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Subdifferentials and penalty approximations of the obstacle

problem
Amal Alphonse, Gerd Wachsmuth

Abstract

We consider a framework for approximating the obstacle problem through a penalty approach by
nonlinear PDEs. By using tools from capacity theory, we show that derivatives of the solution maps
of the penalised problems converge in the weak operator topology to an element of the strong-weak
Bouligand subdifferential. We are able to treat smooth penalty terms as well as nonsmooth ones
involving for example the positive part function max(0, -). Our abstract framework applies to
several specific choices of penalty functions which are omnipresent in the literature. We conclude
with consequences to the theory of optimal control of the obstacle problem.

1 Introduction

A ubiquitous method to approximate solutions of the classical obstacle problem
w€ Hy(Q), u<v: (—Au—fiu—v) <0 VYoe& Hy(Q), v< (1)
is by penalisation through a nonlinear PDE
—Au, + Ay(u, — ) = £, (2)

The equation approximates the variational inequality in the sense that its solutions satisfy
u, — uas p — 0 provided f, — f. If we define the source-to-solution map f, — u,, of (2) by

S,: H1(Q) — Hy(Q)

and consider its derivative at f, in a direction d denoted by a, := S, (f,)(d), then we know that it
satisfies the linearised equation

—Aay, + A, (v, — ¥)(a,) = d. (3)

A natural question arises concerning the convergence of the derivatives a, = S/,(f,,)(d) in the limit
p — 0, or more generally, the convergence of the operators S)(f,): H~'(Q) — Hj(Q). The
possibility that immediately comes to mind is that they converge to the directional derivative of the VI
solution map S: u > f,i.e., to S'(f). If this were to be the case, the limit «(d) would satisfy

a(d) € K: (=Aa(d) —d,a(d) —v) <0 YveK

where K := {v € H}(Q) : v<0qe.on{u=1}, (—Au— f,v) = 0} is the critical cone at
u = S(f). In general, this cannot happen since d — «(d) is nonlinear (unless K is a subspace),
whereas d — a,(d) is often linear for all p (e.g., if A, is Fréchet differentiable) and linearity would be
preserved in the limit.
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A. Alphonse, G. Wachsmuth 2

In this paper, we consider limits of the operator SI’)(fp) : d — «, for different choices of the penalty
function A, and prove that (under weak conditions) they converge in the weak operator topology to
elements of the strong-weak subdifferential of S, defined as

LeLHYQ),H(Q) : 3H{fu} C Fs: fo— f e H(Q), }
N

S'(f) 'S Lin £(H(Q), HA(Q

05"S(f) = {
. . . 1 . . ~ . . WQT
where Fj is the set of all points in H~'(£2) at which S is Gateaux differentiable and — refers to
convergence in the weak operator topology, which we recall now.

Definition 1.1. A sequence {L,,} C L(X,Y") of bounded linear operators between Banach spaces
X and Y converges to a bounded linear operator L € L(X,Y) in the weak operator topology if and

onlyif L,z — Lx inY forall z € X. We write this as L,, et

Our method of proof relies on a recent characterisation of 95".S( f) from [18] (see below) involving
so-called capacitary measures, which we will introduce in In order to fulfil one of the
conditions to utilise that characterisation (see also|Remark 1.4), we assume the following.

Assumption 1.2 (Standing assumption on regularity). Let{2 C R™ be a bounded open set in dimension

n > 2. For the obstacle, we assume v € C(Q) N H'(Q) with either ) € Hy () orv) > 0 on 9.

Inspired by tradition and existing literature, we treat in particular the following specific example{]:

m 1 ¢ Lo <
AJ(u) = —u™  and  AS(u) = =(pA +u)” (4)
P p
where A € L>(Q), A > 0 is given, and the corresponding smooth versions
1 1 -
A (u) = ;mp(u) and  AJ(u) = ;mp(pA +u) (5)

where m,, is a regularisation (satisfying |[Assumption 2.4) that smooths out the positive part function
(-)*, see[Lemma 2.7]for some concrete examples. In particular, we have in mind the commonly used
regularisations from [9] and [13] respectively, see and for their definitions. We will denote
solution maps as well as other maps that depend on the specific choice of A with the superscript
m, ¢, sm or sc as appropriate. Note that the choice A = 0 yields AZ = Aj and AJ" = A Atypical
choice of Nis A := (f + A)™, see [10, Theorem 3.2].

Our penalty term AspC covers also the penalisation
A (u) = 1, (A + (1/ p)u), (8)
(given a rqgularisation m,) which is used frequently in the literature, see, e.g., [14, 13,20, (12, [10].
Indeed, A7’ is of the form (5) using
my(r) == pm,(r/p), (7)
see [Remark 2.6] for more details.

Let us give the main results of this work. We start with the smooth case (5). Below, we use the notation

Co(£2) for the set of functions v € C(£2) with v = 0 on OS2,

"We have chosen the superscripts m and c in (@) to stand for max and complementarity respectively; the reason for the
former is clear and the latter is due to the fact that A; is obtained from writing the VI as a complementarity system. The
superscripts sm and sc in are supposed to denote that these are smoothed versions of m and c respectively.
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Subdifferentials and penalty approximations of the obstacle problem 3

Theorem 1.3. Forevery f € H™*(Q) with S(f) € Co(), if f, — f in H~1(S2), then there exist
maps L™, 1> € 05" S(f) such that for a subsequence (that we relabel),

(S () ST L, and  (S3)(f,) V9T L

eorem 1.3|is a special case of [Theorem 4.6|below.

Remark 1.4 (On the assumption S(f) € Cy(€2)). Note that asking for the solutionu = S(f) of () to
satisfy u € Cy(§2) (which is needed for the characterisation of [18, Lemma 4.3]) is not too restrictive.
For example, when ) is Lipschitz, [19, Theorem 2.7, §5] guarantees u € C(Q2) N H}(Q) ify € C(Q)
and f € W=P(Q) for p > n. An alternative is if ) satisfies a uniform exterior cone condition and
n < 3,v¢ € H'(Q) with Ay € L*(Q) and f € L*(Q2): then u is even Hélder continuous, see [16,
Theorem 2.7].

In the nonsmooth case (4), we additionally have to assume Gateaux differentiability of the approxima-
tions.

Theorem 1.5. For every sequence {f,} C H~'(Q) such that S} (S%) is Gateaux differentiable at f,
and f, — f with S(f) € Cy(Q2), there exists a map L™ € 05" S(f) (L® € 03" S(f)) such that for a
subsequence (that we relabel),

(S™Y(f,) 8 Lm,((S9)(f,) ST L.

'Theorem 1.5|is also a special case of [Theorem 4.6|below.

The nonsmooth result[Theorem 1.5/ contains the assumption that each S, is Gateaux differentiable
at f,,, which can be justified in the following sense. We rely on the key observation that there exists a
dense set F' C H~'(Q) such that S} and S are Gateaux differentiable from F into H; () for every
p taken from a countable set (see [Lemma 4.2). Then the above theorem can always be applied for
every constant sequence f,, = f € F suchthat S(f) € Cy(Q2).

In order to cover these cases without repetition and to generalise the structure of the penalty term as
much as possible, we consider an abstract problem formulation, as described in the next subsection.
In fact, as mentioned, [Theorem 1.3|and [Theorem 1.5 are consequences of our more general result
Finally, we also mention where we obtain a first-order stationarity condition
for an optimal control problem with a VI constraint.

Remark 1.6 (Generalisation to other elliptic operators). In this paper we consider the elliptic operator
in () and related problems to be the Laplacian because the characterisation of 03" S( f) from [18]
was shown for the Laplacian. Our results up to (but not including) the proof of work
in a more general setting where — A is replaced by a linear, bounded, coercive and T-monotone
operator A: H}(Q) — H (). The estimates below should be adjusted to include the coercivity
and boundedness constants.

2 Abstract setup and properties of the penalised problem

Throughout, we equip the Sobolev space H&(Q) with the inner product

(u, V) g3 = / Vu - Vudz.
0
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A. Alphonse, G. Wachsmuth 4

2.1 Setup

For the results of this section, it suffices to take an obstacle ¢ € H*(£2) with ¢|sq > 0 in the sense
that min(0, ) € Hy ().

Let us now formulate an abstract penalty term. For each p > 0, we work with a general mapping
A, H}(Q) — H () defined as a Nemytskii map of a function \,: Q@ x R — R, i.e,

Ap(u)(x) = (2, u(x)).
We make the following standing assumption on A,,.

Assumption 2.1. We assume that

(i) forallp € (0,00), A,: 2 x R — R is a Carathéodory function,
(i) forall p € (0,00), A\,(z,-): R — R is increasing and convex for a.a. x € ,

(iii) for all p € (0, 00), there exist k,, K, € L>(Q) and j, € L*(Q) with k, < K, such that

0 ifr <k,(x),
Aoz, 1) = {rﬂ.p(z) > K (2) (8)
p = el

and, for some C' > 0,

k, — 0in L>=(Q) as p — 0, 9)
kol 12y + 1Kl 20y < Cp Vp € (0,1], (10)

(iv) A\p(z,-) € CY(R) forallp € (0,00) anda.a.z € Qork, = K,.

Throughout this work, bearing in mind [Assumption 2.1|((iv)| we refer to the case that A,(z, -) € C*(R)
for a.a. x € () as the “smooth case” and to kp = Kp as the “nonsmooth case”.

Remark 2.2.

(i) The smoothness \,(x,-) € C*(R) is equivalent to k,(z) < K,(x).
(i) Since we know that \,(x, -) > 0, we have \,(x, K,(x)) > 0, which yields

K,+3j,>0. (11)
Lemma 2.3. is satisfied for the nonsmooth choices in (4).
Proof. Observe that for AJ'(r) = 1,
kp =K,=J,=0,
whereas for \°(z,7) = (1/p)(pA(x) + )", we have
k(@) = Ko(a) = —pA(z), jp(a) = pA(x).

From this information we can verify the claim without difficulty. O
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Subdifferentials and penalty approximations of the obstacle problem 5

Regarding the smooth cases, let us first give sufficient conditions on the structure of m,, that will enable

us to verify more easily.

Assumption 2.4. Letm, € C'(R) be given for all p > 0, such that there exist6,,0,,1, € R with
my(r) =0 forallr <46,, my(r)=r+1, forallr> 0O,

for all p > 0 and
105 + 10, < Cp ¥p < (0,1] (12)

for some constant C' > 0.

Lemma 2.5. If a function m,, satisfies|Assumption 2.4, then|Assumption 2.1|is satisfied by both A7
and \37 defined as in (5).

Proof. The first part of directly implies that[Assumption 2.1][(i)} [(il)] and [(iv)| are satisfied.

The remaining part follows from observing that in the Azm case, we have k, = Qp, K, =0, and
Jp = l,, and in the A%" case, we have k, = 0, — pA, K, = ©, — pAand j, = pA + 1.

O

Remark 2.6. The penalisation As;é from (6) can be handled too and in fact we can in this situation
weaken the last condition of|Assumption 2.4; we would need the parameters of m,, to satisfy only

6,0 +10,1 <C ¥pe (0,1]

Indeed, if m,, is a regularisation with the structure presented in|Assumption 2.4 we find that m , defined
as in (7) has associated parameters 0, := pb,, ©, := p©, andl, := pl,, which all contain a helpful
factor of p.

Let us now look at some examples of m, that satisfy JAssumption 2.4
Lemma 2.7. The following choices of m,, satisfy|Assumption 2.4

(i) The global regularisation used, e.g., in [9]:

0 ifr <0,
m,(r) = ;—Z if0<r<p, (13)
r—5 ifr>p,
with6, =0,0, = p,l, = —p/2.
(i) The regularisation from [13]:
0 ifr < 2,
- 3 .
my(r) = ﬁ(r—l—g) (%—r) if—8 <r<?8, (14)
r ifr > £,
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A. Alphonse, G. Wachsmuth 6

(iii) The local regularisation from [9]:

0 ifr < —p,

mf)(r):: %—l—g—i—ﬁ if—p<r<p,
r ifr > p,

witht, = —p, 0, = p, 1, = 0.
(iv) The regularisation from [14]:

0 ifr < —£,

. 2,

my(r) = 2%)(7"%—’5’) if =8 <r <8,
T ifr > %,

with 0, = —£,0, = 2,1, = 0.

Hence ™ and A% as defined in (B) associated to each of the above regularisations satisfy
[ion 21

Proof. We can verify the claim using the information presented below each choice. O

2.2 First properties
Lemma 2.8. Forallp € (0,00) and a.a. x € €2 the following holds.

(i) The map \,(z,-) is directionally differentiable. In the nonsmooth case (with k, = K,), the
directional derivative is given by

/\;(x, r)(h) = %X{T:kp}(:v)fﬁ + %X{ka}(x)h Vr,h € R. (15)
(i) In the smooth case we have
0 < N(z,7) < % Vr € R. (16)
(iii) We have
Az, kp(2))(a)a >0, N (x,k,(x))(a)a™ >0 Va € R, (17)
MK%M%NS%M! VrheR.  (18)

(iv) The function )\p(x, -) is Lipschitz continuous uniformly in x, i.e.,

1
Ap(x,u) — Ay (z,v)] < ;|u —v|  VYu,v€R. (19)

(v) If p € (0, 1], we have the growth condition (with the constant C' from (T0))

701l £2() < 2Cp. (20)

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025



Subdifferentials and penalty approximations of the obstacle problem 7

(vi) The map A,: L*(Q2) — L*() is well defined, Lipschitz continuous and directionally differen-
tiable with the derivative given by

Ay (w)(h)(z) = X, (2, u(z))(h(z)). (21)
(vii) The map A,: L*(Q2) — L*(Q2) is monotone.

(viii) Forallr € R we have
Kp(z)

>‘,0(5L’>7")7"+ > —

1

T+ =|rt]2 (22)
P

(ix) If p € (0, 1], we have (with the constant C' from (10))

1
[Ap(0 =)l o) < P (v — ¢)+HL2(Q) +C Vv e Hy(Q). (23)

Proof. (i) Inthe nonsmooth case, we have k, = K,. Consequently, the formula for A,(z, -) yields
the differentiability everywhere on points other than at k,, where it is directionally differentiable; it
is standard to see that is the expression for the derivative.

(i) The fact that )\p(x, -) is convex and differentiable implies that its derivative is increasing, so this

follows from the structure of A, given in[Assumption 2.1

(iii) Regarding (17), for the nonnegativity, this is clear in the smooth case due to the linearity with
respect to the direction and the nonnegativity of the derivative. In the nonsmooth case this follows
from the expression for the derivative above.

For the upper bound (18), in the smooth case this follows again by (T6). In the nonsmooth
case this follows by the expression for the directional derivative above and the fact that the sets
appearing in the expression are disjoint.

(iv) Using the mean value theorem for directional derivatives [17, Proposition 2.29] and (18), we
obtain the claim.

(v) We note that by (T9),
1 . 1
=K, + dpl = (Mo Kp) = A5 k)| < = | K, — K
P P
which implies |j,| < |K, — k,| + |k,| whence (20) follows by (T0).
(vi) The above Lipschitz property implies
1
Aoz, w)] = [Ap(z,u) = Az, ky(2))] < ;Iu — k()| (24)

and thus A, maps L*(Q) to L*(Q2). Lipschitz continuity also follows easily by the above.

Due to the directional differentiability of )\p(x, -) and a simple dominated convergence theorem
argument, using the fact that the first derivative is bounded by (18), we obtain directional
differentiability.

(vii) This follows from the fact that A,(x, -) is increasing.

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025



A. Alphonse, G. Wachsmuth 8

(viii) From the basic properties of A, and we get

r— Kp(x)
Ap(x,7) > —p )

Indeed, for r < K, the right-hand side is negative and for r > K, this follows from and
(11). Now, easily follows.

(ix) Using the monotonicity of A,(x, ), A,(z, k,(z)) = 0 and the Lipschitz estimate (9), we get

Ap(a,v(@) = (@) < Aplw, (v() = P(2))7) < —(v(x) = ¥(2))" + %|kp(x)|'

=

Taking the L?(2)-norm and using (T0), the inequality follows. O

Next, we address the well posedness of the PDE (2) satisfied by .

Lemma 2.9. For all p > 0, the solution map S,: H~(Q) — H} () of the PDE (@) is well defined. If
p € (0,1], we have

||Sp<fp)||H5(Q) < ||fp||H—1(Q) +2 ||min(0a¢)“Hg(Q) +CpC Vf, € HY(Q),

where C'p is the constant from Poincaré’s inequality and C' is from (10). Furthermore, S,: H(Q2) —
H;3(Q) is Lipschitz continuous with constant 1.

Proof. We define the operator T),: Hj(Q) — Hy () via
T,(w) == (=A)'A,(u—1)  Vue€ Hy(Q).
By applying (—A)~': H1(Q) — H}(Q) to @), we get
(Id+T5)(u,) = (=A) S,

Now, it is easy to check that the operator 7}, is continuous and monotone. Consequently, the operator
T, is maximally monotone, see [2, Proposition 20.27]. Thus, we can apply Minty’s theorem, see |2,
Theorem 21.1 and Proposition 23.8], to obtain that Id +7, bijective and the inverse has Lipschitz
constant 1. Since —A: Hj(Q) — H () is an isometric isomorphism, this shows that .S, is well
defined and has Lipschitz constant 1.

It remains to provide an estimate for S,( f,). We define ¢y := min(0, 1) and recall that ¢y € H;(€2)
by our assumption on ). We observe S,(g,) = vy for g, := —Ay + A, (19 — ). Consequently,
the Lipschitzness of S, yields

1S5 gy < 1S000) = So(@0) iy + 1500 gy
<N fo + Ao = Ap(Yo = V)l 10y + 1Yol 3 )
< ||fp||H—1(Q) + 2 ||¢0||H5(Q) +Cp ||AP(77Z)0 - ¢)|’L2(Q) :

The last addend is estimated via by using (¢ — ¥)* = 0. O

Let us now address the differentiability of S,.
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Subdifferentials and penalty approximations of the obstacle problem 9

Lemma 2.10. Given f,,d € H~'(X), the directional derivative c, = S f,)(d) exists and is the
unique solution of the PDE (3), i.e.,

—Aa, + A (up — ) (o) = d

and satisfies the bound
HO‘,OHHg(m < Hd”H—l(Q) :
Proof. The directional differentiability and satisfaction of (3) follows by the directional differentiability

and monotonicity of A, see e.g. [1, Lemma 6.1] or [4, Theorem 2.2].

For the estimate, we test (3) with c, and obtain

ol + [ leta = )y do = ()

Using the nonnegativity by we get the result.

Uniqueness follows by the monotonicity of A’ (u, — ) : Hg(Q2) — H~'(Q2), which is a consequence
of the fact that the derivative derivative of a monotone map at a particular point is also monotone. O

In what follows, we show that A’ (u, — 1) can be represented by a function in L>°(€2) under the
assumption that the directional derivative .S',( f,) is linear.

Lemma 2.11. If f, € H~'(Q) is given such that S (f,) is linear, i.e., S,(f,) € L(H~'(Q), Hj(Q)),
then fora.a. v € Q, X (z, -) is differentiable at the point S,(f,)(x) — v(z) and the derivative belongs
to [0,1/p]. Consequently, the operator A/,(S,(f,) — ¥): L*(2) — L*(Q) is linear and can be
identified with a function in L (€2).

Proof. The operator
Sp(fp): HH(Q) = Hy(Q)

is the inverse of
—A+ NL(S,(f,) =) Hy(Q) — HH(Q).

Since the former operator is linear by assumption, the latter operator is linear as well. Consequently,
N,(S,(f,) — ¥) is a linear operator. From we infer the differentiability of \',(z, ) at S, (f,)(z) —
i (x) and then (I5), (T8) imply A, (-, S,(f,) — 1) € L=(). O

In this linear case, we can define a measure (i, via

,(B) = / N(S,(f,) — ) da 5)

and (3) becomes
—Aa, + app, = d, (26)

with an appropriate interpretation of the term «,1,. We will use the notion of capacitary measures to
pass to the limit in this equation, see

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025



A. Alphonse, G. Wachsmuth 10

2.3 Convergence results

We now consider the limit p — 0. The convergence result
u, = u:=S(f) inHy(Q)

has been shown for various choices of the penalty function in, e.g., [1, Lemma 3.3 and Lemma 3.5],
[12, Theorem 3.1], [10, Theorem 4.1], [11, Theorem 2.1] and [20, Theorem 2.10]. We demonstrate that
this convergence already holds under our general setting. In particular, our results are more general
than currently available in the literature and are phrased in the natural function spaces for the problem
(e.g., the source terms are only assumed to converge in the dual space). We begin with a preparatory
lemma.

Lemma 2.12. Forall f, € H~'(Q) and p € (0, 1], we have

H( (fp +HL2 < @ (pr—i_AwHH 1(Q) +CPC> (27)

2
I8 (S,(£) = )l ey < 5

< 55 (I + 800+ CrC) +.C, 8)

where C' is the constant from (10).

Proof. Denoting u, := S,(f,), we test the equation
—A(up =) + Ap(u, =) = f, + Ay

with (u, — ¢)* € H}(£2). One has (by T-monotonicity of the Laplacian)

(= Ay =), (=) = [[(w, = ) e
and using we obtain

1 1
/QAP(UP —¥)(u, — ) da > P H(UP - ¢)+”i2(9) - ;/QKP(UP — )" dz,

which leads to

1 K

o =) ey + 5 Mo = 00 oy < (o B+ =2 0y = 9)7) 29

2

K,
fp+A¢+7

+ H(“p - wﬁ”i{&(@) ;

1
=i H(9)

where we used Young’s inequality. This yields

D K
||(Up - ¢)+HL2(Q) < \/7_ ‘ fp + Aw + —£
P a1
and follows from Poincaré’s inequality. Inequality follows with (23). O
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Subdifferentials and penalty approximations of the obstacle problem 11

Remark 2.13. By arguing as in the proof of [20, Lemma 2.3] we can obtain a better rate than above if
we have additional regularity. Indeed, we can show that if f, + Ay + K,/p € L*(Q) and p € (0, 1],
we have that

K
1(Sp(fo) = )| oy < P || o + A0 + =F (30)
P iz
K
1A (So(fp) = V)l o) < ‘ fo+ Dp +=F +C (31)
P iz @)

where C' is the constant from (I0). To see this, we can adapt as follows, making use of the
assumed L? regularity:

1 K
o =) ey + 5 Mo = 0 oy < (S + B+ =, 0 = )7)
K
s‘fp+Aw+—p [y = )| 12
P 1Lz @)

whence (30). The second estimate follows as before.

Proposition 2.14. Let f, — f in H (). We have u, = S,(f,) = S(f) =: win Hy(Q), i.e., the
limit u solves the VI (T).

Proof. The estimate in implies that {u,} is uniformly bounded in H(2), hence there
exists a v € H () such that for a subsequence (that we relabel), we have

. 1
u, = v in Hy(Q).
In what follows, we argue that the convergence is strong and that the limit v equals u. Hence, the entire

sequence converges towards u := S(f) in H}(Q).

We first note that implies the feasibility of v, i.e., v < 7). Consequently, we can use v in the VI
and test the PDE for u,, with u, — u. Adding the resulting expressions gives

||lu — up||§{é(9) <A(f = fou—u,) + (—Au— f,v—u,) — (A,(u, — ), u, —u).

It remains to check that the last addend on the right-hand side converges to 0. From v — ¢ + k, < k,
we get A, (v — 1 + k,) = 0, see (8). Together with the monotonicity of A, we obtain

(Mp(up — ), u, —v) = (Ap(up =) = Ap(v = + k) up — (v+ k) + kp)
Z <Ap(up - w)’ kp>

Combining with yields that the right-hand side converges to 0. This can be used in the above
estimate and the claim follows. O

Now, we can revisit the estimate in[Lemma 2.12| and improve the rate implied by (27). This will be
crucial later on.

Lemma 2.15. Let f, — f in H (). Then,
p_1/2 "(Sp(fp) - 77b)—"_”LQ(Q) — 0.

Proof. Thanks to [Proposition 2.14, we have (u, — ¥)* — 0in Hj(Q) with u, := S,(f,). In the
inequality (29), i.e.,
1

KP
=0 g+ N =) oy < (o B0+ 22, 0, ),

the duality product on the right-hand side clearly goes to zero, see (10). This shows the assertion. [
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3 Pointwise characterisation of the limit of the derivatives

In this section, we study the convergence of the (directional) derivatives from[Lemma 2.10{and provide
properties for the limits.

Proposition 3.1. There exists an o € H} () such that, for a subsequence (that we relabel) the
derivative satisfies
. oprl
() = a in H(Q).

Proof. This follows directly from the bound in O

We want to know what properties the limit « satisfies.

3.1 A complementarity condition on «

We start with a simple lemma.
Lemma 3.2. Ifo: R — R is C' and convex, and satisfies o = 0 on (—oc, ], we have
o(r) < (r—ro)o’(r) VreR.

Proof. As o is a differentiable convex function, it satisfies o (1) < o(s) + (r — s)o’(r) forall r, s € R.
The result follows from the fact that o (r() = 0. O

In the smooth setting where \,(z, -) is C, we can take in[Lemma 3.25 () = \,(z, -) for fixed  and
obtain

Mo(,7) < (1 = ki, PN (7)€ (), Ko ()] (32)
Note that this inequality also holds in the nonsmooth case, since this implies k£, = K ,.

Proposition 3.3. Let f, — f in H'(Q). With§ := f + Au and « denoting the weak limit of (a

subsequence of) S/,(f,)(d) from we have
(€, a) =(&a")=({aT) =0

For a characterisation of this result in terms of the strictly active set, see (39).

Proof. Setu, := S,(f,) and define the sets
Mo =A{u,—¢ <ky}, Mi={k, <u,—¢ <K}, M ={K,<u,—1}.
Note that M; = () in the nonsmooth case. Further, implies
u, — P+ 7, > 0on M. (33)
Define &, := f, + Au,. We have

(o) = /QAp(up —Y)a,dr |
:/ Ap(up_¢)apdx+/ “ﬂ_—m%dl,
My

Mo P
_ ;)
:/ Ap(uﬂ_¢)apd$+/ (Up ¢+]p) o, dz
M1 M2 p
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Subdifferentials and penalty approximations of the obstacle problem 13

with no integral over M because A, (z, -) vanishes on (—o0, k,(x)] and the positive part is introduced
due to (33).

Regarding the first term, using the estimate (32), we have
/ Ap(up, — p)a,| da < / Aoty — )a,| da
M1 Ml
</ (p — & = )X (1, — )]ty |

HK —k H 2
12(Q) H /)\, D)X,

where we used the bounds on )\’p given in . [16) to Justlfy the last estimate. As for the second integral,
we obtain

L2(Q)

‘/ ¢+]p) o dx’ < ||(up_¢+jp)+XMz”L2(Q) ||apXM2||L2(Q)
M ’ B \/ﬁ \/'B

Thus

HKP B kaL2(Q)
[(€pr )| < /P H \/ /\;a('v Uy, — V), Xarn 12()

H(up -+ jp)+XM2||L2(Q) HO‘pXMz HL2(Q)

VP VP
By (10), the first multiplicand in the first term above vanishes as p — 0. Let us show that the first
multiplicand in the second term also vanishes. By using the triangle inequality and the fact that
(a+0b)" <at+0b"foralla,beR,
[ (up — ¥ +j,0)+XM2||L2(Q) < [ (up — ¢)+||L2(Q) n ||j,0||L2(Q)

NG Y NG

and both terms on the right-hand side vanish by and respectively.

(34)

Now we simply need to show that second multiplicand in the two terms on the right-hand side of
are bounded. Since v, is bounded, so is d + Aca,. Hence,

C > |{d+ Ay, a,)| = /QA;)(up — ) (o), dz

> /M1 >\/p<‘7 u, — ) (), do + / Xp('v u, — ) (o, ), du,

M>
where we used that the integral over M, is nonnegative due to (17). Now, on M, the derivative is
linear w.r.t. the direction and on M, the derivative is 1/p. Thus, we continue with

1
Cz/ Xp(-,up—w)oziJr—/ aidx
M1 p M2
2
= |y = e

Plugging this information back into (34), we find that (£,, a,) — 0 and hence, since o, — ain H (€2)
and ¢, — £in H1(Q),

1 2
oy 5 Il

(&, a) =0.
In order to produce the same identity for a*, one can repeat exactly the same calculation with a;r

instead of cv,. In the final step, we can use that o, — avin H(Q) implies ot — o in Hg(§2). This
yields the claim. O
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A. Alphonse, G. Wachsmuth 14

3.2 An orthogonality condition on —Aa — d

In this section we will show that — A« — d satisfies an orthogonality condition involving the coincidence
set.

Lemma 3.4. We have

(=Aa, —d,v) =0 Yve Hy(Q), v=0gqg.e on{(u,—1+ HkaLOO(Q))’ = 0}.

Note that the set {(u, — ¢ + [|ky|| o))~ = 0} is defined up to sets of capacity zero, since
u, — Y + H/{pHLw(Q) € H'(Q) is quasicontinuous, see [7, Theorem 6.1, §8].

Proof. Taking v € H () such thatv = 0 q.e. on {(u, — ¢ + kol Lo (y) ™ = 0}, we have

(—Aa, —d,v) = —/ A (u, — ) (v da (35)

{“pfwzkﬂ}

because A7, (u, — 1) vanishes when u, — ¢» < k,. By definition, we have that v = 0 g.e. on the set
{up = ¥+ llkpll ooy = 0} Note that u, — ¥ + [[ky|| e () = wp — % — K, a.e. and so we have
the inclusion

{Up - —k,> 0} C {UP — ¢+ HkPHLO"(Q) = 0}

It follows that v = 0 a.e. on {u, — ¢ — k, > 0} too. Using this in we obtain the desired
statement. O

Proposition 3.5. We have

(~Aa—d,v)=0 Yve Hj(Q):v=0gqe on{u=1}.

Proof. By (9) it follows that u, — ¥ + ||| ooy — u — % in H'(£2). We want to show that
Sp 1= (tp = ¥ + [[Kpll poo () )~ cONVerges to s := (u — )~ = 1 — w in capacity.

From |[Proposition 2.14/and [21, Lemma 2.2], we get that u,, converges towards u in capacity, i.e.,

cap({lu, —u| >¢}) -0 asp—0

foralle > 0. Lete > 0 be arbitrary. By (9), there exists py > 0 such that p < p, implies ||/<;pHLoo(Q) <
5. Restricting to such sufficiently small p, we have

€

|Sp — 5| < |up + ||kp||L00(Q) —u| < |up —u| + 5

Consequently,
cap({|s, — s| > €}) < cap({|u, —u| >¢/2}) =0 asp—0.
So we have shown that s, — s in capacity as desired.

Now, the result of Lemma 3.4]implies
+(—Aa, —d) € {ve Hy(Q):v>0qeonQandv =0qg.e.on{s, =0}}°
with s, = (u, — 1 + [|kp|| e () )~ @s above. Applying [21, Lemma 2.6] we find
+(—Aa—d)e{ve Hy(Q):v>0qgeonQandv = 0qg.e. on{s=0}}°

where s = (u — 1))~ = ¢ — wis the limit (w.r.t. convergence in capacity) of s,. This yields the desired
statement after using the decomposition v = v — v™. O
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Subdifferentials and penalty approximations of the obstacle problem 15

Remark 3.6. The proof of[Lemma 3.4 even shows
(=Aa, —d,v) =0 Yve Hy(Q), v=0ae on{(u,— 1+ 1Epl oo ()™ = 0}

However, one cannot generalise (the proof of) to obtain
(~Aa—d,v)=0 VYve Hy(Q):v=0ae on{u=1}.

The problem is the following. The set {u = 1} could have measure zero but positive capacity. In
this case, the assumptionv = 0 a.e. on {u = 1)} is void. Consequently, v could be constant 1 in a
neighbourhood of {u = v}. If further v, — v in Hg () is given (this is needed for passing to the limit
with (—Ac«, — d,v)), we have v, — v in capacity. Further, {u, — 1 + ||k,|| .. > 0} could contain
an open neighbourhood of {u = 1)}. Therefore, v, = 0 a.e. on {u, — ¢ + ||k,|| ;. > 0} implies
v, = 0 qg.e. on {u = 9 }. This contradicts v, — v in capacity.

If ¢ € Hy(S), the argument above can be simplified and we could also alternatively have argued in a
similar way to [1}, §7].

4 Generalised derivatives as limits

In the convergence results of the previous section, the direction d was fixed. We need something
stronger than this: we would like limiting statements for the derivative when seen as a linear operator,
and furthermore, we would like the subsequence that converges to be independent of d.

4.1 Existence of limiting elements

First, we prove that the Gateaux derivatives converge in the weak operator topology.

Proposition 4.1. Let a sequence { f,} C H'(Q2) be given such that f, — f in H~'(2) and such
that S, is Géateaux differentiable at f, for all p > 0. Then, there exists amap L € L(H (), Hj(92))
such that for a subsequence (that we relabel),

Si(f,) "B L.

Proof. The bound of Lemma 2.0l shows that

!
HSP<fp)HL(H*l(Q),Hol(Q)) =1
for all p > 0. By the separability of H&(Q), one can show that the unit ball is sequentially compact in
the WOT, see also [4, Remark 3.1]. The result follows. O

Note that the Gateaux differentiability assumption of the previous result holds automatically in the
smooth case; this follows from (21). The question remains whether it can also hold in the nonsmooth
case. We can in fact use the generalised Rademacher’s theorem of Mignot [15, Theorem 1.2], which
tells us that for each p, there exists a dense set on which S, is Gateaux differentiable. However, this
dense set depends on p, and because we wish to consider limits it would be ideal to have one dense
set on which S, is Gateaux for all p (or at least for a sequence {p,, }). We cannot simply take the
intersection because an intersection of dense sets may not be dense. Thus we need another argument
where we essentially embed {.5, } into an infinite dimensional space, which we give next.
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A. Alphonse, G. Wachsmuth 16

| with p, — 0 be given and, for brevity, set S,, := S,,.

Lemma 4.2. Let a sequence {p,} C (0,1
(Q) such that S,, is Gateaux differentiable on I for alln € N.

Then, there exists a dense set I' C H -1

We remark that this result also follows from the theory of Aronszajn null sets. Indeed, because .S,
is Lipschitz, S, is Gateaux differentiable outside an Aronszajn null set [3, Theorem 6.42] and the
countable union of Aronszajn null sets remains Aronszajn null (see the paragraph after Definition 6.23
of [3]). This implies the result. For convenience, however, we give a different and direct proof.

Proof. We denote by V := (*(N; H}(Q)) the set of 2.-summable H}(2)-valued sequences. Consider
the map H: H(Q2) — V defined by

}{(f):::(2_4/253(f)72_2/255(f)7")7

i.e., the nth component is [H (f)],, = 27/2S,,(f). Note that
S » ) 00 »
I =3 275,00y < €732 = € <o
n=1 n=1

using the fact that ||Sn(f)||H5(Q) < (C for a constant C' independent of n, see Further, H
is Lipschitz, since

1) = H@IE < 327" 1(5u(F) — Sul@) e < 1 ~ allE-10) -
n=1

where we used the fact that each .S, is Lipschitz with constant 1, see[Lemma 2.9] Since V is a Hilbert
space and Hfl(Q) is a separable Hilbert space, it follows [15, Theorem 1.2] that H is Gateaux
differentiable on a dense set F' C H (). Now, it is straightforward to check that the Gateaux
differentiability of H on F’ implies that S,, is Gateaux differentiable on F for all n € N. O

Observe that this result holds for a countable sequence and does not and cannot hold for the original
uncountable family {.S,,}. This is because the differentiability holds up to a set of measure zero and
countable unions (of the exceptional sets) still have measure zero, which of course, does not apply
for the uncountable case. A simple real-valued example is S,(z) := |z — p|. This function is not
differentiable at p, so if one considers all of these functions, the common differentiability set is just the
empty set.

4.2 Capacitary measures and characterisation of limits

In what follows, we assume that the reader is familiar with the notions of capacity, quasi-open and
quasi-closed sets and quasicontinuous representatives. For an introduction tailored to optimal control,
we refer to [8, Section 3].

The measure 1, defined in has some additional regularity that we can exploit. We begin with
recalling the notion of capacitary measures, see, e.g., [18} Definition 3.1].

Definition 4.3 (Capacitary measure). A capacitary measure is a Borel measure p such that

(i) p(B) = 0 for every Borel set B C 2 with cap(B) = 0
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(ii) w is regular in the sense that every Borel set B C () satisfies

w(B) = inf{u(O) : O quasi-open and cap(B \ O) = 0}.
We denote by M (£2) the set of all capacitary measures on €.

Note that a measure which is absolutely continuous w.r.t. the Lebesgue measure is a capacitary
measure, see also [5, Remark 3.2 and Definition 2.1]. In particular, defines a capacitary measure

in the setting of|Lemma 2.11

From now on, given (an equivalence class) v € H&(Q), we will always work with a Borel measurable
and quasicontinuous representative. Note that such a representative is uniquely determined up to
subsets of capacity zero which are p-nullsets for every 1 € Mg(€2).

We denote by Li(Q) the usual Lebesgue space w.r.t. a measure i € M (2).

For i1 € Mo(2) and f € H~'(Q), one can check that there is a unique solution y € H;(Q) N L% (1)
of

(—Ay,v) + /Q yodp = (f,v) Vv € Hy(Q)NLA(Q). (36)

The solution map of this weak formulation is denoted by L,,: H~(Q) — Hg(Q),i.e, L,.f = y.

Associated to the VI (), define the inactive set (or non-coincidence set) I := {u < 1} and the active
set (or coincidence set) A := {u = 1 }. We denote by A, C A the strictly active set which can be
defined via the quasi-support (or fine support) of the measure £ = f + Auw; this is a quasi-closed
subset. Note that all these sets are defined up to subsets of capacity zero.

Under [Assumption 1.2/ and if S(f) € Cy(2), the strong-weak generalised derivative 05" S(f) C
L(H1(Q), H(Q)) of S at f was characterised in [18, Theorem 5.6] and we have

0p"S(f) ={Ly:p e Moy(Q), u(I) =0, pp=o000n A}, (37)

where ;1 = 0o on Ay is to be understood in the sense that
1 2
v=0 qe.onAforallve Hy(Q2) N L,(Q)
(see [18, Lemma 5.2] for some equivalent characterisations). We will show that the limits of the
derivatives from belong to this set.

In the linear setting of[Lemma 2.11} 11, is a measure and the equation for o, is to be understood
in the weak form

(—Aay,, z) + / a,zdu, = (d,z) Yz € Hy(Q).
Q
Note that implies
/ozpz du, = / N (u, —Y)a,zda.
0 0

Since A7, (u, — 1) belongs to L>*(12), see|Lemma 2.1} we have H;(Q2) C L7, (). Consequently,
the above equation is equivalent to Lup(d) = «, and this implies

Ly, = S,(f,)- (38)

To summarise, if the directional derivative S;(fp) is linear, we can find a capacitary measure /1, such
that holds.

We now define a notion of convergence for measures related to convergence in the weak operator

topology (see [Definition 1.1) of the associated solution operators L,, defined in (36).
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Definition 4.4. Let {11, } and ;. be capacitary measures. We say that j,, — 1 if and only if L,, war

L

e

The sequential compactness of the space M(£2), see, e.g., [6, Theorem 4.14], is a crucial property
which implies the next result.

Proposition 4.5. Let a sequence { f,} be given such that S)(f,) is linear for all p. We denote by i,
the associated capacitary measure, see (25). Then, there exists a capacitary measure 11 € M;(€2)

such that 1, A w (for a subsequence that we have relabelled). Equivalently, the derivatives satisfy

Si(f,) "L

The key observation that allows us to prove the next theorem, which is the main result, is the following.
implies, under the stated assumptions, that there is a subsequence (which we shall
relabel) such that for every d € H~'(Q), a, := S,(f,)d = L,d =: a. We emphasise that
the subsequence is independent of d. Thus, all of the results of [Section 3| can be applied to obtain
information on « and, consequently, on the limiting operator L,,.

We come now to our main result, which concatenates the above results and characterises the limiting

elements obtained in We will use the fact that the result of is equivalent
[8, Lemma 3.7] to

a=0 qg.e.onA,. (39)

Theorem 4.6. Let f, — f in H~(Q) with S(f) € Co(Q) be given. We further assume that S,, is
Gateaux differentiable at f, for all p > 0. Then there exists a map L € 03" S(f) such that, for a

subsequence (that we relabel),

Si(f,) BT L.

Proof. Recalling the characterisation
05"S(f) ={Ly:p e Mo(), u(I) =0, pp=o000n A},

we will show that the operator L,, from [Proposition 4.5/ belongs to the set on the right-hand side.

We choose a nonnegative v € H; () suchthat {v > 0} = I. Further,setd := —Avand o := L,d,
i.e.,
—Aa + po = —Awv.

Testing with o we get [|Va|| ;2 < ||Vv|| ;. Consequently,

(—Ala—v),a —v) <2(=Av,v) + 2(Aa,v) = 2(d,v) + 2(Aa,v) =0

with the final equality by |Proposition 3.5, Thus, o = v. Testing the equation for « by v, we get

/Uzdu:O
Q

Now, we choose d := 1 and @ := L,,d. Note that this a coincides with w,, := L,,(1) defined below

Theorem 3.8 of [18]. From the characterisation of the result of [Proposition 3.3, we get &« = w,, = 0
g.e. on A, and by [18, Lemma 5.2] we get ;1 = 400 on Aj. O

and this means p(/) = 0.
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In the nonsmooth case, [Theorem 4.6 and Lemma 4.2|imply that there exists a dense subset F' C
H=Y(Q) such thatif f € Fand S(f) € Cy(RQ2), there exists amap L € 95 S(f) such that, for a
subsequence (that we relabel),

st () "L

5 Optimal control of the obstacle problem

We apply our findings to the optimal control of the obstacle problem. Let F,; C L2(Q) be a nonempty,
closed and convex set satisfying

S(f) € Go(Q) Ve Fuy
(see[Remark 1.4) and let J: HJ(S2) x L?(Q2) — R be a given objective function satisfying

(i) J is continuously Fréchet differentiable with partial derivatives .J, and J,

(i) fy, — yin HY(Q) and f,, — fin L*(Q), then

J(y, f) < liminf J(y,, fn).

An example of J satisfying the above conditions is

1 v
J(y, f) = 5 |y — yd”;(g) +t3 ||f||i2(9) ;

where y, € L?(2) is a given desired state and v > 0 is a constant.

Consider the optimal control problem

min J(y, f) suchthat y = S(f). (40)
f€Fua

In the next result, we will derive a first-order optimality condition for this control problem. This rigorously
shows the satisfaction of [18, (19)], which was derived only formally there.

Theorem 5.1. For any local minimiser (i, f) € Hg(Q) x F,q of @0), there exists L € 03" S(f) such
that

0€ L*J,(5, f) + Jr(@, f) + Ne,.(f)

is satisfied where N, ,(f) is the normal cone to F,, at f.

Proof. We denote by £ > 0 the radius of optimality, i.e.,

JSU), ) =@, f)  Vf € Faa Be(f),

where B.(f) is a closed ball in L*(Q).
We regularise the problem and consider

' 1 7112
el PO+ 3 =
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where we take .5, to be S or S¢. Denote by f, a global minimiser of this problem and set y,, :=
So(fp)-

Using standard arguments, one can show f, — fin LQ(Q). Consequently, the constraint f, € Bg(f)
is not binding for small enough p. By the standard minimisation principle, we get

0€J'(fo)+ (fo — F) + Ne(f,)

where J(f) := J(S,(f), f) defines the reduced functional. Using the chain rule and the fact that ./ is
Fréchet, we can write this as

0e S;(fp)*Jy(ym fo) + 1o, fo) + (fo — f)+ Nr,,(f,) in L().

Note that J, (y,, f,) € H'(2) and S/(f,)*: H~(Q) — HA(R) C LX(Q).

It remains to pass to the limit with this optimality condition. From [Proposition 2.14| we get y, — ¥
in H&(Q). Further, [Theorem 4.6 enables us to select a subsequence (which we relabel) such that

SL(f) ST L for some L € 932 S(f). Further, we note that S',(f,) and L are self-adjoint, which
yields S’ (f,)* WaT Together with the product rule [18, Lemma 2.9 (ii)] we get
p\Jp

S;(fp)**]y(ymfp) + Jf(ypv fp) + (fp - f) - L*Jy@v f) + Jf(g7 f)

in H} () and, consequently, strongly in L?(£2). Since the graph of the normal cone map is closed,
this implies

0€ L*Jy(g, f) + Jf(:ga f) + NFad( )

as claimed. 0

Thanks to this result, [18, Lemma 7.2] implies the existence of

pEH(‘}(Q\AS)? VEH_I(Q)v )‘ENFad(f)7

such that

p+Jp(y, f)+A=0, (v,v) =0 Vve Hy(Q\ A),
Jy(7, f)+Ap—v =0, (v,pp) >0 Ve Whe(Q)t,

which is a necessary condition satisfied by every local minimiser as shown in [20]. Here, A, and A

denote the strictly active set and the active set associated with (¥, f), respectively.

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025



Subdifferentials and penalty approximations of the obstacle problem 21

References

(1]

(2]

(3]

(4]

(5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

Amal Alphonse, Michael Hintermiller, Carlos N. Rautenberg, and Gerd Wachsmuth. Minimal
and maximal solution maps of elliptic QVIs: penalisation, Lipschitz stability, differentiability and
optimal control. 2023. arXiv: 2312 .13879 [math.OC].

Heinz H. Bauschke and Patrick L. Combettes. Convex analysis and monotone operator theory in
Hilbert spaces. Berlin: Springer, 2011. D01:110.1007/978-1-4419-9467-7.

Yoav Benyamini and Joram Lindenstrauss. Geometric nonlinear functional analysis. Vol. 1.
Vol. 48. American Mathematical Society Colloquium Publications. American Mathematical Society,
Providence, RI, 2000, pp. xii+488. p01:/10.1090/c0l11/048.

Constantin Christof, Christian Meyer, Stephan Walther, and Christian Clason. “Optimal control of
a non-smooth semilinear elliptic equation”. In: Math. Control Relat. Fields 8.1 (2018), pp. 247-
276.001:/10.3934/mcrf.2018011.

Gianni Dal Maso. “I"-convergence and p-capacities”. In: Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4) 14.3 (1987), pp. 423—-464. URL: http://www.numdam.org/item?id=ASNSP_|
1987_4_14_3 423 0.

Gianni Dal Maso and Umberto Mosco. “Wiener’s criterion and I"-convergence”. In: Appl. Math.
Optim. 15.1 (1987), pp. 15-63. D0I:/10.1007/BF01442645.

Michael Delfour and Jean-Paul Zolésio. Shapes and geometries. Second. Vol. 22. Advances in
Design and Control. Metrics, analysis, differential calculus, and optimization. Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 2011, pp. xxiv+622. boI:/10.1137/1 |
9780898719826

Felix Harder and Gerd Wachsmuth. “Comparison of optimality systems for the optimal control
of the obstacle problem”. In: GAMM-Mitt. 40.4 (2018), pp. 312-338. D0OI:|10.1002 /gamm.
201740004.

Michael Hintermuller and lan Kopacka. “A smooth penalty approach and a nonlinear multigrid
algorithm for elliptic MPECs”. In: Comput. Optim. Appl. 50.1 (2011), pp. 111-145. bo1: |10 .
1007/s10589-009-9307-9.

Kazufumi Ito and Karl Kunisch. “Optimal control of elliptic variational inequalities”. In: Appl. Math.
Optim. 41.3 (2000), pp. 343-364. 00I:/10.1007/s002459911017!

Kazufumi Ito and Karl Kunisch. “Optimal control of obstacle problems by H !-obstacles”. In: App!.
Math. Optim. 56.1 (2007), pp. 1-17.D001:/10.1007/s00245-007-0877-6.

Kazufumi Ito and Karl Kunisch. “Semi-smooth Newton methods for variational inequalities of the
first kind”. In: M2AN Math. Model. Numer. Anal. 37.1 (2003), pp. 41-62. D0I:/10.1051 /m2an:
2003021l

Karl Kunisch and Daniel Wachsmuth. “Path-following for optimal control of stationary variational
inequalities”. In: Comput. Optim. Appl. 51.3 (2012), pp. 1345-1373. D01:/10.1007/s10589+
011-9400-8!

Karl Kunisch and Daniel Wachsmuth. “Sufficient optimality conditions and semi-smooth Newton
methods for optimal control of stationary variational inequalities”. In: ESAIM Control Optim. Calc.
Var. 18.2 (2012), pp. 520-547. D0I1:/10.1051/cocv/2011105.

Fulbert Mignot. “Contrdle dans les inéquations variationelles elliptiques”. In: J. Functional Analysis
22.2 (1976), pp. 130-185. p0I1:|10.1016/0022-1236 (76) 90017-3.

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025


https://arxiv.org/abs/2312.13879
https://doi.org/10.1007/978-1-4419-9467-7
https://doi.org/10.1090/coll/048
https://doi.org/10.3934/mcrf.2018011
http://www.numdam.org/item?id=ASNSP_1987_4_14_3_423_0
http://www.numdam.org/item?id=ASNSP_1987_4_14_3_423_0
https://doi.org/10.1007/BF01442645
https://doi.org/10.1137/1.9780898719826
https://doi.org/10.1137/1.9780898719826
https://doi.org/10.1002/gamm.201740004
https://doi.org/10.1002/gamm.201740004
https://doi.org/10.1007/s10589-009-9307-9
https://doi.org/10.1007/s10589-009-9307-9
https://doi.org/10.1007/s002459911017
https://doi.org/10.1007/s00245-007-0877-6
https://doi.org/10.1051/m2an:2003021
https://doi.org/10.1051/m2an:2003021
https://doi.org/10.1007/s10589-011-9400-8
https://doi.org/10.1007/s10589-011-9400-8
https://doi.org/10.1051/cocv/2011105
https://doi.org/10.1016/0022-1236(76)90017-3

A. Alphonse, G. Wachsmuth 22

[16]

[17]

[18]

[19]

[20]

[21]

Ira Neitzel and Gerd Wachsmuth. “First-order conditions for the optimal control of the obsta-
cle problem with state constraints”. In: Pure Appl. Funct. Anal. 7.5 (2022), pp. 1881-1911.
URL:http://yokohamapublishers. jp/online2/oppafa/vol7/pl881.
htmll

Jean-Paul Penot. Calculus without derivatives. Vol. 266. Graduate Texts in Mathematics. Springer,
New York, 2013, pp. xx+524. D01:/10.1007/978-1-4614-4538-8.

Anne-Therese Rauls and Gerd Wachsmuth. “Generalized derivatives for the solution operator
of the obstacle problem”. In: Set-Valued Var. Anal. 28.2 (2020), pp. 259-285. DOI:|/10.1007/
s11228-019-0506-v.

José-Francisco Rodrigues. Obstacle problems in mathematical physics. Vol. 134. North-Holland
Mathematics Studies. Notas de Matematica [Mathematical Notes], 114. North-Holland Publishing
Co., Amsterdam, 1987, pp. xvi+352.

Anton Schiela and Daniel Wachsmuth. “Convergence analysis of smoothing methods for optimal
control of stationary variational inequalities with control constraints”. In: ESAIM Math. Model.
Numer. Anal. 47.3 (2013), pp. 771-787.D01:/10.1051/m2an/20120409.

Gerd Wachsmuth. “Towards M-stationarity for optimal control of the obstacle problem with
control constraints”. In: SIAM J. Control Optim. 54.2 (2016), pp. 964-986. DOI:|10.1137/
140980582

DOI 10.20347/WIAS.PREPRINT.3159 Berlin 2025


http://yokohamapublishers.jp/online2/oppafa/vol7/p1881.html
http://yokohamapublishers.jp/online2/oppafa/vol7/p1881.html
https://doi.org/10.1007/978-1-4614-4538-8
https://doi.org/10.1007/s11228-019-0506-y
https://doi.org/10.1007/s11228-019-0506-y
https://doi.org/10.1051/m2an/2012049
https://doi.org/10.1137/140980582
https://doi.org/10.1137/140980582

	Introduction
	Abstract setup and properties of the penalised problem
	Setup
	First properties
	Convergence results

	Pointwise characterisation of the limit of the derivatives
	A complementarity condition on alpha
	An orthogonality condition on -Delta alpha - d

	Generalised derivatives as limits
	Existence of limiting elements
	Capacitary measures and characterisation of limits

	Optimal control of the obstacle problem

