed by [n]:

(i17 (i29 ) (ip—27 (ip—1, ’p)) e ))? (i1, ceey Ip) € |n,pa p Z 2

(In particular: the Lie bracketings of Hy provides the above mentioned generators.) Order H1 totally (in Example 4.9 we use
the lexicographic order on the tree’s foliation). Define the following sets of trees recursively:

Hn+1 = {(t17(t23---9(tp—1’tp))"') | t1""’tp € Hnst1 > t2 DR tp—1 < tp},
and order Hp.1 totally. Then a basis of W is given by the Lie bracketing of the trees in\J ;51 Hn.

As a GL(R")-representation, (W [[W, W), is the irrep corresponding to the shape (€ — 1,1). (On W /[W, W] we
consider the grading induced from the grading of W, which is supported in degrees > 2.)

Proof. Every Lie subalgebra of a free Lie algebra is free, [Reud3, Theorem 2.5], hence [g(,),, g?,] is free.

The statement regarding the free generators and the compatible basis is proven in [Reu93, Section 5.3]. The GL(R")-
representation structure follows from [Reu90, Theorem 2] (and is made more explicit with Theorem D.2 ltem iii. together
with Lemma D.1 ltem iii.). O

Theorem 4.7. The abelian Lie algebra ker T is isomorphic, as a GL(R")-representation, to a direct sum of the representa-
tions corresponding to the shapes (p — 1,1,1), p > 3.
In particular, a basis for it is indexed by J n.ps P = 3. A concrete indexing is given by
Jnp 3 (iy..., Ip=2,1p—1, ip) = [Zi, [Zis - - - [Z,‘pfz, Z,'[H,'p] =120, [Zis - s [Z,‘lH , Zip—zip] ]l
+ [Ziy, [Ziys - - -, [Z,’p, Zip—z"p—]] ...]] € kert.
Theorem 4.7 follows from Theorem D.4 and goes back to Kapranov. We provide an explicit indexing of a basis for

convenience, although it is immediate for experts in representation theory.

We finish with some low-dimensional dimension counting and examples. Note that (see for example [FH13, Theorem 6.3

Q)

A=A +j—i A=A +j—i
#p= || =55 #he= [ 55—

1<i<j<n 1<i<j<n

Example 4.8. Consider ambient dimension n = 2. Then #J, , = 0 for all p. Hence ker = 0 and

gy = [89, 3]
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IeveI ) || dim Ly (R?) = dim 9 | #12, | #J2, | dim(d[i™",i7']), | dimf,’

1 1 0 0 1
3 2 2 0 0 2
4 3 3 0 1 4
5 6 4 0 2 8

Example 4.9. Consider ambient dimension n = 3.

p( Ievel ) || dim Ly (R3) = dim 9 | #13, | #J3, | dim(d[i",i7']), | dimf,’

3 3 0 0 3
3 8 8 1 0 9
4 18 15 3 6 27
5 48 24 6 27 81

Here dim(d[f‘l, f‘1])p is the dimension of level p of the image d[f~',§ '], the space that is quotiened by to obtain

il (R®) = g7'. Their values must be equal to

dimf," = dim ) — #J3,

but at the moment it is unclear to us how to obtain these values from first principles.

A basis for L(R?) up to level 5, compatible with the derived series (Theorem 4.6 with lexicographic order on the Hy):

——————— LEVEL= 1 (# 3) ——————— LEVEL= 4 (# = 18) ---—---- LEVEL= 5 (# = 48)
1 (1, 1, @, 23N (1, (1, (1, (1, 2)))) (1, (1, 2)), (1, 2))
2 2, (1, (1, 2))) (2, (1, (1, (1, 2))) (1, (1, 3)), (1, 2))
3 (2, 2, (1, 2)) (2, (2, (1, (1, 2))) (1, (1, 2)), (1, 3))
7777777 LEVEL= 2 (# = 3) (3, (1, (1, 2))) (2, (2, (2, (1, 2)))) (1, (1, 3)), (1, 3))
(1, 2) (3, 2, (1, 2)) (3, (1, (1, (1, 2)))) (1, 2), (2, (1, 2)))
1, 3 (3, (3, (1, 2))) (3, (2, (1, (1, 2)))) (1, 3), 2, (1, 2))
2, 3) (1, (1, (1, 3N (3, (2, (2, (1, 2)))) (1, 2), (2, (1, 3)))
——————— LEVEL= 3 (4 = 8) (2, (1, (1, 3))) (3, (3, (1, (1, 2)))) (1, 3), (2, (1, 3)))
(1, (1, 2)) 2, 2, (1, 3)) (3, (3, (2, (1, 2)))) (1, 2), (2, (2, 3))
(2, (1, 2)) (3, (1, (1, 3))) (3, (3, (3, (1, 2)))) (1, 3), (2, (2, 3)))
(3, (1, 2)) (3, (2, (1, 3))) (1, (1, (1, (1, 3))) (1, (1, 2)), (2, 3)
(1, (1, 3)) (3, (3, (1, 3))) (2, (1, (1, (1, 3))) (1, (1, 3)), (2, 3)
(2, (1, 3)) (2, 2, (2, 3))) (2, (2, (1, (1, 3)))) ((2, (1, 2)), (2, 3))
(3, (1, 3)) (3, (2, (2, 3))) (2, (2, (2, (1, 3))) ((2, (1, 3)), (2, 3)
2, (2, 3)) (3, (3, (2, 3))) (3, (1, (1, (1, 3)))) (2, (2, 3)), (2, 3))
(3, (2, 3)) (1, 2), (1, 3) (3, (2, (1, (1, 3)))) (1, 2), (3, (1, 2)))
(1, 2), (2, 3) (3, (2, (2, (1, 3)))) (1, 3), (3, (1, 2)))
(1, 3), (2, 3) (3, (3, (1, (1, 3)))) (2, 3), (3, (1, 2)))
(3, (3, (2, (1, 3)))) ((1, 2), (3, (1, 3)))
(3, (3, (3, (1, 3)))) ((1, 3), (3, (1, 3)))
(2, (2, (2, (2, 3))) (2, 3), (3, (1, 3)))
(3, (2, (2, (2, 3)))) (1, 2), (3, (2, 3)))
(3, (3, (2, (2, 31))) (1, 3), (3, (2, 3))
(3, (3, (3, (2, 3))) (2, 3), (3, (2, 3)))

A corresponding basis for a complement to ker d inside of 93’1, the “non-abelian part”, is given by replacing in each
expression the last bracket [/, j] by Z;;.

A basis for FQCI([R"”) up to level 5, according to Theorem 4.7 is given as follows:
[Z1,Z23] = [Z2, Z13] + [Z3, Z12]
[Z1,[Z1, Z23)] = [Z1, [Z2, Z13]] + [Z1, [Z3, Z12]],
[Z2, [Z1, Z23]] = [Z2, [Z2, Z13]] + [Z2, [Z3, Z12]],
[Z3, [Z1, Z23]] = [Z3, [Z2, Z13]] + [Z3, [Z3, Z12]].

4.2. Quotients of crossed modules and nilpotent crossed modules. For a Lie algebra (g, [.,.]), recall the notion of Lie
ideal which is a subset V' C g such thatfor all v € V and all g € g the Lie bracket [v, g] C V. It follows that a Lie ideal is
a Lie subalgebra.

Definition 4.10. Let (t: h — g, m) be a crossed module of Lie algebras. A crossed ideal is a pair (I, J) such that

1 I Cc hand J C gare Lie ideals,
2 t(I) c J,

3 mg(I)c Iforallg € g,

4 my(h) c Iforallx € J.

The proofs of the next three statements are in Section A.
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Proposition 4.11. Let (t: ) — g, M) be a crossed module of Lie algebras and (I, J) a crossed ideal. There exists a
unique crossed module (t': §/I — g/J, ). Moreover, the pair (w,¢), wherey : h) — by/I and¢p: g — g/J are the
canonical projections, is a morphism of crossed modules of Lie algebras.

We now restrict to the case where both g and ) are nilpotent and realize the group laws via the Baker—Campbell-Hausdorff
formula. Let g be a nilpotent Lie algebra and G = exp(g) the corresponding group. Given x, y € g there exists a unique
element x x y € g such that exp(x) exp(y) = exp(x x y), thatis, x x y := BCH(x, y). The nilpotency assumption
implies that this operation is well-defined, in the sense that the BCH series terminates and so it yields an element of g, no
completion is needed. Multiplication in G implies that this operation is associative. Indeed,

exp((x * y) x z) = exp(x x y) exp(z)
= exp(x) exp(y) exp(z)
= exp(x) exp(y * z)
=exp(x * (y % 2)).
Inverses for this operation are simply given by x*~1 = —x. Therefore, (0, BCH,) is a group, where g is regarded as a set.

Lemma 4.12. Leth be a nilpotent Lie algebra and & € Der(h). Then exp(8) € Aut(D). In particular, if H = (h, BCHy)
is the corresponding group, then exp(8) € Aut(H).

Proposition 4.13. Let (t: ) — g, M) be a crossed module of nilpotent Lie algebras. Define G = (g, BCH,), H =
(b, BCHy), an actionm: G — Aut(H) by
mg = exp(fg)
and a feedbackT: H — G by
T(h) = t(h).

Then, (T: H — G, m) is a crossed module of Lie groups.

Our main example of this construction is given in Example 4.21.

4.3. Freeness. A crossed module satisfying Definition 3.9 except for eq. (PEIFD) is called a precrossed module. We
recall the definition of a free differential crossed module [Mar16, p. 69], [Whi49, p.455], [Rat80], [HAMSS3].

Definition 4.14. A precrossed module (t: ¢ — g, /17), together with an injection t: E — ¢, is a free precrossed module
over to: E — g if given any precrossed module (t': ¢/ — ¢/, f'r';') and maps ¢: g — ¢, wo: E — b such that

¢ o tg = 1" o Yy, there exists a unique y : e — ¢’ with y o ¢ = yy, such that the pair (y, ¢) is a morphism of differential
precrossed modules. In other words, the following diagram commutes:

e —13 g
|

T
v E |¢

: Yo
~
’ t'

¢ g

A crossed module is a free crossed module if it satisfies above universal property with (t: H — g,m) and (': j/ —
oo/ .

g’, m ) being crossed modules.

Once we have constructed the free precrossed module, the free crossed module can be obtained by taking an appropriate

quotient.

Definition 4.15 (Peiffer commutator). Let (t: ¢ — g, ) be a precrossed module. The Peiffer commutator is the bilinear
map [, —]]: ¢ ® ¢ — ¢ given by

[[x, Y11 = Pix) (¥) =[x, y1.
Lemma 4.16. The subspace

[[e,efl = {[lx, ¥II | x, y € ¢},

is invariant under the action of My for all x € g. Moreover, [[¢, ¢]] C kert.
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Proof. Let z € gand x, y € ¢. Since M, € Der(¢) we have
mz ([x, y1) = Mz (M0 (y) =[x, ¥])
=Mz o Myx) (y) = [Mz(x), y] =[x, mz(y)].
Since the action is a Lie morphism we may write
m; o fflt(x) = ;T"[z,t(x)] + Fﬁt(x) oy,
so that

mz([[x, yT1) = M) (M2 (¥) =[x, Mz (0] + Mzi001(y) = [712(x), ]

[[x, Mz + Miz4001 () = [M2(x), y].

Finally, eq. (EQUID) we see that M, 1(x)] = ﬁt(mz(x)), hence
mz([[x, y1) = [[x, Mz ()] + [[M2(x), y]I.

To verify the inclusion, recall that t is a Lie morphism and that eq. (EQUID) holds, so that

t([lx, y1) =t (1)) = (1), t(y)]
= [t00), t(y)] = [t(x), t(y)]

=0. ]

Let us consider the Lie ideal p C ¢ generated by [[¢, ¢]]. Lemma 4.16 implies that p C kert and m,(p) C pforall x € g.

Lemma 4.17. Let (t: ¢ — g, M) be a differential pregrossed module and ggnsider the Lie algebraly := ¢/p. The action
and feedback descend to unique mapsni: ¢ — b andt: h — g, such that (t: p—-> g, 1) is a differential crossed module.

Proof. Since p C ker t there exists a unique map?: b — gsuch thattor = t, where i : ¢ — [) is the canonical projection.
Moreover, since m,(p) C pforevery z € g,themaps i,: h — b, n,(m(x)) = w(m,(x)) are well-defined and give
derivations on b.

Next, we note that eq. (EQUID) is preserved. Indeed, given z € g and h = w(x) € D,
(A (h) = t(x(2(x)))
= t(m(x))
= [z, t(x)]
= [z,1(h)].

Hence, (T: b — g,7) is a well-defined differential precrossed module. Furthermore, eq. (PEIFD) is satisfied, since if
h=m(x),h =n(x’) e,

Ty (B) = 7 (i) (X))
=a([x,x"]) +x([[x, x']])
= [hH]. .

In particular, we obtain the following result.
Corollary 4.18. Let (t: ¢ — g, m) be a free differential precrossed module. Then the crossed module (?: h — g, 1) given

by Lemma 4.17 is a free differential crossed module.

Proof. Let (t: ) — ¢, Fﬁ,) be any differential crossed module. Suppose we are given tg: £ — gand maps ¢: ¢ — ¢,
wo: E — b such that ¢ o tg = 1’ o yy. By freeness there exists a unique extension y : ¢ — )’ of yg such that (¢, ¥) is
a morphism of differential precrossed modules.

We note that p C ker y. Indeed, for any x, y € ¢ we have

y ([[x, y1)

v (M) (¥) — [y (x), w(y)]
sty W) = [w (0, w ()]
it (e W () = [w (0, w (y)].
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Since (t': i/ — ¢/, Fr'r') is a differential crossed module, eq. (PEIFD) holds so that

w([[x, yD) = [y(x), w(y)] - [w(x), w(y)] =0.

Therefore, y descends to a unique Lie morphism y7: h — B, hence the claim. ]

We now review a realization of the free differential precrossed module over the data ¢ = L(R") whose generators we
denote by {Z1,...,Zs}, E = {Zjj : 1 <i <j < n}andto(Z;;) = [Z;, Z;]. By Corollary 4.18 it is enough to understand
this construction to get a hold of the free differential crossed module.

Consider the real vector space & spanned by £,V = T(R")® Eand e := L(V).

The Lie algebra g acts on its universal envelope T (R") by left multiplication, here denoted as concatenation of words, and
then on V by

My(w ® Zij) = xw ® Zjj,
extended linearly. It further extends to ¢ as a derivation, [Reu83, Lemma 0.7].
The adjoint action of g on itself also extends uniquely to an action of T(R") on it via
Boyeoy (X) = [0y [Zigs - [Zigs X111,
for x € g.
The feedback map tg extends linearly to & and thento tg: V — g by
to(w ® Zj) = p,, ([Zi, Z;]).
Finally, it extends as a Lie algebra morphism t: ¢ — g since ¢ is free as a Lie algebra.

Proposition 4.19. The maps (t: ¢ — g, m) defined above form a differential precrossed module.

Proof. Let us verify Definition 3.9. By construction t: ¢ — g is a Lie map. Given x, y € g, note that

Mixy1(W®Zj) =[x, y]w ®Zj;

Xyw ® Zjj — yxw Q Zjj

My (M, (w ® Zjj)) — my (Mx(w ® Zj;)).
Therefore, the linear maps M|y ,] and [ M, My ]per(e) coincide on V, hence on e.
For the same reason, it is enough to verify eqg. {EQUID) on V since for any x € g the maps

¢dam> t(my(a)) and ¢ a — [x,t(a)]
are both derivations on ¢. In this case we have

t(My(w ® Zjj)) = t(xw ® Zj;)

=P, (121, 2j])
= [x.p,, ([Z, Zj])]
=[x, t(w®Z;))]. O

Theorem 4.20. The precrossed module X, := (t: ¢ — g, m) constructed above is the free precrossed module above g
andto(Z;;) = [Z;, Z;] in the sense of Definition 4.14.

Proof. Let (t': ¢/ — ¢/, Fﬁ/) be an arbitrary precrossed module and consider maps ¢: ¢ — ¢’, wo: E — ¢’ such that
¢ oty =1 oyp.
Define the extension w: ¢ — ¢’ by first setting w(w ® Z;;) = h'v;,(w)(y/o(z,-j)) on V, and extending to ¢ as a Lie
algebra map. Here, we are considering the unique extension ¢: T(RY) — U(g’) as an algebra morphism, and
' U(Q) — Der(¢’) is given by

oo/ oo/

oo/
m)qun(a) =My, 00 mxn(a)

forall a € ¢'.
Note that the maps ¢ o t and t’ o y are Lie algebra maps on ¢, therefore it suffices to verify they coincide on V. We have
P ot(Zuy -+ Zk, ®Zjj) = ¢(,sz1 oz, (UZin Z41))
=d([Zkys - - [Zhys [2in 2411 - - ])
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= [¢(Zk), - - - [@(Zk,): V' (wo(Zij))] .. 1.

oo/

Equation (EQUID) implies that [¢(Z). ' (wo(Z;))] = t'(m¢(zk)(l,/0(z,-j))) hence

@ o t(Zgy -+ Zx, ® Zij) = t,(;ﬁ;’(zh) 0o ;T.’;:mn)(llfo(zij)))

=10 My 50, 20,) (W0 (Zi))
=t oy (Zg - 7k, ® Zij).

In order to check the second equality in Definition 3.13, we note once more that y o /1 and m;s o y are two Lie morphisms
from g to Der(e), hence it suffices to check that they coincide on generators. We have

w oMy (w®Zj) =yw(Zw ® Zj)
= Mgz, (;ﬁzﬁ(w)(%"o(zij)))
:;ﬁ:ﬁ(zk) 0![/(W®ZU) [m]

We now verify that Kapranov’s construction, outlined in Section 4.1, can be understood in these terms. That is we will first
construct an explicit isomorphism between the crossed module obtained from X, via Corollary 4.18 and the crossed module
(t: g;" — % %) from Theorem 4.4

Since 92 =qg= L(Rd) we may take ¢ : g — go to be the identity map. We must find a Lie isomorphism y: ¢ — g,‘,1 such
that the pair (¢, y) is a morphism of (pre)crossed modules. As before, take to(Z;;) = [Z;, Z;] and wo(Z;;) = Z;;. Note
that

¢o to(Z,'j) = [Z,‘, Zj] = dZ,‘j = d(l[/o(Z,‘j)).
By the above construction, yy liftsto y : ¢ — g,j], given by
w(Ziy o Ziy ® Zij) = [Zig, [+ 5 [Zi,s 2]
Now we observe that after taking the quotient to obtain the free crossed module from X,,, the Lie bracket on ¢/p is simply
given by
[u® Zij, v ® Zgr] = Mi(uez;) (Vv ® Zir)
=t (U ®Zj)v ® Zg
= [Z,‘1, [..., [Z,’p, [Z;, Zj] ]V ® Zgg

foru =7 ...Z;,, which is then mapped to the corresponding element in g;1 by v, where as before g;1 is endowed with
the derived bracket. It is easy to check, in view of Lemma 4.3 that y is indeed an isomorphism.

Example 4.21. We construct now the free nilpotent crossed module by means of Proposition 4.11. For this, grade g‘,), and
g " according to |Z;| = 1, |Zij| = 2and |[x, y]| = |x| + |y '3 We denote the corresponding homogeneous components
by a®, andg,}. k > 1.Givenafixed N € N, consider the subspaces

n;k’
(o) (<)
J . 0 I . -1
>N+1 = gn;k’ >N+1 = gn;k'

k=N+1 k=N+1

Clearly Isn+1 and J>n41 are Lie ideals. It is easy to check from the definitions that the feedback is graded, in the sense
that t(g;,1k) c g?)_k, and so t(Iy) C Jy. Then define

0 . 0
gn;sN = gn/JZN+1’

Speen =07 [ Tonsr
Note that this truncation is already defined at [Kap15, p.41].
There are canonical morphisms of crossed modules of Lie algebras (gg;sN, g;;1§N) - (QS;SM’ g;;1SM) for M < N, and

the inverse limit can be considered as infinite formal sums of elements of g,', resp. g%, where the coefficient on each finite

homogeneity stays constant after finite many summands. call these spaces g_; and gg. Since the maps 7 and > are graded,
they extend to g_1 and go, turning the latter into a differential crossed module.

3Note that this is different than the homological grading in Section 4.1.
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5. MAGNUS EXPANSION OF THE MULTIPLICATIVE SURFACE SIGNATURE

Let (7: g;1 - g?,, ) be the free differential crossed module of Lie algebras of Section 4. Given a smooth enough surface
X: R? - R”, define

= X* (Zz dx’) = Zaxtﬁ”tzz de! +Zazxt§’)tzz de?

= X*( Z 77 dx' A dx!) —ZJ;’IQZZU dt' A de?,

1<i<j<n i<j
with Jacobian minor

N x| (29)

t1,t2

ty, fz ty,t2 tity t1,t2

Then - formally, since we do not consider the group “above” the free crossed module - P“X (4., 7"") is equal to the path
signature (Section 1) of the path X, (,,.,,”""). In the spirit of Theorem 3.21, let'*

= 10g(P*(,..7™)
= XS = XDz + ) Areall (X (PN (7 2]+

i<

be the log-signature of that path. Note that w”! is, in general, not an element of g?,, but rather an element of the projective
limit / formal series space (Example 4.21). Define

aX px 1 2 (ax
Koo cdt= [ et (B, )dr dt.
i

Then, Q™A defined by the Magnus series of K, corresponding to the Magnus ODE

aanx.px
iQa BX vivaisyt KorX,,BX an,ﬂx -0
dt V1,V2;81, t = 1 —eXp(—ad X aX ) V1,v2;81,t |° Vi,V2;s1,v2 T
a”.p
Qv1,v2;51.t

is well-defined as an element of the space of formal series in g;1 (Example 4.21).
Applying Theorem 3.21 to the nilpotent truncations, we obtain:
Theorem 5.1. The maps

w0 Paths; — go, QP . Rect — 9_1,
satisfy the following properties:

XﬁX

B QA (0)) = 0¥ (00),
B For composable rectangles, we have

X pX .o X pX X pX
QT (Dalg) = BCHEi (exp(¥ x4 )Q™ 7 (5), Q7 (T4)),
and

QT (F2) = BCH (@77 (T4), exp(¥ o (1, )R # (Og)).

(14)

Remark 5.2. Although this theorem is formulated in the smooth case, we note that using Theorem 6.27, Q with the same
properties can be defined for surfaces X with less regularity. See in particular Section 6.5 where we spell out the so-called
Young—Hdlder regularity regime. Outside of this regime, extra data (iterated integrals) need to be defined “above” the surface,
just as for rough paths.

We now show that surface development, that is, the 2-cocycle R given by the previous theorem is universal, in a sense
similar to how the path signature is universal amongst 1-cocycles.

4We denote by
- 1 . . N
Area” (y) = E(/ dyDayV) - / dy(/)dy(’)),

the signed area. Note the pre-factor % which for example is not used in the nomenclature of [DLPR20].
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Theorem 5.3. Let (T: H — G, m) be a crossed module of Lie groups and (t: ) — g, m), the corresponding crossed
module of Lie algebras.

Let (T: g_1 — go,>) be the free crossed module of Lie algebras of Section 4. In particular, ag is the free Lie algebra over
R",

Letg_7 and gg the corresponding infinite-series spaces.
Let
a=> Adx b= Bydx ady,
i i<j
be two constant forms on R", valued in g and Iy respectively, and leta = X*a, B = X*b.

Suppose that vanishing of fake curvature (20) and the assumptions of Theorem 3.21 hold, so that the Magnus expansion
X pX
Q%P exists. Let Q¥ " be the Magnus expansion in the context of the free case as above.

There exists a unique morphism of crossed modules (W, ®): (7: 3_1 — 8) — (t: b — @) such that Q¥F =
Y(Q A,

Proof. We begin by constructing a morphism of crossed modules y: g_1 — b, ¢: go — g. Since g is the free Lie
algebra on n generators Z1, ..., Z, there exists a unique Lie algebra moprhism ¢ such that ¢(Z;) = A;. Now, define
E ={Zj:i<j}andyo: E — hbywo(Z;) = Bj;. Since we have assumed that the fake curvarture vanishes and we
are dealing with constant differential forms we have that t(B;;) = [A;, A;], hence
t(wo(Zij)) = t(Bij)

= [Ai, A/l

= ¢([Zi, Z])

= @(7(Zjj)).
Hence, by freeness (see Definition 4.14) there exists a unique Lie algebra morphism y : g_1 — b such that (y, ¢) is a
morphism of crossed modules. Both maps uniquely extend to the corresponding algebraic completion as

Y(L if the series converges absolutely,
W(Y Ly = {Zn¥(Le) - ifthe seies converges absolcly
~ 0 else,

and likewise for ®. Hence we have a morphism of crossed modules (¥, ®) as in the statement of the Theorem.
Now it suffices to check that ‘F(K"‘X’ﬁx) = K%P_ Indeed, once we have shown this identity, it follows that Q :=

(XX ﬁX
v, ) solves the ODE

Vi,v2;81,t

da- \v( d gar e )

dt E V1,v2;81,t
ad_,x px
V1,v;sy.t ( aX’ X )
1-— eXp(—aanxvpx ) vi-vaist
V1.¥2387.t
_ adQ (Ka’ﬂ )
1— exp(—adQ) V1,v2;81,t

which is identical to the one solved by Q%#, hence ¥ o QA" = Q8

We first note that by definition ® o X = a and ¥ o BX = B. Next, from Definition 3.13 it follows that (denoting by
@™t = log pa* (,.,,'"") the Magnus expansion of the universal 1-cocycle)

\‘IJ (o] .D.(Dr.t = /"ﬁ(_p(ajr,t) o \‘I‘I = ;ﬁwr.t (o] "IJ,

where in the last equality we have used that since @ is itself a Lie algebra morphism it clearly holds that ®(&"!) = 0"t =:

log P*(,,.,,”""). lterating this identity it is also immediately clear that for any integer n > 1 it holds that ‘i-’o?;:y,z = Fr'z:/,z oY

and so Yo eXp('x;,;)r,z) = exp(;ﬁw“) o VY. Hence
aX px i . X
\IJ(KV1,\;2;51,t) dt = ‘V(exp(>u~,r,t)(ﬂ ,,t)) drdt
4

S1
- / exp(Fgre) (Br.) drdt
i
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_ kP .
Vi,v2;is,t”

5.1. The first few terms explicitly. Let X : R2 — R” be a smooth enough surface with Xo o = 0. To streamline notation,

: aX X aX pX
we write K, 5, = K0,0;51,52’ Qg5 = Qo,o;sw,sz' Then

S1
Ks,.t dt:/o exp(¥yre) (B, ) dr dt

S1 1
= /0 (,BX,’,, + [ B, ]+ E[wr’t, ("', BX, ] +...|dr dt.

Consider X ~» €X for a dummy variable €. Then, collecting terms of €Xin Q(k), we get (compare with Remark 3.23)

1
Q=0
o, =Y [da [ ar sz
i<j
3 N Gk
=YY [Tda [ arxQu
i j<k
4 j i) (ke
Q§1,)sz =5 ZZZ/ dq/ dr Xr(,,c;Xr(:/q)Jr(,q 7, [Zj, Zkel]
i k<t
3 [Tda [ ar vt Ot DI 1200 2
i<j k<€
o0 [ e [Cda [Tars [T ar sz 2
i<j k<¢
We now specialize to the case n = 3. Written in terms of the basis of Example 4.9 we get, with Xk fosz dq fos1 dr X(’)./,(/;),

and I = {(1,1,2),(2,1,2),(1,1,3),(3,1,3), (2,2,3), (3,2, 3)}.

QP = XI23([21, 253] = 70, 23] + (75, Zual) + D XIWH[2;, 7]

(jK)el
+ (XIP13 £ XU [29, Zig] + (XIPD2 = XU123)[ 23, 745].

Further, Q) in terms of that basis has coefficients given in Table 1.

Lie basis Coefficient
[Z1,[21, Z12]] IXXJTT12

[Z2, [21, 212]] XxJ211:2

[Z2, [22, 712]] XX 2212

[Z3, [21, Z12]] XXJ1312 XX 123

[Z3, [Z2, Z12]] XXJ23.12 ><)<J1 223

[Z3, [Z3, Z12]] IXX Y3312 _ xx 1323

[Z1,[21, Z13]] 1X)(J1 113

[Z2, [21, Z15]] XXJ1213+ XX J1123

[22, [Z2, Z13]] IXXJ2213 X223

[23,[Z1,Z13]] XXJ3*”'3

[Z3, [22, Z13]] XXJ2313 4 Xx 1323

[23, 73, Z13]] 1xx 3313

[Z2, [22, Z23]] Ixx 2223

[Z3, [22, Z23]] XXJ3223

[Z3, [23, Z23]] XX J33:23

l[ZTaZZJvZ'I:;] XXJT,2,1.3 1xxJ'\312+XxJ'\123+AJ1213 AJ1312+2JJ1,2,1,3_%JJ1,3,1,2
[[Z1, Za], Za3] X223 _ ‘XXJ“‘ 24 AJI223  ARIN2 4 111223 1) P32

[[Z1, %3], Zas] X323 _ 1XXJ23‘3+AJ‘323 AR313 4 yp1sas _Tipars

[Z1, [Z1, Zas]] = (21, [Z2, Zas]] + [21, [Z3, Za2]]  $XXITT22
[Z2. [721, Z23]] = [ 22, [ 22, Z13]] + [Z2, [Z3. Z12]]  XXJ'223
[Z3, [Z1, Z23]] = [Zs, [Z2, Z13]] + [Z3, [Z3, Za2]]  XXJ'323

TaBLE 1. Q*)’s coefficients in terms of the basis of Example 4.9. The last three terms are in the kernel
of the feedback.
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Here we use the short notation

52 S1
i )\ ) (ke
XX St = / dq / dr X} Xiq 11
AJkE / dq/ dr Area” (X, (OOP"’))J(“)

@
ke (i) (k&)
1 / dq2/ dq1/ dr Jr'é1/ dr' Jo .

We now proceed with explicit calculations and consistency checks.

Linear data. Consider a linear map X : R? — R3, for coefficients M;; € R,

Miir + Mi2g
Xrg = | Ma1r + Mg |.
Msir + M32q

Then, the 1- and 2-forms are given by
X = (M Zy + My Z + M3 23) dty + (MiaZ + MaoZp + M3p73) dt,

ﬁX = (det(M(n))Zn + det(M(13))Z13 + det(M(23))Zz3) dt; Adty,
with M) the 2 x 2 matrix obtained by restricting to rows 7, /, i.e. ./(J) det(M D)) is constant. Further

X0 = Mir + Mg, Area” (X.(oo7")) = =2l det (M),

r.q
and
52 1 .. B
/ dq/ dr Jr(,’é) = sp51 det(M D))
0 0
S2 S1 ) ” 52 S1 .
/ dq/ dr X\ 9% =/ dq/ dr (M r + Mipq) det(MY%))
0 0 0 0
1 1 :
= (552512/\4,'1 + 551 S%M/’Q) det(M(jk))
52 S1 . . P
/ dq / dr X\ x ) gtk
0 0
§2 $1
= [ dq [ dr (Mar + Mag)Mr + Mizg) des(m )
0 0
1 1 1 1
= (gSzS?M,‘]Mj] + ZS%S?M,‘]M/Q + ZS%S%M,‘QM]] + §SSS1M/2MJ'2) det(M(ke))
as well as
/ dq/ dr Area”l (X. (o077 ") 40 = / dq/ dr—det(M(’J))det(M(“))
= _55251 2 det(M D)) det (M D),
and

q2
/ dq2/ dq1/ erﬁ'{ﬁ)/ dr’ J,(,ksz)
q2 B
=/ dqu dq1/ dr det(M)) det(m*9)

1
25251 2 det(M D)) det(M ).
Verifying Stokes (modulo feedback)
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Looking at the coefficient of Z;;, we get, using (classical) Stokes’ formula

52 $1 .. ) 1 . 1 )
/ dq/ dr J,(fé) =/ d[X*(5xidx — zx;dx")]
0 0 [0.51]%[0.52] 2 2

1 -1 ;
:/ X (zxidx! — -x;dx"),
o[0.s11x[0.52] 2 2

where we recall J/) from (29). The final expression is the area integral of the path around the boundary, as expected.

(30)

Now, regarding Q3),
d[X*[xix; dx*1] = X*[d[xix; dx*]]
= X"[x; dx’ A dxk + x; dx! A dx¥]
= X0 (21X D 3, azx<f>a1x<k>) de' A de?
+ X(f‘)(d1 XD a,x k) _ azx(f)@x(’”) dt' A dt?.
Fori=j =1,k =3, we get
52 S 1,13 1
/ dq/ dr XD = / SdIX (6} dx¥)]
0 0 [0511%[0,57] 2
=(S(X. (o)), Z1Z1Z3)
1
= (S(X.(o0)), g(z1 7173 — 2717371 + 737171)),

where we used that the increment is zero, hence 7237171 = —%21 7371 (modulo testing against S), and 212321 = —27Z1Z17Z3
(modulo testing against the iterated-integrals signature S). Doing this analogously for all terms, but the first one, we see that
we get exactly the terms in Table 2 on level 3.

Verify horizontal Chen’s identity for the first few terms.
Consider L4 = o[, Op =, ,[1"*. We use the notation w, = log pa* (y)- Then, using Lemma 3.24, (Chen-H-LA),

BCH (eXp(;w(o,o—’s‘,o))Q\:‘B’ QDA)Q
= BCH(Qm,, Q0,), = 25 + 2

S t1 . 52 S1 ..
= Z/ dq/ dr Jr(”é)z,'j + Z/ dq/ dr J,(’Ié)z,‘j
0 1 0 0

i<j i<j
* h ) 2)
_ i)  _
= Z./o dq/O dr J,’q Zjj = QDADB’
i<j

as expected.
Further
BCH(exp(¥u (5005, 0)) Rl QEIA)3
= BCH((id +¥0(55,,0)) 05> Q00 )5 = Q) + (0,0 () + QF)

52 t
) o
= Z Z/O dQ/ dr (Xr(,l‘; - Xs(1”)0)J,({q)[z,-,zjk]
$1

i j<k

S92 t1
() _ Gy 7.
+Z(XS“°_X°’°)Z/O dq/s1 dr 1992, 74

J<k

52 51
() _ x D)0
+ZZ/O dq/0 dr (X = X390 )95 170, )

i j<k

52 t
_ W) _ D)0 5 1= o
- ZZ/O dq/o dr (X5 = Xg0 )9 70 261 = Q8

i j<k

as expected.
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6. NON-COMMUTATIVE SEWING

In this section, we present our aforementioned non-commutative 2D sewing lemma, which is one of the main results of this
article. The general idea is that, starting from local descriptions (or germs), one can construct a global surface development
that is close to the local description in a quantitative way. This idea permeates rough path theory [Lyo98, Gub04, FALP06],
and rough analysis in general [Hai14, FH20, Har21], and our contribution in particular generalises previous non-commutative
sewing lemmas [FALPMO08, Bai15, GHN21] to the 2D setting of crossed modules. Our proof is novel on several points, using
a special dyadic decomposition that gives an easy verification of Chen’s identity and which appears new even in the 1D
setting.

6.1. 1D sewing. For comparison with the more involved 2D case, we first give a statement of the 1D non-commutative
sewing lemma. Suppose G is a group equipped with a complete metric p such that there exists Q > 0 for which
p(xy,xz) < Qp(y,z)and p(yx,zx) < Qp(y,z) forall x, y,zinaball {a : p(a,eg) < &} with § > 0 and where
eg is the identity element of G. (For instance, take G to be a Lie group equipped with a Riemannian metric.)

Lemma 6.1. [GHN21, Theorem 3.4] Assume that P : [0, T] x [0, T] — G is a continuous function satisfying
p(P(s,0),P(s,0)P(u,0) St —sl”, 6>1,

and P(t, t) = eg. Then there exists a unique continuous map (s, t) — P(s, t) satisfying P (s, t) = P (s, u)P (u, t)

andp(P(s,t),P(s,t)) < |t —s|°.

Remark 6.2. The statement of Lemma 6.1 is less quantitative than [GHN21, Thm. 3.4] (see also [FALPM08, Thm. 6]).
Our statement furthermore differs from the latter because we do not assume the “moderate growth” condition of [GHN21,
Def. 3.3]. The reason for this is that, by a simple inductive argument, the continuity assumption on 73 in fact implies the
moderate growth condition on sufficiently small intervals.

6.2. 2D sewing. We now come to the main result of this section, which is a 2D analogue of Lemma 6.1 in the context

I
of crossed modules. Throughout this section, suppose H — G A Aut(H) is a crossed module. We denote by eg, €
the identities of G, H respectively. We suppose that G, H are equipped with complete metrics pg and p that satisfy the
following conditions:

B Forall € > O there exists 6§ > 0 such that for all x1, x2, y,z € Bs(e) :={ae H : p(a,e) < &}
p(x1yx2, x12X2) < p(y,z)(1 +é€) (31)
and for all g1, g2, u,v € BS (e) :={a € G : pg(a,ec) < &}
pc(grugz, g1v&2) < pg(u,v)(1 +¢). (32)
B For all € > O there exists &6 > 0 such that, whenever pg(g, eg) V p(h1,e) V p(hy, e) < 8,
p(mghi, mghy) < p(hy, ho)(1 +¢€) (33)
and, whenever pG(g, €g) V pc(&1,€6) V pc(g2.€6) < 6,

pc(Adg g1, Adg g2) < p(g1.82)(1 +€). (34)
B ThemapsT: H — Gand G x H > (g,h) — myh € H as well as the group operations (h, h") — hh’ and
h— p! (for both G and H) are locally uniformly continuous.

We leave it as an exercise to show that these conditions are satisfied if G, H are Lie groups equipped with Riemannian
metrics.

Convention 6.3. Throughout this section, all rectangles in Rect are assumed to be subrectangles of [0, 1]2. Similarly, all
paths in Paths := Paths, take values in [0, 1]2.
Unless otherwise stated, we let [ denote a rectangle with height h and width w. We denote a = max{h, w} and
b = min{h, w}. Define the eccentricity of (] by

E(d) =a/b.

Definition 6.4. A two-element partition {{J4, (g} of a rectangle [ € Rect is called balanced if [J4, ] € Rect are
rectangles and

max{E(0y,), E(0p)} < max{3,2E()/3} .
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A function F: Rect — [0, o) is called a subcontrol if there exists 0 < L < 1 such that, for any balanced partition
{04, Og} of a rectangle O,

F(DA) + F(Op) < LF(D) (35)
and
lim F(00)=0. (36)
|O]—0

Remark 6.5. A (1D) control (see e.g. [Lyo98, LCLO7, FV10]) is a continuous functon w: R? — [0, o0), zero on the
diagonal, and superadditive, i.e., w(s, t) + w(t,u) < w(s, u). Our notion of subcontrol plays the role of (a special case
of) w?, where w is a 1D control and @ > 1, which frequently appears in sewing lemmas. Indeed, (s, t) > |t — s|is a 1D
control and, for any 6 > 1, the function (s, t) - |t — s|? satisfies |u — s|® + |t — u|® < L|t — s|° for some L € (0, 1)
whenever s < u < tand |s — u|/|t — s| and |t — u|/|t — s| are bounded away from zero. In the 1D case, the existence of
such L, while elementary, is a crucial ingredient in the proofs of the sewing lemmas of [FdLP06, FALPM08, Bai15, FH20].

The following proposition gives a basic example of a subcontrol that we will later use.
Proposition 6.6. Define F: Rect — [0, 1] by

B (ab)?  fED)<e
FO) = {a*bg ifE(O) > e

wheree > 3,0,A > 1,{ > 0withA > { and26 > A+ {. Then F satsifies (35). If furthermore { > 0, then F satisfies (36),
so F is a subcontrol.

For the proof, we require the following lemmas.

Lemma 6.7. Suppose E([J) > 9/2 and that w > h. Then any balanced partition (4, g is formed by a vertical cut and
moreover, if wa, Wg, ha, hg are the widths and heights of (14, Ulg respectively, then w;/w € [%, %] andw; > h; for
i=AB.

Proof. Since 2E(LJ)/3 > 3, we have w; < h2E(0J)/3 = %w. Since wa + Wz = W, it follows that w4 /w € [15, %]. In
particular, w; > 1w = 1E(O)h > 3h. -

Lemma 6.8. /[, g is a balanced partition of [J, then |[J;| > % |).

Proof. It E((J) > 9/2, it follows from Lemma 6.7 that |(J;| > ;—ID|. On the other hand, if E(CJ) < 9/2, then suppose
without loss of generality that (14, (g is formed by a vertical cut and that w4, wg, w are the widths of (14, (g, [, so
that wa + wp = W, and all three rectangles have common height h. Then § < 9/2 and §* > 1/3, which implies
w; > h/3 > 2% and thus | ;| = hjw > 22 = Z|00J]. O

Proof of Proposition 6.6. To show (35), note that, if £(C4), E(Cg) > e, then E(OJ) > 3e/2 > 9/2 and therefore, by
Lemma 6.7, letting a4, ag denote the long sides of (14, (15, we have a4, ag € a[%, %] and a4 + ag = a. Hence, since
A>1,

F(Oa) + F(Og) = aib® +albl < La'bl = F(O) .
Here and below, we let L denote a constant depending only on A, £, 0 such that L < 1. 1f E(CJ4) > e > E([g) then
again E((J) > 9/2 and thus

F(Oa) + F(Og) = aib? +a%b? < albé +apbt < La'bl = LF(O),
where we used that ag > b, A > ¢, and 26 > A + {. Finally, suppose E([(J4), E(0pg) < e. Then, because 6 > 1 and
O 4, Op partition [ and |[J;| > %lDl by Lemma 6.8,
F(Oa) + F(Os) = [04l° + 10p1° < LI0° < LF(D) .
Finally, if £ > 0, then (386) is clear. O
Definition 6.9. A rectangle O is called dyadic if its four corners are in 2~V Z for some N > 0. If N is the smallest integer
with this property, then we say that (] is 2~V -dyadic. Let Rect” denote the set of all 2~ -dyadic rectangles. If (] € Rect™

has both height and width 27N (in particular [ is a square), then we say that [ is elementary. We write DN c Rect" for
the set of all elementary 2~V -dyadic squares.

Convention 6.10. We equip Paths with the bounded variation metric |y — n|gy = f |y — 1| and Rect with the Hausdorff
metric where we identify every [ € Rect canonically with a closed subset of R2. By Convention 6.3, note that Rect is a
compact metric space.
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The following is our announced 2D non-commutative “sewing lemma”. For a function f, we frequently use the shorthand
fx="f(x).

Theorem 6.11 (Sewing Lemma). Suppose we are given locally uniformly continuous

P: Paths - G
By (37)
R: Rect — H,
such thatﬁ(lj) = e if|J] = 0. Assume that P is a 1-cocycle, i.e. P satisfies the usual Chen'’s identity
Plyun =Py)Pn) . (38)

Assume there exists a subcontrol F such that, for all 2~N -dyadic rectangles [ € Rect™, N > 0, R satisfies the following
2-parameter approximate Chen identity:

p(R(CADs).m,, 1 (ROp)ROA) < F(O) . (@9)
for all balanced horizontal partitions (o[ 1g = [1 and
p(R(52). RO4 mp(1,)(R0g)) < F(O) (40)
for all balanced vertical partitions Sj =[

Finally, assume there exists a subcontrol F such that ié satisfies approximate Stokes
po(T(RO), P (00)) < F (D) (1)
for all elementary squares 1 € DN
Then there exists a unique map
R: Rect - H,

which is a 2-cocycle, i.e. satisfies Chen’s identities (Chen-H)-(Chen-V) and Stokes’ identity (Stokes), and, for some C > 0,
for all (] € Rect

p(RO,RO) < CF(DOJ) . (42)
Furthermore, R is continuous and the map
C(Paths, G) x C(Rect, H) 3 (P, R) — R € C(Rect, H) (43)
is uniformly continuous on any set 81 X B, equipped with the uniform metric, where 81 C C(Paths, G) is such that

lim sup sup pg(P(y),eg) =0 (44)
€l0 |y|py<e PeB;

and B, c C(Rect, H) is such that
lim sup sup p(RO,e) =0 (45)
¢l0 |0j<e Re s,
and there exists a subcontrol F such that all ﬁ € B, satisfy the bounds (39)-(40), and, for each ﬁ € By, there exists F
such that (41) is satisfied.

Remark 6.12. The subcontrol £ in Theorem 6.11 is used only to ensure that the constructed R satisfies Chen and Stokes.
In particular, it does not feature in the bound (42).

Remark 6.13. For another multiparameter sewing lemma in the case when H is a linear space and $, G play no role, see
[Har21, Lem. 14]. Restricting to this setting, our sewing lemma is different from (in fact weaker than) the latter. The reason
behind this difference is that we do not employ the notion of rectangular increments and it remains open whether there is an
analogue of Theorem 6.11 that utilizes rectangular increments. A similar problem was noticed in [Lee24].

Proof of Uniqueness in Theorem 6.11. Suppose R is another map satisfying the given properties. In particular p (RO, RO) <
F (0O). By Chen’s identities for R, R, it suffices to show that R((J) = R for all (0 € Rect with sufficiently small diameter
and E(0O) < 2.

Let us divide [ in half k times horizontally and vertically to arrive at rectangles [1;, 1 </ < 2K with E(;) < 2. Chen’s
identity for R, R and the bounds (31) and (33) imply the telescoping bound
2/(
P(RO,RO) < ) F(O),

i=1
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where the bound is uniform in k. Since each division resulted in a balanced partition and since F is a subcontrol, we have
k —
2,2:1 F(O;) < LKF(O). Taking k — oo, it follows that p(R, RCJ) = 0. O

Remark 6.14. The above proof of uniqueness in Theorem 6.11 reveals that R is in fact the unique 2-cocycle such that, for
some C > 0, R

p(RO,RO) < CF(O)
where F is any function satisfying (35) for some L < 1and F < F. In other words, for uniqueness, it is not necessary to
assume the vanishing area condition (36).

For the proof of existence of Theorem 6.11, we require the following definitions and lemma. For simplicity, we write yy for
the concatenation of two paths y, y.

Definition 6.15. For N > O, let Paths" denote the set of paths ¢ € Paths such that c linearly interpolates points of
2-N72.

A 2~N_dyadic lasso is a loop of the form £ = cbc" where b, ¢ € Paths" and b is the boundary of an elementary square
(recall Definition 6.9 and the boundary map (11)). We let Lasso™ denote the set of all 2~N_dyadic lassos.

Our notion of a lasso is inspired by the works [Gro85, Dri89, Lév03] on 2D gauge theory and is similar to that of a ‘kite’ of
Yekutieli [Yek16]. Given P : Paths — G and R: Rect — H, we extend the definition of R to all lassos £ = cbc™' by

R(8) = mp(o)R(b)
where R(b) := R(B) and B is the elementary square such that 0B = b.

Lemma 6.16. Suppose P : Paths — G and R: Rect — H where P satisfies the usual Chen’s identity (38) and Stokes
identity for every 1 € DN :
I(RO) =P(o0) . (46)

N,i L

L = 1,...,k, are lassos where

Suppose ¢; = cibjc;' € Lasso", i = 1,...,k, and & = &b;¢;" € Lasso
ci,Ci € Paths™ all share a common basepoint. Suppose that

¢ g
l_[ & ~¢ l—[ Z . (47)
i=1

i=1

where ~; denotes thin-homotopy equivalence. Then

k k
[ [reer =] =)
i=1 i=1

Remark 6.17. In the language of double categories, which we avoid in this paper, the lemma states the following. Given
a partition of a (big) rectangle into (small) rectangles, and an assignment of edges to 1-cells and of (small) rectangles to
2-cells both in some double category which is compatible with the boundary operations (this is where Stokes’ identity comes
in), then there is a unique “aggregated” 2-cell assigned to the big rectangle ([DP93, Theorem 1.2] and [FPP08, Section 3]).

Proof. We have the equalities

k
i=1

k k k
([ ]re@) = [ [3®RE@) = [ | 2mpie)RB) = [ | Adpey (TR ()
i=1 i=1 i=1

i=1

k k
= HAdp(cf)(sv(ab,-)) = H P (&),
i=1

where we used Stokes identity in the 4th equality. It follows from (47) and Chen'’s identity for  that
k k k k
[ ]re@)=#(]]a)=2(]]12)=2(] =) (48)
i=1 i=1 i=1 i=1
for all £;, £; as in the lemma statement.

In the rest of the proof, it suffices to consider the case when ]—If-;] ¢; is thin-homotopy equivalent to a constant path and
show that Hfﬂ R(¢) = e.

We treat 2~V 7?2 as graph in which two vertices x, y € 2~N7? are connected if and only if [x—y| = 27N for the Euclidean
norm | - |. Recalling that all rectangles are assumed to be subsets of [0, 1]2, we may identify the group of loops modulo
thin-homotopy with the fundamental group 71 (2~NZ% n [0, 1]?).
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N
47, C Lasso" where the

corresponding b; ranges over all the squares in 2~V Z2 N [0, 1]2. (The corresponding é; € Paths”, which connects 0 to
the bottom-left corner of b;, is left unspecified.)

Observe that 71 (2~NZ2 n [0,1]2) is free and a set of generators is given by lassos {¢;

For every ¢;, there exists (?k(,-) such that b; = ISk(;). Let us write ¢; ~; c,-él.‘1 fk(,-)é,-ci_1 . Then, for the loop c,-é/.‘1 , there
exists a word w; on the alphabet {1, ..., 4"} such that
C,’éi_1 ~¢ 1_[ éw .
wEew;

It follows from Chen’s identity (38), the equalities (48), and identity (PEIF) that
R(€i) = mp(c)R(bj) = mp(c,-eﬂ)R(ék(i)) = mznwﬂ(éw)R(ék(i)) = Adp »e,) R(8e(i)) -

Doing this for every ¢;, it follows that Hf; R(£;) can be written as [],, ¢, R(£,,) for aword w*. Furthermore, | .
is thin-homotopy equivalent to ]—Iff:1 ¢; and thus to the constant path. By freeness of 71 (27N Z% N [0, 1]?), it follows that
the word w* is trivial and therefore [],, ¢+ R(£,) = e as claimed. O

Definition 6.18. Suppose [ € Rect" is a 2~N-dyadic rectangle with lower-left corner x € 2~V 72, heighth = H2~N
and width w = W2~V H, W > 1. We define the midway partition {{14, (5} of (] as follows.

If O is an elementary square, i.e. H = W = 1, then 04 is the 2~V ~1-dyadic rectangle with lower-left corner x, height h
and width w/2.

If (1 is not an elementary square then

1 if W > H and W is even, then [ is the 2~"-dyadic rectangle with lower-left corner x, height h and width w/2,

2 if W > H and W is odd, then (4 is the 2~V-dyadic rectangle with lower-left corner x, height h and width
27N(W +1)/2,

3 if H > W and H is even, then [ is the 2~ -dyadic rectangle with lower-left corner x, height h/2 and width w,

4 it H > W and H is odd, then (4 is the 2~"¥-dyadic rectangle with lower-left corner x, height 2~V (H + 1)/2 and
width w.

Then g is the complement of (4 in [J. See Figure 1 for examples.

elementary rectangle partition along width, W even partition along width, W odd
1 2
2
1 1 '
0 0 '
-1
0 -1
0 0.5 1 0 1 2 3 4 0 2 4
partition along height, H even partition along height, H odd

4
3 4
2

2
1
0 0
-2 0 2 4

FIGURE 1. Examples of the five cases of the midway partition of a dyadic rectangle. The blue rectangle
is L4 and the green rectangle is Lg.

Lemma 6.19. Let [ be a dyadic rectangle and {[J 4, g} its midway partition. Then {04, g} is balanced.
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Proof. If [ is elementary, then the claim is clear. Suppose henceforth that [ is not elementary.
Case 1: E([0J) < 9/2.
Case 1a:W = H, so that E([J) = W/H = 1.

B If W is even, then (4 and (g have width w/2 and height w = h, so £((04) = E(Og) = 2.
B If W is odd, then (4 has width 27V (W + 1)/2 and height w = h, so £(C4) = 2W/(W + 1) < 6/4 and
E(Op) =2W /(W — 1) < 3, where the inequalities follow from W > 3 since [ is not elementary.

Case 1b: W > H, so that E((J) = w/h < 9/2.

B If W is even, then (4 and (g have width w/2 and height h. Remark that w/(2h) = %E(D) and 2h/w < 2,
which implies E((4), E(Og) < 3.
B If W is odd, then 4 has width 2~ (W + 1)/2 and height h. Remark that

9 1 11
and 2H/(W + 1) < 2, which implies E((J4) < 3, and likewise (W — 1)/(2H) < 3 and 2H/(W - 1) <

2W /(W = 1) < 3 due to W > 3 since [ is not elementary, which implies £(CJg) < 3.

The case H > W follows by symmetry from the case W > H. This completes the proof of Case 1.

Case 2: E(J) > 9/2. Without loss of generality, suppose that W > H.

W If W is even, then [ 4 and (g have width w/2 and height h and thus, since w > 9h/2,

w 1
E(@0 =E(0) =—=-E(0).
(Ta) (Us) T ()
B If W is odd, then 4 has width 2~¥ (W + 1)/2 and height h and thus,

W+1 1 12
" EO) + — < ZE[D),

E(0y) = =
B == =3 2H 3

where we used that H > 1 and thus
1 1 31 9 1
—<-<>=-x2<-E0).
M2°27 672 6V
Similarly Clg has width 2~V (W — 1) /2 and height h and thus, since W > 3 and therefore (W —1)/2 > W/3 >
H, we have

2H

This completes the proof in Case 2. O

E(0p) =

< E(Oy) < gE(D) :

Proof of Existence and Continuity in Theorem 6.11. Consider [J € Rect" with midway partition {{l4, (5} Define the
scale n approximation of R on [ iteratively by R°C) = R[] and

_ m A (RN (Op) R (O, it 040p =0
R0 = j(f») o e (49)
R (0a) mpayR"™ (Op) if Di =0.
To lighten notation, we let — and T denote %, and Ta from Definition 3.14 respectively.
Take € > 0 such that
K=L1+e)?<1 (50)

where L < 1 is as in Definition 6.4 associated to F. Consider & > 0 such that (31) and (33) hold. We let diam(.X) denote
the diameter of a set X c RZ2.

Claim 1: There exists k > 0 with the following property. If diam([J) < « then for all n > 0
p(R™'0,R"0)) < F(O)K" . (51)
To prove the claim, we proceed by induction. The case n = 0 follows by assumption (39)-(40).

For the inductive step, we will assume that [14[1g = [ (the case that Ei = [ is identical). We then have the telescoping

bound
p(R™'0,R"0)) < p(mp Ly (R"0Ig) R, mp(—) (R"Tg) R"'Ta) 2
+p(mp () (R"Og) R" T, mp ) (R Tg) R"'0a) .
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We also have the telescoping bound
n
p(mp)(R"0p), €) < p(mp(—)(R°Op). €) + ZP(mP(—URIDB’ mp R '0p) .
i=1

Since R is continuous and R(CJ) = e for any [J € Rect with diam(CJ) = 0, we have p(R°g, €) < ¢6 for diam(0J)
sufficiently small, where c is a small constant. By telescoping and our inductive hypothesis, we have forall/ = 1,...,n—1,

p(R'0p,R°Tg) < )" p(RITs, RI~'Tg) < F(O)/(1 - K) .
j=1

Hence p(ﬁ"DB, e) < ¢6 whenever diam([J) is sufficiently small since lim ;o F(0J) = 0. Furthermore, since P is
locally uniformly continuous and is a 1-cocycle, pg (P (—), eg) < & for diam([J) sufficiently small. Therefore, by (33), for
all/i=1,...,n,

p(mp () R'Dg, mp) R 0p) < (1 +€)p(R'Tp, R''Tp) .
In conclusion, applying once more our inductive hypothesis,

n

p(mp()(R"Tg), €) < p(mp(—)(R°Tp), ) + (1+¢) Y K'F() <6

i=1
where the final bound holds once diam ([J) is sufficiently smalll.
The same conclusion applies with mp (_,) (ﬁ”DB) replaced by R-10,.

Now applying the assumptions (31) and (33) on p and again the inductive hypothesis, we conclude that the right-hand side
of (52) is bounded by

(1+€)2K" N (F(Oa) + F(Op)) .
(The factor (1 + 6)2 appears from applying (31) then (33) to the first term on the right-hand side of (52).)
Since [4, g is a balanced partition by Lemma 6.19 and since F is a subcontrol,
F(Ou) + F(Og) < LF(O) .

Since K = (1 + €)2L, it follows that the right-hand side of (52) is bounded by K” F (0J). This concludes the inductive step
and the proof of Claim 1.

(Remark: the proof of Claim 1 only uses the Lipschitz estimates (31) and (33), uniform continuity of P, ﬁ and approximate
Chen (39)-(40).)

By completeness of p, the previous claim implies the existence of the limit
R(D) = lim R"(O) .
n—oo
Furthermore, the claim shows the bound (42) for all ] € Rect, N > 0.
Claim 2. For all N sufficiently large, TR (0J) = P (30) for all elementary squares (1 € DV,

The proof of the claim is essentially the same as (even simpler than) that of Claim 1, except that we compare fIﬁ"(D) to
P (80), so we only highlight the differences.

Let (1 € DN. By definition (49), R2"([)) satisfies the recursion R°(CJ) = R(CJ) and
R2"(0) = mp() (R2"V03)mp iy (RETVOHRZ T amep gy (R D)

where we decompose [ into four squares as

and the arrows join the lower left corner of (14 with that of the other squares.

Suppose L € (0, 1) is as in Definition 6.4 associated to F and take € > 0 such that K := L%(1 + €)? < 1. Consider
6 > 0 such that (32) and (34) hold. We claim that, similar to (52), for all n > O,

pc(TR?'O, P(00)) < F(O)K" (53)

whenever diam(0J) is sufficiently smalll.
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Indeed, proceeding by induction, the base case n = 0 is true by assumption (41). For the inductive step, we have, by
definition of R", the identity (EQUI) Tm,h = Adg Th, the morphism property of T, and Chen'’s identity (38) for P,

pe (IR0, P(00))) = po{ Adp ) (TRZDO3) Adp () (TRZ10,)
ZﬁZ(n—UDA AdP(T)(ziEZ(n—l)DB) i
Adp () (P(0U3)) Adp(up) (P(00L))P(004) Adp(r) (7’(053))}
1 pc{A1, A} .

By the same argument as in the proof of Claim 1, combined with continuity of T at e and the facts that hmdiam(D)aO ﬁ(D) =
e and limyy |, -0 P(¥) = eg, we can ensure that all products of terms comprising A1 and A are in the §-ball of e once
diam([J) is sufficiently small.

It follows that, applying a similar telescoping sum as in (52), the inductive hypothesis, and our assumptions on p (32)
and (34), we obtain

p6(IR"OLP(00)) < (1+€)2R"™ Y F(Op) +---+ F(Os)) .

Observe that F([4) +- - -+ F (Cs) < L2F () by the fact that F is a subcontrol, and thus, by our choice K = L%(1+¢€)?,
we obtain

pe(IR"O,P(00)) < K"F(D) .
This completes the proof of (53) and thus of Claim 2 by continuity of T.

(Remark: the proof of Claim 2 uses only the Lipschitz estimates (32) and (34), the morphism property and continuity of ‘T,
Chen’s identity (38) for P, approximate Stokes (41), and uniform continuity of £, R.)

Claim 3. TR(0) = P(00) on any dyadic rectangle [ € Rect", N > 0.

Observe that the midway partition (Definition 6.18) reduces [J € Rect" to two 2~N~"-dyadics (4, [ if and only if [ is
an elementary square. Moreover, in this case, the midway partitions of (14 and [1g are again elementary 2-N-1 -dyadic
squares. Therefore, for any [1 € Rect™, there exists m sufficiently large such that, for all n > m,

k
R () = [ | mpey R () (54)
i=1
where b;, &; € Paths™' with b; the boundary of either an elementary square or a composition of two elementary squares
and with ﬂfﬂ 6,-b,-6,." = JL1. (Note, that different b; may be boundaries of dyadic rectangles of different scales.)
Taking n sufficiently large, we can furthermore find r; > Ofor/i =1, ..., k such that
— k —
R"(O) = l_[ mp ey R (b;) (55)

i=1

where now c;b;c;! € Lasso™ are lassos (Definition 6.15) of the same dyadic scale N* > N and with [15, ¢;bjc;" =

dL. See Figure 2 for an example.

Taking the limit n — oo, we obtain

k
RO) = [ [ mpc)R(B) - (56)
i=1
We can assume without loss of generality that N* is sufficiently large so that TR(b;) = P (b;) by Claim 2. Hence applying
T to both sides of (56) and using (EQUI) Tm,h = Adg Th, Chen’s identity for P, and H,’Fﬂ c,-b,-cl.‘1 = oL, it follows that
IR(O) =P(o0).

Claim 4. R satisfies Chen for all dyadic (] € RectV, N > 0.

This claim is a consequence of Claim 3 and Lemma 6.16. More precisely, suppose [14[Jg = [ is a subdivision of
O € Rect" into two dyadic rectangles. Then, by the argument in the proof of Claim 3, there exist N1 > N and lassos
clbl(c))™" € Lasso™ fori =1,..., ki, such that Hj; c!b](c!)™" = 04 (these lassos are based at the lower left
corner of (14, which is also the lower left corner of (), and

k1
RO = [ [ mpenR®)) - (57)

i=1
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FIGURE 2. The first 4 iterations of the midway partition of the dyadic rectangle [0, %] x [0, J—t] € Rect’.
The rectangles colored red are elementary squares in Rect' that partition the original rectangle. These
correspond to b; in (55).

Likewise there exist N, > N and lassos c,.zb,?(ciz)” € Lasso™ fori = 1,.. ., ko, such that Hf; c?b,.z(c,?)‘1 = 0lg
(these lassos are now based at the lower left corner of [g) and

k2
R(Og) = [ [ mp(e2yR(ED) - (58)

i=1
By taking further subdivisions, we may furthermore suppose that Ny = Ny, i.e. the lassos are on the same dyadic scale.
Finally, consider the new lassos ¢2b?(¢2) ™" where ¢2 =— Lic? (these new lassos are based at the lower left corner of [J).
It follows that
kz k1

o0 =— (90g) U () u (a0) = ([ | 62D u ([ | elbleh™) -

i=1 i=1
We thus obtain
k k2 k1
RO = [ [ meeiR(6) = ([ [ mpeyRED)([ ] mp ey ROD) = mp ) (ROBIROA,
i=1 i=1 i=1
where we used (58) in the first equality, Lemma 6.16 in the second equality, and Chen’s identity for $ and (57)-(58) in the

final equality. This proves horizontal Chen. The proof of vertical Chen is identical. This completes the proof of Claim 4.

To complete the proof of existence, it remains to extend R to all rectangles such that (42), Chen, and Stokes are satisfied.
To this end, suppose (] € Rect and let [J; € Rect’ be a sequence of dyadics that converges to [J. Then the symmetric
difference between [J; and [J; (as subsets of R?) can be written as a disjoint union of at most 8 dyadic rectangles whose
area is vanishing as /, j — co. Therefore, by the approximation bound (42) for dyadic rectangles, the fact that

léllrgop(RD, e) = léllgoF(D) =0, (59)
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and the continuity of group and crossed module operations, we obtain that R([];) € H is a Cauchy sequence. The limit
R(O) := limj_,0 R([;) therefore exists. It follows from continuity of $ and R that R satisfies (42), Chen, and Stokes,
concluding the proof of existence of R.

To prove the final claim, by again considering the symmetric difference between rectangles and using (59), (1 — R(() is a
continuous function on Rect. To prove the stated uniform continuity of (P, R) — R, consider (P (D, R(M), (P2 R(2) ¢
By X B,. Suppose SUPcpect (RO, RPD) < € and supyy |, <1 p6 (P (1), PP (y)) < €. Then, forall 0 € Rect
with sufficiently small diameter,
p(mpm)(},)ﬁm)m, m¢(2)<},)7’é(2)|:|) <€

where € — 0 as € — 0 due to the joint (uniform) continuity of (g, h) — mgh around (eg,e) € G x H. It follows
that, for any dyadic O] € Rect", p(R(M-"00, R(@-70J) < &2” uniformly in n, N > 0. On the other hand, if diam(CJ)
is sufficiently small, then by (51), p(ﬁ“)’"D,R(”D) < L"F(0O) where L < 1, and likewise for 7’5(2), R2) Therefore
p(RO,RPDO) < L™ + &2 uniformly in n > 1. Taking n as a small multiple of log € we have L" + 2" — 0. This
shows thatp(ﬁ(”D,RmD) = o(1) as € | 0 whenever diam([J) is small. The fact thatp(ﬁ“)D,R(z)D) = o(1) for
all 0 € Rect follows from Chen'’s identity and local uniform continuity of (g, h) +— m_h. m]

Proof of Theorem 3.18. By Theorem 6.11, it suffices to show that R satisfies the approximate Chen identities (39)-(40)
and approximate Stokes (41) identity for some subcontrols F, F respectively. Starting with Stokes, consider an elementary
square 0 € DN, Then

1@(D)=Iexp(/m,3)=exp(/Dt,B)=exp(/D{d0(+a/\0(}),

where the final equality is due to the vanishing fake curvature condition (20). By standard Euler estimates for ODEs and the

BCH formula, pg (P%(00), e/otdararaly < |0[3/2 Therefore, approximate Stokes is satisfied with the subcontrol £
taken as a sufficiently large multiple of the subcontrol from Proposition 6.6 with 8 = A = { = 3/2.

To show approximate horizontal Chen (39), consider [1 € Rect and a balanced partition [J4[Jg = [J. Then, recalling the
differential g € Aut(b) of mg,

mpiy R0e) = exp {fimy [ 8)} =exw| [ 5+ 0walCa)]

B

where the final equality is due to ?ﬁg —id = O(wp) € Aut(Dh). Therefore
mpy(R0s) ROu = exp( [ g+ [+ OwalDsh + 00|
A B

where we used the BCH formula. Since || < |Og| by Lemma 6.8 and clearly |J]'/2 < w4, we have || = O(wa|gl).
Furthermore R = exp( J B) = exp(fDA B+ -/DB B) by additivity of integrals. It follows that

p(RO, mp() (ROp) ROA) S walOsl -

In conclusion, R satisfies (89) with F taken as a sufficiently large multiple of the subcontrol from Proposition 6.6 with 8 = %

and A = 2, { = 1, which shows (25).

Finally, it follows from Remark 6.14 and Proposition 6.6 with 8 = % and A = 3, { = O that R is furthermore the unique
2-cocycle verifying the weaker bound p(R, R) < a? forany A € (2,3]. |

6.3. Extension theorem. In addition to giving a proof of Theorem 3.18, another important application of the Sewing Lemma
(Theorem 6.11) is an extension theorem for (possibly rough) surfaces. We phrase this extension theorem in the general
setting of homogenous groups, of which the nilpotent (truncated) crossed module from Example 4.21 is a special case.

We believe this general setting has potential to define the surface signature taking values in different algebraic structures,
analogous to signatures of branched rough paths [Gub10] in the Grossman—Larson algebra, planarly branched rough paths
[CEFMMK20] in the Munthe-Kaas—Wright algebra, multi-index rough paths [Lin23] in the free Novikov algebra, or other
graded Hopf algebras [BZ22, Man25].

6.3.1. Homogenous groups. For details on homogenous groups, see [FS82, HS90]. Our notation is taken from [Che18].

Throughout the section, we fix a homogenous group G, i.e. a nilpotent, connected, and simply connected Lie group endowed
with a one-parameter family of dilations (group automorphisms) (8,) >0, which, upon identifying G with its Lie algebra g via
the diffeomorphism exp: g — G, is given by

Sa(uj) = A%u;
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for a basis u1, ..., un, of g and real numbers d, > --- > di > 1 which we call the degrees of G. We equip G with a
“homogeneous norm”, i.e. a continuous map || - ||: G — [0, o) for which ||§,x]|| = Al|x]|| and ||x|| = O if and only if
Xx = eg. We assume that || - || is sub-additive, i.e. ||xy|| < || x|| + ||y|| (see [HS90] for the existence of such a norm) and

equip G with the corresponding left-invariant metric d(x, y) = |[x~"y|| on G.

Unless otherwise stated, we identify G with g via the exp-map and write x = Y x!/lu; for x € G. For a multi-index

a = (011, ,amezm, a’ > 0, we define deg(a) = Zf; a'’d;, and for x € G, write x[*] = (xm)"‘1 (X[”’])“m.
By the BCH formula, for all i € {1, ..., m} there exist constants C(’Xﬁ such that
(xy)[i] = xlil 4 y[i] + Z C(;’ﬁx[a]y[ﬁ]’ (60)
a?ﬁ

where the (finite) sum runs over all non-zero multi-indexes a, B such that deg(a) + deg(B) = d;.
Example 6.20 (Graded groups). Recall that a Lie group G is called graded if its Lie algebra is endowed with a decomposition
g=g' @---@g" (61)

such that [¢/, ¢/] € o'+, where g¥ = {0} for k > N (we allow the possibility that g = {0} for some k < N). Every
graded Lie group can be equipped with a natural family of dilations (8,)-0, and thus a homogeneous structure, for which
di,...,dn are integers determined by 6, (u) = Ay forallu € gk.

Recall also that a graded Lie group G is called a step-N Carnot group (or stratified group in the terminology of [FS82]) if
the decomposition (61) further satisfies [a, ¢/ ] = o*/, where g¥ = {0} for kK > N. Every Carnot group is a homogeneous
group for which the metric d can be taken as the Carnot—Carathéodory distance [Bau04, p. 38].

Due to (60), for every 1 < n < m, the set K, = span{un+1,...,Un} is a normal subgroup of G and therefore the
projection map

n,: G — G = G/K, (62)
is a group homomorphism. Furthermore G!" carries a canonical homogenous group structure and we identify G with
span{uy, ..., U, } equipped with the obvious group law given by the BCH formula.

6.3.2. 1D extension. Consider a homogenous group G as in Section 6.3.1. For a function X: [0,7T] — Gand{ € [0, 1],
define the ¢-Holder “norm” || X ||; = Supg, |t — 5|76 d(Xs, X¢).

For comparison with the 2D (surface) case, we first provide an extension theorem for paths in G of sufficient regularity.
The statement and proof is very similar to that of [BZ22, Prop. 4.5], although our setting of homogenous groups is more
general (vs. the Hopf algebra setting of [BZ22]).

Lemma 6.21 (1D Extension). Suppose 1 < n < m and{ € (0,1] such that dps1¢ > 1. Let X: [0,T] — G!"l be a
path with || X ||¢ < oo.

Then there exists a unique path Y : [0, T] — G such that t,(Y) = X and ||Y||; < co.

Furthermore, ||Y |l < || X|l¢, where the proportionality constant depends only on § and G, and the map X +— Y is locally
uniformly continuous in the ¢ -Hélder metric dy (X, X) = sups, |t — s|7¢d(Xq.t, Xs.¢) where we denote X ; = XX

Proof. By induction, it suffices to consider n = m — 1. By (60), the kernel of 7, is contained in the centre of G.

The proof is done once we show the existence of a unique two-parameter map R € R such that |Rs¢| < |t — slgd"’ and,
fors <u<t,

5Rs,u,t = Rs,u + Ru,t - Rs,t =—Fsut = — Z ngﬂxs[,g]Xu[,ﬁt] = _(Xs,u ‘G Xu,t)[m] )
a.p

where we write Xs; = XS‘1 X; (the inverse and product are in G["]) and treat Xs ,, X+ € G by setting the u,-component
to 0, and - denotes the product in G. Indeed, setting Ys ¢ = Xt + Rs.¢Um, leads to

(Ys,u ‘G Yu,t)[m] = Rs,u + Ru,f + Z cgjﬂxs[z]xu[ﬁ] = RS’[ = YS[,;n] :
ap

Therefore Y ; satisfies Chen’s identity and is therefore the increment of a path Y.

To find R, by the classical (linear) sewing lemma (see [BZ22, Thm. 3.1], also [Gub04, FALP06]), since |Fsu¢| S |t —
s|4d'"||X||y, it suffices to show that there exists A: (s, t) — A, € R suchthat §A = F, or equivalently, that

6Fs,u,v,t = Fs,u,v - Fs,u,t + Fs,v,t - Fu,v,t =0
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for all (s, u, v, t). To this end, observe that

(Xsw 6 Xt 6 Xes)\ ™ = (Xow -6 Xu)!™ 4 X[+ 3" cmpx T X B = Fo
a.p
since the sum in the middle term vanishes. More generally, if x1,..., xx € Gl with X1 Xk = €glnl, then
(X] ‘G G Xk)[mJ = (X] ‘G G Xk71)[mj = (X2 ‘G "' G Xk)lmj s

which means the expression is invariant under cyclic permutations. Therefore
6Fsuvt = Fsuy = Fsut + Fsyve = Fuve
= (Xsw 6 Xu)'™ = (Xsw 6 Xu)!™ + (Xe -6 X )™ = (X -6 Xo )™
= (Xsw 6 Xuy 6 Xv.o)'™ + (Xew -6 Xus -6 Xs )™
+ (Xew 6 Xvt 6 Xes) ™ + (Xew 6 Xvw 6 Xu)™ .
We now use the cyclic property of the products, and the fact that their products in Gl are all eg as well as
(x16 - ex)™M+ (16 gy)™ =16yl
whenever X1 -+ - X¢ = €gin and y1 - -+ Ye¢ = €glnl, t0 see that the above sum is equal to
(X5 6 Xuw -6 Xt .6 Xe)!™ + (Xew -6 Xus -6 X )™ + (Xey 6 X -6 Xut) ™!
= (Xsu 6 Xuw 6 Xvt 6 Xew 6 Xu)!™ + (X 6 Xy -6 Xut)™
= (Xuy 6 Xut 6 Xew 6 Xut -6 Xew -6 Xyu)!™
=0.

This shows that §F = 0 and concludes the proof of existence and uniqueness of Y. The claim about continuity of X + Y
follows from the boundedness of the linear sewing map F +— R, the details of which we leave to the reader. O

Remark 6.22. In the above proof, a (non-unique) A such that 5A = F is

Ast = Z g]ﬂxo[os{ Xs[tt;] = (Xos G Xs,t)[m]~

6.3.3. 2D extension. Consider now two homogenous groups G, H. We denote dim(H) = m and dim(G) = € and let
1<dy £--- < dp, be the degrees of H with corresponding basis u1,...,u, of h,andlet 1 < ¢y < --- < ¢g be the

degrees of G with corresponding basis v1, . . ., v¢ of g. We follow the notation of Section 6.3.1 (with H here playing the role
of G from Section 6.3.1). In particular, we identify G with g and H with ) via the exp maps.

I
We suppose that H —» G 5 Aut(H) is a crossed module where T and m are continuous and graded in the following

sense. In addition to the BCH formula (60), we assume that there exist constants B;’ﬁ such thatforevery i =1,...,m
(meh)) = A1+ 3" B, gl hle] 63)
a,
where the sum is over all non-zero multi-indexes & = {a', .. ., ae} and B = {,Bl, ..., B™} such that
deg(a) + deg(B) = d;
where deg(a) = 1 al cj and deg(B) = 27, B* d. We similarly suppose that
Tug € 94, (64)

where gy for { > O is the subspace of all X € G = g for which §, X = A X. Weletm,: H — HI"1 denote the
projection (62) with kernel K, := span{up41, . .., Un}. Assumption (64) implies that, for all 1 < n < m, TK, is a normal
subgroup of G. We define the quotient map

<n: G — G=" = G/IK, .

Our assumptions on m, T imply that
m

Hin 5 gsn 1 Aut(H"
forms a crossed module for every 1 < n < m.

Recall the metrics we put on Paths and Rect from Convention 6.10.
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Lemma 6.23 (2D Extension). Consider a 1-cocycle P : Paths — G which is locally uniformly continuous. Suppose further
that, for some { € (0, 1],

1P ()l < IylgBC\L uniformly over y € Paths with |y|gy < 1. (65)

Let1 <n<m and R : Rect — H!"! be continuous. Suppose that R is a 2-cocyle up to level n, i.e, R satisfies the level-n
Stokes identity
IR(L) = p<nP(0D)

and similarly for level-n Chen identities (for the crossed module H!" 3 =" 5 Aut(H!).
Finally, consider € € (0, %] and suppose that
{dns1 > 2 (66)
and, for all1 < k < n, uniformly over (] € Rect,
RO S (@ @bt (67)
where we recall that a, b are the side lengths of (] witha > b.
Then there exists a unique continuous 2-cocycle R: Rect — H such that m,R = ‘ﬁ and which satisfies
RO < a%t (68)
for all k < m. Moreover, R satisfies the stronger bound (67) for all k < m, i.e. |[R(O)¥]| < (ad%-edped)¢,
Furthermore, the ‘extension map’
C(Paths, G) x C(Rect, H!") 5 (P, R) > R € C(Rect, H) (69)

is uniformly continuous over By X B, where By is any set such that (65) holds uniformly over P € B1 and B, is any set
such that (67) holds uniformly over R € B,.

Remark 6.24. Since a% % b% is decreasing in €, the bound (67) becomes weaker as € — 0. Therefore, both the
assumption and conclusion of Lemma 6.23 weaken as € — 0.

Proof. By induction, it suffices to consider the case n = m — 1.Extend R to a map R e C(Rect, H) by R(D)[”’] = O for
all [J. Since R satisfies Chen on level m — 1, we have R(DADB)[’ = (mp(_ﬁ(RDB)RDA)[I for all 1 <i<m-1,
where mp ) is understood as the action of #(—) € G on ROg € H. On the other hand, R(DADB) =0 and
(mp (o) (ROpRON™ = (mp () ROg) ™ + Z ngﬁ(mp(—))ﬁDB)[a]ﬁ(DA)[ﬁ] (70)
a.p
for all balanced partitions [J4[Jg = [ where a, B are non-zero with deg(a) + deg(B) = dp,.

Furthermore, by (63), forall / < m,
(mpy RO = R(Op)1 + Z Bl 5P (—)\“I1R(05) 7! 1)
a’ﬁ
where a, B are non-zero with deg(a) + deg(B) = d;. Recall that ﬁ(DB)[”’] =0
Fori =1,...,m, define the function F;: Rect — [0, o)
e (ab)sdi/2 if £(00) <3
0= alldi—ed)pedd i E(O) > 3.

Since |P (=)l < a%% due to (65) and |R(04)"| < Fi(0a), IR(Op)| < Fi(Op) due to (67), and Fi(g)) <
Fi(O) for j = 1,2, it follows that
{dm/2 it £(0) <3
(m] (ab) if E(0J) <

|(mp () (RO)ROW™| S { [(dn-cd)ped it £(O)) > 3 (72)
where we used that, if £(C)) < 3, then a < (ab)'/?, and that, if £(CJ) > 3, then the ‘worst' term in (70)-(71) is
P (—) el (ROp)A] with multi-index B = (1,0, ...,0) € Z™ for which we have the bounds (RCg) Al < af(1-e)dipted:
and P(—) 1ol < alldm=91) due to (63).

The right-hand side of (72) is precisely F,,(0J). Since {d;,/2 > 1 by assumption (66) and € < % it follows that
dm—€dy > dy, —edy > dny/2,thus
{(dm—€edi) 28dn/2> 1.
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Therefore F, is a subcontrol by Proposition 6.6.
To summarize, for the Euclidean norm | - |y on H =~ b,

IR(0408) — mp () (ROg) ROA| S Frn(DD)

The same bound holds for vertical balanced partitions gi = [J. We therefore satisfy approximate Chen in the sense of
Theorem 6.11 wherein p is the Euclidean metric.

To verify approximate Stoke in the sense of Theorem 6.11, note that, since ‘/’é satisfies Stokes to level m — 1, we have for
every square ] with side length a

(RO - P (00)| < P (0D, < a8 = [O)¢/2.
Since {dy,/2 > 1 by assumption (66), the map [ — |(J|*9"/2 is a subcontrol.
Therefore all the conditions of Theorem 6.11 are satisfied and we conclude that there exists a unique 2-cocycle R €
C(Rect, H) such that
RO -ROly S Fr(O) .
Since R is already a 2-cocycle on level n, the uniqueness part of Theorem 6.11 implies that 7,R = R. Furthermore since

RIM! = 0, it follows that [(RO)HI™|y < Fy(0) as desired. The fact that the bound (68) is enough to determine R uniquely
follows from Remark 6.14.

Finally, uniform continuity of the extension map (69) follows from that of the sewing map (43) once we remark that the
bound (65) uniform over 81 implies (44) and likewise for (67) and (45) with B,. |

6.4. Signature of a rough surface. We now focus on the crossed module

HY = HV(R") S5 GV = GN(R") 5 Aut(HN(R")) ,
which is the exponentials of the level-N truncation of the “free crossed module of Lie algebras” as in Example 4.21. That
is, GV is the exponential of g" := g _ (i.e., the level-N free nilpotent Lie group over R"), and H" is the exponential
of BV = g;LN, where we apply Proposition 4.13 to build a crossed module of nilpotent Lie groups from a crossed
module of nilpotent Lie algebra. The degrees of GV are integers 1 = ¢; < --- < ¢, = N and those of HV are integers
2=4d; <---<dpn= N.As usual, we identify GV, HV with g, B via the exp-maps.
For1 <k < N,and x € gV, we let x'¥) € g¢ := g denote the projection of x onto the k-th homogenous level gy (so
that x = x(1) + .- + x(M) and §,x* = A¥x¥), and similarly for x € H¥ and 2 < k < N.

The extension Lemma 6.23 (with € = %), yields the following natural definition.

Definition 6.25 (Rough surface). Consider ¢ € (0,1] and N > 1 such that {(N + 1) > 2. Alevel-N {-Hélder rough
surface is a pair of maps X = (P, R) € C(Paths, GN) x C(Rect, HV), locally uniformly continuous, such that P is a
1-cocycle and R is a 2-cocycle and there exists C > 0 such that

k
P(N®] < Clyly,
for all y € Pathswith |[y| <landk =1,...,N, and
IR(D)P] < C(a*"b)*

forall (0 € Rectand kK = 2,..., N, and where we recall that a, b are the side length of [] with a > b. The smallest
constant C for which these bounds hold is denoted || X||; and is called the {-Hdlder norm of X.

Remark 6.26. Although P in Definition 6.25 is, a priori, an arbitrary 1-cocycle, the facts that (Th)(") = O for all h € HV
and that there exists a 2-cocycle R above P implies that (1) (y) = 0 whenever y is a loop. It follows that there exists a
(unique up to translation) function X : [0, 1]2 — R” such that ()" = X (y) — X (x) for any path y starting at x and
ending at y. This X is the ‘surface’ aluded to in the above definition.

We can now state the extension theorem for rough surfaces, which is a corollary of the Extension Lemmas 6.21 and 6.23.
For M > N, as earlier let 1<y : GM(R") — GN(R") and <y : HM — HN denote the canonical projections (the fact
that both maps are denoted x < will not cause confusion).

Theorem 6.27 (Extension of rough surfaces). Suppose X = (P, R) is a level-N {-Hélder rough surface. For every
M > N, there exists a unique level-M {-Hélder rough surface Y such that t<nyY = X. Furthermore, the map X +— Y is
uniformly continuous in the uniform metric on every set of the form {X : ||X|l; < C} for C > 0.
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Proof. The facts that there exists a unique level-M ¢-Holder rough ‘1-cocycle’ P such that 7<yP = P and that the map
P > P is locally uniformly continuous follows from Lemma 6.21. (In Lemma 6.21, continuity is stated for the ¢-Holder
norm, from which continuity under the uniform metric on sets bounded in {-Holder norm follows by interpolation, see
[FV10, Lem. 8.16].) In turn, the existence of the extension of R (and its continuity) to a level-M 2-cocycle is given by
Lemma 6.23. O

Remark 6.28. In [Lee24] another notion of rough surface and extension theorem is given, and a decay estimate as M — oo
is shown that is similar to the original extension theorem of [Lyo98] for rough paths.

6.5. Young case. In this section, we give several conditions under which a ‘surface’ X : [0, 1]> — R” admits a canonical
(and/or unique) lift to a rough surface in the sense of Definition 6.25. We first give a condition based on {-Hélder norms for
X to admit a unique lift for § > % (and demonstrate non-uniqueness for { = %), and then give a simple condition based on
‘rectangular’ Holder norms for X to admit a canonical (but not unique) lift.

Considera X : [0, 1]2 — R". Assume that, for some ¢ > 2,

X - X
X s = sup 2D ZXIL @3)

xty  Ix=ylt

For any path y: [0, 1] — [0, 1]2, it holds that ||.X o Yllgra < ”X”C-Hﬁllyﬁ-w and thus, if y is parametrized at constant
speed, | X o yll¢ghe < ||X||§_H6||y|£BV. It follows therefore from Lemma 6.21 (or equivalently, from classical Young
integration) that there exists a unique continuous 1-cocycle P : Paths — G2 such that P (y)(") = X (y(1)) — X (y(0))

and, for k = 1,2,
PN @1 < Irlgy -
Since the kernel of T is trivial on level 2, there exists a unique continous 2-cocycle R : Rect — H? such that
IRO) =P(o0) .
(The fact that R is indeed a 2-cocycle over P is a consequence of the classical Chen identity.)
We now assume the extra regularity condition
1P| < |O)¢ = abbt . (74)

Since 3¢ > 2, X = (P,R) € C(Paths, G?) x C(Rect, H?) is a level-2 £-Holder rough surface. Theorem 6.27 now
implies the following result.

Proposition 6.29. Assume the two regularity assumptions (73) and (74) for some { € (%, 1] and let notation be as above.
Then X admits a unique extension to all levels N > 2 that satisfies the bound

IRO)F] S at*, (75)
and this extension furthermore satisfies the stronger bound
IR(O) K| < ab*k-Dpé (76)

Example 6.30 (Optimality of ¢ > % — pure level-3 rough surface). It may appear strange that ¢ > % is the threshold for
the ‘Young regime’ to extend R uniquely. This is because ¢ > % is the threshold for the Young regime to extend % uniquely.

The following example demonstrates a ‘pure level-3’ %-H(’jlder rough surface and thus the necessity of { > % to obtain
unique lifts in our setting. This is analogous to the ‘pure area’ %—Hélder lift of the constant path in rough path theory.

Consider the constant surface X = 0. The canonical level-N extension of X, given by the above construction, is simply
P = egn and R = ey, and this is the unique lift which satisfies (75) for all { € (%, 1].

We now demonstrate a different extension of X to level-3 which satisfies for { = %
RO < 012 (77)

(which is even stronger than (76)). Let P = eqs as before (here we have no choice but to use the canonical Young lift), but
now define R: Rect — H3 by

R(@O)?P =0, R(D)(3)=w/Y,
O

where w € b? is any non-zero element such that 7w = 0 and Y € L®([0, 1]%, R). Then R is a 2-cocyle above P by
additivity of integration. Furthermore
IRO)P| < |¥]e|O|
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showing that (77) is satisfied for kK = 3 (the case k = 2 is trivial). Therefore X = (P, R) is a level-3 %-Ht’)lder rough surface
lift of X.

(Applying Theorem 6.27 to X, there is a unique level-N {-Hélder rough surface lift of X forall N > 3and { € (3, 3],
where the lower bound { > % comes from the condition (N + 1)¢ > 2 from Definition 6.25 with N = 3.)

6.5.1. Rectangular increment regularity. We now show that one can still obtain a ‘canonical’ level-3 rough surface lift for
&> 15 provided that we control the rectangular increments of X. En passant, we provide a sufficient (linear) condition on X
for (74) to hold.

Assume that, now for { € (%, 1], X satisfies the Holder bound (73) and

|60 X
I X|l¢-Ho1:Rect == sup
fHokRee [JeRect |D|§

0, (78)

where, for [ = (e~, e*) with lower left corner e~ = (e;, e,) and top right corner e™ = (e7, €3),
SoX = X(e") — X(ey,e5) — X(ef,e5) + X(e7)

is the rectangular increment of X. As before, the 1-cocycle P : Paths — G3 is well-defined since ¢ > %
We claim that (74) holds, or more precisely, that

1P (00D P | < 1D IX Nl gror (11X llg-rier + 11X [l g-orRect) - (79)
Indeed, for two parallel lines y, y forming the long sides of [1, we have

IX © ¥llgrar V11X 0 Fllzha < a1 X Iz -
and likewise for the short sides. Furthermore
X oy = X o ¥llgns < DE1I Xl ¢-tolRect -

Together with Chen’s identity, these bounds readily imply (79).
Recall from Section 5.1 that the level-3 lift of X takes the form

RO =0 = 313 [ dadr X044 120 236

i j<k

The identity (30) (extrapolated to general rectangles) and the bound (79) imply that | /D J,(,’;f)| < |34, which, by 2D Young
integration (see [Har21, Thm. 16] or [FV10, Thm. 6.18]), implies that R((J)(®) = Q) is well-defined and satisfies

IR(D)P| < ab X gar (X g + 1X llg-tiotRece)? »

where we supposed, without loss of generality, that X (e™) = 0. This is precisely the bound required for X = (£, R) to
be a level-3 {-Holder rough surface. This demonstrates a canonical (but not unique) level-3 lift of X for & > % under the
Holder regularity conditions (73) and (78).

APPENDIX A. SOME PROOFS OF THE MAIN TEXT

Proof of Proposition 4.11. Let us define t'(a + I) = t(a) + J and iy, ,(a + I) = Mx(a) + I. Note first that t’ is well
defined, since if a — a’ € I then property 2 implies that t(a) — t(a’) € J, so that
t'(a+I)=t(a)+J
=t(a’) +J
=t'(a’ +I).
For a similar reason t’ is a Lie algebra morphism. Indeed, if a, a8’ € [ then
t'([a+I,a +I])=1t([aa]+1I)
=t([a,ad']) +J
= [t(a),t(a")] +J
= [t(a) + J,t(a") + J]
=[t'(a+I),t'(a" +I)].
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Let us now verify that i’ is well defined. Suppose that X, X’ € gand a,a’ € haresuchthat X’ — X € Janda’ —a € I.
Then

iy (2 + 1) = Fix(a') + 1
=mx(a)+mx_x(a')+1
=mx(a)+mx(a —a)+mx_x(a)+1I
However, since by property 4 we have that mx-_x (a’) € I and by property 3 that mx (a’ — a) € I, we get that
iy (@ + 1) = Fix(a) + I
= iy, (a+ 1)
Moreover, for every X € g, /"r'rIXH € Der(h/I). Indeed, if a, 2’ €  then
My, ([a+ 1,2 +I])=x([aa])+]
= [mx(a),a'] + [a,mx(a")] + I
=[mx(@)+I,a +I1+[a+I,mx(a)+1I]

=[xy (a+1).a + 1]+ [a+ 10y, (8 + 1)

Finally, let us verify that 77 : /J — Der(h/I) is a Lie morphism. Take X, X’ € gand a € b, then

oo/

Mixssx+s(@+1) = ;7.7’[X,X’]+J(a +1I)
=mixx(a)+1I
= mx(Mx (a)) — mx (Mx(a)) +1

oo/

= iy (Fix; (2)) = Wiy s (ix(a)).
Next, we verify that t" and w satisfy egs. (EQUID) and (PEIFD). Let X, X’ € gand a,a’ € . Then
¥ (s (a+1)) =t (fx(a) + )
=t(mx(a)) +J
=[X,t(a)] +J
= [X + J,t(a) + J]
=[X+J,t'(a+1I)]
so that eq. (EQUID) holds. Similarly,

oo/

Mi(a)4s(a" +I)
My (@) + I
[a,a’]+ 1

=la+1Ia +1I]. O

h’]tr(a+1)(a/ + I)

Proof of Lemma 4.12. The Leibniz rule yields

57X, Y] = Y (”)[5kx,5"—ky].
0

= k
Thus
1
exp(8)[X, Y] = Z —8"1X. Y]
n=0
o 1o (n k n—k
= Z—' (|85 %8¢y
= "=
= 3 il;[akx 5"ky]
P k!'(n—-k)!
= [exp(6) X, exp(5)Y].
The last statement is evident. (]
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Proof of Proposition 4.13. We begin by noting that by the previous Lemma, indeed we have m, € Aut(H). Next, we
check that m is a morphism of groups. Since /7 is a morphism of Lie algebras we have

Mgg' = exp(;ﬁBCHg(g,g’))
= exp(BCHpe(y) (g, Fig)) |
= exp(Mg) o exp(Mg).
That T is a morphism of Lie groups is direct from its definition.

Now we verify that m and T satisfy eqgs. (EQUI) and (PEIF). For eq. (EQUI), it suffices to note that eq. (EQUID) implies that
forany k > 1,

H(A(y) = adk(t(y")),
so that
T(mg(h)) = t(exp(img)(h))
= exp(adg)(t(h))
=gih)g™
since exp(adyx) = Adexp(x) (and the Lie exponential map is the identity in our case). Equation (PEIF) follows similarly, by
simply noting that eq. (PEIFD) implies that for any k > 1,

ee k , ’
My (y') = 3d§()’ ),
hence
My (h') = exp(Myp)) (')
= exp(adp) (h')
=hh'h. O

APPENDIX B. COORDINATES OF THE FIRST KIND

When expressing the logarithm of the iterated-integrals signature in terms of a basis of the free Lie algebra, the dual element
which picks out the coefficient of a basis element in the signature is called the coordinate of the first kind (see [DLPR20,
Section 3] for a recent overview of this classical topic).

For the sanity checks in Section 5.1 we need the coordinates of the first kind on level 3 and 4, for the basis used in
Example 4.9 (for n = 3). It is given in Table 2.

APPENDIX C. WHY CROSSED MODULES?

In this section, we provide an intuitive description of the conceptual transition from 0-dimensional (0D) objects (points) to
1-dimensional (1D) objects (paths), to motivate the subsequent transition from 1D to 2-dimensional (2D) objects (surfaces).
We will place particular emphasis on how the structure of crossed module is motivated by the latter transition.

This section aims to inspire, avoiding intricate details or strict mathematical rigor (such as, for instance, questions of
regularity).

C.1. Paths. The basic 1-dimensional (1D) objects that we aim to study are paths X (V) : [0, 1] — R”, the set of which,
only in this subsection, we denote O™ In this subsection, we use the superscript (d) to emphasise the parameter
dimension d of the associated objects. This space comes equipped with a natural notion of splitting / concatenation.

Given paths X (1), XV XD e 0M wewrite XM = X 1 X if there exist to € [0, 1] and increasing bijections
A B A B
wa: [0,1] = [0,t0] ,  wg: [0,1] — [to, 1] (80)
such that for all ¢t € [0, 1],
xM = xM xM - x
(wa(t)) = X, (1), (ya(t)) = X (1) .

NB. The equality X = Xf\” U X;) should not be interpreted as an equality in the strict sense since we never define
X/(\” u Xé” as an element of (1.
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Lie basis Coefficient (“coordinates of the first kind”)

(21, [Z1, Z2]] T(112-2121+211)

(71, [Z1,73]] i(113—2131+311)

[Z2, [Z1,72]] i(—122+2212-221)

[Z2, [Z1, 23]] ?(123—2132+213—2231+312+321)

[Z2, [Z2, Z3]] E(223 - 2232 +322)

[Z3, [Z1,Z2]] i(—2123+132+213+231+312—2321)

[Z3, [Z1,73]] i(—133+2313—331)

[Z3, [Z2, Z3]] g(-233 +2323-332)

[Z1, (21, [21,Z2]]]  —$1121 + 21211

[Z2,[21,[Z1, 22011 £2211 = £2121 + $1212 - 11122

[Z2, [Z2, [ 21, Z2]]] —%2122+ %2212

[Z3,[Z1,[Z1, 22011 —§1123 + £1213 + £1231 — 11321 — 13121 + 13211

[Z3, [Z2, [Z21, Z2]]] %3212 - %2123 - %3122 - %1322 + %1232 - %2321 + 22231 + £2213
(73, (23, [21,Z2]]]  £1233 — £1323 — 23123 + [3213 + 3231 — (3321

(21,71, [Z1,23]]] —+1131 + 11311

[Z2. (21, [Z1. Z3]]] —21 132 + 21312 + 31321 - 11231 - 12131 + 12311

[Z2, [Z2, [ 71, Z3]]] %1322 - %1232 - %2132 + %2312 +£2321 — 12231

[Z3, [Z1,[Z1,73]]]  £3311 - 13131+ 11313 - 11133

[Z3, [Z2, [Z1, Z3]]] 21323 - 23231 - 21233 - 22133 + 12313 - 13132+ 13312 + 13321
[Z3, [Z3, [Z1,73]]] —%3133 + 13313

[Z2, [Z2, [Z2,Z3]]] —22232 + 22322

(23, [Z2, [Z2, Z3]1]  £3322 — £3232 + 2323 — 12233

[Z3, [Z3, [Z2, Z3]]] —%3233 + %3323

[[Z1,Z2], [21, Z3]] —$1231 + §2311 + %1321 + %3112 + %1123 - %3211 - %2113 - %1132
[[Z1, Z2], [Z2, Z3]] —$1232 + $2321 + §1322 + §3122 + §1223 -~ §3221 — £2213 — 12231
[[Z1, 23], [Z2,73]] —51332+ £3132 + £1323 — 23231 — 12313 + ;2331

TABLE 2. Magnus in a basis (i.e. coordinates of the first)

Consider now a group G. We aim to study the path space 0 via maps M0 G, which are multiplicative in the
sense that

MU)(XU)) — M(1)(X/§1))M(1)(Xé1))

whenever X (1) = Xr) u Xé”. One of the motivations to consider such maps is computational: if we view M(") as a

feature map on O™ then the multiplicativity property implies that it suffices to compute M) on the ‘sub-path’ over [0, o],
for any to € [0, 1], then compute M) on the ‘sub-path’ over [to, 1], and then combine the results directly in the group G.
This can be much more efficient than computing M (") directly over the full path on [0, 1].

The following is a simple and natural way to build multiplicative maps. Consider a linear map mM: R" — gwhere gis a
vector space. Then the map

1
m(])(X(])) = m“)(X“)U)) _ m“)(X“)(O)) =/ m(])(X(])(t)) dt
0

is multiplicative for the abelian group structure of g.

It is important to remark that m™) factors through a boundary operator on 0™ More precisely, there is a natural boundary
operator 0 : O — 0© where 0@ is the space of all maps X (@ : {0,1} — R”, defined by

(0(1))((1)) =xM oy<0); {0,1} > R",

where y(©: {0,1} — [0, 1] is the canonical injection, i.e. (VX)) (0) = X1 (0) and (8 X M) (1) = XM (1).
Then we define m©@: 0© — gby m@(X©) = MW (X© (1)) = mM (X©(0)) and remark that, trivially, for
XM e oM,

m“)(X(])) — m(O)(aU)X(U) )

Now suppose g is the Lie algebra of a Lie group G (not necessarily abelian). Equip G with a suitable (e.g. Riemannian)
metric p. Then m") induces a unique map M : O — G which is multiplicative and satisfies the local increment
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property'®
p(MD (X)) < Jx Vg, (®1)
for some @ > 1, where BV stands for 1D bounded variation. It is given as the time-1 solution of the ODE
ay(t) =Y(&)mV(@xV(), Y0 =1€G.

We call any multiplicative map M) constructed as above linearly generated. If G is abelian, then M“)(X“)) =
e (X)) = gm® (0N XM) 54 that again M) factors through the boundary.

There is a universal linearly generated map S(": 0" — G((R")), called the signature, that every other linearly
generated map factors through. It is given by applying the above construction to the linear map denoted sMW:R" 5 R"
(instead of m(”), which we take to be the identity and where R” on the right-hand side is identified canonically with a
subspace of L((R")), the Lie algebra corresponding to the group-like elements G((R")). That is, S (X)) is the
time-1 solution of the ODE

dy () =Y(6) @ sV (dxV (1)), Y(0) =1
taking values in the algebra of tensor series. Then, for every linear mM: R" - g there is a unique group morphism
M : G((R™)) — G such that

M(1)(X(1)) =MD, 5(1)(X(1)) )

Note that G((R")) is not a bona fide finite-dimensional Lie group, but a suitable subgroup of it can be turned into a Polish
group with the stated universality property, see reference [CL16] for details.

It is known that the signature of X determines X (V) up to tree-like (i.e. thin-homotopy) equivalence [Che58, HL10,
BGLY16].

C.2. Surfaces. We now turn to our 2D objects of interest, which are maps X (?): [0, 1]2 — R”, the set of which, again
only in this subsection, we denote 0.

We first remark that, as in the 1D case, there is a boundary operator 0. 0@ — 0 defined by
(d(z)X(Q)) =XPo y(”: [0,1] - R",

where y(1: [0,1] — [0, 1]2 is a fixed loop with y (" (0) = y(" (1) = 0 which runs around the boundary of [0, 1]2, by
convention, counter-clockwise.

Moreover, again as in the 1D case, 02 comes equipped with a natural notion of splitting / concatenation, but the description
of this is now more involved.

Definition C.1. Given X @, X2, X{?) € 0, we write X @ = X ? L x ¥ if
B there exists a point x € [0, 1]? and a path £: [0, 1] — [0, 1]? such that £(0) = O and £(1) = x,
B there exist maps w4, wg: [0,1]2 — [0, 1] with w;(0) = 0 and such that the boundary of Ay 4 is given by first
running counter-clockwise along [0, 1]? until we hit x, and then running backwards along ¢, while Ay is given by

first running along ¢ and then running from x counter-clockwise along 0[O0, 1]2 until we return to O.
B onehasforall z € [0,1]?

2 2 2 2
XD (ya(2) = XP(2). XP(ys(2) = X (2) .
See Figure 3 for illustrations. Remark that we do not require y; to be injective: in the right drawing in Figure 3, a triangle
with non-zero area is collapsed to a line. This example especially motivates our definition of 2-cocycle in Section 3.1.

The path ¢ should be interpreted as a ‘splitting’ or ‘cut’ of the surface and plays the role of the point ¢y in (80) from the 1D
setting. Again, the notation X2 = X;\z) u Xéz) should not be interpreted as a strict equality.

We remark that the boundary map is multiplicative in the following sense: if X2 € 0@ with X (@ = Xf(‘z) U Xéz), then
M(1)(a(2)X(2)) — M(1)(O(Q)X/gz))M(U(aQ)X;Q)) (82)

for any linearly generated multiplicative map MDD 00 = G andin particular for MDD =80 the (universal linearly
generated) path signature map.

As in the 1D case, we wish to study maps M. 02 H, where H is a group, that are multiplicative in the sense that

M(Q)(X(Q)) — M(z)(X/S‘z))M(Q)(XéZ))

Shere < means up to a constant factor.
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FIGURE 3. Examples of surface splitting. In the right figure, the mapping y g collapses the bottom left
triangle of the left square to the green line on the boundary of the top square; in particular, the entire
brown diagonal line in the left square is mapped to the intersection point of the green and blue lines in
the top square.

whenever X (2) = XIE‘Z) L Xéz). The computational motivation for such maps is the same as before: we can compute M2
over subdomains first, and then combine the answers in the group H.

A natural way to build multiplicative maps is the following. Consider a 2-form m®@: R" AR" — b, for a vector space .
Then the map

m® (x (@) :=/ (X®)* m@ =/ m® (XD A 3, XD dt, dt
012 [0.1]2

is multiplicative for the abelian group §.

Now suppose | is the Lie algebra of a Lie group H. Equip H with a suitable (e.g. Riemannian) metric p. Then, as in 1D, we
aim to find a multiplicative map M@ : O — H which satisfies the local increment property

p(MP (X D), gm? Xy < | x(@)6 (83)

for some 8 > 1 and | X| := || X||gv, where BV now stands for 2D bounded variation. In analogy with the 1D case, such
maps M@ whenever they exist, will be called linearly generated.

An important case where we can find such a map M is the so-called Schlesinger case. We take ) to be the Lie

algebra of a Lie group H and m? (x, y) = [m™ (x), m(V (y)]; for x, y € R" and some linear m'"): R” — b. Then

M@ (X@) = MDD (3@ X)) with M) : O — H on the right determined as in (81), is indeed multiplicative; it is

the unique map that satisfies (83).

To see this, observe that 2(X @)*m@ =2m@ (5, X, 3, X @) dt' A dt? is the exterior derivative of the 1-form'®
a=mPDXPD axXD)dt" + mPD(XP, 0,xP)de? .

So, by Stokes’ theorem,

1 1 ! .
[ooxoym® =2 [ da=g [ as [mOronmO @@, (84
[0,1]2 2 Jio1)2 2 Jo0,112 0

where Y (t) = X@ o y(1(t) and where the final equality follows from a direct computation'” using ¥ (1) = Y (0) = 0.
The term (84) is the first non-zero approximation of M (1) (2 X (2)) so we indeed have, denoting ey the identity element

of H,
M (XD = ey +/
[0,1]
where we implicitly treat H and f) as embedded in a matrix algebra to make sense of the final two expressions.

. 3/2 (2) (x( 3/2
LX) m? L o(IXIFy) = ™ X L o(IX I

Any map built in the Schlesinger case will, by construction, factor through the boundary and thus not reveal any ‘surface’
information.

In the rest of this subsection, we show how to build a class of linearly generated multiplicative maps that do reveal surface
information. A crucial step turns out to be a generalisation of an algebraic identity in the Schlesinger case (but which appears
to have no analogue in 1D) which naturally leads to a crossed module.

870 make sense of o as a 1-form, we recall that X @ is R”-valued.
"\We note that (84) can be identified with the so-called Lévy area of X2 o y(” contracted with m(M @ m(1).
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FIGURE 4. Two ways of subdividing the same square.

To describe this identity, note that M(Z)(X(Z)), in the Schlesinger case, is sensitive to the location of the basepoint
X @ (0) e R". That s, if
XD = %@ oy

where y: [0, 1]% — [0, 1]? is a diffeomorphism such that w(x) = 0 for some x € d[0, 1] and which preserves the
boundary and its orientation, then in general M (X)) = M2 (X)), However, there is a basepoint shift identity
given by

Adpy ) (x@on) M@ (X)) =M (x2) (85)
where n: [0,1] — 9[0, 1]? is the curve from x to 0 along A[0, 1]? moving clockwise.
We now suitably generalise this identity. Suppose we are given two groups, G and H, with a group homomorphism

>: G — Aut(H), »: g = »g, and multiplicative maps M : O — G and M@ : 0? — H that are linearly
generated.

The map M (V) encodes boundary information of X (?) via the multiplicative map X ? - M) (X @) o y(1)) while M?
encodes the ‘surface’ information. (As far as surface information is concerned, there is no loss of generality in assuming
G c Aut(H) and > is the inclusion map.) The Schlesinger case would correspond to G = H and > = Ad,.

We now ask that M (") and M2 satisfy the following generalisation of (85):
Py (£ 2omyMP (X)) = M@ (X2 . (86)
We now explain how this condition naturally leads to the structure of a crossed module.

Note that if X2 = le‘z) L Xéz) with corresponding maps ¢, w4, ¥s, then we can find a (non-unique) Y (?) such that
X@ =y@ X/(\z) with corresponding maps &, 4, g where g = wa. For example, as in Figure 4, take £ as Oy 4
run up until some point ¥ € dwg N [0, 1]? (we could simply take X = 0 in which case we run around the entire boundary
Ow 4). This also determines 0y 4 and dyg (the latter, by construction, agrees with Oy 4). From this, is it easy to build 4
with the claimed property.

Since M@ is linearly generated, it is simple to see that M (?) (Z(2)) = e}, whenever Z(?) has zero area (like the maps
sending the lower left triangles in Figure 4 to curves). In particular, taking above X = 0 and suitably shifting the basepoint of
Y @ we obtain from (86) that
2 (2)y _ 2 2
DMH)(X/(\Z)Oyu))M( )(XB ) = M( )(Y( )) :
On the other hand, by multiplicativity, M (2) (XIE‘Q))M(Z) (Xé,z)) =M@ (y@ym® (X/f‘z)). It follows that

>M(1)(X(z)oym))M(z)(Xéz)) = AdM(z)(X(z)) M(2>(XBE2)) . (87)

It is now natural to assume that there exists a group morphism T: H — G that satisfies
>x(h) = Adp (88)

and

Tor, = Adg oT. (89)
One should think of T as the abstract analogue of Ad: H — Aut(H). (Again, there is no loss of generality in taking
G c Aut(H) and T: h — Ady, but it is crucial that G is larger than T(H) to capture non-boundary information as
otherwise we are in the Schlesinger case.) The tuple (G, H, T, ») is the structure of a crossed module.
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Due to (88), property (87) reads simply as
Z(M(z)Xe)) = M(1)(X(2) ° }’(1)) )

This last condition is called (non-commutative) Stokes’ identity and will play an important role in the sequel. In light of (86),
condition (88) follows naturally from the demand that M@ (X @) = M@ (X P)M@ (X ?) for all X7, X such
that X@ = X 1 X?), while (89) follows from the Stokes’ identity.

It turns out that, starting with a crossed module (G, H, T, ») and linear maps m? : R" AR” — hand m"V: R” — g
that are suitably compatible with the differentials of T and > (see Theorems 3.16 and 3.18 for details), we can build a unique
multiplicative map M@ . 0@ — H that satisfies the local increment property (83) (and, additionally, (86)). The existence
and characterization of this map M3 via the germ e’"(z) (X(Z)), as well as the study of the universal linearly generated
map, i.e. the ‘surface signature’, is one of the main contributions of this paper.

APPENDIX D. KAPRANOV’S PROOFS

The representation theory of GL(R") will play a central role for both of these tasks, so we briefly recall it (see for example
[Ful97, FH13, $S12] for more background). The finite-dimensional irreducible representations (irreps) of GL(R") are
indexed by partitions A of integers p € N, thatis A1 > Ay > .-+ > Ax > 0 with Z,’; A; = p. A basis for the irrep
corresponding to the shape A is indexed by semistandard fillings (weakly increasing along rows and strictly increasing
along columns), from [n], of the Young diagram of A. For example, for A = (2, 1) and n = 3, the semistandard fillings are

v 2] 3] [ ]2][1]3][2]2][2]3
2| 2] [2] |3 3 3 3 3

so that particular irrep has dimension 8.

Note that |, , and J, , index semistandard Young tableaux of shapes (p — 1,1) and (p — 1, 1, 1), respectively.
We start with well-known results, encapsulated in the following lemma.
Lemma D.1. Consider the cochain complex of polynomial forms on V = R”,
Q* (V) = @ Qm(V),  QM(V):i=AT(VH)® SV,
m=0

where S(V*) is the space of polynomials on V. We use the usual exterior/de Rham differential d, on Q* (V). As a vector
space we declare the space A™(V*) ® S¢(V*) of m-forms with polynomial coefficients of homogeneity d to have degree
d + m. With respect to the (shifted polynomial) grading, consider the graded dual

(V) = A"(V)® S(V),
with analogous grading convention. Dualize dq, to a chain map d on T, 9, := (d™~")*. Form > 1 consider
F,f,l =ker{0pn: [m — Mm1}.
Then (Figure 5)
i TS = coker{Om+2: Mm+2 = Tme1}
ii.
Mo = (ker df™*")°,

the graded dual (monomial grading).
ii. As GL(R")-representations (recall the “shifted” grading on I';,),

(I’,‘,;l)g = the irrep of GL(R") corresponding to the shape (£ — m, 1,..,1).
——
m

Before proving Lemma D.1, we introduce notation. On Q" consider the basis

X7 xpdx A Adx,

Write the dual basis (recall, we are working in the graded dual) as
yi Ly Ayt A A dym
Then

aj+1

01[yf1...y,‘f”dyj]=(0(j+1)y1°“...yj Ly
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el =kerd, = cokerdny = (kerd™")°
Om £ Om+ T O+
rm—1 < rm < ! rm+1 < : rm+2

Qm—1 am! 5 Qm dam 5 Qm+1 am! 5 Qm+2:':

j\ (graded) dual

FIGURE 5. T etc.

%[y dy/ Ady ] = (a; + 1)y dy* = (ar + 1)y dy/,

We also consider on Q" the basis

. . 1 . .
rfoorrdrt A Adr'm s ———— xS xS dx A Adxm,
1 n ] 1 %1 n

arl...ap.

and write the dual basis as

sE L sands A A ds
In this basis
dorP = Z rf=eedre, do[rfdr] = Z rP=eedrt adr'
¢=1 £=1
and

o [s“ dsj] = s%t¢, Os¥ds/ Adsk = s¥8 dsk — s¥ek 4/
Proof of Lemma D.1.

1 Since d is exact so is O (except at 0). Then
F,‘;l = ker 0, = im Opy1 = M1 /ker Ope1 = Mpe /im Opyn = coker Opyn.
2 We establish
coker Op4p = (ker d71)°,
This is straightforward linear algebra. For [f] € coker O+ define T ([f]) € (ker d7*1)° via
T([fD)(w) = f(w).
This is well-defined: if f = On4+2h € im Oy then for any w € ker dgm:
f(w) = (9ms2h) (@) = h(df*'w) = h(0) =0,

50 we get a well-defined (linear) map T : coker 942 — (ker d7*1)0.
T is injective: assume

0=T([f)(w) = f(w) Vw € kerdT*'.
Then (Fredholm alternative), there is A € [;1p With Op0h = f and then [F] = 0.

T is surjective: let v: ker dg’” — R be linear. Pick S, a subspace of Q™' complementary to ker dg’” . Then,

there exists a unique linear map i: Q™' — R with
A(w) = p(w), w € ker d!
A(s) =0,s € S.
Then, for w € ker d7*1,
T([AD(w) = p(w) = p(w),
which gives surjectivity.
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FIGURE 6. pg is defined in Theorem D.2. p_1 is defined in Theorem D.4 p? 1,,00 are Lie algebra

isomorphisms (since domain and codomain are abelian, these are just linear isomorphisms). psa1b pf)ab

are Lie algebra isomorphisms (with abelian codomain).

3 A proof of this statement, using highest weight vectors, is sketched in [KZ192, Lemma 2.6], [GKZ* 94, Proposition
2.2].
The isomorphism is given by the map

$:SEmID (V) S (T

/l > Oy (Siy - -+ Sip_ s dsm A A dsie)'

it

where SA(V) is the Schur module corresponding to the shape A. The map is well-defined, since
A(si, ...si,,  dsm A Ads) =0
if any of the jg_pn, ..., i¢ are equal, and since forany r = 1,..., € —m—1
&(si ...si, ,  ds=m A Ads’)

= Z 02(Siy + + - Sip_y SigSipyy -+ Sig_ 1 dsem Ao Adslads™ Ao A ds™).

Theorem D.2. ForI = (i1, iz, ...,Ip) € [n]P, define the following element vi € (Q?)°,

vr = s%ds’1 A ds, where ap=#{k<p-2|ik=¢},€=1,...,n

Then:

i. Endow I'fl with the trivial Lie algebra structure (i.e. with the zero bracket). Consider d,vy € I'fl. Then: there exists a
unique Lie algebra morphism pg : [g s n] — I'Cl such that

po([Zis [Zigs s [Ziyys Zi) oo 1D = G2ve, I = (i1, .., 0p) € lnp.
ii. po induces a linear morphism
[a9. 9]

— rcl’
[[a0, 01, [0, a%1]

Py’
and for any J = (j1,...,jp) € [n]P we have

pO([ZJw[ IR [ij 12 ] ]]) = Oyv,.

jii. pgb is in fact a linear isomorphism of GL(IR™)-representations,

. - [gn’gn] = ; [—cl.
[[62. 921, [69. 901]

ab
Po
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Remark D.3. We have
vi(w) = 6,0, ... dip—zweip,1 €ip (0),

which is the definition used in [Kap15]. Indeed,

vi(r®dr/ A dr¥)

1 _
v_r(—|x“ dx/ A dx¥)
al

1 fae=#{k<p-2|ik=¢},j=ip-1,k=1ip
-1 fap=F#{k<p-2|ixk=2L},j=ip, k=ip
0 else.

Proof of Theorem D.2.

i. By Theorem 4.6, the unique existence of pg follows from the universal property of free Lie algebras.
i. Let W = [a%,4°]. First, po factors through the abelianization W /[W, W1, since, by construction, pg is a Lie
morphism with abelian codomain.
Further, forallo € Sy,

(Ziys [Zis - 2y 50 [Zip 15 Zip] - 11
= i Zisiys - iy 2, 1071111, mod [W, W], ©1)
Indeed, for any k, € € [n] andany I = (i1,...,ip) € [n]P, p > 2, we have, mod [W, W],
0= [[Zis [Zis - -+ [Zipys Zip 111, [Zks Ze] |
= [[[Zis [Zigs - - o+ (Zigys Zi, N Zic)s Ze) + [ Zoo [ Ziys (Zigs - - <o (200 Zig 111, Ze] |
= Ze, (Zk: [ Zivs [ Zigs - - o3 (Zigys Zi M) = (20 [Zes (2o (Zigs - (24,00 Zi 1T
Since [W, W] is a Lie ideal, we have, mod [W, W],
0= 124, [Zigs -+ s [Zips [Zipyys - s [ 20y 4, 23] - 11D
= Zins [Zigs - - s [ 2y (25 (20, Zi ] - 1D,

forany r =1,...,p— 3. Since S,_» is generated by transpositions, this shows (91).
Now let

(Ziy, [Ziys ... [2Z i 2,[Z,p 1 ]...]]] eWw.
By what we just showed, we can assume /7 > jp > --- > /p_g, since re-ordering these indices does not change
the image under po = p3° o 7°® (where 7" is the projection to the abelianization). By changing the sign (which is
compatible with po), we can assume i, 1 < ip.
If i,_2 > ip_1, we are in the setting of the previous point i. Otherwise, we apply the Jacobi identity to obtain

(Zis [Zigs - 5 [Ziggs [Zipers Ziy ] -2 1]
= Ziys [Zigs oo s [ Zip 00 Zip . Zig) oo )+ (2o [Zigs oo [ 2y [Zig g Zig 1] -2 1]
= —[Zis [Zigs oo s [Zigs [Zipgs Zipy Do o TN+ [ Zis [ Zis + s (25 (20 Zip ] - - 11D
which under pg is mapped to
0 (=srsi, ds’»2 A ds’e1 + SIS,y ds’2 A ds™)
= —SI'Si,Si,, ds’ + SISy Siy_s ds’
v,

where I = (i1, ..., lp-2,ip-1,ip) and I’ = (i1,...,ip—2). This proves the claim.
iii. First, pgb is a morphism of GL(R")-representations. Indeed, let A € GL(R"). Then, for all J/ € [n]?, (using
Einstein summation)

b(A [Z i [ij, cey [ijfwsz] ... 1D
= po ([Ar1j1 Z”’ [AfZJZZfZ’ tee [Afpfu'pﬂ prﬂa Arpjpzrp] . ]])

b
= Ar1j1 Arzjz .. -Arp,1jp,1 Arpjppg ([Z,1 R [Zfz’ ey [erq, er] . ]])
= Af1j1 Af?JZ . Arp,1jp,1 A,pjpdz(X,1 e Xry dxP1 A erp)

=A-%(xj...X,, dxle=1 A dxl?).
Let W := [g, g%]. We consider the graded piece of degree £ of both W /[W, W] and FCl
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By Lemma D.1 Item iii., (Ffl)g is the irrep of GL(R") corresponding to the shape (£ — 1, 1).

By Theorem 4.6, (W /[W, W]), is the irrep of GL(R") corresponding to the shape (€ — 1, 1).

By Schur’s lemma ([FH13, Lemma 1.7]) it remains to show that pgb is not the zero map. And indeed, for
I = (i],. ..,fe) < |,7’g,

P8 ([Zivs (Zigs -+ > [Zif 15 Zig) - - - 11) = Bovr #0.

Next we consider [ (R"), which is indexed by J, p, p > 2.
Theorem D.4. Recallv; € (Q2(V))° = I'2(V) defined in Theorem D.2. There is a unique linear map
p-i: i = R(RY),
satisfying, forp € Nxo, i; € [n], j=1,..,p
p-1 ([Zi1, (Zigs s [Zig g Zipaip] - -~]]) =vr.
It is a morphism of GL(R")-representations. Moreover,

i. p_1 factors through a map psjbz fs‘;b — [L(R") of GL(R")-representations. Moreover, for any x € {™',y €
[1°.7°1.
PP ([x. y]) = 0.
ii. p5_31b induces a linear isomorphism of GL(IR")-representations
1

[[7°, 71,7 1] = R2(R7).

b
P
ji.
PP ker d*® — ' = ker{d,: [ — 1},
is a linear isomorphism of GL(R")-representations.

Proof. Define p_1 on 1 (R") as
pP-1 ([Zin [Zis - s [Zip-y> Zipriy) ...]]) =vr,

forp € Nyo, i; € [n], j =1,...,p, ip—1 < ip. This is well-defined by Lemma 4.3. Changing the order of j,_1 and i,
changes the sign on both sides, so the identity is true for all I € [n]P. As in the proof of Theorem D.2, this implies that p_1
is a morphism of GL(IR")-representations.

To verify that p_1 factors through the quotient of the semi-abelianization, we need to verify d[f~ (R"), ™1 (R")] C ker p_;.
We show the stronger statement:

[ (R, [FP(R"). P (R")]] < kerps. (92)
To show this, it is enough that, for any i1, ..., i, € [n],ip_1 < ip, p > 2,and any ji, ..., jq € [n], g > 2,
i 12 12 s iy Zii o T 2 (i (2 12,0011 11| ) = 0
First, it is true for g = 2:
([ 1200 Zig 120 Zig i) 1112231
= oot ([0 2o s [y s Ziip) 11 %11, 2]
4 120 (205 (i iy s i) - 112511
= oo (22 2 s (Zig s Zig s Zip ] 111

= Uy g iy i+ iy Ziaip] - 111

=0.
Now let it be true for arbitrary g — 1 > 2. Let I = (i1, ...,ip), J = (J',jq) = (1, ..., Jq), be given. Define
Zr = 2 g e oo 2y Zig i) - 11, 20 = Zj [Zgs o o5 [Zgns Zj ) - 1]
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Then

Now

p-1([Z7 " (2, Z20D) = pr (127, 2,1, Z00) + p-1 (2, (27, 200D

,D 1([[ ] ’ j1] Z_?’])_p 1([ j'7[Zj17ZI_1]]):Ov

by induction hypothesis, since |J’| = g — 1. Lastly, by Lemma 4.3, we have

[z, Z9] ZaKZ !

for some ax € R and the sumis over all K = (kq, ... kp+q,1) with kp4q_2 < Kpig—1. Then

p-1(12, 127, 2001 = ZaKp 117, Zk]) = sjp-1 () ak Zk) = 0
K

The map p_1 factors through the semi-abelianization, by (92). Since ker p_1 is a GL(R")-submodule of {~'
get a map of GL(R")-representations.

i. By Lemma 4.3, the elements

Zr = [Z,‘1, [Z,’2, e, [Z,‘p_z,Z,‘p_“'p] .. ]], pE NZQ,I'J‘ IS [n],j =1,..,p, ip_1 < ip,

form a basis of {1 Its image under abelianization [z ], hence span f‘b Restricting to I € 1, p, they are mapped
underp to the basis v of [2(R"). Hence [z1]ab, I € |5, form a basis of f=! » andp is an isomorphism.
Consider the diagram in Figure 6. The outermost square commutes i.e. pgp o d = 0 o p_1. Indeed, this follows from
Theorem D.2,ltem ii.: foran J € [n]P

pod[ s [ ar s [ijfz’ ijqu] .. ]] po[ s [ ar s [ijfz’ [ij—w ij]] . ]]
= vy
= 0p-11Zj, [Zps -+ 5 (205 Zjpjp] - 11
Now p_+ factors through the abelianization, Equation (92). Again, since kerpsﬁb is a GL(R")-submodule of
=1, we get a map of GL(R")-representations. Further po factors through the abelianization, by construction.
Further, d[f~', '] C ker d, so that d*® is well-defined. Lastly, d[[{°, °],~'] < [[{° i°], [{°, °]], so that d?°

is well-defined. Since everything is well-defined and the outer square commutes, all squares commute.
po is surjective and then so are pge‘b,pO . By Theorem 4.4, as GL(IR")-representations,

ker d** & [{°, {°].

1

Teab
Now the action of [fo TO] on f‘ . acts on the direct summands as follows
[[TO’ TO]’ ker dsab] =0 C ker dsab, [[fo’ TO]’ [fO’ TO]] c [fo’ TO]

Indeed, only the first statement is non-trivial, so let x € ker dsab, y € [fo, fo]. Then, by Proposition 4.2 there is
b € i7" such that db = y. Then

0=d[b,x] = [db,x] + [b,dx] = [y, x] inf_L.
Then, as GL(R")-representations (and hence, as abelian Lie algebras),
e - [, 1°] b [, 1]
i =fob/[[1% i L] 2 kerd®™®®® ————— = kerd®® —————.
o =T/ = [[7°. 197, [{°. 7]] [, 101, [7°. 9]
Since the lower square in Figure & commutes and p_1 is an isomorphism we thus have
pa_ﬁ . ker d®® — ker 9,

is an isomorphism of GL(IR")-representations (and hence, as abelian Lie algebras).

APPENDIX E. SYMBOLIC INDEX

We collect in this appendix commonly used symbols of the article and a page of reference where they occur. Groups are
denoted using capital letters, e.g., G, H, etc. Lie algebras are denoted using lowercase fraktur letters, e.g., g, b, and so on.
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[Bai15]
[Bar91]

[Bau04]
[BCOR98]

[BCOROS]
[BGLY16]
[BH81]

[BH11]
[BHS11]

[BMOS5]
[BS07]

[BZ22]
[CEFMMK20]

[CF91]

[Che57]

[Che58]

[Che77]
[Che18]
[CK16]
[CL16]
[CP94]
[CS24]
[DEFHT24]

Symbol Meaning Page
aAna Lie algebra valued 2-form 7
g Lie series over Lie algebra g 23
G((R™)) group-like elements in T((R")) 3
J Jacobian minor 22
L(R™)/L((R™)) free Lie algebra/series 3
m (Lie) group action 8
m Lie algebra action 8
neN ambient dimension, i.e. we will consider functions X : [0,1]> —» R" 3
w 1D Magnus expansion (log-signature) 11
Q 2D Magnus expansion (2-log-signature) 11
QX(R",g), k > 1 smooth'® k-forms on R” with values in Lie algebra g
P path development, i.e., 1D signature (1-cocycle) 6
P 1D germ (see Section 6.1) 27
R surface development, i.e., 2D signature (2-cocycle) 9
R 2D germ (see Theorem 6.11) 29
T(R™)/T((R™)) tensor algebra/series over R” 3
T feedback (or boundary) map in a crossed module of (Lie) groups 8
t feedback (or boundary) map in a crossed module of Lie algebras 8
i Lie algebra action in free differential crossed module 15
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