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On non-autonomous parabolic equations with measure-valued
right hand sides and applications to optimal control

Karl Kunisch, Joachim Rehberg

Abstract

The main aim of this paper is to develop a theory for non-autonomous parabolic equations with
time-dependent measures on the spatial domain appearing as right hand sides. Restricting these
measures to ones which have their supports on 'curves’ or 'surfaces’ — the latter understood in the
sense of geometric measure theory — we succeed in interpreting them as distributional objects
from a (negatively indexed) Sobolev-Slobodetskii space W&Q(Q) with s close to —1. For these
indices s a tailor suited parabolic theory is established, based on results of [19] and [27]. It is also
demonstrated that the proposed frame work is well-suited for optimal control with controls acting
on sub-manifolds.

1 Introduction

The investigation of generally non-autonomous parabolic equations

ou
ot
with right hand sides including measures has been carried out in the pioneering paper [2]. In that work
the spatial geometry and the time-dependent coefficients are assumed to be smooth. Concerning

the measure, in the literature typically the case is considered where the measure on the space time
cylinder is of the kind

+ A()u =0, u(0)=0 (1)

Co(]0, T[xQ2) > f »—>/0 /Qf(t,x) dp(z) dt, 2)

{Pt}te]O,T] being a suitable family of Radon measures on €2, which is — in its dependence of ¢ —
weak™ measurable. The procedure how to treat such parabolic equations is widely common: embed
M (), the space of bounded Radon measures on €2, into a space W, **(£2) and identify the r.h.s. in
this manner with a function f € L7(]0, T[, W5 "*(2)) (W4 () denoting the usual Sobolev space
which includes a trace-zero condition on ® C 02 and ng’q(Q) being the space of continuous
antilinear forms on Wé’q/(Q)). For such right hand sides one may — under mild conditions — apply
maximal parabolic regularity of the second order divergence operators involved to get a solution which
belongs to the maximal parabolic regularity space (see below). It is almost clear that this is
widely optimal for the solution. Unfortunately, this has two serious drawbacks: In order to catch all
bounded Radon measures on {2, one has to chose ¢’s which ly definitely below d%‘ll, d being the
space dimension. Therefore the domain of the elliptic second order divergence operator can be at
best Wzl)’q(Q) — with this limitation of ¢. This is more irregular than WgQ(Q) But even worse: in
general it is extremely delicate — in view of pathologies which were discovered already by Serrin in

[45] — to give the divergence operators on ng’q(Q) a precise meaning at all, if ¢ < 2 is far from 2.
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K. Kunisch, J. Rehberg 2

Secondly, one has for non-autonomous, second order parabolic equations no results on maximal
parabolic regularity in the W14 scale at hand if the geometry of the spatial domain is really non-
smooth and the time dependence of the coefficients is ‘wild’ — as long as ¢ is not close to 2.

Consequently, in this paper we go another way: We consider sets of codimension 1 or 2 in the spatial
domain €. If focused on dimensions 2 and 3 this results in measures which live on "curves’ or ’sur-
faces’ and are absolutely continuous with respect to the induced Hausdorff measures. ‘Curves * and
'surfaces’ are to be understood here in an extremely broad sense — based on the concept of [-sets
from geometric measure theory, developped by Jonsson and Wallin (see [29]) in the seventies. These
sets M are characterized by the condition

! <H (M N B(z,r)) <c*rl, ze M, rco,1], (3)

where [ € {1,...,d — 1} and H, is the [-dimensional Hausdorff measure. So, M being an [-set, we
consider measures oM, |y, with o a function from L?(M; H,). Fortunately, the pioneering results of
Jonsson/Wallin admit in our case embeddings

LZ(M;%I) S0 — UH[‘M € W51i€’2(9>, (4)

where, in our context, e > 0 may be taken arbitrarily small. Even more: one gets uniform boundedness
for norms of the mappings (4), if M runs through a class of subsets in {2 admitting a uniform upper [
estimate, i.e. in case the constant ¢* in (3) can be chosen uniformly for all sets under consideration.
All of this provides a constellation which is quite comfortable concerning the investigation of the
parabolic equation in the context of (non-autonomous) maximal parabolic regularity, namely: in [27]
an elliptic extrapolation theorem was established which asserts that the operator

V- uV 4 1: WE(Q) — W5 =), (5)

as a topological isomorphism for ¢ = 0 by Lax-Milgram, extends to a (consistent) isomorphism for
small € > 0 under very general assumptions. Having this at hand, it is not too difficult to show that (the
negative of) these extrapolated operators indeed generate analytic semigroups on the corresponding
Hilbert spaces Wéﬂz(Q), see Thm. below. The next step is easy: it has been established since
long that the negative of a generator of an analytic semigroup satisfies maximal parabolic regularity —
if the underlying Banach space is topologically a Hilbert space. Knowing this, we deduce from these
foregoing insights and the central result of [19], that the mapping

w— w — div L gradw

(6)
from Wy (J; Wy '=9%(Q)) N LI(J; Wa™*()) to LI(J; W5 ' =9%(Q)),

which is a topological isomorphism by the classical Lions’ result ([13, Section XVIII.3, Remark 9]) for
e = 0 and ¢ = 2, extrapolates to an isomorphism for ¢ ~ 2 and small €. Fitting everything together:
the embedding (4) — including the control over the embedding constants — with the non-autonomous
parabolic regularity result, one gets as much regularity for the solution as one can realistically expect:
maximal parabolic regularity. Astonishingly, ¢ and s = 1 + € in their inter-relation cleverly chosen, one
can achieve that the space of solutions, namely the left hand side of (6), even embeds compactly in
the usual trace space C'(J; L2(9)).

In recent years also the numerical analysis of such problems has been treated, see [30], [31], and
also [44], [36], [11]. In the first paper it is reflected that discontinuous diffusion coefficients allow the
treatment of moving interfaces — a property which is clearly required in applications. In [31] and [11]
discuss real world problems where the — time dependent — measures on the right hand side of the
parabolic equation are concentrated on hypersurfaces.

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



On non-autonomous parabolic equations 3

In the last section of this paper our analysis of (1) will be used in the context of optimal control prob-
lems. The analysis for these problems is typically carried out for the cases where the control acts on
subdomains of 2 or 02. The situation where the support of the control has no interior in {2 or 02 has
received surprisingly little attention. In [32] considers problems with point control in the interior of the
domain. Optimal control problems with controls as measures were extensively investigated, see eg.
[47 Chapter 4] and the literature cited there. It should, however, be noticed that formulating optimal
control problems over the whole space of measures favors minimizers which are pointwise source
functions, see eg. [9], [8], [42]. The optimal controls obtained in this manner are typically not concen-
trated on lower dimensional manifolds. The present paper aims at providing necessary prerequisites
for optimal control on possibly time-dependent lower dimensional manifolds of codimension 1 and 2,
and first steps towards exploiting these results are taken in section 4. There are only few other publica-
tions which also focus on such control problems. All of them consider the problem under investigation
in a Banach (Sobolev-) space setting, while in the present paper we favor a Hilbert space frame-work,
as much as this is possible. Our coefficient functions may depend discontinuously on space and time,
and in fact non-autonomous parabolic equations are one of the main subjects of this paper. Likely the
paper most closely related to ours is [39], where also a convection term is admitted in the equation.
The cost functional there includes a gradient term which leads to an adjoint equation which is much
less regular than in our case. In [34] [36] finite element approximation of the optimal control problems
with controls on manifolds are investigated. Let us also mention [11] where approximate controllability
of the heat equation by controls acting on a lower dimensional manifold is investigated.

Throughout this paper we denote by d the dimension of the domain €2 and by H; the [-dimensional
Hausdorff measure, where [ € {1,...,d — 1}. We recall that on smooth and Lipschitzian subman-
ifolds of R? the Hausdorff measure is identical with the measure defined by parametrizations on this
manifold, see [23, Ch. 3.3/3.4]. Moreover, if M C Q C R? then we abbreviate LP(M;H|xs) by
LP(M;H;) in all what follows. For 2 C R? a bounded domain, then we denote by M (£2) the space
of finite Radon measures on ).

Finally, for two Banach spaces X, Y, with Y continuously embedded into X, we denote by (X, Y )y,
the usual real interpolation space and by [ X, Y], the corresponding complex interpolation space (see
[48, Ch. 1]).

We generally admit complex coefficients in this paper. In the sequel we need the following measure
theoretic notion of sets

Definition 1.1. For [ €]1,.. ., d] the [-dimensional Hausdorff measure on R? is denoted by H,. Let
M C R? be Borel set. We call M an [-set if (3) holds for positive constants ¢, ¢*. Incase | = d — 1,
it is said that M satisfies the Ahlfors-David condition.

In all what follows we assume that the following assumption is in power.

Assumption 1.2.  C R%is a bounded domain d > 2.

(a) s aclosed subset of OS2 which satisfies the Ahlfors—David condition.
(b)  Forevery x € 02 \ © there exists an open neighbourhood U, of = and a bi-Lipschitz map @,
from U, onto the cube K :=|—1, 1[d, such that the following three conditions are satisfied:
®,(z) =0,
Q. (U, NQ)={re K :zq<0},
O, (U, NN ={z € K :24=0}.
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K. Kunisch, J. Rehberg 4

(©)
QN B(z,7)| >crt, z€Q, re€l0,1] 7)

for some constant c.

Above and in the sequel B(x, ) denote the ball in R? with centre = and radius 7. Unless indicated
otherwise, the the integrability index p is always assumed to be in |1, oo|.

Definition 1.3 (Sobolev-Slobodetskii spaces). W ?(IR?) is the usual Sobolev space. For s €]0,1 +
%[\{1} write s = k + o with k € {0,1} and o €]0, 1[. Then the space W*P?(R?) is given by the
normed vector space of functions 1) € L?(IR?) for which

1/p
D) — v ()l
[l —||¢\|Md>+(z JI P ) <.

For further purpose we also need Sobolev-Slobodetskii spaces on [-sets.

Definition 1.4 (Sobolev-Slobodetskii spaces on singular sets). Let M C R? be an [-set, s €10, 1].
Define, for ¢ € LP(M;H,)

— P 1/p
olwsan = Il + ([ O i) . e

finite or infinite. We introduce W*P (M) as the space of functions on M, for which (8) is finite.

Proposition 1.5. Let E C R% beanl-set, | € {d—2,d — 1}. Assumep €]1,00[ and s 6}%, 1+ %[
such that f = s — =1 > (. Then, for¢» € W*?(R?), the limit

e =l e [ 0 aen o

exists for H;-almost all x € E and the thus defined operator tr maps W*P(R?) continuously onto
WS ().

Conversely, for trp exists a continuous right inverse g - e (E) — W*P(R?), such that
every function § pu is smooth on R? \ E. Moreover, in case of |l = d — 1, §r maps the Lipschitzian
functions on E into the set of Lipschitzian functions on R®. Finally, the extension operators are con-
sistent for all s €], 1+ . [.

Proof. For the first two statements see [29, Thm. VI.1]. The assertion on Lipschitz continuity of the
extension is proved in [26]. O

Definition 1.6 (Function spaces with zero trace). Let E C R%be a (d — 1)-setand let s G]%, 1+ %[
Then we define W;¥(RY) := ker trg in W*P(RY).

The analogues of the spaces W*?(R%) and W, ”(R?) on (2 are defined as quotient spaces corre-
sponding to restriction to €2 of their R? versions as follows:

Definition 1.7 (Function spaces on €2). Letp €]1,00[and s €]0,1 + ]%[

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



On non-autonomous parabolic equations 5

(i) We define W *P(€) to be the factor space of restrictions of W *?(R?) to €2, equipped with the
natural quotient norm. Moreover, W ~=*?(§2) := (W‘g’p'(Q))*.

(i) Let E C Qbea (d — 1)-set. Then, as before, we define WP (Q) as the factor space of re-
strictions to €2 of W ¥ (R?), equipped with the natural quotient norm. Moreover, W, ** () :=

(Wi (92))",

Remark 1.8. i) The definition of the spaces W*?({) as factor spaces of restrictions implies that
these spaces inherit the usual Sobolev-type embeddings between them from their full-space
analogues.

i) Let s €]0, 1[. Then it is well-known that — since by assumption {2 satisfies — the factor
space W*P(€)) agrees with the space WP () defined intrinsically by the set of all functions
u € LP(Q) such that

_ P 1/p
kuw@:=kume>+(//Q Q‘ﬁf)_ yfﬁjjjj' dxdy) < (i0)

up to equivalent norms (see [29, Thm. V.1]). Moreover, very recently it was shown in [6] that,
if £ C 0Qis (d — 1)-regular and €2 satisfies the interior thickness condition (7) for x €
00\ E, then WP (Q) coincides with the intrinsically given WP (Q) N LP(Q, dist;™), also
up to equivalent norms.

iii) The reader should carefully notice that, in case of p = 2 the so defined Sobolev-Slobodetskii
spaces on R? are identical with the corresponding Bessel potential spaces, i.e. HS’Q(]Rd), see
[48, Ch. 2.3.2]. We decided to maintain the notation VV“"’Q/VV;’2 by the following reason: at
least for s €]0, 1] one has, due to i), an explicit description of the spaces also on 2 and hence
a more clear perception.

Since the domain 2 is fixed through the whole paper, we mostly omit the ')’ from now on - writing e.g.
Wy instead of W57 (Q).

Proposition 1.9. i) One has the interpolation equality
W22 fors €)1
L2 Wels =4 2, : 1[ (1)
W=2 fors €]0, 5.

ii) Assume sg, S E]%, %[ andputs = (1 —0)sg + 0s1, 0 €]0, 1. Then
(WSOQ? Wgﬂ)@,? = [WSOQ? Wgﬂ]@ = Wgz' (12)

Proof. The results are proved as Thm. 7.1 in [21]. O

Lemma 1.10. Define, for s €]0,1[\{5}, W, as the right hand side of ({1). Then the embedding
W, — L? is compact.

Proof. Under Assumption b) one knows the existence of a linear, continous extension operator
¢ Wa? — W2(R?), see [3, Lemma 3.2]. Hence, the embedding g~ < L? is compact. So,
taking into account (11), the assertion follows from [48] Ch. 1.16.4 ]. O

For the following density result we require yet another definition.

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



K. Kunisch, J. Rehberg 6

Definition 1.11. The space of infinitely differentiable functions with bounded gradient on €2 is denoted
by C3°(€2).

Lemma 1.12. Let) C R? be bounded and E C OS2 be a closed (d — 1)-set.

i) Assume s €)%, 1]. Then C3(Q) C W32(Q) N C>(Q) is dense in W5(2).
i) Assume s €]1,3|. Then W3 (Q) N C2(Q) is dense in Wi ().

Proof. i) is proved in [21] Prop. 3.7]. ii) We first prove that the statement is correct if €2 is replaced by
RY Lety) € W(RY) € WH2(R%). Then there is a sequence {1, } in C3°(R%) converging towards
zﬁ in the 7/ %2 topology, see [48, Ch. 2.3.2]. Let trx and §x be the restriction/extension operators
from Proposition[1.5] Since trg is a left inverse of §, the operator 3 := 1 — Fptrg is a continuous
projection in T¥/*2(R%), called the Jonsson/Wallin projection. Recall that, for ¢ € C5°(R%), Po is
smooth on R¢ \ E. Moreover, it is also Lipschitzian on R?, so that the gradient is globally bounded,
in particular bounded on Q (cf. Proposition . Applying the projector 33 and taking into account

By = 1, one gets lim,, . Ptb,, = Ptb = 1. But Py, is C> in R?\ E, and this is in particular
true in 2. Now assume ¢ € Wi2(Q). Take ¢ € W5*(R?) as any extension of 1. Then it is clear
that ¢ — P, o = (¥ — Py, )|q converges to zero in WEQ(Q) in the factor topology. O

2 Elliptic and parabolic regularity in the W58’2 scale

2.1 Elliptic operators
Definition 2.1. For y € L°°(§); C¥*?), we define the operator
YV uV 1 Wyt — Wyt (13)

by
(~V - 1+, ) = /Quw-vmw, b € WA (14)

If i satisfies the strong ellipticity condition

R(u(2)€,E)ca = mlé)?, €eC’ (15)
uniformly for almost all x € 2, then is a topological isomorphism by the Lax-Milgram theorem.

Definition 2.2 (Multiplier). Let X be a Banach space of functions {2 — C. A bounded function
¢: Q — Cis a multiplier on X if the multiplication operator M defined by (M. f)(x) := ((z)f(z)
maps X continuously into itself. We write ¢ € 9t(X') and the multiplier norm is given by ||(||an(x) :=

| M| x - x-

Assumption 2.3. There exits § €]0, %[ such that all components 1; ; are multipliers on the space
We2, s €]0,d]

Remark 2.4. i) Trivially, any w € L is a multiplier on L2. So, if ¢ is multiplier on W42 and,
additionally, ¢ € L*°({2), then one deduces from Prop. and interpolation that ( is a also
multiplier for all %% for s €0, €|.

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



On non-autonomous parabolic equations 7

i) If s €]0, 5[ and o > s, then every ¢ € C(Q) is a multiplier on T2,

iii) The class of Hélder functions does not exhausts the set of multipliers. On the contrary, every
indicator function ', is a multiplier for each space W*?, s €0, %[ aslongas A C ()is a set of
locally finite perimeter ([43] p. 214ff]). An advanced criterion for ‘set of finite perimeter’ is given
in [23, Thm. 5.23].

iv) Further remarks on the multipliers can be found in [27, Ch. 5] and references therein.

Proposition 2.5. Let the coefficient function . be bounded and strongly elliptic, and let Assumption
hold. Then there is . > 0 such that consistently extrapolates for s €| — v, ([ to a topological
isomorphism

B VA TA VAR IFR | /AR A (16)

Further, both 1 and the norms of the inverse operators (—V - 1V +1) ! between W‘f)_l’2 and W;“S’Q
fors €] —, L[ can be estimated uniformly in the norm of the multiplier norms || 11; ;||on and the ellipticity
constantm in (15).

Proof. see [27, Thm. 1] O

In all what follows the letter ¢« has the meaning of characterizing the interval of numbers s, such that
(16) is a topological isomorphim.

In the context of this proposition we always use the same symbol —V - 1V irrespective what s is.

Unfortunately, one cannot expect in general that ¢ significantly differs from zero as is known since long

(see [38], compare also [22, Ch. 4]). The following result asserts that V - 'V — 1 generates an analytic
1

semigroup on Wy * for s €] — 2, —1[.

Theorem 2.6. i) Fors €3, 1] the part of
VouV —1: Wy — wy'?

in W 52 generates an analytic semigroup on that space. In particular, —(V - uV — 1) is a
positive operator in the sense of Triebel, see [48, Ch. 1.14].

ii) Assume s €)0,c[. Then V - uV — 1 admits the following resolvent estimate

_ C
||(—V . MV +1+ /\) 1||£(W5175’2) <

. RA >0, 17
ST Z (17)

and, hence, it generates an analytic semigroup on W 1_S’Z(Q). In particular, =V - uV + 1 is
a positive operator on Wy =52 in the sense of Triebel.

Proof. i) V - uV — 1 generates analytic semigroups on both, L? and ng’z, see [40, Ch. 1.4.2]. In
particular, it satisfies resolvent estimates like

[(=V - uV 4+ 14+ X)) <

RA >0 (18)

and

C
<" RA>0. 19
ST < (19)

Applying the well-known characterization of an analytic generator property via the resolvent decay, it
is clear that V - uV — 1 generates an analytic semigroup also on every (real or complex) interpolation

[(=V - pV +1+ >‘)_1||L(W51’2)

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



K. Kunisch, J. Rehberg 8

space between L? and ng . Taking into account and applying the duality formula for complex
interpolation (see [48, Ch. 1.11.3]) one gets [L2, W5 7], = W2

ii) It is well-known that the L? realization of —V - 1V + 1 admits a bounded holomorphic calculus
(see [25, Cor. 7.1.17], compare also [14], Ch. 2.3]) and, hence, bounded purely imaginary powers (see
[14, Ch. 2.3]).

Secondly, the positive resolved Kato square root problem in [21] tells us

Dom(((—v -V + 1)|L2)%> = W2 (20)

Together, this gives, according to [48, Ch. 1.15.3],

1—s

Dom(((=V -4V + D0iz) = ) = [12, Dom (((=V - 4V + 1D]12)*)],_, =

s

= [L* Wy s = Wy ™2, (21)
thanks to (7). In other words,
e 1-5.2 2
(=V-uV+1)2 Wy ™ =L
is a topological isomorphism. Combining this with one also gets the isomorphism property
1-s
(=V-uV+1) 2 (=V-puV+ 1) Wy L2 (22)
Let us now prove that the — well-known — resolvent decay on L? implies the asserted resolvent decay
on WQ_I_S’Q: due to the consistency of —V - uV + 1 on different spaces under consideration, one

has for 1) € L? and A € C with R\ > 0

H(—V . /JJV + 1 -+ A)ileWB—1—s,2 =

Lts _1lts
[(=V-uV+1) 2 (=V-uV+14+A)(=V-puV+1) ? Yllpor-ez <

s—

1
P loewgery 1=VeuV + 14 Mo

[(=V - uV +1)(=V - uV + 1)

1—s

|| (—V . p,v + 1) 2 (—V . MV + 1)_1||/;(W51*S’2;L2)H¢”W5175’2‘

Since L? is dense in W'~ this resolvent estimate extends to all 1» € W'~ >?, and the theorem

is proved. O

Remark 2.7. The reader should carefully notice that now, knowing that —V - uV + 1 in fact is a
. —1—s.2 . . .
positive operator on W5~ %, one indeed has the operator identity

1+s

(-V puV+1) 2 (Y uV+ 1) = (- pV 4 1) % (23)

1-—s,2

as an operator equality on W4 . So can be read as

DOmWD—I—s,Q((_v : /,LV + 1>i21) =L* (24)

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



On non-autonomous parabolic equations 9

2.2 Maximal parabolic regularity: Definition and results

Throughout the rest of this paper let 7' > 0 and set J =|0, T'[. Let us start by recalling the following
(standard) definition.

Definition 2.8. If X is a Banach space and ¢ €]1, co[, then we denote by L9(.J; X) the space of
X-valued functions f on .J which are Bochner-measurable and for which [, [| f(¢)|? dt is finite. We
define Wh4(J; X) := {u € LI(J; X) : 88—7; € LY(J; X)}, where %—7; is to be understood as the time
derivative of u in the sense of X -valued distributions (cf. [, Section 11l.1]). Moreover, we introduce the
subspace

Wy d(J; X) := {u € WH(J; X) : u(0) = 0}.
We equip this subspace always with the norm u — || % HLQ(J;X).

Definition 2.9. Let X, D be Banach spaces with D densely and continuously embedded in X . Let
J >t~ A(t) € L(D;X) be a bounded and strongly measurable map and suppose that the
operator A(t) is closed in X forall t € .J. Let ¢ €]1, co[. Then we say that the family {A(t) }1e
satisfies (non-autonomous) maximal parabolic L%(.J; X )-regularity, if for each f € L%(J;X)
there is a unique function u € L9(.J; D) N Wy ?(.J; X) which satisfies

ou
T At)u(t) = f(1) (25)

for almost all t € J. We write
MRY(J; D, X) := LI(J; D) N Wy 9(J; X) (26)
for the space of maximal parabolic regularity. Introducing the norm

ou

HUHMRg(J;D,X) = ||ul|za(s;py + HEHL‘?(J;X)a
makes MR{(J; D, X) a Banach space.

We emphasize that Dom(A(t)) = D for all t € J in Definition In particular, all operators
A(t) have the same domain. If all operators .A(t) are equal to one (fixed) operator Ay, and there
exists an gy €|1, 00[ such that {.A(t)};c; satisfies maximal parabolic L% (.J; X )-regularity, then
{A(t) }+e, satisfies maximal parabolic L?(.J; X )-regularity for all ¢ €]1, 00[ and we say that Ay
satisfies maximal parabolic regularity on X.

Let us recall some abstract embedding properties of the space of maximal parabolic regularity which
we will need later.

Proposition 2.10. Let X, Y be Banach spaces with'Y is continuously embedded into X . LetT > (0
and set J =|0,T7.

i) Ifq €]1,00[, then
WH(L X)N LT Y) = C(J;(X,Y), 1), (27)

(see [T, Ch. Ill Thm. 4.10)].

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



K. Kunisch, J. Rehberg 10

i) Ifq €]1,00[ and § €]0,1 — £, then
WHI(; X) N LT Y) = CF(J5 (X, Y )a), (28)

where f =1 — é — 0, (see[19, Lemma 2.11]).

Our next aim is to show that the second order divergence operators indeed satisfy maximal parabolic
regularity on the spaces W4 2 _ starting with the autonomous case. We recall that Assumptions
and[2.3are supposed to hold throughout.

Theorem 2.11. i) Foralls € [—t,], the domain of the operator —V - iV + 1, when considered
: —1+s ; 1+s
inWg 7, isWg™.

1

5L =V - uV + 1 satisfies maximal parabolic regularity in

i) Pute = min(,3). Fors € [—e,
W—l—l—s
o

iii) If a family of coefficient functions { 1., } . admits a uniform in T ellipticity constants and uniform

in T multiplier norms, then e may be taken uniformly in 7.

Proof. Property i) follows directly from Theorem [2.5] ii) It is well-known that every negative of a gen-
erator of an analytic semigroup on a Hilbert space satisfies maximal parabolic regularity there. So, for

s € [0, 5[ the claim follows from Thm. For s € [—¢, 0[ the result is obtained by Thm.

iii) the uniformity in 7 for i) is contained in Theorem From this the uniformity in ii) follows by the
uniformity of i) and Theorem [2.6 O
Now we pass to non-autonomous parabolic operators on the W 2 scale.

Assumption 2.12. i) Let i: J x Q — C?*? be a bounded mapping, such that
J et p(t,:) € LYQ,C™Y), (29)
is measurable.

i) The coeffcient functions (¢, -) are elliptic, and the ellipticity constants may be taken uniform
with respect to t € J, see (15).

iii)y For every t € J the coefficient function p (¢, -) =: p satisfies Assumption The correspond-
ing norms as multipliers are uniformly (int € J and s €0, §]) bounded.

We consider the coefficient function i satisfying this assumption as fixed.

Note that the set of points in {2 where p(t, -) is discontinuous may depend on ¢. Consequently we
admit the situation that the mapping ¢ — p(t, -) from .J into L>°(€); C4*4) is discontinuous at every
time point . In this case it cannot be measurable, see the example in [18] Ch. 7.1]. For this reason we
only demand L!-measurability in Assumption m

Lemma 2.13. Let ¢ €]1,00[ and s €] — ¢,|, with  as in Assumption Then the following
properties hold.

i) Foreveryt) € Wy™?, the mapping

tes =V Qlt, )V (30)

is (strongly) measurable from J into W +s2
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ii) Define the mapping A : L4(J; Wat*?) — LI(J, W5 %) by

(Au)(t) = =V - a(t, )V (u(t)), u € LUJ;Wat?). (31)

Then

MRE(J; Wa 2, W' ™?) 5 u % — Au

is a bounded linear map into L(.J; W 1+8’2) with a norm which depends on the multiplier
norms of the coefficient functions ji(t, -).

Proof. i) We start with the case s > (. One first considers
Jot— (—=V - u(t, )V, g0>(W51+s,2;Wéfsﬁ2) = (u(t, )V, v@>(W;’2;W55’2)' (32)

Taking ¢ € Wa™>?NCs° (see Definition and ¢ from the set C'°(€2), the right hand side in
equals [, 1u(t,-) V- V. Since Vb, Vo € L>(2), the measurability in ¢ follows from the asserted
measurability for /1. But Wg ™% N C2°(0Q) is dense in W5*? and CF(Q) is dense in Wy > by
Lemma So the measurability for general i) € W%*S and ¢ € W;;S’Q follows by taking the
limit in (32). Thus, we have proved weak measurability of (30). But this implies strong measurability
since Wé_sz is separable and reflexive —and so is W51+S’2 . The case s*< 0 can be treated analo-
gously, identifying (—V - u(t, - )V, —1ts,2.1-s52y as (VU (u(t,-)) V 5,252y (see [27,
p. 1237] for more d<etails)l;(nd t)hen a:gl(i‘évgas bév%)re. : | (M( >) SO>(WD W)

Property ii) is easily deduced from Proposition O

Proposition 2.14. There is an open interval J > 2, such that for eachq € J

% — A MRY(J; W2, W) — LUJT; W) (33)

is a topological isomorphism i.e. — A satisfies non-autonomous maximal parabolic regularity on L1(J, Wy 1’2).

Proof. The result is proved in [18, Thm. 7.2]. The reader should notice that here no geometric suppo-
sitions on €2 are required and that for © (relative) closedness in 0f2 suffices. O

Theorem 2.15. For every q € J, there is an open interval J(q) 3 0 so that for s € J(q)

%,
o7 — A+ MR{(J; War2 Wity — LT, Wi ?) (34)

is a topological isomorphism. Thus — A satisfies non-autonomous maximal parabolic regularity on
s—1,2
Li(J, W5 7).

Proof. Let ¢ € J. Assumption implies the existence of an e €0, [ such that, for every s €
[_67 6]

YV u(t, )V A1 W Wt te
is a toplogical isomorphisms (see Theorem and, additionally, each of these operators satisfies
maximal (autonomous) maximal parabolic regularity, see Theorem Moreover, it is known that
is a topological isomorphism, which is for s = 0.

Thanks to (12), one may write, for € €] — %, %[

1,2 1+€,2 1—¢,2
Wa? = [Wa" %, Wy ™%,
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and, by duality (see [48] Ch. 1.11.3])

W51’2 _ [nglfe,Q’ W51+6,2] _ [W51+6,27 W@flfe,Q]

1 1
2 2

Hence, can be interpreted in the sense that

9 _4. MRE(J; [Wa % Wa ™

at , I:W51+6,27 Wz;l*E,Z]

) —

1 1
2 2

> LI(J; Wy 792, Wyt ™) (35)

2
provides a topological isomorphism. But then [18, Thm. 3.4] tells us that this remains a topological
isomorphism, if the interpolation index % is replaced by indices 6 sufficiently close to % Re-identifying,

by (12, [Wa 2, WAy as W22 and, by duality,
—1+4€,2 —1—¢,2 1—e,2 1+€,27% 1—e(1-26),2\ * —14€(1-26),2
[WQ 7W© ]0 = [Wz) 7W© ]9 = (WZD ( ) ) = W@ ( ) )

one obtains the assertion. O

Up to now we considered the initial value problem with initial value 0. We will now pass to initial values
Uo 7A 0.

Lemma 2.16. Let X be a Banach space and B the generator of an analytic semigroup on X . Then
the following identity of sets holds

(X,D(B)),_1, ={z € X : Be Pz e LP(]0,1[; X)}. (36)
p?
Moreover, both spaces in also coincide topologically.

Proof. See [35] Prop. 2.2.2] O

Theorem 2.17. Choose ¢ € J, and s € J(q) as established in Theorem|2.15 Then for every uy €
(Wo ™2, We™?)_1  and f € L1(J; Wy ' *?) there exists a unique solution to
L

ou
5 Au=f, u(0)=up. (37)

This solution belongs to the maximal parabolic space
Wh(J, W) N LT, Wa ™) = X
and admits the estimate

lullx < Clluollgrgroonrnsy -+ 1l ion), (@8)

-2

Q=

for a constant C' independent of uy and f.

Proof. Step 1 As in Theorem |2.15|we shall utilize that

S VAN TI (7 AVAREE T (/AN i
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are topological isomorphisms, uniformly in ¢t € J. Further Ag = —V - u(0,-)V + 1 generates an
analytic semigroup on W 1452 |etussetu = e ~t404;4, and argue that
ou —14s,2
— —Aue L1Y(J; W5 ™)
ot
and
HE — AaHLq(J;WD—I-}—S,Q) < 01HuoH(Wg—l-ks,z’wg-s,z)l_%,q (39)

for a constant ¢; independent of u. Indeed, for almost every ¢ € .J we have
= V-put,)Vat) = (=1—=V-pu(t,)VAG) Agti(?).

Thanks to Lemma | we know that Agii(t) € L9(]0, 1]; W5 ™) and hence Agii(t) € L4(J; Wy ' +5?).
By supposition the operator family {1 — V - u(t, )VA }te] is a bounded in .C(W1 * 2) uniformly

int € J, thus also 22 — A belongs to L4(J; Wy '*>?). Estimate (39) again follows from Lemma

2.16]

Step 2 We make the ansatz u = @ + v, v € Wh4(.J; W5 "5%) 0 L2(J; W5*?) for the solution of
(87). So we are looking for v as the solution of

ov o
E—Av—f—a——k.ﬁlu with v(0) = 0. (40)

Evidently, u then satisfies (37). By Theorem[2.15]equation (40) admits a unique solution satisfying

||5_¥’|Lq(J;W51+Sv2) + HUHLq(J;W%“’Q) )
< CQHfHLq(J;WD*HS’?) + C2||% - A fLHLq(J;Wgusg),

for a constant ¢, independent of f and the expression containing . By this implies that

v
||§‘|Lq(J;W51+S*2) ol pagrwrrery < Ul Larmg =2 +Cl||u0H(WKSHS"Q,W;LS’Q)P%H)' (42)
For @ we have ||u||L2 JWhte2) ™~ HAOUHLQ(J W lte?) < C”UOH 1482 s, 2)%12. The estimate
for || 22 Bt HLq(J w1+e2) follows from the latter and the equatlon Aou . Combined with these
considerations |mply ([38). O

Having now the inclusion of the solution in the maximal parabolic regularity space at hand, our next
aim are some embedding results for the space of maximal parabolic regularity in the W;’Q scale,
based on Proposition[2.10] For this we require interpolation results which we turn to next.

Proposition 2.18. Let V' be a reflexive Banach space and H a Hilbert space with continuous, dense
injection V' — H. Then one has the (complex) interpolation identity [V, V*]% =H.

Proof. The result goes back to [41], compare also [49] and [12]. O
Lemma 2.19. Assume that s €]0, 3[. If6 €)%, 1], then one has the interpolation identity

[ngfs’z, Wzl;sg]e _ W207173,27 (43)
and, hence, the embedding

—1-8,2 rr/1—s,2 “1-s,
(W© s ,WQ s )971 ‘%W29 1 52. (44)
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Proof. Proposition [2.18|implies that L? = [IW5'~*?, 11)—1-5,2]%, from which we make repeated use.

By re-iteration we have

= W = [ ]

1+s 1+s

- —1-s,2 1+s,2
= [W© Ws ]1;, (45)
and thus
—1-82 1y71—827 _ —1-s5,2 —1-5,2 1r71+s,2 _
(Wo 7% Wa ™s = [W’D LWy T W ]lijg_
=Wy W™ (46)
+s
Since 1%3 > % (46) may be written by re-iteration as
HWD—I—SQ’ W®1+S72]%7 Wé—l—s,Q} 291_4—13_3 _ [L2, W$+S’2] 201:3;5 _ W29_1_S’2,
which provides the desired result. O

Theorem 2.20. For s €]0, L[ the space L2(.J; Wy">*) N W2(J; Wy '**?%) =: X embeds com-
pactly into C(J; L?).

Proof. According to Propositionone has for § €]0, 1[ the embedding X < C#(.J; (W ' % W5**%)y.1),
where § = % — 6. Thus, by Arzela/Ascoli it is sufficient to show that, & clever chosen, the space
(Wg 7%, Wa"%)g,1 compactly embeds into 2. In this spirit, we take 6 €]15%, 1. From and
duality (see [48], Ch. 1.11.3]) we obtain

W51+8,2 _ (Wé—S,Q)* — [W©—1—8,27 Wé—i—&?]*l — [Wé-‘r&z’ W@—l—S,Z] -

1+s 1+s

— [W51_872,W%+s’2] s

1+s

So we get, exploiting again re-iteration

(Wo T2, W™ o > (W T2 W™ = (W77 W™ e W™,
11— S
= Wy 2% Wa ™7, with k = (1 —0) +0. (47)
1+s
Our choice of § implies k > 1 Sowe may again apply re-iteration in order to write
2
—1—s, )2 —1—s,2 14s,2 1+s,2 14s,2
(W 72 W™ = [We % W ™ W ™%, = [ W], . 49

The space Wéf‘s’? continuously embeds into Wil,’Q. Since Wzl,Z(Q) admits a linear, continuous ex-
tension operator into TWa”(R?), the embedding Wy~ — L?(Q) is compact. So the r.h.s. of

compactly embeds into L2, see [48| Ch. 1.16.4]. The claim follows from these facts. O
Theorem 2.21. Let ¢ > 2, s €]0, 5[ such that the interval |*3*,1 — .| is non-empty and 0 €
[452,1 = [ Put 3 =1~ L — 0. Then one has the embedding

W Wy ') N LT, Wy >?) — CF(J; W2m1792), (49)

and the maximal parabolic space MRY(J; Wa ™% W' ~%?) embeds compactly into C(J; L?).

Proof. The first assertion is implied by a combination of (28) and (44). The second follows from Lemma
1.10] the compactness of the embedding W2/~1=%2 — L2 and the Arzela/Ascoli theorem. O
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3 Non-autonomous problems with measure-valued functions as
right hand sides

3.1 Generalities

In this chapter we investigate non-autonomous parabolic problems like

ow
— —Aw=yp, w(0)=0, 50
5 0, w(0) (50)
with ¢ a function on .J, taking values as bounded Radon measures p; on ) atevery t € J.
It is important to consider mappings J > t +— p; € M, which are only weak* measurable, this

means: mappings for which
J >t {p,), forally € C(Q) (51)

are measurable (compare the discussion in [8, Ch. 2.1]). Otherwise one would exclude examples as
the following:

LetJ > t — x(t) be an injective curve in €. If one defines p; := 0, (the Dirac measure in the point
x(t)), then the mapping J > ¢ — 690(,5) is in every point discontinuous, if one equipps the space of
(bounded) measures with the strong topology. Hence, it is not measurable if one defines the structure
of measurability via this strong topology. On the contrary, if one considers the weak* topology and
the induced concept of measurability, then the mapping J > t +—> 5m(t) is at least measurable if the
mapping J 3 t — z(t) is measurable itself.

It N is a space of measures for which one knows an embedding N < W7, then the measur-
ability of (57) is in particular true for functions ¢ € Cp°(€2) N W;Q, which are dense in WS’Q (see
Lemma . Hence, the measurability carries over to all functions ) € ng by density. But this
means: the mapping J > ¢t — p; € W55’2 is weakly measurable in this case. Then the separability
of W4 > implies, quite in contrast to the situation in M (), even the strong measurability. Thus one
is, via embeddding, in a situation in which rather general mappings J > t — p; are admissable and,
additionally, suit in the context of maximal parabolic regularity — even in the non-autonomous case.
However, the reader should carefully notice: weak* limits of measures, these being possibly concen-
trated on sets of lower Hausdorff dimension, can be of entirely different nature. E.g. every Radon
measure on () is the weak™ limit of linear combinations of Dirac measures on (). In other words: the
affiliation of a measure to a class of measures, concentrated on lower dimensional objects, is by no
means necessarily preserved for the weak™ limit.

. . —5,2
3.2 Interpretation of singular measures as elements from 1V %

Up to now we have established a parabolic theory for second order operators in the W55’2 scale. In
order to treat parabolic second order equations with measure valued right hand side it is, in conse-
quence, necessary to allow an interpretation for these objects as elements from WgS’Q. This will be
delivered next.

Lemma 3.1. Let() C R?, D be a closed subset of OS). Then the space of bounded Radon measures

on ) continuously embeds into any space W =2 jfe > 0.

Proof. Lete > 0 .Foreveryu € Wa™“*thereis a @t € W'+42(R%) the restriction of which is u and,
additionally, ||| yy1+e2ray < 2HuHW$+eﬁz. So, for every € > 0 one has W5t? < C(Q). Thus, one
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gets for every bounded Radon measure m on {2

llyyie = swp | [wdn]< spsup o) ] < el
Q ||¢||W21)+e,2=

\\w\\wil)+e,2=1 | TeR

O

So far, this affects general bounded Radon measures on (2 irrespective of their singularity — even
Dirac measures are admitted, compare e.qg. [32], [44], [11].

In the sequel we restrict the class of measures which are admitted. The reason is twofold: first the
classes which we will consider are the most relevant ones in view of applications. Secondly, as we have
seen, optimal elliptic and parabolic regularity are only available for second order divergence operators
if the differentiability index s of the corresponding Hilbert space is close to —1, see Theorems[2.15|and
[2.17] Thus, concerning parabolic equations, one is restricted to measures which can be considered
as elements of W;ie’Q with € ~ 0. In two space dimensions it turns out that — besides the class
of all bounded Radon measures — the measures situated on sets of Hausdorff dimension 1 deserve
special attention. In three space dimensions this affects the measures concentrated on ’'surfaces’ and
‘curves’ — in fact: sets of Hausdorff dimensions 1 or 2. In order to make this precise, we need some
preparation. Recall first the definition of an [-set from the introduction.

Lemma 3.2. /f the closed set M C R is an l-set satisfying (3), and one defines the measure w on
R? by w(N) = Hy(N N M) for every Borel set N C R, then w satisfies w(B(z,r)) < 2'¢®r! for
r < 1/2. Hence, w(M) is finite.

Proof. For all x € R? with dist(x, M) > 1/2 one has B(xz,r) " M = @ for r < 1/2, so that
w(B(z,r)) = 0forthese r. If dist(xz, M) = r < 1/2,thenexistsay € M with |z —y| =r < 1/2.
But then B(z, 1) C B(y, 2r) and the assertion follows. O

Proposition 3.3. If M C ) is a Borel set of finite Hausdorff measure H,;, then the mapping
Co(Q2) 50 r—)/ v dH,
M
is a bounded Radon measure on ).

Proof. Since H; is a Borel measure on R? (see [23, Ch. 2 Thm. 2.1]) and H,(M) is finite, the restric-
tion of #; to M is a (bounded) Radon measure on R? (see [23, Ch. 2 Thm. 2.1]). It is clear that the
restriction of this to {2 remains a (bounded) Radon measure. O

From the previous two results we conclude that if M C (2 is a Borelian [-set, then H; ]M is a bounded
Radon measure on €). Moreover, the total mass of M O M with respect toﬂl can be estimated by
¢ X 7, where 7 is the number of (shifted) unit balls required for a covering of M.

Proposition 3.4. Let M C R? beanl-setwith0 <l € {d—2,d—1}.Ifl =d — 2, leta €]1, 3[;
andifl =d—1leto €]3,1].

i) For f € L*(RY) andu = G, * f one has

lell 2 arny < ell fllzee), (52)

(G, being the corresponding Bessel potential (see [46, Ch. V.3]). The constant ¢ can be chosen
independent from f.
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ii) The constant ¢ may be taken even uniform for sets M obeying the right estimate with a
uniform c*.

Proof. i) is a special case of [29] Ch. VI. Lemma 6]. ii) follows by a careful inspection of that proof. For
the convenience of the reader we give some comments in the appendix how to read the proof of [29,
Ch. VI. Lemma 6] in the special case under consideration here. O

Corollary 3.5. Let M C R? be a closed [-set with() < | € {d —2,d — 1}. Let be as in Prop.
Then one has a continuous embedding W**(R?) = Hg'(R?) into L*(M;M,), H}(R?) being the
well-known Bessel potential space (see [48, Ch. 2.3.3], compare also [46, Ch. V.3]).

The embedding constants are uniformly bounded for different sets M obeying the right estimate
with a uniform c*®.

Proof. As is well-known, the space HS(IRY) can be defined as the set {G, x f : f € L*(R%)},
equipped with the corresponding graph norm (see [48, Ch. 2.3.4]). So can be interpreted as

lull 220y < ellullma(ray, (53)
and the assertions follow. O

Theorem 3.6. i) Suppose that M is a closed subset of ), which is a (d — 1)-set. Then, for
s €]3,1], W3 continuously embeds into L?(M; H4 ).
The embedding constants for the mapping Wg’z < L*(M;Hg4_1) are uniformly bounded for
different sets M obeying the right estimate (3) with a uniform c*®.

ii) Let now d = 3. Suppose that M is a closed subset of §), which is an 1-set. Then, for s €]1, %[
W continuously embeds into L?(M;H, ).
The embedding constants for the mapping WS’Q < L?(M;H,) are uniformly bounded for
different sets M obeying the right estimate (3) with a uniform c*®.

Proof. Recall that Wg’z is the space of restrictions of Wg’z(Rd) functions, equipped with the factor
topology. i) In this spirit, let, for u € W57?, let & € W3*(R?) be an extension of u with lallyys2ray <

2||w||yy<.2. Now one applies Corollary 3.5, which implies try70 € L?(M; H,4-1)— inclusively a corre-
D
sponding estimate. Evidently, then also

tryu = tTMfLIM € L2(M;Hd_1).

Finally, one takes into account that forming the trace on M is the same for the extended function u
and the function u on €2 since M C €2 and € is open. ii) The proof proceeds along the same lines,
again fundamentally resting on Cor. O

Having this at hand, our next aim is to show, by duality, that (suitable) measures oH,|); may be
considered in a natural manner as elements from (suitable) spaces WgS’Q.

Lemma 3.7. Let$) be a bounded domain inR® . Let M be a closed subset of ) of finite H, measure,
[ € {1,...,d}. Suppose that Wg’z continuously embeds into L*(M; H;) with embedding constant
¢. Then, for allo € L*(M;H,), the measure oH,| s belongs to W5 *2 and the mapping

LA(M;Hy) 2 0 v oMylar = 0 € Wo™? (54)

is well defined and has a norm not larger than e.
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Proof. One has

[{oHa|ar, )| < / [WlloldH < [lol 2z 11| L2u) <
M

¢ lollzqranlllyse, ¥ € We™ (55)

Theorem 3.8. i) Adopt the assumptions of Theorem i). Then, for s e]%, 1[, L2(M;Hq1)
continuously embeds into W5 2,

ii) Adopt the assumptions of Theoremii). Then, for s €1, 3[, L*(M; Ha—») continuously em-
beds into W >

The embedding constants for the two previous mappings are uniformly bounded for different
sets M obeying the right estimate (3) with uniform ¢®.

Proof. The claims follow from Theorem [3.6]and Lemma[3.7 O

Let us have a closer look at what kind of restriction the uniformity of the constant ¢ means in a simple
example:

Consider a bounded domain €2 C R? which includes 0 € R? and a closed ball B(0, ) around it.
Take a sequence {«y },, from the interval [0, 7], which converges to zero. From this we form the set

Ny = Upen{z € R? : x = re*, 1 € [0, 7]}

Then condition (@), with [ = 1, obviously gives a bound for the admissible V. In any case, the union
over all k is not admissible.
However: if one changes the above set to

Up{z € R?* : 2 =1 r € [0,7]}

and chooses the 7, suitably, then (3) can indeed be satisfied in this case. Very roughly speaking, one
can say: only finitely many 'curves’ of constant length are admissible, but if the lengths may shrink to
zero, then infinitely many may be admissible and still satisfy (3).

Let us now take a function 7 € C§°(£2) which is identical 1 on B(0, 7). Then ||| r2(nvy) = Nré/Q.
This clearly shows that, in order to delimitate the embedding constant of W5*(Q) < L?(Ny) one
must delimitate /NV. So an inequality like seems not to be too far from a necessary one for the
required embedding.

Clearly, one can construct analogous examples also in higher dimensions.

Lemma 3.9. Assume s €|3,3[. Foreveryt € J, let p, be a bounded Borel measure on 2, such that

the mapping J > t — p; is weak” measurable. Suppose further that

sup ‘ / wdpt| < oo foreveryt € J. (56)
YEWRNC=(@) ¥l z2=1 /O
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Then the mapping
W2 NO®(Q) 3¢ — / »dp, (57)
Q

extends by density to an element ¥, € W4 2 Moreover, the mapping J > t — U, € Wo 52 js
strongly measurable.

Proof. First, recall Lemma[1.12] Assumption (5 |mpI|es that (57) is a continuous (anti)linear func-
tional on W3 2 1 C°°(£2) with respect to the induced WS’ topology. By density of W3 2N C™(Q) in
Wg’z this can be extended to a continuous antilinear functional on the whole space Wg’Z.

Secondly, from the supposed weak* measurability it follows that J > t — fQEdpt = (U, 1) is
measurable as long as ¢ € Wy >N C°°(£2). But this latter set is dense in I/V53 , S0 the measurability
for general ¢p € W3 2 follows. This implies weak measurability of J > ¢ — ¥, € Wo™ 2. Since wg 2
is separable and reflexive, the asserted strong measurability follows. O

Remark 3.10. It is not by accident that we consider (57) first only on W3 >N C>(Q) since itis not a
priori clear that all elements of W@ are measurable W|th respect to p; —and, hence, that the mapping
(57) is well defined for all 1 € W57,

Up to now we were primarly interested in individual measures oH,;|,;. Having parabolic equations
with varying in time measures as right hand sides in our general focus, we must find a concept
which allows to identify the time dependent, measure-valued function as one with values in the Bessel
potential space W55’2 — including suitable measurability and integrability properties. This is achieved
in the next

Theorem 3.11. Let () be a bounded domain in R and ® be a closed portion of O). Suppose 0 <
l € {d—2,d—1}. Foreveryt € J, let M, be a closed subset of ) which is an l-set, with uniform
¢ in (@).
Assume that for every t € J there exists 0; € L2(Mt; H,) such that
a) the mapping

J 3t oMy, € M(Q) (58)
is weak® measurable

and

b) the upper integral (see [17, Ch. 13.5]) f ;5 ol L2(My ) dt is finite.
Let s €] ;, g[ be as in Theorem. (adapted to the points i) and ii)) and ¥, € W4~ *2 pe the element
which is associated to the measure oy H,| s, by Theorem[3.§.

Then the mapping J > t — ¥V, € W4 %2 js strongly measurable and one has

q q
J 1wl de<e [ o, u, 59)

for some constant €. Moreover, the constant € is uniform with respect to all families {o }c; for which
* q
f; HUt”LQ(Mt,Hl) dt < oo.

Proof. Applying Lemma [3.9 - the assumptions of which are fulfilled according to Theorems and
[3.7] the asserted measurability follows. Moreover thanks to Theorems [3.6] and [3.7] the uniform upper
[-estimate implies H‘I’tHW—< 2 < ||o¢|| L2(ar,,24,) With @ uniformin t constant [. This proves

We come back to this pomt in Subsection 4.1} see Thm.[38.13]and Thm.[3

DOI 10.20347/WIAS.PREPRINT.3165 Berlin 2025



K. Kunisch, J. Rehberg 20

Remark 3.12. Reconsidering the assumptions of the previous theorem, the reader should carefully
notice that — besides the weak™ measurablity of the function — no measurability condition is sup-
posed for the function ¢ = o and even not for ¢ +— ||o¢||12(as,,3,) - To make such a measurability
precise would be a challing task — and not easy to control in examples. For the finiteness of the upper
integral a uniform boundedness condition for the functions o, for example, is a sufficient one since
the function J > t +— H;(M,) is bounded by the (supposed) uniform (upper) (-property of the sets
M.

3.3 Regularity for non-autonomous parabolic equations with measure-valued
right hand sides

In this chapter we arrive at one of the final aims of this paper: namely to prove parabolic regularity
results for equations with measure valued right hand sides. The crucial point is two-fold: on one hand,
the results of the foregoing chapter allow to interpret suitable measures as elements from Wgs’z. Here
in the two dimensional case there are no restrictions concerning the measures under consideration:
all bounded Radon measures are admissable. In the higher dimensional cases one is restricted in this
concept to measures which live on sets with Hausdorff dimension one or two and are, additionally,
absolutely continuous with respect to the corresponding Hausdorff measure there. Subsequently we
are in the position to apply the results of maximal non-autonomous parabolic regularity from section

Theorem 3.13. Let Q) C R? and assume that o : J — M(Q) is weakly* measurable with
I5 llpell%dt < oo fo some qo > 2.
Then, there exists a ¢ > 2 such that, for sufficiently small ¢ > 0 the solution of the problem
lies in the space W, (J; W ' =) N LA(J; W~ 9%) = MRE(J, Wg “*, W5 '~ %) —inclusively the
appropriate estimate for the solution.

Proof. In case of two space dimensions, the space of bounded Radon measures on {2 continuously
embeds into every space ng_e’Q with € €]0, %[ — see Lemma Associating therefore to the
measure p; an element W(¢) € ng’e, one can prove as in Theorem the measurability of the
mapping J 3 t — W(t) € W' > inclusively the estimate [, ||¥(¢)[|®dt < c [ || p:]|%dt. Now
the claim follows from Theorem O

Corollary 3.14. Under the assumptions of the previous theorem, the solution belongs to C’ﬁ(J ; W”’Q),
for some 3 > 0 and k > 0.

Proof. Given q > 2, there existse > 0 sufficiently small such that the interval |43, 1 — -[ is non-
empty. The claim then follows with Theorem [2.21 O

This result should not be far from optimal. Unfortunately, the range of admissable integrability expo-
nents g with respect to time is restricted to be close to 2.

The next result shows that the solution is more regular with respect to the spatial variable, if one re-
stricts the admissible measures to those living on lower dimensional sets. In particular, in dimension
2 the function u(t, -) is Holderian on €2 for aimost all t € J. This is as special case of the following
result which concentrates on subsets of codimension 1 in R?, respectively R3.

For the following theorems recall the definition of J from Proposition[2.14]
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Theorem 3.15. Let! = d — 1, and suppose the following:

(a) Foreveryt € J, let M; C ) be a closed subset of {2, and assume that
Ha (M0 B(z,r)) <cr®™ ze M, re|01] (60)

for a constant ¢ independent of t € J.

(b)  Foreveryt € J thereisao; € L*(M;;Hqa 1), such that the mapping
Jot— oHa1|pm, =: pt) € M(Q) (61)

is weakly* continuous, and [ ||o||%, ydt < 0o holds for some gy > 2.

Mt Ha—1

Then, for s €]0, 1], each p(t) can be understood as an element in W5 '"*?, and by Theorem
the function p is in L% (.J; W' "?). Further the solution u of

— —Au=pi(-), u(0)=0 (62)

belongs to the space of maximal parabolic regularity MRE(.J; Wa™>* W5 '**%), for s > 0 suffi-
ciently small, and g = 2, ifqo = 2, else2 < g € J

Proof. Thanks to Theorem(3.11] the function ¢ — p(¢) can be interpreted as a measurable with values
in W4 1452 \ith an integrability exponent ¢ < ¢ in time, as long as s €]0, [ Possibly diminishing s
and ¢, one may now apply Theorem [2.75] O

We next address the situation of codimension 2 in R%, d > 2.

Theorem 3.16. Let! = d — 2, and suppose the following:
(a) Foreveryt € J, let M; C 2 be a closed subset of () and assume
Hi(M, N B(z,r)) <er, €M, rc|01] (63)

for a constant ¢, independent oft € J.

(b)  Foreveryt € J thereisao; € L*(My;H,), such that the mapping
Jot— O-tH1|Mt = p1<t) € M(Q) (64)

is weakly* continuous and [ ||o||%, (M)t < 00 holds for some qy > 2.

7H1)

Then, for s €]0, 1[ each pi(t) can be understood as an element in W' ~** and by Theorem
the function p, is in L% (.J; W' ~>?). Further the solution u of

— —Au=p1(), u(0)=0 (65)

belongs to the space of maximal parabolic regularity MRE(.J; Wa™>* W5'™>%), for s > 0 suffi-
ciently small, and q = 2, ifqg; = 2, else2 < g€ J

Proof. The proof again follows from Theorems|[2.15|and [3.11] O
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4 Optimal control

4.1 Measure theoretic preliminaries

Up to now we considered a parabolic equation with prescribed right hand side o, #,| s, only demand-
ing the finiteness of the upper integral

[ 1ot < )

and, secondly, the measurability of the mappings

Jot— <UtHl’w>W53’2><W5*2 = / O E’J\/fz dH,;, forally € W5’2. (67)

M

Within this subsection we will investigate this second condition, and describe a specific construction
for the choice of . In order to illustrate the problem, consider first the case where all sets M, are
identical, i.e. M; = M for a fixed [-set M. Then it is clear that the weak*-measurability amounts to
the measurability of the function J > t — ;. But, if the sets M, evolve in time, then this aspect
becomes a non-trivial one. We investigate this in some particular setting by making the following
assumption which is supposed to hold throughout the rest of the paper.

Assumption 4.1. Let M be a closed subset of R? and an I-set, such that, for all t € .J, there is
a bi-Lipschitz diffeomorphism ¢; from M onto M;. The Lipschitz constants I; of the ¢;’s and their
inverses ¢; ', I;, are uniformly bounded in t € J.

Proposition 4.2. Suppose M,, M, C R? and let ¢ be bi-Lipschitzian from M, onto M, . Then
THI(G(M.)) < Hi(M.)) < 47 Hi(p(M.)), (68)

~ depending only on the Lipschitz constants of ¢ and ¢~ .

Proof. The left hand side of is proved in [23] Thm. 2.8] for the case when ¢ is defined on whole
R?. In our case this is not fulfilled, but ¢ may be extended to R¢ as a Lipschitzian function into R? with
the same Lipschitz constant, see [23] Ch. 3.1.1]. To this extended function the above quoted theorem
applies. The right hand side of is proved by the same arguments, this time applied to gzﬁ_l. O

Lemma 4.3. If M is an [-set, then the M,’s are |-sets as well. The corresponding constants ¢; in (3)
may be taken uniform int.

Proof. Note first, that every ¢, extends to a bi-Lipschitzian mapping from M onto M, — under preser-
vation of the Lipschitz constants. The Lipschitz continuity of ¢, implies , for all x € M,

M, N B(z;r)) = ¢(M) N B(x;7) C ¢t(Mﬂ B(¢; 'z, )\r)), (69)

where A may be chosen uniform in ¢. Take now in particular M, = M N B(¢; 'z, Ar) foran 2 € M,
and apply (68), to conclude the proof. O

Lemma 4.4. Suppose that M is an l-set. Consider the image, named to,, of the Hausdorff measure
H; on M under ¢, on M;. Then w; is of the form w; = ¢H;, where ¢, is H,;-measurable and is
bounded from above and below by constants, uniform int.
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Proof. For each H;-measurable subset M, C M inequality (68), with ¢ replaced by ¢, holds. The
constant v may be taken uniform in ¢ since the Lipschitz constants of ¢, ¢;1 are uniform by suppo-
sition. This implies that w; is absolutely continuous with respect to H; on M; and, hence, admits a
density ¢; by the Radon-Nikodym theorem. It is clear that implies the (uniform in ¢) boundedness
of the ¢;’s from above and below by positive constants. O

Lemma 4.5. Let) be uniformly continuous on ) and assume that the mappings J > t — ¢y(x) € Q
are measurable for everyx € M. Then

J 3t (i) = fr € L*(M;Hy) (70)

is measurable.

Proof. First one observes that the system of functions { f;}; is equicontinuous on M according to
the uniform continuity of ¢/ and the (uniform) Lipschitz properties of the mappings ¢;. Let {:cj}j be a
countable, dense subset of M. Standard arguments (see [17, Ch. 13.9, 13.9.6]) tell us that, for every
x € M, the function J > t — f;(x) is measurable. Let ¢ > 0 be arbitrary. So, by Lusin’s theorem,
for every j there is a compact set KJ C J, such that |.J \ KJ| < €277~! and the mapping

}Cg S5t ft(xj)

is continuous (see [17, Ch. 13.9, 13.9.4]). Define K = N;KZ. We show:
For every x € M, the mapping
K>t fi(x) (71)

is continuous. One has

[fi() = fo(@)| < [fil@) = filwy)] + | files) = Folap)| + [ fs(w) = fola;)],
and all three addends can be made arbitrarily small by taking x; close enough to x. Let ¢ €
L2<M; 7'[1).
Knowing the continuity of (71), Lebesgue dominance tells us that

Kot [ fiodH, (72)
M

is continuous, see [17, Ch. 13.8, 13.8.6]. But the measure of J \ K is at most €. So Lusin’s theorem
again applies and tells us that

Jot— | fiodH, (73)
M

is measurable. So is weakly, and, hence, strongly measurable. O

Lastly, if one only aims at measurability of the mapping (67), then Assumption [4.7] can be relaxed as
follows: divide the interval into intervals Ji, Js, . .. and demand for every subinterval J = J, again
Assu. Subsequently on each of the subintervals J;, the same calculus can be done as for J now,
and can subsequently be concatenated to again obtain functions on .J.

Consider now, for every t, the mapping V; : L?(M;H;) — L?(M;; H,;) defined by

(Vi(0) (@) = (x)p(d; 'x), @€ L*(M;H,), © € M, (74)
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Then the definition of the image of a measure together with Lemma [4.4] show that, for every ¢ € J,
V, is a bounded linear mapping from L2?(M; H,) onto L?(My; H,), the norms of which together with
their inverses are uniformly bounded in ¢t € J. Our choice for o; in will be

o = Vi(p), for p € L*(M; H,).
With reference to Theorem [3.8|we introduce the embedding operators
T, : LA(My;H) 20 = oH € WQ;HT’Q, foro € L*(My; Hy),
with7 € (0,1)ifl=d—1, and7 € (—3,0)ifl =d — 2.
Here and throughout the remainder the case | = d — 2 is only considered for d > 3.

Forv € LI(J; L*(M;H;)) and [ € {d — 1,d — 2} the crucial point now is the measurability — or
not — of the mappings

J ot — (Z,Vi(v(t)), ¢>W51+T’2><W§,’7‘2

= (Vo)) Hy Vs apra = Jyg Vilo(8)) Flav, 4Py, o
for every ) € W72 In this respect we have the following
Lemma 4.6. With Assumption[4.1| holding and V, L as defined in and (75), the function
J ot TV(t) € Wy't? (77)
is measurable for every v € LY(M;H,), withq €]1,00[, | € {d — 1,d — 2}, if and only if
J 3t P(i(-) € LA(M; H,) (78)

is measurable for every function () € C3°(Q) N W " incasel = d — 2 and ) € C® N W ™°
incasel =d — 1.

Proof. We utilize that by a well-known theorem of Pettis the measurability of ¢ — Z,V;v(t) follows
from its weak measurability, thus from with s = 1 — 7. We now turn to the case [ = d — 2.
According to Lemmawe may restrict ourselves to ¢» € Cp°(2) N W%_T’Q. One calculates for
v € LI(J; L*(M;H,))

<It‘/t(v(t))v ¢>W£1+772><Wz1)+772 = fMt ‘/t(’l)(t)) $|]\/[t d%l
= sz St Ut(gbt—l()) E|Mt dH; = fMt vt<¢t—1<)) E|Mt doo, (79)
= [y v (en(-) dHa,

where we used that wo; was the image of the measure Hl|M under ¢;.

The reader should notice that the function M > z +— 1(¢y(x)) — C is bounded and continuous —
hence measurable with respect to H;. Since H; (M) is finite, the function v; 1(¢;(+)), consequently,
belongs to L2(M; ‘H,), and the last term in (79) is well defined — irrespective of the Hausdorff dimen-
sion of M.

Since the functions v run through the whole space L9(.J; L*(M;H,)), it is straight forward that the
measurability of (79) is equivalent to the measurability of the function ¢ — (¢, (+)) € L*(M;H,) for
every function 1) € C°(§2), which is (78). For the case [ = d — 1 one chooses 1) € C° N W5 "°

and proceeds in the same manner. O
This lemma guarantees the measurability of the right hand side of equation below. The latter is

assured by the measurability of (78), which is addressed in Lemma[4.5|under a natural and extremely
general condition.
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4.2 An optimal control problem

We start the analysis of an optimal control problem. For this purpose it is convenient to summarize the
conditions which be assumed henceforth.

Assumption 4.7. We assume that Assumptions and are satisfied and that for every
x € M, the mapping J > t — ¢;(z) € R?is measurable.

Thus the prerequisites established in Section[4.1]are at our disposal. We further recall the definition of
the spaces X = W'4(.J; W' ™7%) N L(J; Wy ™), where T will be chosen positive respectively
negative as asked for in - below. We shall consider combinations of (d, ) corresponding to
the cases covered in Theorems[3.15 and in particular

I =d— 1with7 €]0,¢[, and ¢ = 2, (80)

or
l=d—2withT €] —¢,0[, and ¢ = 2, = 0, (81)

or
l=d—2withT €] —¢,0[, and T > ¢ > 2, (82)

with € > 0 sufficiently small, « to be introduced below, and J from Proposition [2.14]

We proceed by setting the control-space to be LQ(M; H;) and define the time dependent control
operators for a.e. t by

B(t) : L*(M;H,;) — W5 " with B(t) = T,V;,

with
Vo LA(M;H)) — L*(My;H,), and T, : L*(My; H;) — ng”’Q.

Here V, is as defined in and Z; as in (75). Recall that the V}’s are uniformly (in t) bounded, Thus
there exists k1 > O such thatforall t € J:

IVill eerzarm, 2y < ki,
and there exist a constant a ko such that for a.e. ¢
Hz-t|‘L(L2(Mt§Hl)),WD_1+T’2 S kz,

for 7 as in see Theorem Consequently || B(t)|l £ (2(nr) wot+m2 < kikz foraa.t € Jand
B(t) induces a mapping B € L(L(.J; L*(M;H,)), L¢(J; W5 7)), satisfying

1Bl ciacr 2y, parwz 2y < kiks: (83)

Letug € (W5 172, ;FT’Q)I_%H be fixed. By Theorem|2.17|and (83) for every & € L4(J; L*(M;H;)
the control system

ou
a—flu:Bﬁ7 u(0) = wug (84)
has a unique solution u = u(&) € X satisfying
[u(@)llx < clliglpar2rmy + luollgyrerz wriez) ), (85)

_1
1-54
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with ¢ independent of 1y and . Here € is assumed to be sufficiently small so that Theorem [2.17| is
applicable for 7 €]0, €[, respectively 7 €] — €, 0].

Forug € L*(J; L?) and ur € L*(£2) we consider the optimal control problem

Mil¢era(s;L2(M;H,)) J(€)
subject to (84),

where

J () = 1/O lu(€)(t) — ua(t)]I7: dt+QIIU(€)(T) —ur|z.

5/|MMMM

anda > 0,3 > 0.

Theorem 4.8. Let Assumption[4.7 hold and let e be sufficiently small. Then for | and q as in cases
(80)-(82) problem (P) admits a unique solution £* € L*(J; L*(M;H,)).

Proof. We start by arguing the well-posedness of the cost-functional for each of the three cases. For
each of them existence of a solution u(§) € X to for all ¢ € L*(J;H,) is guaranteed, see
(85). For moreover u(¢) € C(J; L?), see Theorem [2.20] and hence J is welldefined. For
well- posedness of J already follows from u(g) € X. Turning to we utilize Theorem with
qed q>2andeuchthat0<—T<———then0— Ttogetﬁ——+7 >O,

and X C CP(J;W~"2). In particular u(§) € C’(J7 L?) and J is also well-defined for the case
described by (82).

Next, let {£,} be a minimizing sequence for (P). Then J(&,,) < J(0) + 1 for all sufficiently large
n. Hence {&,} is bounded in L9(.J; L*(M;H,;)). Consequently {¢,} admits a weakly convergent
subsequence, which is denoted by the same symbols, and £* € L9(J; L?(M;H,)) with &, — £,
see e.g. [16, Ch. IV.1 Cor. 2]. By the uniform boundedness of B(t) with respect to ¢, it is simple to
argue that BE,, — BE*in L2(J; W5 '172).

For each &, the solution u(&,) to can be decomposed as u(&,) = u1(&,) + up where uy(&,) is
the solution to with & = &, ug = 0, and wy, is the solution to with & = 0, u(0) = ug. By
the sequence u;(&,,) is bounded in X and thus there exists a subsequence, again denoted by the
same indices, and u} € X such that u;(&,) — u}in X. Lemmaimplies that A uj(&,) — Auy
in L(.J; W4 '"™%). Thus we can take the weak limitin L9(.J; W' ") in the equation

H1) — Au(61) = BE, u(0) =0,
to arrive at O
u * *
8251 — Auj = BE*, u(0) =0.

Uniqueness of the solution to this equation imply that u} = w4 (£*). It follows that u(&,) — u(£*) =
w1 (%) + uy in X, with u(£*), the solution to setting & = £*. Consequently £* is an admissible
control for {P).

To pass to the limit in the cost functlonal we use Theorems|2.20|and[2.21]to assert that lim,, oo u(&;,)
u(€*)in C(J; L?) for cases (80) and (82), and we use the compact embedding of W 12(.J; W5 7%)N
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L*(J; Wat™?) into L?(J; L?) to obtain lim,, o u(&,) = u(£*) in L2(J; L?) for case (81). These
convergence properties, and recalling that « = 0 in case justify the following inequalities:

(€)= L [T u@)(t) - ud(t)H%g dt + §|u(€)(T) — urll;.
+2 [, 1€ 1122 vr24y)
< limy, oo 3 [T (€ (E) = walt)]|2 dt + lim,, o &]|u(€)(T) — ur|2s
+ liminf,,_, & 5 fo ||fn||L2(MH

<liminf, e J(§n) = infeerz(rr2onm) J (),

and thus £* is an optimal solution. Uniqueness of this solution follows from the strict convexity of the
cost-functional. O

4.3 Optimality condition

Now we present the optimality condition associated to the unique solution £* of (P). The analysis
builds upon the adjoint equation associated to £* which is given by

024 Rplr) = (D) —walt) on I, p(T) = —a(u(E)(T) ~ur)  (86)

A defined as in (31), with the coefficient function replaced by its adjoint. We have the following regu-
larity results for the adjoint state:

Lemma 4.9. Concerning the regularity of the adjoint state the following properties hold: p € W12(.J; Wy
L2(J; W),;,Q) for (80) 90 cWh2(J,Wwy'™ ”)mL?(J Wa™™?) for @), and € WH2(J; Wo ' ™*)N
L?(J; Wy ™) for (82) provided that ur € W72,

Proof. The solution to can be decomposed as ¢ = 1 + s with ¢ the solution with
©1(T") = 0 and ¢ the solution to the differential equation in with right hand side equal 0.

For case we have o € WU2(J; W% N LA(J; Wa?) and ¢, € WY2(J, W5 ""%) n
L*(J; Wy ™2), and thus ¢ € W2(J; W %) N L2(J; W5™®). As a side remark we observe that by
Proposition [2.10| we have that X C C/(J; (W5 "7, Wil;rﬂz)%,g), and consequently u(£*)(T') €

(Wa 2 W ™)1, Thus if up € (Wg' ™% W) 1y, then @p € WH2(J; W5 77%) 0
L*(J; Wat"?) and subsequently 0 € WR(J, W) N L2(J; W),

For case (81) we have v = 0 and hence ¢y = 0,and u(&*) € WL2(J; W5 T 7*)NLA(J; Wat™?)
LA(J; ng‘ﬂ) and @ =y € WY2(J; Wo ' 7)) N L2 (J; Wy ™).

For case (82) we have u(¢*) € Whe(J; W5 ™% N La(J; Wat™?) € CP(J; W—72), for some
S > 0, see the proof of Theorem Hence u(£*)(T) € W_T2 = (Wy' ™, Wé_ﬂ)%g, see
Lemmabelow, and consequently o (u(&*)(T) — ur) € Wy ™. Moreover we have that u(£*) €
LA(J; WaT?) € L*(J; W4~ "%) and consequently p € Wh2(J; Wy ' ") NLA(J; Wa ™). O

Lemma 4.10. For 7 €]0, 1[ we have (W5 "% W5"™%), 1= 15

Proof. One writes, by employing Prop and re-iteration,

147

W 1+7,2 [W 1-7,2 LQ] 27_ — [W 1-7,2 [W 1—7,2 W1+72]%:| . =
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_ [WD—I —7,2 W1+72] .

T+7

Consequently, we get, again employing Prop and re-iteration,

(W59_1+7—72, W%-‘,—T,Q) y = ([WD—I—TQ’ Wé+7’,2] .

1+7

1+7,2
W)

1
3

(VV}D—I—T,Q7 W$+T,2) 21 5 = ([Wg—l—T,Q’ W$+T’2]l, W:é—&—T,Q) _

3(147)° 2 T2

(L2 W1+7’2) ., — WTQ.

1+77

The optimality condition is presented next.

Theorem 4.11. Suppose that Assumption |4.7 holds and that up € W ~"?% in case (82). Then the
necessary and sufficient optimality condition for £* to be a minimizer of (P) is given by

Bl Iz MHZ)ﬁ*(t) = B*(t)p(t) foraa.t € J, (87)

with ¢ given by (86).

Proof. Since & — u(€) is affine the linearization of this mapping in direction 0§ € L9(J; (M, H,;)) is
given as the solution v’ = /(0€) to

ou'(t)
ot

— AW(t) = B(t)§€(t) onJ, '(0) = 0.

Step 1 We first turn to the cases (80), for which 7 > 0. In this situation v’ € MR2(.J; W ™% W5 *7?)

C(J; L?), by Theorem with 7 > 0. This will justify the following identities, where we use
with ¢ = 2:

LT(€)0¢ = [ (E)(t) — ualt), u'(56)(¢)) odlt
+a(u(@)(T) — ur, o' (56)(T)) 12 + B f (€(2), 66(1)) 2arspe It
= Jo (Zp(t) = Ap(®), u/ (08) (1)) 12 yrz dt — (o(T), 0/ (5€)(T)) 2
+5f0 (€7(1), 08(1)) L2 (arspey)dt
= Jy (¢ t,—di (0€)(t) — Au(5E) (1) a2 v dt
+5fo (€7(1), 06(1)) L2 (arspey)dt
= Jy (p(t), = B)SE®)yare yyorerz dt + B [y (€8(8), 56(1)) 2 arpdt = 0.

The above identities hold for all 66 € L?(.J; L?(M;H,)) and for a.a. t € .J, and consequently
B*(t)p(t) = BE*(t), as desired.

Step 2Now we consider case (81) where 7 < O and a = 0. In this case u’ € MR (J; Watm?, W51+T’2) C
C(J; WE?)), where we use Lemmal4.10, and o € Wh2(J; Wy '~ "*)NLA(J; W ™%) € C(J; Wy ™?)
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and ¢ € WY2(J; W5 7% 0 L3(J; (J; W5 '™ 7%) € C(J; W~"2). We can now follow the com-
putation of dij(g*) 0& as in Step 1, making appropriate changes in the duality pairings:

)8 = fo W(E)(1) — ualt), o (5E)(8)) adt + B [T (E(t), SEE)) 2 ara e
—fo 8.0(t) — Aip(t), ! (B€) (1) o2 gyrina dt
6 [ (€ (), 06(1)) 2 ary
= Jo (o(8), = 2/ (0E)(£) — A (FE) (1) v 100
+ﬂf0Tf*t £(0)) 2t
= [ (p(1), = BO)OE(1)) ya—ra yymrena b+ B [ (€7 (1), 06(8)) 2yt = 0,

where the temporal integration by parts in third equality above can be verified with a density argument.
Again we obtain the desired equality (87).

Step 3In this case we use that u(é*) € C(J; W5"?), (see proof of Theorem o € WhH(J; W5 "N
Li(J; Wy ™) C C(J; Wy ) (see Lemma Proposition,and u € Wha(J; Wa )N

La(J; W%”Q) c C(J; W ) (see Theorem [2.21). We now equate
") 0€ = [ ((€)(t) — ualt), v (5€)(t)) padlt
+a<u<§><T>—uT, (GE)(T))z2 + B fy 16" @)% rriagy) (€, 06()) 2(ar
= [ (Z(t) = Ap(t) u (56) (1)) 12 yreme dt — (p(T), o (5€)(T)) 2

B LT 1€ 012y (€ (8), BEE)) sy

= [T (o0). — Bl (SE)(1) — A (8E)(1))ar o2
+5f0 1€ )12 67 (0), BE(0)) oy

= Jo (@(t), = BE)SE®) a2 gyorene dt

+6 fO 1€ (¢ LQ(MHL (£(t), 0&(t)) L2(arspeydt = 0,

and again follows.
Step 4 Since the cost-functional £ — J (&) is strictly convex, the necessary optimality condition is
also sufficient. 0

Utilizing the structure of the control operator B(t) = V,Z, it will be shown next that the optimal solution
&* exhibits extra regularity. This property of increased regularity of the minimizer arises frequently in
optimal control, see e.g. [33, pg. 52]

4.4 Extraregularity of the optimal control

To obtain extra regularity of the optimal control £* additional regularity properties of the problem data
are required. Throughout this section we restrict ourselves to the case d € {2, 3}.

Assumption 4.12. (a) For some o > % the coefficient function satisfies

”/,L(tl, ) - 'LL(tQ, ')HLOO(Q;(CdXd) < Cltl — t2|a for all tl,tg e J. (88)
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(b) In case d = 3 the operator
Vot )V 1 Wy = WL (89)

is a topological isomorphism for each ¢ € J, and that the norms of their inverses are uniformly
in ¢ bounded.

Moreover for every t € J all components of the coefficient function 1, = fi(t, -) are multipliers
on the spaces W*? at least for small s €]0, de]. The corresponding norms as multipliers on
these spaces are uniformly in ¢ bounded for s €]0, d] .

Finally, the set © N 02 \ © — where the Dirichlet boundary part meets the Neumann part — is
a 1-set.

Remark 4.13. We are aware that the condition restricts the class of admissable coefficients in
comparison to Ass. [2.12| considerably. Prototypically, in the latter a (scalar) coefficient function i is
allowed which is identically 1 up to a time point £y € J, and from ¢, on it is identical 1 on a subdomain
2, and 2 on Q\ ©2,. Obviously, such a /i does not satisfy (88). But the following is allowed: Let 2, C €2
be a subdomain and y its indicator function. If one defines

1, ift <t
Ht =

1+ (t - tO)X)

then this coefficient function is admissible.

The following theorem, which is proved at the end of this section, refers to the equation with homoge-

nous initial condition:

ou

Theorem 4.14. Let Assumptions[2.13, and be satisfied.

(a)  Fordimension d = 2, there exist 3 > 0 and r €]0, §[ such that the solution u to belongs
to CP(J, W%+T’2), provided that f € Li(.J; L?) for § > 2 sufficiently large.

(b)  Fordimension d = 3, there exist 3 > 0 andr €0, d,| such that the solution u to belongs
to CP(J, Wat"") provided that f € Li(J; L?) for § > 2 sufficiently large.

This result allows us to draw conclusions on the regularity of the optimal control £*. Henceforth all the

Assumptions[1.2] [2.3] [2.12] 4.1} [4.7] and[4.12] are supposed to hold.

Theorem 4.15. Let the assumptions just mentioned hold, letd € {2,3},« = 0, anduy € L>°(J; LQ).
Then the optimal solution to (P), satisfies

() & € L=(J; W a5 (M Hy_,)) for case @0),
(i) & € LA(J; W™"2(M;H,)) for case (81),

(iii) £*(t) € Wl_ﬁ’““(M;Hl)) forae.t € Jand&* € L(J; L*(M;H,)) for case (82),

for some k > 0.
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Proof. Let us recall the adjoint equation (86). As established at the beginning of the proof of Theorem
we have that u(¢*) € C(J; L?) in the cases and (82). In view of and the assumption on ug4
we have that the right hand side of the adjoint equation satisfies u(£*)(t) —ug(t) € L>°(J; L?). Next
we observe that after time reversal the adjoint equation is a special case of (90), and from Theorem
[4.14) we deduce that ¢ € CP(J, Wa'™?) < C(J, W ") ford = 2and ¢ € CP(J, W) —
C(J Wa* ™) for d = 3, for some 3 > 0,7 > 2and/<a > 0.

Now we recall from Theorem [4.11]that

BIE )52 (a1 = B ()p(t) = Vi Tip(t) foraa.t € J. (91)
A straight forward computation shows that V,* : L*(M;, H;) — L*(M,H,) is given by

(Vi) () = d(¢i(x)), x € M. (92)

Now we continue with case and obtain

BE() = Vipt)an = @(t, @)y foraa.tinJ, (93)

where for the first equality we used (@1) with ¢ = 2, and Theorem[3.6]and (92) for the second. Let us
now temporarily fix ¢ and denote the functlon ©(t, -) by 1b. We point out that the right hand side of (93)
is to be read as (trag,(t,-)) (d:(x)) = (tra,¥)(¢e(z)). Recall that v € Wit = JWhitr(Q)

and consider an extension operator & : Wh4+5(Q) — WLldtr(RY) ¢ C(R?). Further, let ¢, be
a Lipschitzian extension of ¢, : M — M,, to RY — RY, having the same Lipschitz constant as
¢;. Each function &1 is continuous on R, so, for every x € M, (tthw)(gbt(a:) is obtained as the
pointwise evaluation of the function € o qgt inz, i.e. equals (trM(&b o qgt)) (x). By construction, it
is not hard to see that the family F = {&p(t, q/b\t('))}tej is a bounded one in W14t%(IRY). Hence,
the family of traces, {5*(t) }1es = tryF on M, is bounded in Wl_%’dJr“(M), thanks to Prop.
It remains to assertain the measurability of £* with values in Wl_ﬁ’d“(M; H,). This follows

from the fact that ¢ — £*(t) € L*(M;H,) is measurable, that Wlfé%’d”(M) is reflexive and
separable, and the Pettis measurability theorem.

The case (82) can be treated with the same techniques as (80) except that now (91) needs to be
considered with ¢ > 2. Consequently we obtain 6\\5*HL2 Man&” € L2 W35 (M Hy))
and thus £*(t) € W'~ T STE(M;H,) for ae. t € J. Moreover from we deduce that £* €
L(J; L (M; Ha)).-

Finally we turn to case (8T). In this situation the adjoint variable satisfies ¢ € L*(J; W3 ™?), see
the proof of Lemma and recall that 7 < 0. We now follow the steps of case(80) above. Equa-
tion (93| is satisfied with ¢ = 2. The existence of a continuous extension operator € : W1~ 72(Q) —
W1=72(R3) is guaranteed by [29, Ch. V.1]. The trace mapping try; : W "2(R3) — W~"2(M;H,)
is bounded by Proposition [1.5/in the pointwise H; a.a. sense.

We thus have S£*(t) = trM&p(t, (bt(-)) € W™2(M;H,) foraa.t € Jin case (81). The mea-
surability of J > t — £*(t) € W"2(M;H,) again follows from the measurability of that mapping
with range in L2(M; H,). Finally £* € L2(J; W ~"2(M;H,)) is implied by the boundedness of &
and the trace operator.

O

Now we turn to the proof of Thm. and start with two preparatory lemmata.
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Lemma 4.16. Assumed = 2 and let s €]0, 1[. Then [L2, W "**]4 continuously embeds into W'
for some r > 0 if 6 is sufficiently close to 1.

Proof. Take £ < k ~ %, and write

(L2, W™ p = [IL2, Wo e, Wo ] os = [[L%, Welu, Wo ™ ] o =
_ K,2 1+45,2 o 7,2 . . 00—k
= [Wa? Wo %] oo = W2, with 7= 0 + 57—
1—k —_

Obviously, T exceeds 1 if 6 is sufficiently close to 1. O

Lemma 4.17. Assume d = 3, and let s €0, 5[. Then [L?, Wat*%]y continuously embeds into
Wat"? tor somer > 0, if 0 is sufficiently close to 1.

Proof. First of all, let us state that, under the additional Assu. [4.12](b), one has [W5 ", W1 = L4

(q €]1, 00]), see [4].

1
2

We fix a  such that L2 continuously embeds into W . Clearly, then [L2, W2 T*%]y < [Wg <% W%,
We may write
6.3 3 —-1,3 -13 13
WDC =L Wy e = Wo ", Ll =

= [Wo " W 7 W Pli ], = W Wyl (94)

2

1
Let x be a fixed number from ]?{TJFE, 6[. Now using (94), we may continue

[W5C,37 WéJrs,B]e _ HWE;C,?), Wé+s,3]m Wil)+s,3} - s HWI;C,3, Wé’s]m WéJFS’B}

60—k
11—k 11—k

= (1" W e, W] W2 = (W™, W%, Wt

0=k 1—r

11—k

with 7 = 2(1 — ¢) + %(1 + (). Observe that our condition on « implies 7 > 3. So we may continue

—-1,3 1,3 1,3 1+s,3 _ 3 1,3 1+s,3 o
= [HWQ W ]%’WQ ]27—1’W© ’ }6;& - HL Wo ]27—1’WD ) h%ﬁ -
11—k
_ [W%T—l,fi, é—‘rs,:ﬂ]b‘ (95)

11—k
Observe that, due to our supposition on x, we have 27 — 1 > % So the results in [4] allow to identify
(95) with a space Wil,”’?’ , (r > 0),if 0 is close to 1. O

Theorem 4.18. (see [24]) Let V — H — V* be a Gelfand triple of Hilbert spaces with dense
embeddings. Assume that we are given, for eacht € J, a continuous, coercive sesquilinear form s,
on 'V which altogether admit a common coercivity constant. Moreover, suppose that

sup  |si(p, 1) — s5(p, )| S s —t]*, s,ted (96)
lpllv =l =1

foran a > %

Let A; be the sectorial operator which is induced by s; on H and q €]1, co].

Then, forevery f € L1(J, H) — L9(J;V*) the solution of the equation
ou

n +A()u=f, w(0)=0 (97)
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exists, is unique and satisfies u € W14(.J, H), and, consequently,
J ot Aw(t) € LY(J, H). (98)

Theorem 4.19. LetV = Wé’z, [ is a — time dependent — coefficient function, bounded and elliptic
with a uniform in t ellipticity constant. Additionally, concerning the dependence ont, we suppose the
condition s, is as in (2-1)), there 1 taken as a the coefficient function yi(t, -). Let A; denote the operator
which is induced by the form s, on L?. Finally, suppose the existence of a reflexive, separable Banach
space with dense embedding X — L? such that the X, X* duality extends the L?-self duality and

[Wllx < cllApllzz, ¢ € dom(Ay), teJ (99)

c being independt from t. Then, for every L%(.J, L?), the solution u of

ou
E + A()u =f, U(O) =0 (100)

exists and is unique. It belongs to the space MR{(J; X, L?).

Proof. First of all, it is straight forward that condition implies condition in Theorem |4.18
So existence and uniqueness follow immediately from Theorem Moreover, condition shows
that, for almost every t, u(t) indeed belongs to X . Let us show that the function u is measurable when
considered as X -valued. Since it is measurable in L? also the function J 3 ¢ +— (u(t),v))z2 =
(u(t),v) xxx~ is measurable for every v € L?. But L? isdense in X* so J 3 t > (u(t), v) xxx~ is
measurable even for all v € X ™. Hence, u is weakly measurable when considered in X what implies
also strong measurability in our case. Knowing this, shows in combination with Theorem[4.18|that
the assertion is true. O

Having this at hand, we may apply Prop. This, in combination with the Lemmata fin-
ishes the proof of Thm.

Remark 4.20. It is not trivial to single out geometries of {2 and  and/or coefficient functions 1 such
that indeed is a topological isomorphism. Fortunately, a broad zoo of geometries and coefficient
functions p which implies this isomorphism property is established in [20] and discussed there in great
detail.

5 Concluding remarks

(a) The assignment
CO(JXQ)afH//f(t,a:)dpt(a:)dt (101)
J JQ

defines a measure p on J x € if the mapping t — p; € M is weakly measurable and some
integrability condition

/ ]| dt < o0, ¢>1 (102)
J

holds.
Conversely, if o is a measure on J X (2, then it always admits a disintegration of type

CO(JXQ)Bf»—>/J/Qf(t,:c)dpt(x)dw(t), (103)
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(b)

(©)

(d)

(e)

()

with p, a measure on {2 and @ a measure on J, see [28].

Thus, our result is proved for measures p on J x {2 for which the measure w is the Lebesgue
measure on .J and the measures p; are of the form o, H,|,y,, satisfying the integrability condi-
tion (102).

Condition (102) appears to be reasonable for applications, see [8] and [44].

For the central embedding results Corollary and Theorem the lower estimate in (3)
is in fact not necessary. In this paper we focussed on [ sets in the sense of Jonsson/Wallin,
thus demanding also this lower estimate, for the following reason: if only demanding the upper
estimate, one includes pathological cases like this: consider in 3d a subinterval I of the z-
axis. This is negligible with respect to the two-dimensional Hausdorff measure Ho. Thus it,
trivially, satisfies the upper estimate in (3) for [ = 2. Then Corollary-tells us that the trace

operator is well defined and continuous as operator from W“’ to L?(I,H5). But: since I is
negligible with respect to the Hausdorff measure ., the space L?(1, H) only contains zero,
and, consequently, the trace operator is the zero operator. This we consider as ’pathological’
and excluded it by also demanding the lower estimate in (3).

We restricted to the case where the measures live on subsets of integer dimension only for
technical simplicity. The basis in geometric measure theory on which our results rest is estab-
lished in [29] for the general case as well. Everything can then be proved quite analogously.
Since we are not aware of any applications of this we did not carry out this here but restricted
to integral dimensions.

The elliptic result in Proposition borrowed from [27], is proved even for systems in that
paper. Also in the case of systems the Kato square root problem is solved in the affirmative in
an extremely wide range of geometries, see [5]. Moreover, the (elliptic) system operator has
a bounded holomorphic calculus on L2, since it is an accretive one. So the above arguments
should also work for systems.

As the title of [31] suggests, it can happen that distributional objects are of interest which are not
necessarily measures. Consider the following situation: Take {2 C IR? as a Lipschitz domain
which contains a subinterval | — a, a| of the x-axis. Define the distribution W on € as the PV
distribution on | — a, a| as follows:

(U, v) = 1in% @daz +/ @dx, v E Wg"’, q>2. (104)
€—> —a €T —a €T

It is not hard to see that the mapping in is well-defined and continuous on Holder spaces,
hence on W;“’Q with € > 0 arbitrary. Consequently, the so defined W — not being a measure
— belongs to any W@_l_e’2 and lives on a one-dimensional manifold. We expect that such dis-
tributional objects, entering in the parabolic equations as right hand sides, can be treated to a
large degree in the same manner as the measures that we have considered above.

We suspect that similar constructions can be found also in higher dimensions, but do not expa-
tiate this further here.
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6 Appendix

As announced we give some explanations to the proof of Prop.
The expression in question which one has to estimate is

2
G ey = [ | [ Goler =) ) o] attsto) (108

We follow widely Jonsson/Wallin with the exception to determine the constant a explicitly here — what
should allow an easier reading.
We define the number a via

(d—%)(l—ap: %(1—a)2:d. (106)

Re-arranging terms, one obtains

(d+1)a=(d—

Ja2=1. (107)

Clearly, this gives a = dLH €]0, 1[. Evidently, (106) yields

(d—a)(l1—-a)2= (d—%)u—m— (a—%)(l—a)zz

[
:d—(a—T)(l—a)2<d (108)
and (107) provides

d—1 d—1 d—1
(d— «a)2a = (d—T)2a+(T—a)2a:l—(a—T)2a<l, (109)

thanks to the supposition o > %.

One estimates the r.h.s of (105) by

/M< e |Gl — y)‘l_a’Ga(x —u)|“fly) dy)QdHl(x),

Applying Hoélder’s inequality, one further estimates
2a —a
< [ ([ 1Gate -y ([ [Gute = P=a) ) (o).
M NJRd Rd

The crucial point is to show that the terms

/ Gl — )P0y = / G (y) 21y, (110)
R4 R4

and
/ |Go(x — y)|**dHy(x), y € RY, (111)
M
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may be estimated uniformly for sets M admitting the same constant ¢®. Investing the exponential
decay of the Bessel kernel at co (see [46, Ch. V.3]) one can observe that (110) makes no difficulties
at co. In a neighborhood of zero (110) also converges, thanks to

Ga(z)] < v l2*7Y, (112)

(see [46, Ch. V.3]) in combination with (108).

Finally (111) can be written as

/ |G ol — y)**dH () + / |G ol — )2 *dH(z).
Mn{z:|z—y|>1}

Mn{z:|z—y|<1}

According to ({12), the first integral is not larger than 2% H;(M), and H;(M) is not larger than
¢® X 7 — 7 being the number of( shifted) unit balls B(z, 1) required for a covering of M. The second
integral is estimated by again employing in combination with (T09). This yields |G (x —y)|?* <
72‘1]1: — y|~7 with ¢ < [. Afterwards one applies [29, Ch. V.1.2 Lemma 1]. This shows, first, that
(111) is indeed finite — and may be estimated uniformly with respect to y € R¢. But even more, one
observes that the constant ¢® enters linearly in this estimate.
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