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Spectral bounds for the operator pencil of an
elliptic system in an angle

Michael Tsopanopoulos

Abstract

The model problem of a plane angle for a second-order elliptic system with Dirichlet, mixed,
and Neumann boundary conditions is analyzed. The existence of solutions is, for each boundary
condition, reduced to solving a matrix equation. Leveraging these matrix equations and focus-
ing on Dirichlet and mixed boundary conditions, optimal bounds on these solutions are derived,
employing tools from numerical range analysis and accretive operator theory. The developed
framework is novel and recovers known bounds for Dirichlet boundary conditions. The results for
mixed boundary conditions are new and represent the central contribution of this work. Immediate
applications of these findings are new regularity results in linear elasticity.
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M. Tsopanopoulos 2

1 Introduction

Regularity theory for differential equations is concerned with the question of how regular a solution
can be with respect to the input data, such as the source function and the boundary data. A classic
example is the Laplace equation, Au = f, on a domain {2 with smooth boundary OS2, subject to
Dirichlet boundary conditions v = 0 on 9. In this case, it is established that u € W**2P(Q)) when
f € WFP(Q),forany k € Nandp > 1(§2.4in[11]). This result does not hold if we consider domains
(2 which include edges or vertices. However, the irregularities of solutions in polygonal domains exhibit
a similar structure. Considering a cone K C R", a solution u to an elliptic equation near the vertex
of K can asymptotically be described by terms of the form (neglecting factors of log r, see [8], [11],
[19)):

u(r,w) ~ rv(w), (1.1)
where (r,w) are spherical coordinates with 7 being the distance to the vertex.

Here, v is a function on a subset of the sphere w € S™~! (the cone opening), and A € C represents
the regularity parameter linking integrability and differentiability of u to Re \. The associated operator
pencil A()\) is a A-dependent differential operator such that A(A)v = 0, i.e., the spectrum of .4
consists of the possible exponents \ in the asymptotic expansion (1.1).

By localization, the regularity of boundary value problems in general polyhedral domains can be re-
duced to model problems in cones and angles. This means the (ir)regularity of solutions to elliptic
equations is characterized by solutions of the form (1.1), or equivalently, by the spectrum of the cor-
responding operator pencil A. A well-established reference in this regard is [20], which provides es-
timates for Re \ for various model problems. These include the Lamé system (for general boundary
conditions) or general elliptic systems (for Dirichlet and Neumann boundary conditions) in cones. The
follow-up work [22] applies these results to specific problems in three-dimensional polyhedral domains,
translating the estimates for Re X into regularity results. These references address a broad range of
model problems and include extensive discussions. As noted in the Introduction of [21] "No general,
even to some extent, methods of obtaining this information are known, since even for the simplest
problems of mathematical physics these spectral problems have a rather complicated form". Despite
originating in the last century, this observation is still valid today.

From the above considerations, it is evident that regularity results for elliptic equations are inherently
linked to solutions of the form r*v, arising from model problems that reflect the geometry of the original
problem. The primary motivation for this paper is to improve the known regularity estimates for solu-
tions in linear elasticity. The underlying equations can be nuanced because elasticity involves systems
of elliptic equations, as the displacement is a vector field, and often incorporates mixed boundary con-
ditions. Existing literature on regularity theory for linear elasticity is sparse, with many results providing
only relatively weak estimates or lacking full generality. The regularity of solutions to the Lamé system
with mixed boundary conditions is discussed in [23] for three-dimensional polygonal domains, includ-
ing edges and vertices. In [15], it is shown (without using the expansion v at all) that u € W 12+< for
some £ > 0, which is only a small improvement with respect to . € W2 from general solution the-
ory. In [14], one can find results on three-dimensional scalar elliptic model problems, including mixed
boundary conditions, that yield u € WP for some p > 3. A famous counter-example in [25] demon-
strates an upper bound, showing that we cannot expect u € W' for p > 4 for scalar equations in
the two-dimensional half-space, and consequently not for elliptic systems.

This work develops a framework to study the model problem in a two-dimensional angle for a second-
order elliptic system with real-valued coefficient matrices. Utilizing this framework, we recover well-
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Spectral bounds for the operator pencil of an elliptic system in an angle 3

known bounds for Dirichlet boundary conditions in a novel way. The main result of this work, however,
focuses on the model problem with mixed boundary conditions (Theorem [7.2). For these, we prove
(under mild ellipticity conditions) that any solution 7*v of the model problem satisfies the bounds
|ReA| > Lfora < mand|Re)| > 1 fora < 27, where « is the opening angle. These bounds
are optimal, and they coincide with those for the Laplace equation. Unlike implicit solution strategies in
other works, this framework allows for the explicit construction of solutions. Also, it might be possible to
adapt the framework to further boundary conditions, three-dimensional cones or higher-order elliptic
equations.

As mentioned before, our findings have applications in the regularity theory of linear elasticity. For
brevity, we only sketch a simple scenario: Consider the linear elastic equation divo(u) = 0in a
domain © C R? with smooth boundary, where Dirichlet and Neumann boundary conditions are sep-
arated by a finite number of smooth, nonintersecting closed curves. Here, o(u) = Ce(u), where C
denotes the elasticity tensor and e(u) the symmetrized gradient. Under suitable conditions, it can be
shown that solutions u satisfy © € W14~ for any ¢ > 0. For details, we refer to Theorem 8.1.7 and
§8.3.1in [22]. Applications to elasticity and other geometries will be addressed in a subsequent paper.

While the given approach provides new insights and results, its limitations must be acknowledged. The
present work focuses exclusively on the model problem in a plane angle. Hence, the results are only
applicable to domains {2 C R3, where non-smoothness of 92 manifests as an edge. More complex
geometric structures, such as vertices, are not covered.

Structure of the paper

In Section (3] following [22] and [20], the model problem is introduced for an elliptic system of the form
La(z,y) = Anaf, + 2A,20,0, + A22a§7

where A, are real-valued, symmetric matrices satisfying the strong ellipticity condition (weaker than
the formal positivity condition in elasticity, see Lemma|B.3). The domain is given by the two-dimensional
angle

Ko = {(rcos(p),rsin(p)) :r>0,0< ¢ <a}C R?,

for some fixed 0 < a < 27. We consider either Dirichlet or Neumann boundary conditions on the
two sides of the angle, respectively. Finding for the model problem solutions of the form r*v, where
A € C, is reformulated as determining the eigenvalues of the so-called operator pencil by translating
L 4 to a A-dependent differential operator £4(\).

In Section |4} it is shown that it suffices to consider elliptic systems with Ao, = Id, referred to as
monic elliptic systems. Moreover, we study the algebraic structure of the polynomial C 5 5 — A1 +
2A153 + 1d 3% and show, using a result in [10], that one has the factorization

Ay +2AB +1dB* = (VF —1dB)(V —1d B),

for V' a complex-valued matrix with (V') C {z € C : Im z > 0}. The matrix V is unique (Theorem
[4.6), and is referred to as the standard root of the matrix polynomial. Using V/, one can show that all
solutions of the model problem without boundary conditions are given by (Prop. [4.7):

Uy : RQ \ {O} — (CZ, (l‘l, .1’2) —> (371 Id@ +x2V)A01 —+ (.Z'l Idg +£CQV))\CQ, C1,Co € CZ, (12)
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M. Tsopanopoulos 4

where ¢ € N is the dimension of the system. The exponentiation of matrices here is defined via the
functional calculus, and the choice of complex exponentiation  — e required for smooth solutions
is discussed.

In Section [5 Dirichlet, mixed, and Neumann boundary conditions for u are implemented. It is shown
that existence of a nontrivial solution 7*v for the model problem with angle « is for each boundary
condition equivalent to the vanishing of the determinant of a matrix M) ,, (Prop. Prop. Prop.
[5.5). E.g., for Dirichlet boundary conditions, we get the equivalent condition

0 =det(My,) for Myo = Z) — 7, (1.3)

where Z,, is a complex symmetric matrix derived from V. The matrices M, ,, for mixed and Neumann
boundary conditions have a similar structure. Additionally, we introduce two ellipticity conditions, Neu-
mann well-posedness and contractive Neumann well-posedness (Def. [5.3), related to spectral prop-
erties of V. The former is equivalent to the complementing boundary condition for Agmon-Douglis-
Nirenberg (ADN)-elliptic systems [3] implementing Neumann boundary conditions (see Appendix [B).
The latter relates to path-connectedness of Neumann well-posed systems to the Laplace operator

(Lemmalf5.4).

In Section [6] utilizing the numerical range and results on fractional powers of accretive operators
[13], we are able to provide bounds on the spectrum of M) ,, for Dirichlet (Theorem and mixed
boundary conditions (Theorem Theorem[6.6). These results are used to bound | Re A| for A € C
a solution to equations like (1.3).

In Section [7, we summarize our findings and give bounds on | Re A| for solutions r*v of the model
problem for Dirichlet and mixed boundary conditions. In particular, Theorem|[7.2] establishes for mixed
boundary conditions the bounds |Re A| > 1 for @ < 7 and [Re A| > ; for @ < 2, provided that
the system is contractive Neumann well-posed. If the system is not contractive Neumann well-posed,
then cases with | Re A| < 3, resp. | Re A| < 1, may occur, but only in the form Re A = 0.

In Section |8} the paper is summarized. Also, Neumann boundary conditions, optimality of the given
bounds, and the scalar case ¢ = 1 are briefly discussed.

The appendices provide supplementary material and detailed proofs that might disturb the flow of the
paper. In Appendix the concrete form of the differential operator L 4 is derived. In Appendix Neu-
mann well-posedness is related to the complementing boundary condition for ADN-elliptic systems.
Also, it is shown that formal positivity implies contractive Neumann well-posedness. In Appendix [C] a
factorization result for nonnegative matrix polynomials is given. In Appendix D} the functional calculus
is summarized. In Appendix[E] the numerical range is summarized and results on accretive operators
are adapted to our setting.
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2 General prerequisites and notation

This section summarizes notation and standard results in linear algebra. The reference is [17]. For
r € R\ {0}, let sgn(r) € {—1,+41} denote the sign of 7. R, denotes positive numbers, and
Rso = Roo U {0}. We use (1, z2) € R? for Cartesian coordinates and (7, @) € R x [0, 27) for
polar coordinates. Re z and Im z will denote the real and imaginary part of a complex number z € C
(or matrix). Also, we write Z for complex conjugation. For aset A C C, we write clos(A) for its closure.
LHS and RHS will be used as abbreviations for "left-hand sideénd "right-hand side", respectively.

Subsets of C
Let us denote the (open) upper half-plane UHP C C and the right half-plane RHP C C by

UHP :={z € C:Im(z) >0}, RHP:={z¢€ C:Re(z) >0}.

The lower half-plane and left half-plane are simply denoted by — UHP and — RHP, where we use
the following notation for set operations: For two sets A, B C C and r € C we write

A+B:={a+b:acA be B}, rA={r-a:acA}, A:={a:ac A}
ReA :={Re(a):a € A}, ImA:={Im(a):ac€ A}.

Vectors and Matrices

For the entire text, let us fix £ € N to denote the dimension of the vector spaces we consider. We
denote by R? and C¢, respectively, the canonical real and complex vector spaces. By (o,0), we
denote the scalar product on C*, and by || e || the vector norm |[v]| = +/{v,v) for v € C*. Write
Mat,(C) for matrices of size ¢ x ¢ with entries in C, and let us assume A € Mat,(C) in what follows.
We denote by A%/ the entry in the i-th row and j-th column. If the entries are only real-valued, we
may also write A € Mat,(R) and often view this set as a subset of Mat,(C). Id, € Mat,(C) will
denote the identity matrix. We write A”' for the transpose and A~! for the inverse matrix (if it exists).
Further, we write A* = ZT for the adjoint. We consider symmetric matrices A7 = A, Hermitian
matrices A* = A and unitary matrices A* = A~!. The operator norm on Mat,(C) is given by
|All = supy, =1 [|Av||. The commutator is denoted by [A, B] = AB — BA. Additionally, we rely
on the following result on block matrices (see [1], Exercise 5.30).

Lemma 2.1. Consider for A, B,C, D € Mat,(C) the block matrix
A B
R— ( 4 D) |
If A is invertible, then det(R) = det(A) - det(D — CA™'B).

Spectral Theory

If there exists a pair (\,v) € C x C* such that Av = \v, we call \ an eigenvalue of A and v the
corresponding eigenvector. The set of all eigenvalues of A is called the spectrum of A, denoted by
o(A). We say A is diagonalizable if there exist @), B € Mat,(C), with () invertible and B a diagonal
matrix, such that

A=QBQ". (2.1)

In this case, B € Cfor 1 < i < (s an eigenvalue of A, and the i-th row of () is a corresponding
eigenvector. We say A and C' € Mat,(C) are similar if there is an invertible matrix S € Mat,(C)

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



Spectral bounds for the operator pencil of an elliptic system in an angle 9

such that A = SCS™L. In this case 0(A) = o(C'). A key result in spectral theory ist that normal
matrices (A*A = AA*) are always unitarily diagonalizable, meaning there exists a decomposition
(2.1) with @ unitary. For Hermitian matrices, the spectrum satisfies o(A) C R, while for unitary
matrices, o(A) C S!, where S' denotes the complex unit circle. Properties of the spectrum include
the following: 0(AB) = o(BA) for A, B invertible, 0 € 0(A) <= det(A) = 0, and 0(A*) =
o (A). The spectral radius of A is given by

p(A) = sup [A].
A€o (A)
It satisfies p(A) < ||A]|, and for Hermitian matrices, p(A) = ||A||. The equality also holds for

A € Mat(R) skew-symmetric (AT = — A), since i A is Hermitian.

Positive definite matrices

We call A positive definite, and write A > 0, if it is Hermitian and satisfies (v, Av) > 0 for any vector
v € C*\ {0}. A Hermitian matrix A is positive definite if and only if 7(A) C Rx. If 0(A) C R,
A is called positive semi-definite, denoted A > 0. The product A* A is always positive semi-definite,
and it is positive definite if 0 ¢ o(A). Furthermore, A~! > 0 if and only if A > 0. For matrices A
and C, we have A — C' > O ifand only if C~1 — A~! > (. Additionally, if A > 0 and C' > 0, then
A+ C > 0. Any positive definite matrix A has a unique positive definite square root C' € Mat,(C),
i.e., C2 = A. We often write C' = A'/2,

3 The model problem

This section introduces the model problem as presented in §6 of [22]. The domain of interest is given,
for 0 < a < 2m, by the two-dimensional angle

Ko = {(rcos(p),rsin(p)) : 7 >0, 0 < o < a} CR?
which has the boundary
OKo =T"UTtuU{(0,0)}

for T :={(z,0):2 >0} and T := {(rcos(a),rsin(a)):r > 0}.

For A = (Ay1, Aa, Ago), where A, € Mat,(R) are symmetric matrices, the second-order differen-
tial operator L 4 is given by

2
La(Osy, 0ny) = Y AijOr, 00, = A102, + 241205, 0s, + AL, (3.1)
i,j=1

where we set Ay; = Ay in the following. The conormal derivatives Nj associated to L 4 on I'* are
given by

N (0sy502y) = Na(0,0:,,01,) and Ni(Oyy,0,) = Na(a, 0y, 0,,) for

2
Na(p, 05y, 0y,) = Z AijniOy; = A1y 0y, + A1a(n10z, + 120y, ) + Aganaly,, ¢ € {0,0},

ij=1

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



M. Tsopanopoulos 10

where n = (—sin(yp), cos(¢)) for € {0, a} is the normal vector perpendicular to I'=. We investi-
gate complex-valued solutions u : K, — C* to the equations

La(0py, 00 )u=0 onkKy, Bi(04,0.,)u=0 onl* (3.2)

where u can be decomposed in the radial form u(r, ) = v (i) for some A € Cand v : [0, a] —

C* smooth. Here,
Bj(@xl, Opy) == (1 — di)u + diNj‘t(axl, O, U (3.3)

for d* € {0, 1} such that (d*,d~) = (0,0) implements Dirichlet, (d™,d~) = (1, 1) Neumann and
(d*,d~) = (0, 1) mixed boundary conditions. The problem of finding a solution u of radial form to
the equations (3.2) is called the model problem. If we only consider

La(Ozy,02)u =0 onK,, (3.4)

then we call (3.4) the model problem without boundary conditions.

Remark. In the following, / € Ninu : K, — C always denotes the dimension of the codomain,
and ain 0 < o < 27 always the opening angle.

Our question is the following: For fixed o € (0, 27], for which A € C can we expect a solution of the
form r*v for the model problem ? More specifically, what is the smallest value for | Re A| that we
can expect for a solution? These results can be translated to regularity of solutions for strongly elliptic
systems in polyhedral domains (see §2 and §6 in [22]).

3.1 Ellipticity

So far, we have not implemented ellipticity of L 4. One can find the next definition in a similar form in
§1.1.2 of [22].

Definition 3.1. Consider the elliptic operator L 4 in (3.1) where A, € Mat,(R) are symmetric. For
¢ = (&,&) € R?, we define the polynomial

2
La(€) =) Ay&é
i,5=1
We say

W L, is elliptic if

det Ls(€) #0 VE e R*\ {0} (3.5)

B L, is strongly elliptic if there exists x > 0 such that

(La(&)n,m) > &lln|*[I€]1* ¥vn e Ct, ¢ e R (3.6)

Remark. LA(£) € Mat,(R) is symmetric real-valued and thus Hermitian for any £ € R?. So the
LHS in (3.6) is always real.

Obviously, strong ellipticity implies ellipticity. From now on, we always assume that A;; and A, are
positive definite. In this case, one can show that the two notions coincide, simplifying the analysis.
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Spectral bounds for the operator pencil of an elliptic system in an angle 11

Lemma 3.2. Assume that Ay, Aia, Asa € Mat,(R) are symmetric matrices and Ayy, Ass are
positive definite. Then the following are equivalent:

i) det(L4(€)) # 0 forallé € R? of the form & = (1, 3) € R
i) L 4 is elliptic.

iii) L 4 is strongly elliptic.
In this case, in particular, det(L 4(£)) > 0 forany £ € R?\ {0}.

For the proof, see Appendix [Bl Throughout this work, we refer to A as an elliptic system or elliptic
tuple it A = (Aq1, Aia, Ago) are all symmetric and A;; > 0, Ayy > 0. Correspondingly, we refer to
the operator L 4 as an elliptic operator.

Remark. The condition for strong ellipticity is sometimes referred to as Legendre-Hadamard condition
(see §3.4.1 of [9]).

Remark. Thus far, we have only described the ellipticity of the operator L 4. However, to ensure the
well-posedness of the elliptic problem, it is also necessary to specify a complementing condition for
the boundary operators Bj. These conditions, introduced in the framework of elliptic systems by
Agmon, Douglis, and Nirenberg in [3], establish compatibility between the boundary operators and the
elliptic operator. The need for such a condition will arise naturally in our analysis, so we postpone this
discussion to a later section. The ellipticity conditions are discussed in more detail in Appendix [B]

3.2 Eigenvalues of the operator pencil

In this section, the model problem is translated to a parameter-dependent second-order ODE, and the
operator pencil is introduced. The reference is §6.1.3 of [22].

Writing u = v for A € C, we define the A-dependent differential operators £ (0, \), B3 (9, \)
and N4 (0,, \) by:

L0, Nv := 122 LA (0)r 0,
Na(Op, N)v := AN 4 ()1,
BE(0,, \)v = (1 — dF)v + d*Na(9,, Mv.

>

A long but straightforward calculation (see Appendix [A) shows that:

£a(05,3) = bal)0 + (= V(@)D + AN = Dhole) + M), @7
Na(@:3) = b )0, + S0i(0),

where the b,’s are the periodic functions:

bo(p) = An COS(SO)Q + Agp Siﬂ(@)z + 2A15 sin(¢p) cos(¢p), (3.8)
b1(1p) = 2(A2z — An1) sin() cos(p) + 2A413(cos(ip)” — sin(p)?),
by(p) = Aqysin(p)® + Agy cos()? — 2415 cos(¢) sin(yp).

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



M. Tsopanopoulos 12

We define the A\-dependent mapping:
A(N) - W2’2((O,a),Cf) — LQ((O,Q),CK) x C! x C* (3.9)

by
v (Lae, BiO|,_er BEA]_,)

Here, W22 and L? denote the usual Sobolev and Lebesgue space. In the literature, A()) is called the
operator pencil. If there exist A € C and v # 0 such that A(\)v = 0, then A is called an eigenvalue
of A and v an eigenvector to \. See §1 in [20] for an introduction to operator pencils and further
references. With the above derivations, the model problem is reduced to a A-dependent second-order
ODE, and we have the following: The model problem has a solution of the form r*v for A € C if
and only if \ € C is an eigenvalue of the corresponding operator pencil A(\) in @)

Remark. Note that the leading coefficient by () in L 4 is positive definite for any ¢ € [0, 27). This
can be seen by taking £ = (sin(y), — cos(p)) € R? and observing that by () = L4(£) > 0 due to
Lemmal[3.2

Remark (Solution theory for EA(&p, A)v = 0). We refer to [16] for the following arguments. Fix
A € C, and observe that the system of ¢ second-order ODE’s given by £4(0,, A\)v = 0 can be
reduced, by a standard trick, to a system of first order ODE’s of the form

Here, the entries of M (¢, A) € Matq,(C) are analytic in . This reduction requires inverting by (),
which is possible due to the last remark. Using the results of §IV.10 in [16], this first order ODE has
a fundamental matrix Y (¢, \) which is analytic in . This implies that one can choose 2/ linearly
independent analytic solutions vy 1(\), ..., vx2¢(A) : R — C* (depending on \), and any solution
v(A) of La(A, 0,)v(A) = 0is given by a linear combination:

20
v(A) = Z cup(A)  forsome ¢, € C. (3.10)
=1

We do not discuss the analytic dependence of v(\) on A € C here, as it will be revealed at a later
point (Section [4.2). Furthermore, by the preceding discussion, any solution u to the model problem
without boundary conditions can be expressed as uy = r*v(\), where v(\) is given in (3.10).

3.3 Thecase A =0

The subsequent derivation does not cover A # 0, which is why we address this case now. A solution
u = v to the model problem (3.2) is called a trivial solution if v = 0.

Lemma 3.3. The model problem admits for A\ = 0 and any angle 0 < o < 27 only the
trivial solution for Dirichlet and mixed boundary conditions, and only constant solutions for Neumann
boundary conditions.

This is not a new result but included for completeness.

Proof. Consider an elliptic tuple A, and assume £ 4(\)v = 0 for A = 0. By (3.7), this reduces to

0y (b20,0) () = 0, (3.11)

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



Spectral bounds for the operator pencil of an elliptic system in an angle 13

due to J,b, = —b;. The 2 linearly independent solutions are given by
v(p) = ¢, + P(p)ey fore, € CY

where P(p) = [7b;'(s)ds. Note that P(p) > 0 for ¢ > 0, ensuring that P (i) is invertible.
Dirichlet boundary conditions yield

c1=0 and ¢+ Pa)ca=0 = ¢; =0 = ¢y,

so only the trivial solution exists. Neumann boundary conditions (check (3.7)) yield co = 0 for ¢ €
{0,a} (b is invertible), so v(p) = ¢; is the most general solution. Finally, for mixed boundary
conditions, both coc = 0 = c¢; are enforced, so only the trival solution exists. This completes the
proof. O

3.4 Laplace equation

If we assume A;; = Idy, = Ags and A = 0, then the system reduces to decoupled Laplace
equations in ¢ components. In this case, L4(\) = Idg(@fp + A?) and solutions to the \-dependent
ODE without boundary conditions are given by

vA(p) = cosin(Ap) + ¢ cos(Ap) for ¢y, ¢ € CE.

Let us implement boundary conditions for ¢ € {0,a}. Note that N4(\) = Id,d,, so nontrivial
solutions are given by ¢; = 0and A € T - Z\ {0} for Dirichlet, co = 0 and A € T - Z for Neumann,

andc; = 0Oand A € 5~ - Z \ {0} for mixed boundary conditions (compare to §2.1 in [20]). This

leads for < 7 to the bounds | Re A| > 1 for Dirichlet and Neumann boundary conditions (ignoring
constant solutions at A = 0 for the latter) and | Re A| > % for mixed boundary conditions. Although
this is the simplest example of an elliptic system, we will derive similar lower bounds for more general
elliptic systems.

4 Analysis of the model problem without boundary conditions

4.1 Algebraic properties of L 4
Reduction to monic matrix polynomials

The elliptic operator L 4 is normalized in the sense that one only needs to consider the case of Ay =
Id,.

Lemma 4.1. Consider an elliptic tuple A = (A11, A2, Asz). The model problem
La(0py,0u)u=0 onK,, BE(04,0.,)u=0 onl'*
admits the solution u. = r*v if and only if the model problem

L;(04y,00)u =0 onk,, Bj(&m, Op)u =0 onT*

for A = (A;;/QAHA;;/Q, A;21/2A12A;21/2, Id,) admits the solution 1, where © = A%QU.
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—1 -
Here, we write A;;/Q = (A;QQ) . Note that A is an elliptic tuple if and only if A is an elliptic tuple:

This can be shown by using Lemma and the determinant product rule (observe A;; > 0 due
to A2_21/2 being symmetric, invertible and Sylvester’s law of inertia, see Theorem 4.5.8 in [17])). This
ensures that L ; is a well-defined elliptic operator.

Proof. Assume that L 4u = 0. Itis clear that @ := Aéézu will be a solution to L ;4 = 0. Also, if u has

the form u = r*v, then 1 has the form 1 for ¥ := Aéézv. Lastly, we show that boundary conditions
are transformed accordingly: Assume ¢ € {0, a}. Observe for Dirichlet boundary conditions:

v(p) =0 <= AI/QU(QO) =0, (4.1)

due to invertibility of A'/2. For Neumann boundary conditions, assume:

(2)(0:0)(9) + Sh(hu(e) = 0,

where b, are defined as in by A. Observe that b, = A;;/zb.A;;/Q are the corresponding
coefficients for the tuple A and that:

u()(0:7)(9) + S5 (£)0(0) = Az 2(ba(e)(0,0) () + Sha(2()) = 0.

. 1/2. . . . . . .
Since A2é is invertible, the converse implication is clear. O

In the following, we refer to elliptic tuples Ayvith Ayy = 1d, as monic elliptic tuples, and to L 4 as a
monic elliptic operator. Additionally, we call A, given in Lemma the monic reduction of A.

Factorization of monic matrix polynomials

Consider a monic elliptic operator L 4. Taking £ = (1, 3) € R?, we obtain the matrix polynomial
La(1,8) = La(§) = Ay + 24156 +1d, 52,
which can be factorized into linear terms.
Lemma 4.2. 1 Consider a monic elliptic tuple A = (A1, A12,1dy). Then:
i) There exists some V' € Mat,(C) such that
A+ 2408 +1d, 8% = (VF ~ 14, B)(V —1d, B) VBEC,  (42)
ando (V) C UHP.
i) AssumeV = C + 1D withC = ReV and D = ImV, then
Ay = —%((J +ct), A, =C'C+D'D, (4.3)
D= D", C"D=D"C. (4.4)

2 On the other hand, assume V. = C + iD for C; D € Mat,(R) which satisfy the algebraic
relations (4.4). Then:
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Spectral bounds for the operator pencil of an elliptic system in an angle 15

i) V satisfies for A, as defined by (4.3).
i) Ifo(V) MR = 0, then the tuple defined by Az, = 1d, and (4.3) is monic elliptic.

This result relies on a factorization property of nonnegative matrix polynomials as found in [10]. For the
convenience of the reader, this result and all definitions necessary to understand it are summarized in
Appendix [C] which we refer to in the proof.

Proof. 1.i) Existence of such V' with o (V") C clos(UHP) follows from Theorem C.1|since the matrix
polynomial L 4(1, 3) is monic, self-adjoint, and nonnegative due to Lemma It remains to show
(V) N R = (). Assuming the contrary, we have 3 € o(V) N R, implying

det(V —1d,8) = 0 det(All +2A18 + 1d, 52) =0,

a contradiction to Lemma[3.2]
1ii) Writing V = C' + 4D, Aj; = V*V,and A1 = —3(V* + V), we get:
Ay = (CT —iDY)(C +iD) = C*C + D'D +i(-D"C + C* D),
1
Ay = —§(CT +C) +i(-DT + D).

Now, the imaginary part in both RHS’s must vanish since A;; and A, are real-valued. Thus, (4.3)

and follow.

2.i) Assume we define V = C + iD for C, D € Mat,(R) satisfying (4.4). It is clear from the last
calculation that we obtain for A, given in (4.3).

2.ii) We additionally assume o (V) NR = () and prove that the corresponding operator L 4 is elliptic.
First, we need to show that A1, A12, Id, are all symmetric and that A1, Id, > 0. Symmetry is clear
by the definition of A5 and Ay given in (4.3). For positive definiteness, note that A;; = V*V/, which
is positive definite since 0 ¢ o (V). Lastly, using Lemma|[3.2] it suffices to show that

det(LA(l,ﬁ)) #0 VB eR.
This follows from
det ((V* —1d, ﬁ)(V —1d, ﬁ)) = det(V* — Idy 6) det(V — Id, 6) #0 VB eR,

since (V) N IR = () and thus also o(V*) N R = (). By definition, L 4 is monic, which completes the
proof. O

Definition 4.3. Assume that L4 is a monic elliptic operator. We call V' € Mat,(C) fulfilling 1.i) in
Lemma4.2|a standard root of L 4.

Example 4.4. In the case of the Laplacian tuple A = (Id,0,1d,), a standard root is given by
V =14ld,.

By Lemmal4.2] it is clear that any monic elliptic operator admits at least one standard root. We derive
some more interesting properties of standard roots.

Lemma 4.5. LetV be a standard root of a monic elliptic differential operator L 4. Then D = Im V is
positive definite.
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Proof. Letuswrite V= C +iD for C, D € Mat,(R), where V is the standard root under consider-
ation. Due to Lemma we have D = D7 such that all eigenvalues of D are real, and we need to
show that they are all positive. First, we argue that 0 ¢ o (D). Assume the contrary, 0 € o (D), and
derive a contradiction. In this case, there is v € R*\ {0} such that Dv = 0. Due to the commutativity
relations in Lemma[4.2] we have 0 = CTDv = DC'. From this, it follows that either Cv = 0 or
Cv # 0 is also an eigenvector of D with eigenvalue 0. If Cv = 0, it would follow that Vv = 0,
which is a contradiction since 0 cannot be an eigenvalue of V' by Lemmaf4.2] So, assuming the lat-
ter, spang ({v, Cv}) C ker D. But repeating the discussion with C'v instead of v, we conclude that
C™v # 0, for arbitrary n € N, must also be an eigenvector of D with eigenvalue 0. Define the cyclic
(complex) subspace generated by v:

S, = spangs ({C"v :n € Nyo}).

By the above derivation, we have D(S,) = {0}, and by its definition, it is clear that C'(S,) C S,.
This implies C|g, = Vg, Thus, S, is an eigenspace of V and moreover, V' has a real-valued matrix
representation (the same as C') for the subspace 5,,. This implies that V' has either a real eigenvalue
or two different complex conjugated eigenvalues, which contradicts V' being a standard root since
o(V') € UHP. Thus, we have shown that 0 ¢ o (D).

Next, we argue why D cannot have negative eigenvalues. This follows by a simple scaling argument.
Define forany p > 1

V, =C+1i-pD.

Observe that C,, :== ReV, = C and D, := ImV,, = pD still fulfill the algebraic relations (4.4).
Moreover, the operator L 4 , defined by V), (second part of Lemma is elliptic for any p > 1, since
we can write the matrix polynomial as

Lay(1,8) = (p = 1)D* + Ayy + 24156 +1d, 57,
and La(1,8) > 0, for 8 € R, implies L4 ,(1,3) > 0 since (p — 1)D?* is positive semi-definite.
Now, let us assume that r € o (D) for some r < 0 and derive a contradiction. Since all eigenvalues
of D are nonzero, we get for the spectrum

o(V,) = o(C +ipD) == ip- o(D)

in the appropriate sense. Since 0 > r € (D), it means that for sufficiently large p > 1 there exists
some (3, € o(V,) with Im 3, < 0. Consequently, because the path

[1,00) 2 p+—V, € Mat,(C)
is continuous and o (V') C UHP, there must be some intermediate 1 < 5 < p where
a(Vz) NR £ 0.
However, this contradicts the ellipticity of L 4 5 which we just have shown. O

The next statement summarizes the main result concerning standard roots.

Theorem 4.6. Consider L 4, a monic elliptic operator, and V' a standard root of L 4.

i) The standard root of L 4 is unique.
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Spectral bounds for the operator pencil of an elliptic system in an angle 17

ii) V satisfies Ay + 2415V +1d, V2 =0 = Ay + 24,V +1d, v

iii) V' can be written as V' = (S + i1d,) D, where both S, D € Mat,(R) are symmetric and
D > 0.

Conversely, any V = (S + ildy) D with S, D € Mat(R, ¢) symmetric and D > 0 is the standard
root of the monic elliptic operator L 4 for the tuple

1
A - (All — V*‘/, A12 - —§<V —|— V*), AQQ - Idg) (45)

Proof. Consider L 4, a monic elliptic operator, and let V' € Mat,(C) be a standard root.

i) Uniqueness of V' follows from L4(1,8) = (V* —1d, 8)(V — 1d, ), (V) € UHP, o(V*) C
— UHP, and uniqueness of monic I'-spectral right divisors for matrix polynomials. For the latter, we
refer to §4.1 in [10], in particular Theorem 4.1 and the comment thereafter.

i) The first equality follows by A;; = V*V and A;s = —%(V + V*). The second by complex
conjugation and A, € Mat,(R).

iii) By Lemmal[4.2]and Lemma 4.5} we can write V = C' + iD for C, D € Mat,(R), where D > 0
and (4.4) holds. In particular, we can invert D and thus V = (S + i1d;)D for S = CD~'. The
symmetry of S follows from:

ST = (py'¢" =pc™pp & pipept=cpt =
Lastly, consider V' = (S + ildy)D with S, D € Mat(R, ¢) symmetric and D > 0. We show that
V' is the standard root of L 4 for A given in (4.5). By Lemma [4.2] it suffices to verify the algebraic
relations

D=D" (SD)'D = D(SD),

which are trivially fulfilled by symmetry of S and D, and to show (V') "R = (). The latter statement
follows, due to D > 0, from LemmalE.1|and o(V') = o(DY2SD'? +iD). O

Remark. One may wonder if V' with the properties given in Theorem is diagonalizable. A counter
example is given by:

= (5 )6 D)6

Remark. The discussion generalizes for nonmonic elliptic tuples A = (A1, A12, Ag) by defining a
standard root V' € Mat,(C) to satisfy o(V') C UHP and

A + 2408 + A2252 = (V" —1d; 8) A (V — 1d, ).

One can show that V is related to the standard root V of the monic reduction A of A by V =
A;;/ZVA%Q. For our purposes, it suffices to work with the monic reduction.
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4.2 Solutions for the model problem without boundary conditions

It is time to close the gap between algebra and analysis and justify the time spent on exploring the
algebraic structure of L 4. In this section, solutions for the model problem without boundary conditions
are derived. The idea is based on the solution basis given in §2.2 of [6]. For this, we first need to define
the complex exponent A € C of a complex number o € C\ {0}. We do so by using three branches of
the complex logarithm, i.e. three different arg-functions (see §8.2 in [4] for a reference). To distinguish
between them, we introduce the set of symbols a € {0, 4, —} and use these as decoration. Explicitly,
we define

o* :=exp(Mlog,(c)) for log, (o) :=log(|o|) +i\arg, (o). (4.6)

Here, log(r) for r € R is simply the standard logarithm for positive real numbers. The arg,,-functions
are uniquely determined by requiring that log,, inverts exp on the domain C \ {0} and by the following
conditions:

arg, (o) € [0,2m), arg (o) € (—m, 7|, arg_(o) € (—2m,0] Vo e C\{0}.

With this choice, log,, represents the principal logarithm, denoted by log in the following, and it exhibits
a discontinuity along the branch cut of the negative real axis. The introduction of log_ and log_ serves
to provide continuous extensions of the logarithm that avoid the discontinuity at arg(o) = , shifting
the branch cut instead to the positive real axis. Note that arg, = arg, on UHP and arg, = arg_ on
— UHP.

Consider 0 < o < 27 and the model problem for a monic elliptic tuple A with standard root V. We
define, for A € C\ {0} and ¢, ¢, € C* arbitrary, the complex vector-valued functions:

uy : R? \ {0} — C*, (r1,x9) — (21 1d, +x2V))‘+cl + (21 1d, +x27)’\*02. (4.7)

Here, the exponentiation of matrices is defined via the functional calculus (see Appendix D). It is well-
defined if 0 ¢ o(xy Idy+x2V) = x1 + 290(V) is ensured for any (7, 75) € R?\ {0}, which
follows from o (V') C UHP. We will show that any solution to the model problem without boundary
conditions is of the form (4.7). For this, note that uy = r*vy, where

vy 1 [0,27) = C*, > (cos(p) Id, +sin(p)V)Mep + (cos(p) Idg +sin() V) cy.  (4.8)
Remark. Let us briefly discuss the choice of \.. Since o(V) C UHP, we have

o(cos(p)Idy +sin(p)V) C  UHP for0 < ¢ <,
o(cos(p) Idy +sin(p)V) C —UHP  form < ¢ < 2.

Because the arg-function in the principle logarithm has a discontinuity at ¢ = 7, the function ¢ +—
(cos(¢) Id, + sin(p)V)* is not continuous. This issue is resolved by changing A to A,. A similar

reasoning appliesto V' and A_.
Also, note that u ), satisfies L 4uy = 0. For this, observe that

2
L (O, Oy )x = Y AijOy, 0 us

ij=1
=(Ayy + 24V + V) (2, Idy +2oV) P Do) + (A + 241,V + VQ)(xl Id, +2,V)*2-¢,

vanishes by Theorem Here, the chain rule is applied, and it is important to note that the differenti-
ation rules for e’ are consistent regardless of the choice a € {o, +, —}.

We have the following result.
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Proposition 4.7. Consider 0 < o < 27 and a monic elliptic operator L 4, with standard root V. For
A € C\ {0}, any solution uy = v to Lauy = 0 is of the form (4.7). Similarly, any solution to
L a(A)vx = 0 is of the form {4.8).

Proof. By the preceding discussion and the final remark in Section it suffices to show that there
are no (1, ¢z) € C*\ {0} such that u, in (4.7) reduces to u, = 0. Let us assume the contrary and
derive a contradiction. Then there are c1, ¢, € C’, at least one ¢, # 0, such that

(cos(ip) Id, + sin() V) ey 4 (cos(g) Idg +sin(@)V) e, = 0 forp € [0, ). (4.9)

In particular, for o = 0, this leads to ¢c; = —c3. Differentiating (4.9) and evaluating at ¢ = 0, we get
the condition

(V—-V)ep =0 = det(ImV) =0,
which is a contradiction to Theorem O
Remark. Note that we excluded A = 0 because

uo(x1,x2) = €1 + ¢, forey,co € ct,

does not yield 2/ linearly independent solutions. For this reason, the case A = (0 was treated sepa-
rately in Lemma[3.3

Example 4.8. Assume the standard root V' in the above discussion is diagonalizable. Then we can
write V = QBQ™! for Q, B € Mat,(C) with B = diag(3i,. .., 3¢) the diagonal matrix of eigen-
values. A corresponding eigenvector ¢, to 5, for 1 < k < [ is given by the k-th row of (). Using
properties of the functional calculus (Appendix D)), we derive:

(z11dg +2,V)M = (21 1dy +2,QBQ™HM = Q(x1 1d, +2, B Q1.

By a similar argument for (z; Id, —1—51:27)’\*, it is deduced that any solution uy = v to Luy = 0
can be written as

L

up(z1, T2) = Z diq (w1 + 22B)™ + dieqy (21 + 228) forde € C.
=1

To see this, observe that (z; Id, +x,B)*+ is diagonal, with entries (z; + x3,)**, and that the
vectors d,q. are related to c, in (4.7) through Q.

Remark. The representation of solutions for the model problem without boundary conditions provided
in is new. However, an alternative representation involving complex contour integrals is known
and can be found in [5] and [6]. In these references, the explicit solution basis discussed in Example
(with a slightly different representation) is introduced. In fact, this basis served as the foundational
idea for the representation of solutions for general (non-diagonalizable) V as presented in this work.

Remark. The reason for avoiding o = 27 in the discussion and Prop. [4.7]is to prevent multivalued
arg,-functions. Nonetheless, Prop. can be canonically generalized to o = 27 by considering a
continuous continuation of arg, from the case @ < 2.
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5 Analysis of the model problem with boundary conditions

After deriving explicit formulas for solutions of the model problem without boundary conditions, we
now investigate solutions of the model problem with boundary conditions. This will be equivalent to the
vanishing of the determinant of some matrix M} . For the remainder of this section, let us assume
0 < a < 2m, and that we consider a monic elliptic tuple A = (A11, Ai2,1d,) with standard root V.
We consistently write V' = (S + ¢Id,)D = C' + iD for C, D, S € Mat,(R) given in Lemma[4.2]
and Theorem [4.6] In this case, by Prop. we have that u = v for A € C \ {0} is a solution to
L 4(0y,, 0y, )u = 0 if there exist ¢, c; € C* such that:

v(p) = (cos(p) Idg +sin() V)M ey + (cos(¢) Id, + sin(p) V)~ c. (5.1)

5.1 Dirichlet boundary conditions

Assume that T/\U, forvin , satisfies Dirichlet boundary conditions on . Consequently,
0=2v(0)=c +c3, 0=0(a)=Vrc +VQLCQ,
where we denote
Vo = cos(a) Idy + sin(a) V' = cos(«) Idy + sin(a) SD + i sin(«) D. (5.2)

Thus, finding u = v # () for the model problem with Dirichlet boundary conditions is equivalent to
the vanishing of the determinant of M), , € Mats,(C) which is given by

v (e 1
)\,Oé T Va)ur Va)\_ .

To see this, apply the block vector (cy, co) € C* from the right to M, . Using Lemma we derive:
0= det(My) <= 0= det (vcj+ . Va*‘). (5.3)
We can further manipulate the RHS in (5.3):
0= det(vof+ - VJ*) = 0= det(D1/2V3+D-1/2 - Dl/QVa”D—l/?)

by the product rule for determinants since D is positive definite and thus det (Dil/z) % 0. We set
Z, := D2V, D~/2 and note that

Z, = cos(a) + DY2SDY?sin(a) 4 iDsin(a) (5.4)

is a symmetric matrix. By properties of the functional calculus like D'/2V}+ D—1/2 = 72+ (Appendix
D), we derive:

0=det(M),) < 0= det(Zé* — Z_a/L).

The discussion shows the following result.

Proposition 5.1. Consider 0 < « < 27 and a monic elliptic operator L 4 with standard root V =
(S +i1d,)D. The model problem with Dirichlet boundary conditions has for A € C \ {0} a solution
v # 0 if and only if

0= det<Z§+ - ZTf‘), (5.5)

for Z,, given in (5.4).
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5.2 Mixed boundary conditions

Before we continue, let us characterize the Neumann boundary condition Nyv(p) = 0 for ¢ €
{0, a}. For this, we calculate (note that n = (— sin(), cos(p)) = +(—2, 1) is the normal vector):

2
A
Z Aijn;O, (x11dg +562V)>‘+ = ;( — x9(Ap + ARV) + x1(A12 + V)) (z11d, +$2V)(>\—1)+.

ij=1
Since V solves Aj; + AV = — A3V — V2 (see Theorem , we obtain

2\
r

2
Z Aijniaxj (Zﬂl Id[ +CL’2V))\+ =

ij=1

(A12 + V) (Il Ide +LIZ‘2V))\+ .

Similarly, we derive Zijzl AiiniOy, (21 1dg 422V ) = 22 (A1 + V) (21 Idg +22V)*~. Now, as-

J
sume that 7*v # 0, for v in (5.1), satisfies Dirichlet boundary conditions on I't and Neumann bound-
ary conditions on I'~. Thus, the coefficients ¢, in (5.1) satisfy (recall that we assumed A # 0):

N
O=ci+cy 0= (Az+ V)VCY/\J“Cl + (A1 + V)V, o,
for V,, in (5.2). This is equivalent to the condition 0 = det(M) ), where:

y __( 1d, 1d, )
MOT (A + V)V A+ VW)

Using Lemma 2.7} we derive:
0= det(M,) < 0= olet((A12 F VIV — (A + V)ch‘).
Write A1 = —3(V + V*)and V = (S + i1d,) D (see Theorem such that:

1 — 1
A12+V:§[S,D]+iD, A12+V=§[S,D]—iD, (5.6)

and we conclude:

1 1 _
0 =det(Mya) <= 0= det ((5[5, D] + z'D) v (5[5, D] - z‘D) VQ) .
Now, again using Z, = D'/?V,D~'/% and det(D*!/?) 3 0, we reformulate 0 = det(M) ,) as:
1 1 _
0 =det (D—W (E[S, D]+ iD) D~ Y2z — D712 (5[5, D] — z’D) D‘l/QZaA_)

1 _ _
= det (ED‘W[S, DD Y2z —Z ) +i(Z) + Zcf)) :

This leads to the following result.

Proposition 5.2. Consider 0 < a < 27 and a monic elliptic operator L 4 with standard root V' =
(S + i1dy)D. The model problem with mixed boundary conditions has for A\ € C \ {0} a solution
v # 0 if and only if
1 _ __
0 = det <§[D‘1/QSD‘1/2, DI(ZM — 7)) +i(Z + Zof)) ,

for Z,, given in (5.4).
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5.3 Additional ellipticity conditions for Neumann boundary

So far, we have only set ellipticity conditions for the operator L 4 (Def. but no conditions for Bj. For
the model problem to be an elliptic system in the sense of Agmon-Douglis-Nirenberg, we additionally
need that Bfl satisfies the so called complementing boundary condition (discussed in more detail in
Appendix . To motivate the following definitions, note that the matrix M, ,, for Neumann boundary
conditions will have the form:
My, = (Aip + V)Vo/\+ (A1g + V)VOL _ Ap+V Ao i V_)\
° (A + V)V (A + V)Va/L (A + V)V (A + V)V

This form is deduced by similar derivations as in the last section, and the last equation is due to
Vo = Id,. Now, using Lemma [2.1]is not immediate since it is not clear if Aj5 + V' is invertible. One
can show that invertibility of A5 4+ V' is equivalent to the complementing boundary condition for NAi
(Appendix [B).

Remark. A discussion of the complementing boundary condition in the case of Dirichlet boundary
conditions for I'~ was not necessary, as it is automatically satisfied for strongly elliptic systems. See
Remark 3.2.7 in [7].

For the subsequent derivations, we introduce the following ellipticity conditions:

Definition 5.3. Consider an elliptic tuple A, where V' = C'+iD for C, D € Mat,(R) is the standard
root of its monic reduction. We say

B Ais Neumnann well-posed if 2i ¢ o([D~, C1).

B A is contractive Neumann well-posed if p([D~!, C]) < 2.

Clearly, contractive Neumann well-posedness implies Neumann well-posedness. How do these defi-
nitions relate to the considerations discussed above? From (5.6):

1 1
Ap+V = 5[S, D] +iD = 5D(D*SD — S+ 2i1dy),
which is invertible if and only if —22 is not an eigenvalue of:
D'SD—-S=D"'C-CD'=[D" (] (5.7)

Note that, first, o([D ™!, C]) C iR, and second, it € o([D~*,C]) if and only if —it € o([D~*,C])
for any ¢ € R. This follows from the computation:

o([D71,C)) = o(DY?[D7Y,C|DY?) = o([D~Y2SD~Y% D)) C iR. (5.8)

The last inclusion holds since D~'/28D~1/2 and D are symmetric, their commutator is skew-symmetric,
and skew symmetric matrices have imaginary, complex conjugated eigenvalues. Thus, we have shown
that invertibility of A5 + V' is equivalent to Neumann well-posedness.

Contractive Neumann well-posedness is related to path-connectedness to the Laplace operator via
Neumann well-posed elliptic tuples. To understand this, consider a contractive Neumann well-posed
tuple A = (Aj1, A2, Asz). We can find a continuous path

[0,1] 3 s+ A(s) = (A11(5), A12(8), Aga(s)) € (Maty(R))?
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such that A(1) = (Id,,0,1d;) and A(0) = A, with each A(e) being contractive Neumann well-
posed. The path is constructed in three segments which can be glued together.
First Segment: Start with (A1, A2, Asz) and deform it as follows:

[0,1] 3 5 A(s) = (A AnAy’?, Ay P A1 Ay %, AL).
Note that
A0) = A, A1) = (A5 AnAR %, AP A AL 7 1Y),

and that all A(e) are elliptic tuples and have the same monic reduction as A(1). Thus, if A(0) is
contractive Neumann well-posed, then all A(e) are contractive Neumann well-posed.

Second Segment: Start with a contractive Neumann well-posed elliptic tuple of the form (A;1, A2, Id,).
Let us write V' = C' + i D for its standard root and define a path of matrices V; := (1 — s)C + iD
for s € [0, 1]. Using Theorem these represent the standard roots of the elliptic tuples:

S

1
[O, 1] > S A(S) = (V*‘/S, —50/5* + V;),Idg) .

Note that:
p([(Tm Vo) ™" Re Vi]) = (1 = s)p([D~",C)) < 2(1 —5) <2

since p([D~!,C]) < 2 due to A(0) being contractive Neumann well-posed. Moreover, we have
A(1) = (D% 0,1d,) due to —5(Vy + V) = 0.
Third Segment: Start with an elliptic tuple of the form (A1, 0, Id,), set:

[0,1] 55— A(s) = (A7 A1 A2, 0,1dy),

and note that A(1) = (Id,, 0, Id,). Ellipticity along the path is clear by Lemma 3.2 as is contractive
Neumann well-posedness since Re V' = 0 for any standard root V' along the way.

On the other hand, any tuple not being contractive Neumann well-posed cannot be connected to the
Laplace operator by a path of Neumann well-posed systems. To illustrate this, consider a continuous
path of elliptic tuples

[0,1] 3 s+ A(s) = (A11(5), A12(s), Aga(s)) € (Maty(R))?

such that A(1) = (Id,, 0,1d,). Let V; = Cs + iD; denote the standard root of the monic re-
duction of A(s). If A(0) is not contractive Neumann well-posed, then there is ¢ > 2 such that
it € o([Dy*,Cy)). Note that o([Dy ', C4]) = {0}, due to C; = 0 (see Example [4.4). So by
continuity and o([D; 1, C,]) C iR, there must be some intermediate value s € (0, 1) such that
2i € o([D;', C,]) and Neumann well-posedness is violated. The discussion leads to the following
result:

Lemma 5.4. Consider A an elliptic touple. Then:

i) If A is contractive Neumann well-posed, there exists a continuous path of contractive Neumann
well-posed elliptic tuples connecting A to (1d,, 0,1d,).

ii) If there exists a continuous path from A to (I1dy, 0,1d,) consisting of Neumann well-posed
tuples, then A is contractive Neumann well-posed.
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5.4 Neumann boundary conditions

We proceed with Neumann boundary conditions for the model problem. Assume that v # 0, for v
in (5.1), satisfies Neumann boundary conditions on I'*. Additionally, assume that the elliptic tuple A
is Neumann well-posed. As mentioned in the last section, we can derive the condition det(M), o) = 0
for

My o =

A +V Ap+V
(A + V)V (A + V)V )

Using Lemmal|2.1]and determinant rules (here Neumann well-posedness is essential such that A;5 +
V' is invertible), we obtain:

O=detMy, <= 0= det((A12 + V)V:‘* (Arp + V)_l — (Ay2 —I—V)VQL (Aio —I—V)_l).

By substituting (5.6), we derive:

0 = det <<%[S, D]+ iD) P (%[5, D]+ z’D) o (%[5, D] - @D) A (%[5, D] - z’D) _1> |

Rewriting Z, = D'/?V,D~/? and using similar arguments as before, we arrive at the following
result.

Proposition 5.5. Consider 0 < o < 27 and a Neumann well-posed monic elliptic operator L 4 with
standard root V. = (S + i1d,)D. The model problem with Neumann boundary conditions has for
A € C\ {0} asolution r*v # 0 if and only if

0 = det (E ZMEL EZ_Q*E‘I),

for Z,, given in and E = 1D~'2[S, D|D~'? + i1d,.

6 Matrix equations associated to the model problem

In the previous section, we derived matrix equations 0 = det(MMé) corresponding to solutions of the
model problem with Dirichlet, mixed, or Neumann boundary conditions. This section provides bounds
on | Re |, where 0 = det (M), ) is solvable for the case of Dirichlet and mixed boundary conditions.
We emphasize the following two points, which will be relevant throughout the section:

B Note that 0 = det(A) for A € Mat,(C) if and only if 0 € o(A). Our strategy is to use the
numerical range W (A) and angular field W’(A) to bound the eigenvalues of A away from
zero. For details and the properties N1-N8 of the numerical range, we refer to Appendix [E|

B Amatrix Z € Mat,(C) satisfying ZT = Z (i.e., both its real and imaginary part are symmetric)
is called a (complex) symmetric matrix. Note that Z* = Z for symmetric matrices.

Definition 6.1. Denote by Mat,(C),; the subset of symmetric matrices Z € Mat,(C) satisfying
Im(Z) > 0. Similarly, denote by Mat,(C)_; the set of symmetric matrices satisfying — Im(Z) > 0.
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For Z € Mat,(C) with Z = Z*,Tm Z > 0 is equivalent to W (Z) C + UHP. This is derived by
applying N7 in Appendix[E[to Fi 7.

We present two key results that will guide the subsequent proofs. The proofs of these results are given
in Appendix [El

Lemma 6.2. Consider Z € Mat,(C);. For A € [—1,1] \ {0} we have
W(Z*) Csgn(\) - {z € C\ {0} : arg(z) € (0, A7)},
and, in particular, W'(Z*) C +sgn()\) UHP.
Lemma 6.3. Consider Z € Mat,(C),; and A € R\ {0}. Then the following holds:
i) sgn(A) (Id, —(Z2%)*2") > 0,
i) p((Z27)2%) =0,
i) min{B: B € o((Z*)* 2"} 222 o

Finally, note that, in this section, complex exponentiation, as well as arg- and log-functions, will always
refer to the principal branch.

6.1 Dirichlet boundary conditions
Theorem 6.4. Consider Z € Mat,(C); and A € C. The equation

0 = det (ZA - 7) (6.1)
admits for | Re A| < 1 only the trivial solution A\ = 0.

Proof. Consider Z € Mat,(C),; and A € C. Decompose A into real and imaginary part A\ =
A1 + 29 and write:

A1 St A1

0 = det (ZA - 7) - det(zmzh ~7MZ ) - det(ZWZM -7 (Z‘W)*> (6.2)

— det (ZWZM(ZW)* - 7“) det((Z27™)") <= 0= det(Z“QZ’\l(ZM?)* . 7*1).

Here, we used Z = Z7 and that matrix exponentials of symmetric matrices are again symmetric,

which allowed us to write (Z~"?)* = Z~i%2 = 7™ We also relied on det (?M2> £0,(Z7H =
(ZM)71, and 22 27N = 7% 772 (see Appendix|D]for all of these statements).

Case 1: Re \ # 0.

Let us assume \; € [—1,1] \ {0}. We aim to show that the spectrum of Z¥2 ZA1(ZA2)* — Vi

=X
is bounded away from 0, implying that 0 = det (ZA -7 ) is not possible. From properties of the
numerical range:

O_(Zi)\2Z)\1 (Zi)\g)* . 7)‘1> C W<Zz')\QZ/\1 (Zi/\z)* o ?)‘1)
C W(ZP2 722 (Z%2)) — W(Z™) € W/(Z%2 2% (Z*)") + sgn()\;) UHP
C W'(Z™) 4 sgn(\;) UHP C sgn(\;) UHP, (6.3)
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where we used properties N3, N5, N4 given in Appendix [E] and Lemma6.2] (twice).

Case 2: Re A\ = 0.

Next, assume A; = Oand \, € R\{0}. By (6.2), the argument boils down to show 0 # det (Z2(Z"2)* — Id,).
This follows directly from Lemmal6.3

The above cases show that for A € C\ {0} with | Re A\| < 1 does not have a solution. Finally,

—0
note that A = 0 is always a solution for any Z € Mat,(C),, since Z° =1d, = Z . O

6.2 Mixed boundary conditions
Theorem 6.5. Let Z € Mat,(C),,; and A, B € Mat,(R) be symmetric. Consider the equation:
0 = det ([A, Bl(Z* -7 +i(Z* + 7)) . (6.4)

Then:

i) Equation has no solution A € C with |Re A| € (0, 3].

ii) Equation has a solution A € C with Re A = 0 ifand only if p([A, B]) > 1.
Note that [A, B] € Mat,(RR) is skew-symmetric due to

[A,B]Y = (AB — BA)" = BTAT — A"B" = BA - AB = —[A, B].

Thus, o([A, B]) C iR, and all eigenvalues come in conjugate pairs. Similarly, i[A, B] is Hermitian,
so o(i[A, B]) C R.

Proof. Consider Z,A,B as given in the statement, and A € C with | Re A| < . Decompose X into
real and imaginary part A = \; + i)\,. Rewrite as:

0 = det (([A, B2 -7 +i(2* +7*))
=det <[A, B)(ZP2z27M(Z22)* — 7)‘1) (2P ZM (2% 7)‘1)> det((Z_i)‘z)*)

A1

«—=0¢co ([A, B)(ZP2 72 (7272 — 77 - i(ZP2 22 (Z722) +7A1)> : (6.5)

Here, we used the same arguments as in the derivation for (6.2). Again, we separate into two cases.

Case 1: \; # 0.

. . —\
In this case, Z*2 ZM (Z12)* — Z™" is invertible as shown in 4; Thus, Equation 1) is due to 1i
equivalent to:

0 € o (M][A, B]M; + iM; My) for
My = 22220 (27)" = 2 and My i= 272 2 (2%2) + 77,
For Case 1, it suffices to prove the following claim.
Claim 1: o (M [A, B]M; + iM;M,) C sgn(\) RHP for A, € [—3, 1]\ {0}.
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Due to N3 in Appendix [E} it suffices to show W (M;[A, B]M; + iM;Ms) C sgn(A;) RHP. Note
that:

W (M:[A, BIM,) € W'(M;[A, BIM,) € W(|A, B]) € —i - W'(i[A, B]) C iR.

Here, we used properties N4, N2, N6 of the numerical range (Appendix [E), as well as i[A, B] being
Hermitian. So by additivity of the numerical range N5, it suffices to show W (i M M) C sgn(A;) RHP
for the claim. This result follows from a more extensive derivation: Note that

sgn(\) RHP > W(iMi M) = W (z (ZMZZM(ZW)* . ?Al)* <ZZ’A2ZA1(Z“2)* + 71))
— W ( (ZM?Z H(ZeyE - ZM) (Zi,\gle(zi,\2)* +7A1>>
is, due to N7, equivalent to:
0< isgn(\) <Z“27M(Z“2)* - ZM) <ZMQZA1(Z“2)* + 71)
—isgn(\) (2920 (2% 4 20 ) (22 (z) - 7
= 2isgn(\) (2070 (207 - (297 (227" )
= 2sgn(\) (12270 (222" + (12270 (277" ) )
which is, again using N7, equivalent to:
sgn(\) RHP S W (127 (227" ) ©w (iz477 (27))
— Sgn()\l) RHP > W' <@ZWZ”1(Z“2)*> N4 (27%>
”1) C —sgn(\) UHP < 107 (22%) € sgn(\,) UHP,

where we used Z " (Z72)* = (Z*2)*Z" at (x) and UHP = i RHP at (+). The last statement
holds true by Lemmal6.2Jand 0 < 2|A;| < 1. This shows Claim 1 and closes Case 1.

Case 2: \; = 0.

In this case, can be rewritten as:
0€ o ([A BI(Z(Z2") —1d) +i(Z"(Z")" +1dy)) , (6.6)

where we write Ay = t € R in the following. For ¢ = 0, this is equivalent to 0 € o (2i Id,), which is
not possible. So assume t # 0 such that — sgn(t)(Z%(Z"*)* — Id;) > 0 due to Lemma Define
fort € R\ {0}:

1

Kt = (Zzt(th)* . Id[) (Zzt(Zzt)* 4 Id[>_
Alternatively, K; can be given by the functional calculus K; = f(Z"(Z")*) for

z—1

f:C\{-1} = C, 20—

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



M. Tsopanopoulos 28

Note that K is Hermitian, and by the spectral mapping theorem, along with Lemma (6.3, one has
—sgn(t)K; > 0. Now is equivalent to:

< 0€o([A B|K;+ild)) < —ie€o([A, B|K;)
< —isgn(t) € o(—[A, B]sgn(t)K;) <= —isgn(t) € a(|Kt|1/2[A,B]|Kt|1/2)
— i o(|K VA, B]|K|Y?),

where we used det(Z%(Z")* +1d;) # 0 and the abbreviation |K;| = —sgn(¢t)K; > 0. The
sign flip in the last line is due to skew-symmetry (note | K;|'/2[A, B]|K,|'/? is skew-symmetric since
\Kt\l/Q symmetric and [A, B] skew-symmetric). Before we continue, let us show the following claim.

Claim 2: p(|K;|'/?[A, B]|K,|'?) < p(|A, B]) forany t € R.

By the spectral mapping theorem, (6.7), and o(Z%(Z)*) C R, we deduce that p(K;) = || K;|| <
1, since K, is Hermitian. Consequently, we have ||[A, B]|K:||| < [|[A, B]|| = p([4, B)). It follows
that:

p(| K| *[A, B]|Ki|'?) = p([A, B)|Ky|) < |I[A, B]| K[| < p([A, B]),
which shows the claim.

It remains to show that Equation (6.4) has a solution A € C with Re A = Oifand only if p[A, B]) > 1.
So far, we have shown that Equation (6.4) admits such a solution if and only if

3t € R\ {0} : i € o(|K,[V2[A, B]|K,|'?). (6.8)

Case 2a: p([A, B]) < 1.

If p([A, B]) < 1, then Claim 2 implies p(| K;|'/2[A, B]|K;|'/?) < 1foranyt € R\ {0}. This shows
that cannot hold, and hence, no solution exists in this case.

Case 2b: p([A, B]) > 1.

In this case, there exists some (3 € o(i[A, B]) such that 5 > 1. To complete the proof, it suffices to
consider from now on ¢ < 0 such that | K;| = K;. Due to Lemmal6.3]and the definition of K, we

have K, == 0 and K, “==>% Id, such that:
iKYPA, BIK? 2050, iK}Y?A, BIKY? 2 (A, B.

Note that iKtl/z [A, B}Ktl/2 is Hermitian and admits only real eigenvalues. By continuity of eigenval-
ues, and since 3 > 1, there exist some ¢ < 0 such that 1 € a(iKtl/Q[A, B]Ktl/Q). Consequently,
+i e U(Ktl/Q [A, B]Ktl/z) which shows that holds. This completes the proof. O

The next result is needed for mixed boundary conditions in the case where « € {m, 27},

Theorem 6.6. Let Z € Mat,(C),; and A, B € Mat,(R) be symmetric. Consider the equation:
0 =det ([A4, B](e?™ — e™™7) +i(e™™ + e ") 1dy) . (6.9)

Then:

i) All solutions A € C of satisfy Re A € %Z.
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ii) If p([A, B]) < 1, then all solutions A € C of satisfy Re A = 1 + Z.

iii) If p([A, B]) < 1, then for any k € 7 there exist { solutions A € C (counted with multiplicity)
satisfying Re A = 1 + k.

Proof. i) Equation can be rewritten as:
0 =det ([A, B]sin(A7) + cos(Ar) Idy) . (6.10)

First, note that A € Z cannot be a solution to (6.10) since then sin(A7) = 0 and cos(Am) # 0. Thus,
we can assume sin(Am) # 0. Dividing by sin(Ar), the conditions becomes:

— —m € o([A, B)). 6.11)

Now assume A € C\Z solves the RHS in (6.11). Since o'([A, B]) € iR, itfollows that tan(Ar) € iR.
Using the following representation of complex tangent:

sin(2z) + i sinh(2y)
cosh(2y) + cos(2x)

tan(x + iy) = forz,y € R,

we deduce that implies 0 = sin(27 Re A). This is equivalent to Re A € 37 which shows i).

i) Assume p([A, B]) < 1. Write A = £ + it for k € Z and t € R. Using the tangent representation,
we have:
1 cosh(2tm) + (—1)*

tan(Am) ! sinh(2tm) ' (6.12)

If k € 2Z, then |tan()\7r)*1| > 1. In this case, A cannot solve due to and p([A4, B]) < 1.

iiiy Assume p([A4, B]) < 1,s0 o([A,B]) C i(—1,1). If & € 1+ 2Z, then the RHS of (6.12)
can be continuously extended to ¢ = 0 (with the value 0) such that it defines a surjective function

f R — i(—1,1). By relation and o([A, B]) C i(—1,1), Equation has ¢ solutions
(counted with multiplicity) as ¢ in varies over (—00, 00). O

DOI 10.20347/WIAS.PREPRINT.3155 Berlin 2024



M. Tsopanopoulos 30

7 Regularity results for the model problem

The main results of this work, bounds on | Re A| for Dirichlet and mixed boundary conditions, are
given. Neumann boundary conditions are briefly discussed in Section (8.1

7.1 Dirichlet boundary conditions

Theorem 7.1. Consider an elliptic tuple A = (A1, A1a, Aso). Define
Ay :={\ € C: Ir*v # 0 solving with angle o and Dirichlet b.c.}

Then, forall A € A,:

) [ReA\|>1if0<a<m.

i) X e Z\ {0} if a =.

i) |[ReA| > L if m < a < 2m.
iv) A € 1Z\ {0} if v = 2.

This result is not new, compare with §8.6 and §11.3 in [20]. However, the proof is new and utilizes the
methods derived in this work.

Proof. Due to Lemma [3.3] we can assume A\ # 0 in the following. Furthermore, by Lemma [4.1]
it suffices to prove the result for monic elliptic tuples. For such tuples, Theorem guarantees the
existence of a standard root V' = (S +:1d,) D € Mat,(C), where S, D € Mat,(R) are symmetric,
and D > 0. Due to Prop. the corresponding model problem with Dirichlet boundary conditions
admits a solution r*v £ 0 for A\ € C \ {0} and 0 < a < 27 if and only if

0= det(Zg+ - Z_Of‘> (7.1)
admits a solution. Here, Z, = cos(a) + DY2SD'?sin(a) + iDsin(a) is a complex symmetric
matrix. We now analyze the different cases for «:

N0 <a<m.
In this case, Z, € Mat,(C),; due to D > 0 and sin(a) > 0. By LemmalE.1] this implies ¢(Z,) C

UHP and o(Z,) C — UHP. Consequently, we can replace A, and A_ with the principal branch
Ao = A, and Equation (7.1) simplifies to:

0= det(zg - ZA).
The results follows by Theorem|6.4/and A # 0.

i) = .

In this case, Z, = — Idy, so (7.1) reads

0 =det(((-1)™ — (=1)*)1d,) = det((e"™ — e™™)Id,) = 0 <= sin(Ar) = 0.
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The last equation holds if and only if A\ € Z. This shows A, = Z \ {0} due to A # 0.
i) ™ < a < 2m.

Before we can reduce Ay to A as in i), we need a trick. Since D > 0 and sin(«) < 0, Lemma
implies W(Z,) C — UHP. By Lemma this further implies W (Za/?) C — UHP. Define
Y, = —Za/* and observe W (Y,) C UHP and Y2 = Z,. Since o(Y,) C UHP by N3, it follows
that Y2 = Y®V+ = Z>+_ Similarly, we obtain Ya " = Z, . Thus, (7.1) reads:

0 = det (YjA - E”).
Note that Y, = —Z2/%is a complex symmetric matrix with Im Y,, > 0 (due to W (Y,,) C UHP and
N7 applied to —iY},). The result follows by Theorem|[6.4]and A # 0.
iv) o = 2.

Here, Z5, = Id,, and we cannot use the original definition of .. However, as pointed out in the last
remark of Section the result can be obtained as a boundary case of a < 2. For this, define

Z.:= (1 —ie)1d, for e > 0. Note Z. 20, Zor, as well as
(Z)™ = ™ dy, (Z) — e 2™ d,.
Thus, taking the limit, becomes:
det((e*™ — ™) 1dy) = 0 <= sin(2A7) = 0.

This shows Ao, = 37\ {0}. O

7.2 Mixed boundary conditions

Theorem 7.2. Consider an elliptic tuple A = (Ay1, A12, Asz). Define:
Ay = {A € C: Fr*v # 0 solving with angle o and mixed b.c.}

1 If A is contractive Neumann well-posed, then for all A € A, :

i) |ReA >31if0<a<m,
i) ReX € 5+ Zif a=m.
i) |ReA| > 1 if m < o < 2.
iv) Re )\ € %+%Zifa:27r.
2 If the assumption on contractive Neumann well-posedness is dropped, the only additional solu-
tions not satisfying the above conditions are of the form:
2.1 Re A =0 fori) and iii).
22 Re ) € 3Z forii).
23 Re) € {Z foriv).

This result is new and was the central motivation for developing the framework introduced in this work.

Many arguments in the proof are similar to those for Dirichlet boundary conditions, so we omit details
where appropriate.
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Proof. By Lemma we can assume A # 0 in the following. Furthermore, by Lemma (and
the definition of contractive Neumann well-posedness), it suffices to prove the result for monic ellip-
tic tuples (which are contractive Neumann well-posed). For such tuples, let V' = (S + ¢1d,)D €
Mat,(C);, where S, D € Mat,(R) are symmetric and D > 0, denote its standard root. Recall that
contractive Neumann well-posedness means:

p([(Im V)™, Re V]) < 2 P G[D—l/?sp—l/?,p]) <1 (72)

Due to Prop. the model problem with mixed boundary conditions admits a solution 7*v £ 0 for
A€ C\ {0}and0 < a < 27 if and only if

1 _ _
0 = det <§[D1/25D1/2, DI(ZM = 7,7 +i(Z + ZaA‘)) (7.3)

admits a solution for Z,, defined in (5.4).

N0 <a<m.

As in the case of Dirichlet boundary conditions, A1 = A, and Equation becomes:
1 — —
0 = det (5[1)—1/250—1/2, DI(Z> = 7)) +i(Z> + ZJ)) :

where Z, is a complex symmetric matrix with Im Z, > 0. The result for i) and (a) follows from

Theorem|[6.5|and (7.2).
i) = .

Similar to the case of Dirichlet boundary conditions, becomes:
1 , , A .
0 = det (E[D-l/ZSD—l/{ D](e?™ — e7T) 4 (e 4 e7T) Idg) .

The result for ii) and (b) follows from Theorem[6.6|and (7.2).
iy ™ < o < 2.
By the same argument as in the Dirichlet case, we can rewrite (7.3) as

2

1 _ _
0 = det <§[D‘1/QSD‘1/2, DI(Y2 =Y, ") +i(Y2 + Ya”)) ;

for some Y,, € Mat,(C);. The result for iii) and (a) follows from Theoremand (7.2).

iv) = 2.

Using the same limiting argument as in the Dirichlet case, we conclude in this case:
1 . . . )
0 = det <§[D1/25D1/2, D](eQMTr . 6721)\71*) + i(€21/\7r + 6721)\7r> Id[) .

The result for iv) and (c) follows from Theorem|6.6|and (7.2). O

Remark. For 1.) in Theorem we could also include elliptic tuples where the standard root V'
satisfies p([(ImV)~!, ReV]) = 2. This follows because the main ingredients, Theorem [6.5 and
Theorem[6.6] cover this case. Then, however, the system is not Neumann well-posed.
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Remark. Neglecting the case mentioned in the previous remark, contractive Neumann well-posedness
precisely distinguishes scenarios where purely imaginary solutions occur. Verifiying contractive Neu-
mann well-posedness can be challenging in practice, however, Appendix [B| relates it to a stronger
ellipticity condition that is commonly used in linear elasticity.

Remark. Theorem[7.1]and Theorem(7.2)are highly relevant in the context of regularity theory, as they
provide the sharpest lower bounds on | Re | that can be expected for given 0 < o < 27. This is
also discussed in Section

8 Summary and comments

In this work, we analyzed the model problem for an elliptic system in an angle 0 < a < 27 under
Dirichlet, mixed, and Neumann boundary conditions within a new framework. For all three boundary
conditions, we derived a matrix equation of the form det(M) ,) = 0, which characterizes the pairs
(cv, \) such that the model problem with angle o admits a solution of the form r*v. Equivalently, this
equation determines eigenvalues of the corresponding operator pencil. For Dirichlet and mixed bound-
ary conditions, we established lower bounds on | Re A| for nontrivial solutions. For the former, these
results align with those found in the literature. For the latter, our findings represent a new contribution.

8.1 Bounds on | Re \| for Neumann boundary conditions

We did not discuss bounds for | Re A| in the case of Neumann boundary conditions. Recall that the
corresponding matrix equation in this case is:

0 = det (E ZME - EZ_J*E‘I),

where Z,, is given in and E = 1D7Y2[S,D|D~'? 4+ i1d,. For & = T, we have Z}* =
Id,; e*™, so the equation reduces to sin(Aw) = 0, as in the Dirichlet case (similarly for & = 27).
For all other angles, the bounds on Re \ are less clear. As Figure suggests, assuming contractive
Neumann well-posedness does not guarantee | Re A\| > 1/2 for 7 < o < 27. However, if the elliptic
tuple A is formal positive (see Appendix, the literature (see §12 in [20]) indicates that similar bounds
to those for Dirichlet boundary conditions can be obtained (for A # 0).

8.2 The scalar case

In the scalar case (¢ = 1), the matrices A, reduce to real numbers, and the matrix equation det(MA,a)
0 simplifies significantly. For Dirichlet and Neumann boundary conditions, the equations both reduce

_>\7 —\_
to ZM = Z, . For mixed boundary conditions, the equation becomes Z2+ = — 7, .
8.3 Location of zeros
Theorem 7.1]and Theorem [7.2] provide bounds on | Re A|, but they do not specify the existence and
location of A in the complex plane. In principle, the corresponding statements do not exclude the

possibility of A, = () for given a. However, as Figure suggests, this is not the case. For the par-
ticular cases € {m, 27}, it is straightforward to show that A = 1 (for & = m) and A = 1/2 (for
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1.5
Neumann

1.0 +

Re A

0.0

= R Sy ST SNy STy U

2n
Angle a

Figure 2: Relation between Re A and o € [rr, 27| for Neumann boundary conditions. The standard root of

0 0 2 1 i
0 2>,D— 1 2>.Althoughthlstuple

is contractive Neumann well-posed, it is not formal positive. The qualitative behavior differs from the Dirichlet
(and mixed) case: Branch merging and | Re A| < 1/2 can be observed. Note that only selected branches are
plotted.

the monic elliptic tuple is given by V' = (S + ¢ 1dy)D for S =

« = 27) are solutions with multiplicity ¢ for Dirichlet and Neumann boundary conditions. This follows
from det(Id, sin(Ar)) = sin(Ax)". Similarly, by using iii) in Theorem one can show for mixed
boundary conditions that there exist ¢ solutions v (counted with multiplicity) satisfying Re A = %
fora = m (Re X = 411 for a = 2) if we assume contractive Neumann well-posedness. For angles
a ¢ {m,2r},itis also possible to show the existence of solutions in certain strips of the complex
plane. See the proof of Theorem 8.6.2 in [20] for details, where a generalization of Rouché’s theorem
is used.

8.4 Optimality of the bounds

The bounds on | Re | for different cases of 0 < o < 27 in Theorem|7.1]and 1.) of Theorem|7.2]are
sharp in the sense that one can construct a sequence of elliptic systems approaching these bounds.
Note that the bounds for « € {m, 27} are sharp, as discussed in Section To illustrate this for
other angles, it suffices to consider the scalar case. For k € N, define S, := —k and D;, := 1. This
yields the standard root Vj, = (Sy + i) Dy, = —k + i, and from we derive:

Zo = cos(a) — ksin(a) + isin(a).

For 0 < a < 7 and Dirichlet boundary conditions, we obtain, as previously discussed, the condition

Zé’k — Za,kA = 0 (here Ay = ). This is solved by A\, € R such that Im(Za’\"’k”“) = 0. As

arg(Za 1) koo, 1 it follows that Moo k2% 1 forany 0 < a < 7, which aligns with the bound
given in Theorem Similar arguments can be given for 1 < a < 2w and for mixed boundary
conditions.
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1.5 T
i\ Neumann
| —-== Dirichlet
: —— Mixed
1
1
B |

——— [

10 A ——— }k_ ——— T T T T T o e e e e e e e ]
\
|
_

Re A

1
1
1
1
1
1
1
1
1
1

0.5 N
1
1
I
1
1
1
1
1
1
]

0.0

n 2n

Figure 3: Relation between Re A and a € [1, 27| for different boundary conditions. The (scalar) elliptic tuple is
defined by the standard root V' = —10 + . In this case, the single branch for Neumann and Dirichlet boundary
conditions coincides, and all branches closely approximate the bounds given in Theorem[7.1]and 1.) of Theorem

&

Numerical implementation

Some parts of this work, such as the plots, can be found as a numerical implementation in the publicly
available Jupyter Notebook: |https://doi.org/10.5281/zenodo.14417259.
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A Derivation of £ 4 and N4

The explicit form of £, and N4 in (3.7) is derived. A similar result is presented in [14] (see Def. 6),
but without derivation. For this, we need to translate the differential operator

LA(a:cp aacg) = Allagl + 2A128x1 81‘2 + A22832

into radial coordinates. The relation between Cartesian and polar coordinates is (1, x3) = (r cos(p), 7 sin(p)),
so we have for the Jacobian and its inverse:

anm) _ () —rinlel) Mg (cnle) ) ).

a(r, ) sin(p)  rcos(p) (w1, x9) —% sin(ep) % cos(p)

Using the chain rule, we compute (write 0; for 0,,):

or d¢ L
O = 8xlar * (9_:101ap = cos(¢)0r - r Sin()0.
_or do o . !
Oz = 5o=0r + 5 -0, = sin(p)0; + ~ cos(¢)d,.

The second-order derivatives are derived by using the product rule:
9.0 2 ) 2 ) 1. 2 1 . 242
0101 = cos(p)" 07 + = cos(yp) sin(y)0d, — . cos(y) sin(y)0,0, + . sin(p)“0, + = sin(p)"0,,,

1 1
010, = cos(p) sin ()02 + 5 (sin()” = cos()*)0, + —(cos(p)” — sin(¢))0,0,

1 . 1 )
- cos(p) sin(p)0, — = cos () sin()d2 = 0,01,
2 2 1 1
0909 = Sin(ap)283 =) cos(¢) sin(p)0,, + - cos(¢) sin(y)0,0,, + - Cos(gp)Qﬁr + ) cos(gp)Qﬁi.

We calculate £ 4, where L (9, , Oy, ) v = r* 2L 4(d,, \)v, and obtain:
L4(0p ) = ba(0)0% + (A = 1)b1(0)d + A = 1)bo(p) + Aba(p),
where
bo(p) = A11 cos(p)” + Ay sin(p)” + 2415 sin(p) cos(y),

bi(ip) = 2(A2z — Aur) sin(p) cos(p) + 2A12(cos(ip)” — sin(p)”),
by(ip) = Aqysin(p)? 4 Ay cos(p)” — 2415 cos(p) sin(y).

For the conormal derivative, we start with:

Na(p) = Anni0r + A1a(n0z + n201) + Aganody,  where n = (;22(1%(0(?)) '

Exchanging Cartesian with polar coordinates yields:

1
Na(p) = . (AH sinQ(go) + Ay 0052(4,0) — 2A15sin(p) cos(go)) 0y

+ ((Agg — Aqp) cos(p) sin(p) + Alg(COSQ((p) — sinQ(go))) O,
such that, using Na(¢)u = 71T N4 (9, A)v, we derive:

Na(9,,N) = ba()0,, + 351(90)-
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B Ellipticity conditions

Proof of Lemma 3.2

We provide the proof of Lemma[3.2] restated here for completeness:

Lemma B.1. Assume that A1, A2, Asa € Mat,(IR) are symmetric matrices and that A1, Asy are
positive definite. Then the following are equivalent:

i) det(La(€)) # 0 forallé € R? of the form & = (1, 8) € R2.
i) Ly is elliptic.
iii) L 4 is strongly elliptic.
Moreover, in this case, det(L 4(£)) > 0 forany & € R?\ {0}.

For clarity, let us write L 4(1, /3) instead of L 4((1, 3)) in the following.

Proof. The implications iii) = ii) = i) are clear. Now, let us assume that
det(La(1,8)) #0 VBER, (B.1)

and show that L 4 is strongly elliptic.

Claim 1: L4(1,3) > Oforany § € R.

Take 5 € R. Symmetry of L4(1, ) follows from symmetry of the A,’s. Since det(L4(1,)) is
the product of eigenvalues of L (1, 3) (factors occurring with algebraic multiplicity), and because
La(1,0) = Aj; > 0 has only positive eigenvalues, we conclude that o(L (1, 3)) C Ry for all
B € R. This follows from (B.1), continuity of 8 — det(L4(1, 3)), and continuity of eigenvalues. This
shows Claim 1.

Claim 2: L4(3,1) > Oforany 5 € R.

Observe that L 4(3,1) = 32L4(1,1/8) for 3 # 0. Claim 2 then follows from Claim 1. For 3 = 0,
the claim follows from Ay > 0.

To complete the proof, we need to show that there exists x > 0 such that
(La(&)nm) > slnl*lI€]l* ¥n e C, € € R% (B.2)

Set M; := {5 = (51,52) S R? : fl 7é O} and M, := {f = (51,&2) c R? : 52 7é 0} We show
uniform boundedness for each M, separately.

Claim 3a: Jx; > 0 such that

(La(&)m,m) > ka|nl*I€]1> Vn e C, € € M. (B.3)

2

Dividing both sides of by £ =+ 0 yields the equivalent condition (note 3 = g—g):
1

(La(L,8))n,m) > kalnllP 1+ 8%) ¥neC’, BeR.
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Assume this is false and derive a contradiction. Then there exist sequences (7, )nen C C* with

<LA(1’ Bn)nm nn>
1+ 52

1
<~ VneN (B.4)
n

Note that (/3,,)nen C R cannot be bounded. Otherwise it admits an accumulation point 3 € R which
implies (L 4(1, 3))n,n) = 0 for some n € C*\ {0}, a contradiction to Claim 1 (not that the set of
normalized vectors is compact). So without loss of generality, assume |, | 27 . Rewriting 1i
yields:

e 1 B 1
1+ 32 (Agonp, ) < o 2@(!‘112%,7}& - /3_3<A11nn777n> — 0.

As |3,,| — 00, and thus 1_?’22 — 1, it follows that ( Aso7),, 7,) — 0. This contradicts the assumption

that Ao, is positive definite (again by compactness). Thus, Claim 3a is shown.

Claim 3b: dxo > 0 such that

(La(&)n,n) = ra|mlPIEI1° Vn € C, € € M. (B.5)

This follows by the same reasoning as for Claim 3a, swapping the roles of A;; with A,,, and using
Claim 2 instead of Claim 1.

Since M; U M, = R?\ {0}, we can define x = min{r, k2 } to satisfy (B.2). For £ = 0, holds
for any x > 0. Thus, i) == iii). Positivity of det(L 4(£)) for £ € R? \ {0} is clear by ellipticity and
continuity. 0

Complementing b.c. and Neumann well-posedness

We aim to relate the ellipticity conditions presented in this work to those found in the literature, in
particular to ADN-elliptic systems [3]. The reference for the next paragraphs is §1.1.2 of [22].

Recall the setup given in Section : Consider the domain ., with boundaries I'*, and let L 4 de-
note the differential operator defined by A = (Aj1, A1a, Ago) for A, € Mat,(R) symmetric and
Aq1, Ass > 0. On the boundary, we have two differential operators Bj, which we summarize as
Ba(x) = B (z) for z € T*. The system (L 4, B4) is called elliptic (or ADN-elliptic) if the following
two conditions are met:

1.) The operator L 4 is properly elliptic.

2.) B satisfies the complementing boundary condition on OIC,.

For 1.), in the case of real-valued A,, proper ellipticity of L 4 is equivalent to L 4 being elliptic (3.5).
For details, refer to §1 in [2].

To address 2.), we introduce some terminology. Consider oy € 0K, and & tangential to 9K, at xy.
Denote by M (&) the subspace of solutions u to the ODE:

La(€§ —indy)u(t) =0, t>0,
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such that u(t) — 0 for ¢ — oo. Here, n denotes the unit vector orthogonal to £ and pointing outward
from IC,. Now, B, is said to satisfy the complementing boundary condition if, for every xy € 0K,
every ¢ tangential to KC,, at 7, and every g € C¥, there exists a unique u € M (£) satisfying:

Ba(& —indy)u(t)|i=0 = g.

In our case, the tangential vectors & at zyp € 0K, and the corresponding unit vectors n can be

parameterized as:
= () o= (i)

for r # 0 and ¢ € {0, a}, depending on xy € I'*. For ¢ = 0, the above n is actually pointing
inward, but without loss of generality, we can reverse the sign for a simpler (but similar) argument.
One can compute:

La(€(r, ) —in(9)d) =Y Al&(r, ) — in(9))i((r, ) — in() D)

k=1

:7’260(@) — Z?"bl(@)at - 62(90)8152’

where the b,’s are given in Appendix |Al Since the case of ¢ = « boils down to a rotated version of
@ = 0, we restrict to discuss ¢ = 0. Then the above reduces to:

LA(g(T’, 0) — m(O)@t) = 7’2./411 — 2i7’A12(3t — A228t2.

Let us assume A is monic, and let V' be the standard root of A. Then for r > 0 any u € M(&(r,0))
is of the form (recall Theorem ii):

u(t) = exp(irtV)e forc € Ctandt € [0,00).

Note that exp (i1V) does not oceur, since || exp (irtV )| ~—=% oo for any ¢ € C\ {0} (deduced
by the spectral mapping theorem). For r < 0, we simply swap V' and V. Continuing with > 0,
we now analyze the complementing boundary condition on I'~ for B} (z9) = N (zo) (Neumann
boundary conditions). In this case, we have:

B,Z (f(’f‘, 0) - Z?’L Z Akzln ) - m(O)é?t)l = TA12 - ’iAQQat.

k,l=1

So the complementing boundary condition reduces to the statement that, for any g € C!, there exists
a unique ¢ € C* such that (recall Asy = Id,):

y4
ZA12+V c=4,
k=1

which is equivalent to invertibility of A;5 + V. Comparing to Secion this shows that the comple-
menting boundary condition at points B4 (x¢) = Na(z) is equivalent to Neumann well-posedness.
The arguments can also be generalized to nonmonic tuples.
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Formal positivity and contractive Neumann well-posedness

The tuple A = (A1, A12, Ago) is said to be formal positive (§3.2 in [7]) if there exists £ > 0 such
that:

2

D {AGFD, DY = k(LFDN + 1F2?) tforan fO, £ e C (B.6)

1,7=1

This condition is often found in the context of linear elasticity and is sometimes called Legendre con-
dition (§3.1.4 in [9]). Note that the LHS of (B.6) can be rewritten in block matrix form as f7 M4 f >
k|| f]|?, where

A A
P ey ee Ma= (G ) € Mata(R)

Thus, formal positivity is equivalent to M 4 > (. Before continuing, let us state a result about block
matrices, from Theorem 7.7.6 in [17].

Lemma B.2. Consider A, B, C' € Mat,(C) and the block matrix

A B
M- ( 4 C) |
M s positive definite if and only if A > 0 and C > B*A~'B. Furthermore, this is equivalent to
p(B*A~'BC™1) < 1.

The next result relates formal positivity and contractive Neumann well-posedness.

Lemma B.3. Consider an elliptic tuple A which is formal positive. Then it is contractive Neumann
well-posed.

Proof. Consider an elliptic tuple A. Note that A is formal positive if and only if its monic reduction
is formal positive. To see this, one can apply diag(AQ_;/Q, A2_21/2) from the left and right to M 4. So,

without loss of generality, assume Ay, = Id,. We prove the following claim.
Claim: Formal positivity of A implies that A is Neumann well-posed.

Before proving the claim, let us argue why the claim shows the statement. Due to M 4 > 0 and Lemma

B.2] we have:

L Ay sAypg
My(s) = (3A12 1d, ) >0 foralls € [0,1].

Thus, using the claim, any A(e) on the path s — A(s) = (A1, sA12,1d,) is Neumann well-posed.
Using techniques from the proof of Lemma [5.4] we can further deform (A;1,0,1d,) to (Id,,0,1d,),
showing that A is path-connected to (Id, 0,1d,) by a path of Neumann well-posed systems. From
Lemma 5.4]it follows that A is contractive Neumann well-posed. It remains to prove the claim.

Proof of the claim: Using Theorem [4.6], we write for the standard root V' = (S + i 1d,)D for S, D €
Mat,(R) symmetric and D > 0, and M4 as:

A — (P(S*+1d)D —5(SD + DS)
47 \-1(SD + DS) 1d, '
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Now assume M4 > 0 and that A is not Neumann well-posed, and derive a contradiction. The latter
implies 2i € o(D~1SD — S) (recall (5.7)). M4 > 0 is by Lemma|B.2 equivalent to:

p((SD + DS)(D(S? +1d,)D)*(SD 4+ DS)) <4 <= p(N*N) <4 < |N| <2,
(B.7)

where N := (S +i1d,)"*(D~1SD + S). By assumption, there exists y € C* with ||y|| = 1 such
that (D~'SD — S)y = 2iy. This implies (D~'SD + S)y = 2(S + ¢1d,)y, and thus | Ny| = 2,
contradicting (B.7). This proves the claim. O

Remark. The statement that formal positivity implies Neumann well-posedness (a.k.a. the comple-
menting boundary condition for N4) is given, in a more general context, in Theorem 3.2.6. of [7].

Remark. Assuming that A is an elliptic tuple, the various (ellipticity) conditions discussed in this work
are related as follows:

formal positive == contractive Neumann well-posed == Neumann well-posed
<= complementing boundary condition for NV 4.

C Factorization of nonnegative matrix polynomials

The reference is [10], in particular the Introduction, §1.4 and §12.5. A matrix polynomial L is a matrix-
valued polynomial function L(§) = >~ _, Ax&¥, where € € C and A, € Mat,(C). Here, 7 > 0 is
called the order of L. L is called monic if A, = 1d,. If all A, are Hermitian matrices, L is called self-
adjoint. The spectrum of a matrix polynomial, denoted by o (L), generalizes the spectrum of matrices
and is defined as:

o(L):={Ae C:3FweC\{0}with L(\)v = 0}.

L(€) is called nonnegative if one has (L(\)v,v) > 0forall A € R and v € C*. The main result is
the following.

Theorem C.1. For a monic, self-adjoint matrix polynomial L(\), the following statements are equiva-
lent:

i) L(\) is nonnegative.
ii) L(\) admits a representation of the form
L(A) = M (A)M(X),

where M (\) is a monic matrix polynomial and o (M) C clos(UHP).

For a matrix polynomial of order 2, this yields M () of the form M(\) = Id, A — M,, for My €
Mat,(C) and o(M) = o(M,).
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D Functional calculus

General concept

We briefly summarize the functional calculus adapted to finite-dimensional vector spaces. The ref-
erence is Symbolic Calculus in §10 of [24]. Let A € Mat,(C) be fixed for this subsection. For a
polynomial f(2) = co+c1z+- -+ ¢, 2", where ¢, € C, we can canonically define f(A) by setting:

flA):=co+ A+ -+, A"

The functional calculus generalizes this idea, addressing whether a more general complex function
f : C — C (with possible restrictions to the domain) can be meaningfully lifted to a function f :
Mat,(C) — Mat,(C), denoted by the same symbol. Remarkably, this is possible for a broad class
of functions, including holomorphic ones. Using a generalization of the Cauchy integral formula, we
define:

Definition D.1. Consider a holomorphic function f : €2 C C — C on an open set ) and let
A € Mat,(C) with o(A) C 2. We define

f(A) = %/Ff(z)(ldg 2z — A) Nz, (D.1)

where I is a contour enclosing o (A).

Remark. i) The integral is understood componentwise in the entries of the integrand.
if) The definition is independent of the choice of contour I', provided it encloses o (A). Then, (Id, -z —
A)~! and the integral are well-defined.

The functional calculus exhibits several key properties:

B The spectrum of f(A) satisfies o(f(A)) = f(c(A)). This is called the spectral mapping
theorem.

B For any invertible Q € Mat,(C), it holds that f(QAQ™) = Qf(A)Q .
B If Ais diagonalizable such that A = QBQ ™! for Q, B = diag(8i, ..., 3/) € Mat,(C), the

functional calculus simplifies to:
fA) = Qf(B)Q,

where f(B) = diag(f(/1),...,f(B¢)). This is consistent with (D.1), which boils down to
Cauchy’s integral formula for complex numbers in the diagonal components. This representation
does not depend on the choice of (), resp. eigenvectors.

Complex Exponentation

For A € Cand A € Mat,(C) with 0 ¢ o(A), complex exponentiation was defined in Section [4.2] by

A% = exp(Alog,(2)). The following exponential rules hold for A\, u € Cand a € {+, —, 0}:
AC+Ha — A)\aAlla’ (AAa)ua — AOwa

These results can first be proven for diagonalizable A and then extended to general A using a density

argument. Similarly, one can show A* = A". By the spectral mapping theorem, 0 ¢ o(A*),
implying that matrix exponentials are always invertible.
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Remark. For A;, Ay € Mat,(C), itis generally not true that (A; Ay)*e = A A",

Most of the time, we consider Z*« for Z € Mat,(C)4; (see Def.[.1). This is well-defined due to
0 ¢ o(Z) (see LemmalE.1). Also, (Z*+)T = Z*<_ This follows from the Cauchy integral formula and
the fact that Id, 2 — Z, and thus also its inverse, are complex symmetric matrices for any z € C.

E Numerical range and accretive operators

We summarize the relevant definitions and provide the proofs, which were used in Section [6]to bound
the spectrum of M) ,, away from zero.

Numerical range

The reference for this subsection is §1 in [18], where the numerical range is referred to as "field of
values". Additional results can be found in [12]. For A € Mat,(C), the numerical range of A is
defined as:

cxeCh\ {O}} ,
and the angular field of A as:
W'(A) = {{z, Az) : x € C"\ {0}}.

Using the scaling x — rx for r > 0, it follows that /' ( A) consists of rays connecting the origin 0 € C
to points in W (A). Also, it is clear that W (A) C W'(A). For A, B € Mat,(C) and «, 5 € C, the
following hold:

N1: W(A) is convex and compact.
N2: W (oA + 51dy) = aW (A) + {5}
N3: The spectrum is bounded by the numerical range: o(A) C W (A).

N4: W(A) = W(U*AU) for any unitary U € Mat,(C) and W/(A) = W'(C*AC) for any
C e Matg(C).

N5: T (A + B) C W(A)+ W (B).

N6: W (A)isaline segment [, 3] if and only if A is Hermitian. Then Apin(A) = aand Apax(A) =
s.

N7: W(A) C RHPifandonly if A+ A* > 0.
N8: W(A*) = W(A).

Here, we used A\yin(A) := min{o(A)} and \yax(A) := max{c(A)} for Hermitian A. Additionally,
we have the following result.

Lemma E.1. Consider Z € Mat,(C); (see Det[6.1). Theno(Z), W (Z) C + UHP.

Proof. This follows from W (Z) C W(Re Z) + iW(ImZ) C R =+ iR, using N2, N3, N5, and
N6. O
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Accretive operators

Throughout this section, the arg- and log-function correspond to the principal branch. To bound the
spectrum of M), , away from zero, as discussed in Section@ we used results on the numerical range
of Z  for Z € Mat,(C); (recall Def. . These classes of matrices are naturally closely related to
symmetric matrices Mat,(C) 3 A = A™ with Re A > 0, which are examples of accretive operators.
Bounds for fractional powers of accretive operators are known, and our task is to translate these to
Mat,(C).;. The reference for all definitions and results in this section is the dissertation [13]. Some
concepts have been simplified, in particular the notion of maximal accretive operators is not required
for finite dimensions.

For 0 < w < m, the open sector is defined as:

So={2€C:z%#0and|arg(z)| <w}.

The following definition, found on p.101 of [13], introduces the concept of w-accretivity.

Definition E.2. Let 0 < w < 7. A € Mat,(C) is called w-accretive if W (A) C clos(S,,). For
w = 7,ie, W(A) C clos(RHS), A is simply called accretive.

Accretive operators often appear as generators of contraction semigroups.

Theorem E.3 (Theorem B.21 in [13]). A € Mat,(C) is accretive if and only if —A generates a
strongly continuous contraction semigroup, i.e., ||[e=4|| < 1 forallt > 0.

Remark. See Appendix A.7 in [13] for a summary on semigroups and generators. In our case, the
semigroup can be expressed, using the functional calculus, as T'(t) = e~ At

The numerical range of fractional powers of accretive operators is well understood. The following
results, all found in §Fractional Powers of m-Accretive Operators and the Square Root Problem of
[13], will be used to extend these results to Mat,(C) ;.

Proposition E.4. Let § > 0 and A — §1d, be accretive for A € Mat,(C). Then A* — §*1d, is
accretive foreach 0 < X < 1.

Proposition E.5. Let A € Mat,(C) be accretive, and let) < \ < 1. Then A* is A7”-accret‘ive, ie.,
W (AN C ClOS(SATw).

Proposition E.6. Let A € Mat,(C) be an injective w-accretive operator for some ) < w < 5. Then:

W(log(A)) C{z€C:|Imz| <w}.

Now that we established the necessary tools, we can prove Lemma [6.2] and Lemma [6.3] For the
reader’s convenience, we restate them:

Lemma E.7. Consider Z € Mat,(C)y;. For A € [—1,1] \ {0} we have
W(Z*) Csgn()) - {z € C\ {0} : +arg(z) € (0, 1)},

and, in particular, W'(Z*) C +sgn(\) UHP.
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Proof. Consider Z € Maty(C)y; and 0 < A < 1. Define AL = FiZ so ReAL = ImZ > 0,
implying W (A.) C RHP. Thus, A is "5=-accretive for some ¢ > 0. Using this, we bound the
numerical range of Z* as follows:

W(ZY) = (£) "W (AL) = e 2 (AY) € /2 clos (SWT_E)) (E.1)
C{z € C\{0}: +arg(z) € (0, \m)} U {0},

where we applied N2 and Prop. It remains to show 0 & W (Z?). For this, note that there exists
d > 0 such that Z F i01d, € Maty(C), implying W (AL — 61d,) € RHP. By Prop.
W (A} — 6*1d,) C clos(RHP), which implies W (A%} ) € RHP. Thus, 0 ¢ W (Z?*) by the second
equality in (E.1). This completes the proof for A € (0, 1]. For A € [—1,0), the proof follows from
(Z71)* = Z~* and the next result. O

Lemma E.8. We have Z € Mat/(C)y; < Z' € Maty(C);.

Proof. Consider Z € Mat,;(C),; and show Z € Mat,(C)_;. The reverse implication follows simi-
larly. (Z~1)T = Z~1is clear, and it remains to show Im Z ! < 0.

Claim: Z~! € Mat,(C)_; for Z = Re Z + i 1d,.

First, we assume that Z has the simple form Z = Re Z + ¢1d,. Since Re Z is symmetric, there
exists a diagonalization Re Z = QBQT for Q, B € Mat,(R) and Q orthogonal. Thus, we can
write Z = Q(B + i1d,)Q”. The inverse is given by Z~! = Q(B + i1d,) *Q”. Now observe that
Im Z~' = QIm[(B +i1d,)~]Q7T, since Q is real-valued, as well as Im[(B + i Id,)~!] < 0. This
shows the claim.

Now for general Z = Re Z + iIm Z € Mat, (C),; we have Z~' = (Im Z)~'/2Z~(Im Z)~*/2
for Z := (Im Z)™"/?Re Z(Im Z)~'/* + i1d,. Due to the claim, Im Z~! < 0, and by Sylvester’s
law of inertia, Im Z ' = (Im Z)~*/2Im Z~'(Im Z)~'/2 < 0. This completes the proof. O

Lemma E.9. Consider Z € Mat,(C),; and A € R\ {0}. Then the following holds:

i) sgn(A) (Id, —(Z22)*Z2") > 0,

i) p((Z%)°Z%) 20,

i) min{B: B € o((Z*)*ZM)} 2222 o
Proof. Claim 1: || Z%|| < 1for A > 0.
Consider Z € Mat,(C),; and A > 0. We have Z?* = exp(iXlog(Z)), and due to Theorem
it suffices to show that —iWW (log(Z)) € RHP. Let A = —iZ, so W(A) C RHP and A is
T==-accretive for some € > 0. Then:

—ilog(Z) = —ilog(iA) = —i(log(i) Id, + log(A)) = gldg —ilog(A),

where we used the functional calculus and properties of the log-function. By N2 and Prop. we
obtain:

W (—ilog(iA)) Cg—i-{ze(C: 1 Tm 2| < ”T_g} C RHP.

This establishes Claim 1.
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Claim 2: p(Z™) < 1for A > 0 and min{|3] : 3 € 0(Z™)} > 1for A < 0.

The first part follows from Claim 1, as p(Z*) < ||Z*||. The second part follows since (Z**)~! =
7~ and the spectral theorem implies:

min{|3] : 8 € 0(Z*)} = max{|@] : B € o(Z27™)}.
This establishes Claim 2.

i) Note that for any A € Mat,(C) one has ||AA*|| = ||A*A|| = ||A||*> = p(A*A), so Id, —A*A >
0 is equivalent to || A|| < 1. Thus, the case sgn(A) > 0 follows from Claim 1. The case sgn(A) < 0
can be derived from the case sgn(\) > 0, the fact

A-B>0 < B'-A">0
appliedto A = Idyand B = (Z**)*Z?, and o ((Z7)*Z~) = o(Z7NZ7)*).
i) Forany N € N, we have:
p((Z7)°27) = (27 2% = 122 = (ZV) | < | 25|,
where we used || AY|| < || A||"Y. Claim 1 implies p((Zi*)*Z1*) 222 0,

iii) This follows from ii) using (Z*)~! = Z=, o((Z=*)*Z~) = o(Z~*(Z~*)*), and the spec-
tral theorem. 0
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