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Interface dynamics in a degenerate Cahn—Hilliard model for

viscoelastic phase separation
Katharina Hopf, John King, Andreas Minch, Barbara Wagner

Abstract

The formal sharp-interface asymptotics in a degenerate Cahn—Hilliard model for viscoelastic
phase separation with cross-diffusive coupling to a bulk stress variable are shown to lead to non-
local lower-order counterparts of the classical surface diffusion flow. The diffuse-interface model
is a variant of the Zhou—Zhang—E model and has an Onsager gradient-flow structure with a rank-
deficient mobility matrix reflecting the ODE character of stress relaxation. In the case of constant
coupling, we find that the evolution of the zero level set of the order parameter approximates the
so-called intermediate surface diffusion flow. For non-constant coupling functions monotonically
connecting the two phases, our asymptotic analysis leads to a family of third order whose prop-
agation operator behaves like the square root of the minus Laplace—Beltrami operator at leading
order. In this case, the normal velocity of the moving sharp interface arises as the Lagrange mul-
tiplier in a constrained elliptic equation, which is at the core of our derivation. The constrained
elliptic problem can be solved rigorously by a variational argument, and is shown to encode the
gradient structure of the effective geometric evolution law.

The asymptotics are presented for deep quench, an intermediate free boundary problem
based on the double-obstacle potential.

1 Introduction

Phase separation occurs widely in multi-component systems involving immiscible or partially miscible
constituents including melted alloys quenched to low temperature, complex fluids like emulsions, and
biological materials. It applies to situations where parameters are altered in such a way that a ma-
terial’s composition close to one of the pure phases is energetically favourable. In the early stage of
phase separation, a mixture is often seen to undergo spinodal decomposition, leading to the formation
of small droplets corresponding to an energetically preferred volume fraction. This process is primarily
driven by a reduction in bulk free energy. At a later stage, when the mixture has already decomposed
into distinct phases, decrease of interfacial energy, surface diffusion effects, and coarsening are key
characteristics of the evolution. If a material’s constituents have different mechanical properties, the
internal time scales dictating the unmixing process may differ between species, inducing a dynamic
asymmetry in the system [Tan00]. Dynamically asymmetric materials can display complex transient
morphologies during phase separation, including the early stages of coarsening. The presence of
multiple time scales is frequently observed in polymer solutions due to the longer relaxation time of
the polymer component. Given the inherent viscoelastic effects, phase separation in polymer solutions
is modelled by viscoelastic phase separation (VPS). It is thought to play a significant role in cell biol-
ogy [Tan22] due to its ability to exhibit transient patterns like volume shrinking and phase inversion.
Early two-fluid models for VPS in a binary mixture able to reproduce these phenomena were proposed
in [DO92, TO96], and developed further by Tanaka et al., see [Tan00] and references therein. A short-
coming of these models is their lack of thermodynamic consistency accompanied by deficiencies in
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K. Hopf, J. King, A. Mlnch, B. Wagner 2

the stability properties of numerical approximation schemes. The first two-fluid model for VPS consis-
tent with the second law of thermodynamics was derived by Zhou, Zhang, and E [ZZEQ6] based on
ideas from non-equilibrium thermodynamics. The detailed fluid model involves both reversible and irre-
versible processes, and consists of a degenerate Cahn—Hilliard equation coupled to a viscoelastic ver-
sion of the incompressible Navier—Stokes equations involving the momentum equation and a tensorial
equation describing stress relaxation. The global existence of weak solutions for a regularised version
of this model with stress diffusion was established by Brunk and Lukacova-Medvid'ova [BLM22].

In this article, we focus on a purely dissipative variant, proposed in [ZZEQ6] as a simplification of the
original fluid model in a regime where hydrodynamic transport can be neglected. In this simplified de-
scription, the barycentric velocity of the mixture vanishes and the effects of viscoelasticity are encoded
in an ODE-like equation for the spherical part of the stress tensor. Specifically, the evolving state is
modelled by two scalar quantities, the difference in volume fraction u (¢, z) € [—1, 1] of the two com-
ponents and an extra variable ¢(t, z) € R accounting for spherical stress. The equations are posed
in a bounded smooth domain 2 C RY, d > 2, and take the form

. . . 1
8tu = —div (m(u)g), ] = [Vg—i - “_—UQ)V(A<U>(]) ) t> O,JI S Qa (1.1a)
B 1 _ m(u) .

with m(u) = (1 — u?)?*m(u), where m, A,7 € C*(R,Ry) and infg/m > 0. The function
A denotes the bulk modulus and 7 the relaxation time. For polymer solutions, we typically have
A(—1) < A(+1) and 7(—1) < 7(+1) whenever {u = —1} describes the pure solvent and
{u = 1} the polymer phase. Equations (T.1a)—(7.7b) are supplemented by no-flux type and homoge-
neous Neumann boundary conditions

m(u)j - vsq = 0, Vu - vgg =0, t>0,x € 09, (1.1¢c)

where vyq denotes the outer unit normal field to €2.

The driving free energy underlying system [{1) is given by H(u,q) = F(u) + [, % dx, where,
in [ZZEQ#®], F' is chosen to be the logarithmic Cahn—Hilliard free energy

F(u) = /Q (%|Vu|2 + f(u)) dux, fu) = %9()\(1+u) + A(l—u)) + %(1 —u?), (1.1d)
with A(s) = slogs, 6 > 0.

Here, 0 < £ < 1 denotes the interface thickness parameter, while 6 describes the fixed temperature
of this isothermal model. The quadratic part %HQH%Q of H can be seen as a penalty term for polymeric
displacements. Notice that for A = 0, equation reduces to a variant of the Cahn-Hilliard equa-
tion with ‘doubly’ degenerate mobility in the sense that the mobility function m(u) vanishes quadrat-
ically rather than linearly in each of the pure phases {u = £1}, while equation turns into an
ordinary differential equation describing the relaxation of bulk stress to the equilibrium state ¢ = 0 at
an exponential rate with decay constant ﬁ If A # 0, the second-order term arising on the right-
hand side of is needed to ensure the thermodynamic structure of the PDE system. Notice that
for A # 0 the system (1.7) is strongly coupled of cross-diffusion type. Further note that the diffusive
fluxes in and are linearly dependent, so that the system cannot be fully parabolic.
Let us also mention that, numerically, the simplified model is still able to capture the phenomena
of volume shrinking and phase inversion, cf. [ZZE06, STDLM19].
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In the present work, we wish to investigate the late-stage evolution of a class of degenerate Cahn—
Hilliard models for VPS motivated by in the limit of vanishing interface thickness. The late-stage
evolution represents the most stable regime of the dynamics, beyond the equilibrium analysis. There-
fore, it is a natural starting point when trying to understand the geometric properties underlying the dy-
namics of VPS. Our goal is to formally identify the geometric flow that governs the evolution, once dis-
tinct interfaces have formed. A particular interest lies in understanding the effect of the cross-diffusive
coupling and the linear dependence of the diffusion fluxes on the asymptotic analysis and the resulting
effective interface evolution law.

Interface dynamics in degenerate Cahn—Hilliard equations. The first work relating a Cahn—Hilliard
model to a sharp-interface evolution law is due to Pego [Peg89]. He considered the Cahn—Hilliard
equation with constant mobility and a smooth double-well potential, and studied the asymptotics for
vanishing interface width € . 0 along different time scalings. Most notably, he showed that on the slow
time scale t — <t at leading order, the motion of the limiting interface agrees with the Mullins—Sekerka
flow. This finding was made rigorous by Alikakos, Bates, and Chen [ABC94] for sufficiently smooth
solutions. Cahn, Elliott, and Novick—Cohen [CENC96] were the first to perform the sharp-interface
asymptotics for the Cahn—Hilliard equation with degenerate mobility. They studied the physically well-
grounded case with the free energy involving a logarithmic singular potential and the linearly
degenerate mobility m(u) = 1 — u? on the time scale ¢ +— &%t and with vanishing temperature
0 = O(g%), a > 0, obtaining the surface diffusion flow

o
VF = —5 AFK,F, (12)
where & = Tlr—z. > 0 (cf. (1.8a)), as the geometric law governing, at leading order, the interface

evolution. In (1.2), Vr denotes the scalar normal velocity and ~r the mean curvature of the moving
interface I' = Uy {t} xT'(¢) (for details, see Section [2), while A denotes the Laplace—Beltrami
operator. The authors of [CENC96| further show that the law can equally be obtained for a
simplified degenerate Cahn—Hilliard model, where the logarithmic potential with small temperature
is replaced by its deep quench limit, the double-obstacle potential. The idea in these asymptotics
is that, on the slow time scale t — &£2t, solutions to the Cahn—Hilliard equation should mimic, at
leading order, the asymptotic behaviour as € | 0 of the minimisers of the free energy: letting w} =
—e?Au, + f'(u.) € R denote the chemical potential associated to a minimiser of the volume-
constrained Cahn-Hilliard free energy F., which acts as a Lagrange multiplier, it is a classical result
that, asymptotically as € | 0,

wr = Emﬁ+ o(e), o= /_1 V2 f (u) du, [u] = 2. (1.3)

See [LM89] for smooth double-well potentials f(u), and [BE91] for the non-smooth case. For the
degenerate Cahn—Hilliard equation with logarithmic potential f () as in (T-1d), the formal asymptotics
in [CENC96] even entail the quantitative asymptotic behaviour for the inner solution. It should be
noted that the problem of a rigorous derivation of the surface diffusion flow as the sharp-interface limit
of a degenerate Cahn—Hilliard equation is still open.

The choice of the mobility in degenerate Cahn—Hilliard equations is well-known to be able to impact
the precise structure of the formal effective interface law, and a subtle interplay between mobility and
potential has been observed [GSKO08]|, not necessarily leading to pure surface diffusion in the sharp-
interface asymptotics. See also [LMS16], where an additional bulk-diffusion term (of lower differential
order) was observed numerically and through asymptotic analysis in the interfacial dynamics. In the
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present paper, we investigate the effect of a rank-deficient matrix-valued degenerate mobility inducing
a cross-diffusive coupling to the scalar variable g on the sharp-interface evolution law, where the bulk
energy part is chosen to be the double obstacle potential.

Outline of this manuscript. In Section we identify the formal gradient-flow structure of the
diffuse-interface problem (1.1), which we use as a basis for introducing generalisations of model (1.1).
Our findings on the geometric evolution laws governing the sharp-interface dynamics for two variants
of the model (1.7), obtained for constant resp. for strictly monotonic coupling, are summarised in Sec-
tion Section 2] introduces suitable parametrisations and coordinate transformations needed in the
formal asymptotic analysis. Sections [3} [4} and [§] comprise the main contributions of this work. In Sec-
tion 3] the sharp-interface asymptotic expansions are performed. For non-constant monotonic cross-
diffusive coupling the asymptotic analysis at third order leads to a constrained second-order elliptic
equation in tangential and normal variables (cf. Section[3.2.2), which to the authors’ knowledge is new
and does not usually occur in sharp-interface asymptotic analyses. An (independent) rigorous well-
posedness analysis of the constrained elliptic equation is developed in Section |4} As a consequence,
we obtain an abstract characterisation of the propagation operator inducing the interface dynamics
(cf. Section[4.3). Section [5]is devoted to a structural analysis of the geometric evolution law derived in
Section First, based on the rigorous framework in Section |4, we establish the formal gradient-flow
structure in the sense of proving symmetry and positivity of the propagation operator (cf. Section|5.1).
Subsequently, in Section we focus on explicitly identifying the (leading-order contribution of the)
propagation operator. Relying on spectral and semi-explicit ODE methods, we here mostly focus on a
specific class of coefficient functions, where bulk modulus and relaxation time are linked to the mobility
function. Generalisations and the investigation of more singular models closer to will be left to
future research. Finally, in Section 5.3 we show how the two different interface evolution laws derived
in Sections [3| resp. in Sections [3H5]|for constant resp. for strictly monotonic coupling, are formally con-
nected in a singular limit by considering coupling functions with small positive slope. Some auxiliary
geometric identities and transformation rules are recalled in Appendix [Al

1.1 Onsager gradient-flow structure

The model (1.1) belongs to a class of dissipative evolutions equations characterised by a formal On-
sager structure

y=—K(y)DH(y), (1.4a)

where H denotes the driving functional acting on the state variables y, and D H an appropriate
differential. The linear map K = K (y) is the so-called Onsager operator, a symmetric positive semi-
definite operator at each point y in state space. In the context of [ZZEQ6], the state y = (u,q)
consist of an order parameter u and a quantity ¢ related to bulk stress, while the driving functional
H(y) = H(u,q) is of the form

2
H(u,q) = F(u) +/ % dz, (1.4b)
Q
where

2
F(u) = F.(u) = /Q (%|Vu\2 + f(u)) dz, Vu-veg =0, x€df, (1.4c)
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a
for ¢ > 0. In the notation below, we identify D H with its L>-gradient, so that DH (u, q) ~ (5;)

Then, the Onsager operator takes the form
K(u,q)8 = —Ni(u)" div (M(u) V(N (v)0)) + L(uw)O (1.4d)

with no-flux boundary conditions M(u)V (N1 (u)0)-vaq = 0 for z € 99, where M(u), L(u) € R
are positive semi-definite, and N;(u) € R?*2. Notice that K(y) is indeed formally symmetric and
positive semi-definite with respect to L?(£2). The matrices N1 (u), L(u) are such that the invariance

1
property K(y) < 62) = (0 is fulfilled, where 1, denoting the constant function on €2, identically equal

to 1.

Symmetry and positivity of X imply, along suitably regular solution trajectories y = y(t), the entropy—
entropy-dissipation identity

d

EH(y) = —D(y),

where for y = (u, q)

D(y) = | VN(wDH(y)) : M)V (Vi) DH(y) do + | DH(y) - Lw) DH(y) do = 0.
Q Q

The invariance property, in turn, combined with X = C* entails volume conservation % fQ udr = 0.

Below, we provide some examples.

The Zhou-Zhang-E model. Let H be of the form (1.4b), (1.4c) with f given by ({.1d). Then, sys-
tem (1.1) is obtained from (1.4a)—(1.4d) by choosing

M(u) = No(u)m(u)(1 ® 1)Ny(u), where 1 = (1,1)7, (1.5a)
0 0
L(u) = (0 $> , (1.5b)
Ny(u) = diag(1,—A(w), No(u) = diag(1, ﬁ), (1.50)
where
m(u) = (1 —u?)*m(u), nlu)=1—u>

Observe that the 2 x 2-mobility matrix M(u) in (T:53) is singular of rank one for all u € (—1,1).

A special variant. Taking n(u) = 1in (T.4), (1.5) yields the PDE system

Ou = —div(m(u)jg),
Oug = Alu) div(m(u)j) - ﬁq,

where j = V(‘;—i — A(u)q). Equivalently, this PDE system can be written in the form

Ou = —div(m(u)g),
o= ——isa =mat R 5= V(G — A

where R’ = %, which exposes the hyperbolic/ODE-like features of viscoelasticity.
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K. Hopf, J. King, A. Minch, B. Wagner 6

Double-obstacle potential. A primary purpose of this article is to understand the effect of the dissi-
pation mechanism (1.4d)—(1.5) on the sharp-interface asymptotics in (1.4). To focus on the main ideas,
we will directly work with the deep quench limit of the logarithmic entropy function in (1.1d). Thus, we
consider with a Cahn-Hilliard free energy F = FP9 (T.4c), where f = f° is of double
obstacle type

1 0 ifue[—1,1]
(DO) _ 2 o s L]
u) =t_1q(w) +=(1—u tora(u) =
As will be detailed in Section (3} the double-obstacle potential turns the diffuse-interface model into a
free-boundary problem. The global existence of weak solutions to the Cahn—Hilliard equation (A = 0)
with double-obstacle potential in the case of a constant mobility has been established in [BE91]. For
results concerning degenerate mobilities, we refer to [EG96) BLM22].

1.2 Main results

Our basic strategy is to adapt the approach of [CENC96| Section 3] involving the double-obstacle
potential to a class of Onsager-type VPS models (1.4), (1.5). After rescaling to the appropriate slow
time scale, t — £2t, the equations for (u, ¢, w) = (u., ¢., w. ) take the form

20w = —div (m(v) j), J=- [Vw - ﬁV(A(u)q)], t>0,2€Q, (1.6a)
20,4 = ———q + A(u) div (%}j), t>0,7€Q,  (1.6b)
7(u)
m(u)j - vaa = 0, Vu - vsq = 0, t>0,xe€0Q, (1.6c)
where
w € 0,FPY = —®Au—u+ iy 1. (1.6d)

The mobility function m is assumed to degenerate precisely in the two pure phases {u = +1}. In our
asymptotic analysis, we restrict to linearly degenerate mobilities of the form

(m1) m(u) = (1 —u®)m(u), where m € C*([—1, 1]) with min_; 3 m > 0,

which is the classical choice when combined with the logarithmic or double-obstacle potential.

The relaxation time 7 and the bulk modulus A are chosen in such a way that
(1) 7, A € C°°([—1,1]) with A% > 0on (—1,1).

Our formal asymptotics are based on the assumption of a well-defined smooth interface motion in the
limite — 0 :

(G1) There exists a non-trivial compact time interval I C R>( such that the zero level setI'. € I x(2
of u. : I x 2 — R approaches an evolving hypersurface I' = Uy {t} xI'(t) € I x Q with
the property that, for all ¢ € I, I'(t) € Q is a smooth, closed, connected, and embedded
hypersurface smoothly varyingint € I.

Furthermore, the order parameter u. converges, as € — 0, to a pointwise limit u = u(t, z) €
{£1}in I x Q, and with QF(¢) := {u(t,-) = £1} it holds that

Q=0 HuUT()uQt(), tel.
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Interface dynamics in viscoelastic phase separation 7

Throughout this article, by a closed hypersurface we mean a (d — 1)-dimensional differentiable sub-
manifold of RY that is topologically compact and without boundary.

The starting point of our asymptotic analysis is the assumption that the late-stage evolution captured
along the slow time scale inherits property at leading order in the sense that, to leading order, the
chemical potential vanishes across the interface. While this hypothesis leads to a consistent asymp-
totic analysis, we leave it open whether or not it may be deduced from our set-up. Let us point out that,
in the pure Cahn-Hilliard case, a similar assumption was made in [CENC96, Section 3], even though
in this case the desired property of the chemical potential can indeed be deduced from a solvability
condition. We emphasise that the quantitative property up to first order cannot be expected for
the present VPS models unless A = 0. Finally, let us note that it is not necessary to impose an
analogous stationarity assumption on the leading order contribution of the bulk stress variable, whose
O(e) behaviour is a consequence of our asymptotics procedure.

Depending on the choice of the coupling function n = n(u), our asymptotic analysis leads to two
different non-local lower-order variants of the surface diffusion flow:

Intermediate surface diffusion. The following result is a by-product of our asymptotics.

Assertion 1.1 (Intermediate surface diffusion). Consider (1.6) assuming[(m1), andn =1 on
the model coefficients and|(G1) on the limiting geometry. Then, as € | 0, the formal sharp-interface
asymptotics lead to the intermediate surface diffusion flow

VI‘ = —U((S Id — WAF)ilAFKF, (17)

where

+1 m<u>

+1 +1 -1

o= » /(1 _ u2) du = B \/Zf(DO)(u) du, 0= 4( » ﬁ dU) s (1.8a)
+1

w= / A?(u)T(u)V1 — u? du. (1.8b)

1

The intermediate surface diffusion flow was introduced by Cahn and Taylor [CT94, [TC94] as a
volume-preserving and area-decreasing geometric evolution connecting the classical volume-preserving
mean-curvature flow (& | 0) to the surface diffusion flow (w | 0). It is the formal gradient flow of
the surface area functional with respect to a metric structure induced by the weighted sum of the
(volume-preserving) L2(I") and H~1(I"). Elliott and Garcke [EG97] proposed the viscous degenerate
Cahn—Hilliard equation as its diffuse-interface counterpart, see also [CT94, [TC94]. In view of Asser-
tion the model with n = 1 provides an alternative phase-field approximation. Heuristically,
the viscous degenerate Cahn—Hilliard equation can be obtained from the viscoelastic Cahn—Hilliard
model withn =1land A = Ay > 0,7 = 79 > 0 in the regime 79 < 1 with A275 ~ 1.

The first existence result under a smallness condition (short time or close to a steady state) for the
intermediate surface diffusion flow was obtained in [EG97] for planar curves by means of energy
estimates. In the general multi-dimensional case, well-posedness results under smallness were es-
tablished by Escher and Simonett [ES99] for smooth, closed, embedded, connected hypersurfaces
based on tools from maximal parabolic regularity and analytic semigroups. The rigorous singular lim-
its, locally in time, towards the volume-preserving mean-curvature flow and to the surface diffusion flow
were performed in [EGIO1, [EGI02]. We refer to [EI04] for a review and further qualitative properties of
the intermediate surface diffusion flow.
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Fractional surface diffusion. The main result of this work pertains to strictly monotonic coupling
functions n = n(u) satisfying

(n1) n € C*=([—1,1]) with minj_; 1) [n| > 0
(n2) min[_l?l] ]n'| >0
under the condition that

(T2) the function a(u) := (ﬁ (”—2)2>| —L_ satisfies a(u) = 2% for some @ € C*([—1,1])

n’ 1—u? m(u)

with min_; ;3 a > 0.

Hypothesis [(n2)]is complementary to the case n = 1, where this condition is clearly violated. Under
hypotheses [m1)} [(71)} [(n1)] and[(n2)| assumption[(T2)| essentially means that A7 ~ 1.

Below, for a smooth closed connected embedded hypersurface X we let {ek}keN denote an orthonor-
mal basis of L2(X) := {h € L%(¥) : fhdH% ! = 0} composed of eigenfunctions of the mi-
nus Laplace—Beltrami operator — Ay, with associated eigenvalues 0 < A\; < )y < ... satisfying
A, — 00 (see also Section[5.2.1). We set A := {\, : k € N}.

Assertion 1.2 (Square-root minus Laplace—Beltrami). Consider (1.6), and assume hypotheses|(m1),
[(T7) [(nT), [(n2), and[(T2) on the model coefficients and on the limiting geometry. Further, let
0,0 be as in (1.8a). Then, the sharp-interface asymptotics lead to fractional versions of the surface
diffusion flow

Vr = Grkr.

For any smooth closed connected embedded hypersurface Y., Gs. is an unbounded linear operator
with respect to > (33) enjoying the following properties (cf. Sections @-@

B Curvature flow: Gs, is symmetric and positive
B Volume preservation: Gs.1s, = 0
B Dominance by surface diffusion: Gy, < —%Ag.

B Representation via —Ay, : 3! ( : A — Ry such that (Gser, )2y = ((Ax)0w for all
k,l € N

B Fractional surface diffusion: Let a(u)m(u) = 1. Then

Gy = ony/ —Asx + oR(\/—Ay), (1.9)

withn = (( %)2 + (:,((__11)))2)71, where R(\/—Asx) stands for a lower-order perturbation:

the map o : A — R given by o(\i,) = (R(vV/—Ax)ex, ex) 12(x) satisfies [o(N)] S AG.

B Asymptotically close to ony/—Ay : Leta(u)m(u) = 1 andn(u) = fo+ S1(u+1), Bo, 51 >
0. Then

(R(V/—Ax)e, ex)r2(xy — 0 rapidly as A\, — o0.

DOI 10.20347/WIAS.PREPRINT.3149 Berlin 2024



Interface dynamics in viscoelastic phase separation 9

Rigorous statements concerning the construction and properties of the operator G are provided in
Proposition (abstract definition), Proposition [5.1| (curvature flow), and Proposition |5.5| (PDE struc-
ture).

It appears that the geometric flow induced by fractional versions of the surface Laplacian, even in
the case of the square root minus Laplace—Beltrami as the propagation operator, has so far not been
investigated systematically in the literature. The local existence and uniqueness of classical solutions
should follow, for instance, from an adaptation of the maximal parabolic regularity approach [EMS98,
ES99].

Connecting the two laws. Observe that, with regard to differential order, there is an apparent dis-
continuity between the interface evolution laws in Assertion|1.2|(second order) and Assertion (third
order). In Section [5.3] we will show that the special case considered in Assertion [T.1]with n = 1 can
formally be recovered from the laws derived in Assertion by taking the singular limit ¢ | 0 in a
family of problems involving coupling coefficients n, with small positive slope €. A summary of this
result is provided in the following remark.

Remark 1.1 (Intermediate surface diffusion as a singular limit in the fractional third-order laws). Let
the hypotheses of Assertion[1.2 be in force and let m(u) = (1 — u?)m(u) be even. Consider the
family of coupling functions n = n. satisfying

ne(u) =1+eu, wel-1,1],

with 0 < e < 1. Further /ez‘AgTE = nfm, sothata, = i. LetQE,g denote the propagation operator

m

of the interface law derived in Assertion|1.and set ((\r) := (Genek, ex)L2(x). Then,
C(A) = oA (6 +wA+Og(e)™ A=)\ <R,

aslongas(0 < e <p 1. Here, the coefficients  and w are identical to those in Assertion|[1.1 for the
given, e-independent functions m(u) = (1 — u?)m(u), n = 1, and At = n*m = m.

Thus, loosely speaking, at low frequencies we recover the propagation operator associated to the
intermediate surface diffusion flow in the sense that, on compact subsets in frequency space and for
0<ex,

« b

ge,F = 0(6 Id — WAF + OAF (6))71<_AF) ’

where OAF(E) stands for an (unbounded) linear operator that converges to zero as € | 0, at least
linearly, on finite linear combinations of the basis functions {e. }ren-

For the precise closed formula for ( = () in the setting of Remark we refer to equation (5.30).

2 Preliminaries

In this preparatory section, we introduce the coordinate transformations and geometric identities
needed in the formal asymptotic analysis. The setting chosen below is motivated by the following.
We expect that for 0 < £ < 1 the phase field component u. of the solution to changes from
one phase to the other on a thin interfacial layer of width ~ €. In the transition layer, which lies in the
vicinity of the limiting interface I" (cf.[(G1)), we introduce new coordinates mostly following [AGG12].
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2.1 Evolving interface

For a non-trivial compact time interval I C R, consider a finite family of smooth local parametrisa-
tions Yo 1 1 X Oy — RY with O C R4 open and Va1t ) O] = V)t Opag) € T'(2)
a diffeomorphism for every 1 < a < N such that I'(t) = Ui<a<na)(t, Opa)) forall t € 1. In
the following, we let o« € {1,..., N} be fixed but arbitrary and abbreviate v := (o], O := Ojq.
Unless stated otherwise, geometric quantities of the evolving interface Use{t} x (I'(t) N y(¢, O))
will be considered as functions on I x O by means of the parametrisation . The unit normal field to
I'(t) pointing towards 2 (¢) will be denoted by v/(t,-) : O — R?. Then the (scalar) normal velocity
V . I x O — R of the evolving interface I is defined via (see e.g. [PS16, Chapter 2.2.5])

V=0~ v.

Let d(t,-) : 2 — R denote the signed distance function to I'(¢), with the convention that d > 0
in the phase Ot = {u = +1}. Then there exists d > 0 such that d(t,-) is smooth in the d-
tubular neighbourhood N5(t) := {|d(t,-)| < d} € Q of I'(¢) for all t € I and such that on N5(t)
the orthogonal projection pr(;) onto ['(t) is well-defined. We note the following basic identities for
x € N5(t) (see e.g. [Amb00, BMST22]):

Ved(t, x) = ve(t,pre(z),  Od(t,x) = =Vr(t, pre(z)), (2.1)

where vp : I' — RY denotes the unit normal field to I" determined by v (t, (¢, s)) = v(t, s), and
Vr : I' — R the normal velocity of the moving interface related to V by Vr(t,7(t, s)) = V (¢, s).
Below, by x., we denote the (scalar) mean curvature of I, i.e. the sum of its principle curvatures,
considered as a function on I x O, where we adopt the sign convention that x(t,-) < 0if Q7 (¢) is
convex. By xr : I' — IR we denote the mean curvature of I', considered as a function on I', so that

kr(t,y(t,s)) = Ky (1, s).

2.2 Parametrisation for the bulk region

Based on the mappings (¢, -), we construct local parametrisations of the tubular neighbourhood
N5(t) of T'(¢) via

Yi(s,0) = Y(t,s) +epult,s), (t,s) €IxO, pe = (—e'ded).
Here, the rescaling p = g serves to normalise, at leading order, the thickness of the interfacial transi-
tion region in the new coordinates. We sometimes omit the dependence on the time parameter ¢, and

simply write °(+, p). Furthermore, we abbreviate ., = v*(-, p), if no confusion arises with the time
subscript. Then, the map

G IxOXxJ.-GIxOxJ)=N, G(ts,p)=(t(s,p)

is a local parametrisation of the (spatial) d-tubular neighbourhood A of I'. We denote its inverse
(t,z) > (t,s,p) by (id;, &, R) := (G°)' : N = I x O x J.. Thus, R(t, z) = @ and, owing
to (2.1), we deduce

OMRoG  =c10,doG° = — V. (2.2)

We now compute the differential operators in the new coordinates. For differentiable scalar functions
u=u(t,x),b = b(t,z), and a vectorial function j = j(t, z), we write U(t, s, p) := u(G*(t, s, p)),
B(t,s,p) :=b(G=(t, s, p)),and J (t, s, p) = j(GE(t, s, p)). From (2.2) we infer

8{& oG = —571V8PU + 8,56 oG*- VSU + atU, (233.)
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The following identities follow from basic geometric calculus (cf. Appendix [A):
VouoGf=e'9,Uv+V,,U,
(div,j) o GF =710, - v + div,,, J, (2.3b)
div, (bV,u) o G° = e720,(BI,U) + ¢ ' BI,UA,d o G° + div,_, (BV,_U),
and, in particular, A,uo G* = e 207U +e ' A,do G° 9,U + A, U.Here, V., U := Vp_uoG*

resp. A, U := Ar_,u o GG* denote the surface gradient resp. Laplace-Beltrami operator of u with
respect to the hypersurface (¢-dependence omitted)

Fsp = {75(87P)7 s € 0}7
expressed in terms of the parametrisation (O, ~°(-, p)). Likewise, div,,, J := (divr,, j) o G° de-
notes the surface divergence of j with respect to I, in local coordinates.

We want to expand these operators in terms of their e-independent counterparts VU := Vru o 7,
AU := Aru o, where Vru and Aru denote the surface gradient and Laplace—Beltrami operator
applied to ujr : I' — R. As shown in Appendix for any smooth scalar U = U (s, p) and vectorial
J =J(s,p)
d—1
Voo, U=V,U+ep> 70,U + Olepl),

=1

(2.4)

d—1

div,,, J =div, J +ep > 7' 9, J + O(lepl),

i=1
for tangential fields 7*(s) (satisfying v-7* = 0),i = 1,...,d —1, that only depend on ~. In particular,
div,_,(BV,.,U) = div,(BV,U) 4+ O(|ep|). (2.5)

We further note that (cf. Appendix

Dyd o GF = —ky — epWy|* — k5 + O(lep), (2.6)

where |[W,| = (3207 k2)1/2 denotes the Frobenius norm of the Weingarten tensor of I, and k3 :=
Zf;ll K3, where k; are the principle curvatures of I, considered as functions on I x O.

In the next section, we will adapt the approach of [CENC96] to study the sharp-interface asymptotics
of the cross-diffusion models (1.6). We caution that the authors in [CENC96] use a different parametri-
sation.

3 Sharp-interface asymptotics

In this section, we apply the method of formal asymptotic expansions to the Onsager VPS mod-
els (1.6). Throughout this section, we assume and impose hypotheses [mT)] [(71), and [[nT)l
In addition, we will assume that either n = 1 (cf. Assertion[1.1) or[(n2)| holds (cf. Assertion[1.2).

To begin with, we rewrite equation using (1.6a)), to obtain the formally equivalent problem
1
20 = — div (m(u)j), j=- [Vw — ﬂV(A(u)q)], t>0,z€Q, (3.1a)
n(u
1 1
20z = ———q+ A(wm(u)V(—) -4, z=q+ R(u), t>0,r€, (3.1b)
u

7(u)

m(u)j - vaq =0,  Vu-vpg =0, t>0,2 €09, (3.1c¢)

DOI 10.20347/WIAS.PREPRINT.3149 Berlin 2024



K. Hopf, J. King, A. Mlnch, B. Wagner 12

where ' = 4, R(0) = 0, and
w € 0, FP = —Au—u+ Oy .

Notice that for n = 1, equation reduces to a u-dependent ordinary differential equation for z,
and in fact, the sharp-interface analysis of (3.1) turns out to be much less delicate if n is constant.

Formulation as a free boundary problem. We wish to study the asymptotic behaviour of solutions
(Ue, Ge, we) = (u, q,w) of (8:7) as € | 0. Equation (3.7) can formally be written as a free boundary
problem, where at each point in time the domain {2 is decomposed as

Q= Q7 (t) VL) UL (1),

with QF(¢) := {u.(t,-) = £1},and where fort > 0, z € QL(t) := {|u.(¢,-)| < 1} the unknowns
(e, ge, w,) are subject to the equations

1
0 = —div (m(uv) ), Jj=- [Vw — wV(A(u)q) : (3.2a)
1 1 :
20z = Tl A(u)m(u)V(W)) -J, z=q+ R(u), (3.2b)
w=—c’Au—u, (3.2¢)

where R/ = %, R(0) = 0. These equations are complemented by appropriate continuity conditions
on the free boundary 9L (t) N QZ(t), which take the form

m(u)j - vp =0,

| (3.2d)
u==x1, Vu-v,=0.

Here, v/! denotes the outer unit normal field to Q! (¢).

In our asymptotic analysis, we focus on a simple geometric setting without boundary effects, assuming
that QL(t) € (2 is connected and annular-like (of thickness at most ~ ¢), encloses the domain
Q (t), which is supposed to be simply connected, and is separated from 92 by QX (¢). Then, the

conditions (3.7c) on the outer boundary OS2 are trivially satisfied. We henceforth let (cf. Figure [1)

T(t) = 00QL(t) NQE(t)  and  1F = vl e

3.1 Formulation in local reference coordinates

Free boundary. Our geometric set-up implies that the moving boundary 8Q'€(t) is composed of
two connected components I'=(#), which are part of the unknowns. For ¢ small, we can assume that
|d(t, )| < dforallz € QL(t). Thus, in line with our setting, we may assume that, locally, each of the
components F;‘E can be written as a graph over I" in the sense that

TENG = {G(t, s, YE(t,s) : (t,s) € IxO}, G:=G(Ix0Ox.J.),
or equivalently

TE) NG(t) = {(t,s) + Y, s)v(t,s) s € O}, tel, (3.3)
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Figure 1: Free transition layer 2\ (¢) and sharp interface I'(t).

with G(t) := 75(O x .J.), where the height functions
YE:Ix0O—=R

are part of the unknowns. In the reference coordinates (s, p), the transition region ! (¢) then takes
the form

(G () QL) N CW) = {(s.9) 1 s € O, p € (Vo (1,5), Y (tis)}, te .

Equations in the transition layer. The transformation rules (2.3) allow us to reformulate equa-

tions (3:2a)—(3.2¢) in terms of (U, Q, W) = (u, q,w) o G* as
1

—e0,UV 4 &°V,U 8,6 o G° + °0,U = £720,(m(U)[0,W — map(A(U)Q)]) (3.4a)
+ e 'm(U) [0,V — ﬁap(A(U)Q)]Azd o G®
ity (m(U)[T, W = 5V, (AV)Q))

0,2V + &V, Z 0,6 0 G° + 20,7 = —%Q (3.4b)
= AWM, () Y = A AT)Q)

—AO) T, () [T = Vo (AD)Q)L
where Z = Q + R(U), R’ = 2, and
W =—(02U +U) —0,UNd o G* — A, U. (3.4c)

These equations are to be imposed on {(t,s,p) : Y. (t,s) < p <Y (t,s), (¢,s) € I x O}.
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Conditions at the free boundary. The continuity conditions (3.2d) at the free boundary turn into
conditions at {p = Y. (¢, s)} in the reference coordinates, and take the form

-1 b e b A
€ m<U)(apW n(U)ap<A(U)Q))V v +m(U) (v"fapW n(U) v%p<A(U)Q)) ve =0,
(3.5a)
U=+1,
(3.5b)
e 'o,Uv-vF+V, U -v- =0,
(3.5¢)

where vE(t, s) := V(G (t,s,YE(t, s))) denotes the outer unit normal field /! (¢, -) restricted to
Ff(t) in the local coordinates. The equations (3.5) are to be understood in the trace sense.

In view of (3.3), Vg: is determined by the conditions

vE L Oy +eYF0,v+e0, Yy, i=1,...,d—1, vE| =1, +vF-v>0. (36)

3.2 Asymptotic expansions

We assume the following expansions of the unknowns written in the local reference coordinates
(U,Q,W)(t,s,p;e) = (ue, g, w.) o G¥(t, s, p) and the height functions Y5 = Y*(¢, s) deter-
mining the moving boundary

U(se) =Y U Q(ie)=> Q' W(se)=) W,
>0 >0 >0
YE=> vl

i>0
Thus, in view of (3.6), we also have expansions

v =10 +evi +0(e%), vl =+

In particular, +v - 9 = 1. The first-order corrections v/} are determined by
vi -0,y = F0,Y) foralli=1,....,d—1, and vi-v=0.

We now insert the above expansions of the dependent variables in the transformed equations (3.4),
(3.5), and then, treating 0 < ¢ < 1 as a small parameter, use Taylor expansions to separate terms
of different order. Taking also into account the expansions of the differential operators in (2.4),
as well as the identity (2.6), we then sort by orders of €. This leads to a hierarchy of linear equations
for the higher-order corrections. Our main focus is the formal derivation of the interface evolution laws,
which will emerge at ‘third order’.

Before we start, let us briefly illustrate the expansion procedure for g(Y*) := g(t,s, Y (s,1))
assuming that p — g¢(t, s, p) is smooth enough. With the above ansatz Yf = Zizo €in:, for
0 < € < 1, formal Taylor expansion of p — ¢(t, s, p) yields

1
g(YZ) = g(Y2) + 0,9 (Y)Yi + €2 (0,9 (Y)YZ + 509(Y2)(Y2)*) + O(”).
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Leading order. Transition layer: O(s72), O(¢72), O(1). Continuity conditions: O(¢™'), O(1), O(e7!).
The starting point in the hierarchy is to assume that W° = 0, which can be interpreted as a quasi-
stationarity condition and leads to an asymptotic analysis that is consistent with the present continuity
conditions at the free boundary. Given this hypothesis, the leading order equations are

N m(UO) 0\ 0
U°) 1
=A™ AU)Q° 7
0 =AW oy O (G ray) 0 (AU, (3.70)
0=—-0:0°—U". (3.7¢)
These equations are imposed for p € (Y_O, Yf) =: J and are supplemented by the leading order
equations of , to be understood in the trace sense,
m(U°)
- n(UO) aP(A<U0)QO) v V:OI: =0 on {IO = Y:E}a (3.8a)
U'=41 on{p=Y?}, (3.8b)
o,U vy =0 on{p=Y} (3.8c)

We first consider the problem for U°. To this end, recall that our hypothesis that the zero level sets
of {U(+;¢)}. converge to T, i.e. to {p = 0}, enforces U&:O = 0. Combining this condition with
equations (3.7¢), (3.8b), (3.8¢), and recalling that v - V?t = =41, yields a discrete family of solutions
(U°,Y2) of which we choose the ‘minimal’ one given by

U'(p) =sinp, peJ= YD), Y= j:g. (3.9)

This further entails V,Y? = 0, and therefore v = 0.

Equation (3.7a) implies that ZL((TUE))E?,,(A(UU)QO) = ¢ in J for a function ¢y = co(t, s) that is in-
dependent of p. Invoking (3.8a), we deduce that ¢y = 0, and hence :'Z((TUOO))@,)(A(UO)QO) =0inJ.

Since :’;((TUOO)) # Oforall p € (Y2, YD) (cf.|(m1)}|(n1)), we infer that 9,( A(U°)Q°) = 0. Consequently,

AU"Q = ap, where ag = ao(t, 5).

First order. Transition layer: O(c™1), O(e™!), O(e). Continuity conditions: O(1), O(g), O(1). The
bulk equations at first order are imposed for p € J

0=09,(m(U°Ey), (3.10a)
1
W' = —-92U"' —U" + 9,U°k,, (3.10c)

where

._ 1_# 0\ 1 1(770NT 71,0
Ey = 0,W n(UO)E)p(A(U QL+ A (UU'Q).
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They are supplemented by the appropriate continuity conditions stemming from

(m<UO)El>|p:Yi0 =0, (3.11a)
Upyo =0, (9,U" + aﬁUOYi)m:yg = 0. (3.11b)
Here, for equation (3.17a), we used the orthogonality v - V., = 0.
Equations (3.10a), imply that m(UY) E; = 0, and thus, since m(U®) > 0in J,
E; = 0. (3.12)

This also means that (3.10b) is trivially satisfied.

We next consider the linear elliptic Dirichlet problem (3.10c), in p for U with ‘right-hand side’
data r' := W' — 9,U°,. By elliptic theory (cf. [GTO1, Chapter 8]), solvability of this problem is
ensured if and only if 7 is L?(.J)-orthogonal to the kernel of the elliptic operator —83 — Id, which is
spanned by 9,U°. This leads to the solvability condition (0,U°, W) 2. — HapUOH%Q(J)my = 0.
Abbreviating o := [,(9,U°)* dp, it becomes

/ W'o,U° dp = o k. (3.13)
J
Let us also note that the second equation in (3.11b) combined with (3.9) determines in in terms of
U via

1 1
Since the actual values of the higher-order corrections Y7, i > 1, will not be needed directly for our

purpose, we will not explicitly consider (3.5¢) at the subsequent higher orders.

Second order. Transition layer: O(1), O(1), O(£?). Continuity conditions: O(e), O(g?), O(¢). Us-
ing (3.12), we obtain the equations

UO
0=0,(m(U% Ey) — %Avao, (3.14a)
_ 1 0 __ 0 0 1
0= T(UO)Q AU Ym(U )ap(—n(U0>)E2, (3.14b)
W? = —02U% — U? + 9,U" Ky + 0,U° p|W, |, (3.14c)
where
Ey = 9,W? — ﬁap(,al(ljo)cg2 + A UHUQ + (A(UU? + %A”(UO)(Ul)Q)QO)
”/(UO) 1 0\ 1
+ n(U0)2U 9,(AU"QY).

Due to (8:72), the fact that v== = +v + O(e?), and thanks to the orthogonality relation v/ - V,_ = 0
(in its expanded form: v - V., = 0, v - 7' = 0 with 7’ as in (2.4)), the continuity condition associated

to states
(m(U°)Ey) —yo = 0. (3.15)
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Equation (3.5b) at the relevant order states U2 = 0, thus complementing (3.14c).
Owing (3.15), integration of (3.74a) over p € J |mpI|es that

/m dp Asao(t, s) = 0.

Since (( )) has a sign (cf.|(n1)) and hence fJ dp # 0, we deduce that —Aay = 0. This, in
turn, combined with (3.14a) and (3.15) yields

E, = 0. (3.16)
Inserting (3.16) into (3.14b) and using the finiteness of 7 (cf. hypothesis [(7T)), we thus arrive at

Q" =0.

Equation (3.12) therefore becomes

1

1 _——_—
W)

2,(A(U"Q") = 0. (3.17)

Third order. Transition layer: O(g), O(e), O(g?). Continuity conditions: O(£?), O(&3), O(g?). Us-
ing (3.77) and (3.76), the equations (3.4a) and at order O(¢) can be cast in the form

—0,U%V = 9,(m(U°)E3) + A, (m(U°) f), (3.18a)
0N — 1 0 1 (U0
—0,R(U°)V = ) (U )8p(n(U0))( (U°)Es), (3.18b)

with ' = 4, and where we introduced

1

f=w'- n(UO)A(UO)Ql (3.18c)
and
E3 — 6pW3 . ﬁaﬂ(‘%uUO)Q?) + A/(UO)UIQQ + (A/(UO)UQ + %A//(UO)(UI)Q)QI)
+ Z;%lzﬂap (A(U"Q* + A(UOU' Q")
n'(U°%) 2 1 l/l 1y2 0y 1

For later use, we observe that ! and Q! are uniquely determined by f through the linear system

1

W= f+ n(UO)A(UO)Ql, (3.18d)
/ 0
%l = ‘8”<fvo>>A<U°>@l - n(%iA(UO)@lapUO, (3.18¢)

where in (3.18¢) we used tofind 0, f = ;W' =0, (5 AU)Q") = =0y (57 A(U) Q"
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For completeness, we note that the equation coming from (3.4¢) states
W3 = —8§U3 —- U+ QOUQ/@7 + 6pUlp]W7\2 + 8onp2k§.
It is supplemented by Uﬁ,’):yg = 0, which stems from the continuity condition (3.5b).

The continuity condition associated to (3.5a) at O(c?) states

(m(U°)Es) p—yp = 0. (3.181)

To proceed with the equations at ‘third order’, we need to distinguish between constant couplingn = 1
and functions n satisfying the complementary hypothesis In the remaining part of the asymptotic
expansions, we will focus on identifying the equations that determine the interface evolution law.

3.2.1 Third order forn =1

In this paragraph, we consider the setting of Assertion[1.1] In particular, we let n = 1. In this case, the

identity (3:17) implies that f = f(¢, s) is independent of p. Thus, using (3:18f) and integrating (3:183)
over p € J, yields

2
V=30, (3.19)

where = A(f,mU°)dp)~t = 4(f ] \/"1% du)~! because of 9,U° = /1 — (U%)2, U°(p) =
sin p.

We now turn to (3.18b), which for n = 1 reduces to

B 1
T(UY)

—0,U°A(U")V = Q'

Multiplying this equation by 7(U°) A(U?) and substituting W' — f for A(U°)Q" (cf. (3-18¢)) yields
0,UT(UNAU?*V =W! — f. (3.20)

We multiply (8:20) by 9,U° and integrate over p € J. Combined with (3:19) and (8-13), this gives

2
—%Avf + U f = ok, (3.21)

where
—+1

W= /A(UO)27'(UO)(8,)UO)2 dp = / A(u)?7(u)V1—u? du
J -1
and [U°]1 .= U(YD?)-U°(Y?) = 2.
For a smooth closed hypersurface and any w > 0, the linear operator f — —@Arf + f induces an
isomorphism from H?(T") onto L?(T"). Hence, in global notation, equations (3.19), (3-21) amount to
the interface evolution law

Vp = —0'(5 Id — LUAF)ilAFKJF,

where we recall that Vr, kp : ' — R denote the normal velocity resp. the mean curvature of I'.
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3.2.2 Third order for non-constant coupling n

Here, we consider the setting of Assertion To solve equation (3.18a) for m(UO)Eg, we integrate

over (—7, p) and use (3-18f) to deduce
)

m(UE; = —(U° + 1)V — A, m(U%) fdp'.

—7/2
Inserted in (3.18b), this gives
( - A(U0)6p<n(1U0)> U°+1) — 8pR(U0)) v
1 1 P ,
=g @ A% (5w (Aw / ﬂ/2m(U°)fdp>. (3.22)

Owing to hypothesis we may divide (3.22) by A(Uo)ﬁp(ﬁ). We then recall (3.18¢€) to sub-

: 1 N1 g . : o 1
stitute —A(Uo)ap(ﬁ)ﬁpf for —()". After multiplying the resulting equation by —A(UO)ap(ﬁ) and
computing
A 0
w0’ )
AU, (o) 0/(UY)
we deduce
n(U°) 1 n(U%)? |2 r
U0+ 1) — ) _— 0,f — A U%)fdp'.
(@+1- T A0 Gy (@) %! 2 [, U
Upon differentiation in p, we arrive at the equation
) 0 0 0 n(U°) - T T
£f = =0, (a(U)0,f) = m(U")Af = (8,U —ap(nwo)))v in {-%<p<1},
(3.23a)

where we abbreviated (cf. [(72))

and used the fact that (9,U°)* = 1 — (U")2.

In order to identify the boundary conditions for f at {p = ig} that supplement equation (3.23a), we
subtract (3.18a) from (3.234), simplify, and rearrange terms to find

9,(— a(U")d F 2y ) ) =0
) a ) n/(UO) m 3) = U.
Hence, there exists ¢; = ¢4 (¢, s), independent of p, such that —ad, f + %V +m(U%)Es = ¢;.
0
Inserting m(U°)E3 = ¢; — (—ad, f + %V) into (3.18b), and substituting Wapf for
P n(UO)

—Q' in (3:780), we deduce, upon rearranging terms, that ¢; = 0. Owing to (3.18f), we thus arrive at
the boundary conditions

n(UY)

—a(U)0,f = _n’(UO)

V. on {p==£3}. (3.23b)
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We next formulate the constraint (3.13) in terms of f, using (3.18d), (3.18€). This gives

1 01 _ 0 n(U°)
/JW o,U dp_/J(apU f+n,<U0)apf) dp.

Hence, the constraint (3.13) takes the form

@f-—/(aUOerLUo)af)d =0k (3.23c)
= J,\% n'(U9)* P = Ohy. :
Note that DE(f) = 9,U° — @(%) in the sense of distributions. Hence, the velocity field V =

V(t, s) on the right-hand side of (3.23d), (3.23b), which is independent of p, arises as the Lagrange
multiplier associated to the constraint (3.23c). In order to derive the geometric evolution law, we are
thus left to determine the couple ( f, V') satisfying the equations (3.23).

4 Well-posedness of the constrained elliptic problem

In this section, we rigorously establish the existence and uniqueness of a solution (f, V) to by
recasting the equations as a variational problem for sufficiently regular closed connected embedded
hypersurfaces I'. We further derive an abstract formula for the interface evolution law by identifying
the operator that maps given curvature data ~ to the normal velocity V.

4.1 Notation and hypotheses

The problem in this section being purely spatial, we here drop any temporal dependence and write
v:O0 =T, f=f(sp),s € O,pecJ:= (-3, %) etc. As our analysis of problem is
essentially independent of the preceding formal asymptotics, let us separately formulate a relaxed set
of hypotheses on the (time-independent) geometry I' and the coefficients m, n, A7 that suffices for
the analysis of the present section.

Hypotheses.

(e1) I' € R is a smooth, closed (incl. compact), connected, embedded hypersurface

(€2) m(u) = (1 — u?)"m(u) for some i € N, where m € C*°([—1, 1]) with min;_ 177 > 0;

n, A*’r € C*([-1,1]),n,n' # 0 ae., and

n? (u)

(93) L= iIlf(_Ll) WW > 0.

Global coordinates. For the variational arguments below, it is natural to formulate the problem glob-
ally in terms of unknowns f : I' x [—1, 1] — Rand V : I' — RR, which will then yield the local solution
(f,V)to @B:23) for (s, p) € O x J (at afixed time ¢) via

f(s,p) =f(s,u), V(s)=V(s)  with (s,u) = (7(s),U%(p)), s€O,pe
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where we recall that U%(p) = sin p. Here, v = ~(¢,-) : O C R — TI'(¢) stands for any of
the local parametrisations of the evolving hypersurface, evalued at time ¢. Note that for differentiable
functions g = g(s, u), due to 9,U° = /1 — (U?)? and the definition of A, (cf. Section ,

1 0 0 B 0/
Wa—p (5, U°()) = (0ug)(s, U (),
Ag(v(+),u) = (Arg)(7(+), w).

Hence, in the (s, u)-coordinates, problem (3:23) takes the form

—0,(a0,f) — mArf = (1— au(%))v inT x [—1,1], (4.12)
—ao,f = —EIV onT, (4.1b)
n
+1 n
/ (f+ —0.f)du = ok on[ (4.1c)
-1 n

with k = kr and V = Vr, where here and in the rest of this manuscript, we adopt the notation

o= (5 (), v =
m(u) := \/% (4.2b)

Observe that[(e3)]implies the bound
a>. (%)2 (4.3)

This will ensure compatibility of the constraint (4.1c) with the functional setting induced by the elliptic
operator L.

Since we are interested in determining the propagation operator inducing the interface dynamics, we
will develop the well-posedness theory for general functions « : I' — R, a priori not equal to the mean
curvature r of I'. We will always assume that k € H'(T).

Surface divergence theorem. Let us briefly recall the following integration-by-parts formula for suf-
ficiently regular functions f,g : I' = R

/ Vof - Vrgdii-t — / (—Arf)gdHe,
T T

which is a consequence of the surface divergence theorem on I for tangential vector fields. This
formula will be used below without explicit mention.

4.2 Function spaces

Let
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whever the integral converges. Then, define the space
H:={f e C™( x [~1,1]): vad,f e L*T x [-1,1]), cf € H'(T)}.

Note that, due to (4.3),

// a|8uf|2dud7-[d_12§//
rJ[-1,) rJ[-11]

Consequently, %9,f € L*(T'x [-1,1]) ¢ LY(I" x [-1,1]) for f € C™(I" x [—1, 1]) with \/a0,f €
L*(T x [—1,1]), showing that the integral Cf = ffl (f + 20,f) du is well-defined a.e. in T'. Thus,
the space H is well-defined.

2
du dH.

Py,
n/

Forf,g € H let

(f7 g)g = / / <aauf aug + vaf * Vfg> du d?’[dil,
rJi-1,1]
and
(f,g)u = (f,8)e + (Cf,Cg) (1)

The non-negative bilinear form (-, -) 7 defines an inner product on the space H. To see the definite-
ness, suppose that (f,f)y = 0 for some f € H. Since m, a are positive a.e. in [—1, 1], this implies
that Vif = 0, 0, f = 0, and hence f = ¢ for a fixed constant ¢ € R. Thus, 2¢ = f_ll fdu=Cf=0.
Hence ¢ = 0, showing the definiteness.

We now define the Hilbert space H as the completion of H with respect to || - ||z = (-, )llq/2

Furthermore, given x € H'(T'), we let
M,={fe H: Cf =0k}.

The set M, is non-empty (since the function f (s, u) = %m(s) liesin M,.) and forms an affine subspace
of H. Furthermore, due to ||Cf|| 1y < ||f||z, the linear operator C : H — H'(T') is continuous,
which implies that M, C H is closed.

4.3 Variational characterisation and interface dynamics

For f € H define the quadratic functional
_ 1 2 2 d—1
5(f)_—// (a(@uf) + m| V| )dud’H, ,

2 Jr i1

Le. £(F) = L(F,)e.

Consider the minimisation problem of £ on M,.: find f € M, such that

E(F) = inf E(F). (4.4)

feM,
The Lagrangian L : H x H'(T')* — R associated to (#.4) is given by

L(f, V) = g<f) — <V,Cf — O-K>H1(F)*,H1(F)'
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At any critical point (f, V) it holds that s L(f, V) = 0, oy L(f, V) = 0. Hence,
DE(f) — (V,CYnqryany =0 in HY,
which is the appropriate weak formulation of (4.1a), (4.1b), and
Cf—ok=0 inHYD),

which specifies (4.1¢). Thus, the system (4.1) are the Euler—Lagrange equations D L ) = 0 of (4.4).
We formalise these observations in the following proposition.

Proposition 4.1. Assume hypotheses|(e1) |(e2), and|(e3) Given a function k € H'(T'), there exists
a unique couple (f,V) € M, x H*(T')* solution to

DE(f) = (V,C) gy mrry inHT, (4.5a)
Cf = ok in H*(T). (4.5b)

In particular, [ (f+ 20,f)du =0k ae. inT, andforallp € H

1
/ / <a8uf Bup + mVpf - vpgp) dudH®" = (V, / (¢ + —up) du) ey
r [_171] -1 n )

(4.6)
Define the linear solution operator
G=(F,G): H(I) = H x H'(I)*
Kk (f, V).
Then, Gk = —1Ap fj1 mf du, where f := Fk. More precisely, for all ) € H'(T')
1 1
(G~K, ¢>H1(F)*,H1(F) = B / Vr </ mFkK du> -Vry dHat (4.7)
r -1
Furthermore, Q\ is continuous and
L o
(f,fé < %HVKHL?(F), f:=Fk, (4.82)
g
sup (Gr, V) < 5 VA, (4.8b)

{YeH ||Vl 2 <1}

where o, 0 are given by (1.8a).

The second component G of the operator Q\determines the evolution law of the moving hypersurface
[' = T'(t) through Vi = Grkr, where kr € H'(T') denotes the mean curvature of I, and Vr the

normal velocity (cf. problem (@.7) resp. (3.23)).
Definition 4.2. We call the operator Gr : k — —Ar fjl mJ k du the propagation operator.
Proof of Proposition[4.1 The functional £ : H — R is convex and continuous, and thus weakly lower

semi-continuous. Furthermore, the restriction £ : M, — R is mildly coercive on M, ensuring that
minimising sequences of & in M, are bounded with respect to || - || z. The affine space M,, C H
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is closed, and thus weakly closed. Consequently, a standard application of the direct method of the
calculus of variations (cf. [Zei85, Proposition 41.2]) yields a unique solution f € M, to the constrained
minimisation problem

E(f) = inf £(F). (4.9)

feM,

The uniqueness of the solution f € H to (4.4) follows from the strict convexity of &y, .

Equation (4.5b) is immediate, since f € M,. To deduce (4.5a), we note that the continuous linear
operator C : H — H'(T") is a submersion (since C(3h) = hforall h = h(s) € H*(I)). Therefore,
the theory of Lagrange multipliers (see e.g. [Zei85, Theorem 43 D (1)]) yields the existence of a unique
V € HY(T")* such thatforall p € H

(DEF), ©) =t = (V, DC(f)@) mrry mr ey = (V, Co) a0y 1y (4.10)

where the second equality follows from the linearity of C. The uniqueness of solutions to (4.10) follows
by invoking the converse direction [Zei85, Theorem 43D (2)] of the Lagrange multiplier rule and the
uniqueness of the solution f to (4.9).

By construction, DE(f) = (f,-)e. Inserting this identity in (4.10), we conclude the weak formula-
tion (4.6).

Choosing in the test function ¢ = v with ¢» € H'(T'), which is admissible since ¢ € H, we
deduce (4.7).

It remains to show the bounds (4.8a), (4.8b), which imply the continuity of the linear map G from
HY(T)to H x H'(T')*. From (@.7) we deduce the bound

1
2

1 1
(. )2Vl 2@y =

1
%(f,f)szwHLz(r), f= 7k

1 1

(GF, V) 0y 11y < 3 </ mdu)
-1

Choosing Fx (= f) itself as a test function in (4.5a) then gives

(Fr,Fr)e <o sup (Gr, V) oy ) | VE] 22
{vert|| Vil 2 <1}

o 1 2 1 o 1
< = mdu Fr, Fk)2||VE| 2 = —=(Fkr, Fr)2||VE| L2m)-
<5 ([ man) @ FORIVEle) = Fr POl

1

4.4 Regularity

Here, we show a basic regularity property of the solution (f,V) to the constrained elliptic equa-
tion (4.5a), in tangential variables. To this end, it will be convenient to work with an orthonormal
basis {e;}jen of LA(T) := {h € L*(I) : fzhdH' = 0} composed of eigenfunctions of the
minus Laplace—Beltrami operator —Ar with associated eigenvalues 0 < \; < Ay < ... satisfying
Aj — 00 (cf. Section [5.2.1|for more background).

Lemma 4.3 (Higher regularity in tangential variables). Let Kk € Hk“(F) for some k € N. Then
(—Ap)*2Fk € H and (—Ar)¥/2Gr € HY(I)*.
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Proof. We take advantage of the fundamental orthogonality relations established in Lemma5.4]below,
whose proof is independent of the present assertion. By hypothesis, Kk — JLI‘ K=, k;e; for

jeN
coefficients r; satisfying .. Ai*!|s;|* < co. Let N € N. Due to the linearity of the operator

G, we know that (XN N2 Frese;, Z;VZI )\?/zgmjej) € H x H'(T')* is the solution to #.5) with

j=17""

datum Zjvzl )\?/Qmjej. Thus, owing to Lemma the estimates (4.8) provide us with /N-truncated

versions of the bounds
E((=A)PFR)Y? S (=D 6y
1(=A)* "Gk iy S I1(=A)2K ).

Since |[(=A)*2k|2 10 = Y.  MTE;|2 < o0, the asserted regularity follows in the limit
HNT) JEN 7Y J
N—o0. O

The regularity in the normal variable depends on the choice of the coefficients m, n, A?7.

Remark 4.4 (Analyticity). In Section we explicitly determine the operators F,G by computing
their action on the basis {e;}jen. There, we will see that, for a specific choice of coefficients as in
Assertion JFe; is analytic inu for all j as long as the coefficient functions are analytic in u.

5 The (new) geometric evolution law

We now investigate the structural properties of the propagation operator Gr := G given by

1 1
Or: K _EAF/ m Fk du,
—1

which, as we have seen in Proposition determines the interface dynamics via Vi = Grkr.

Throughout this section, we assume the general hypotheses|(e1)} |(e2), and [(e3)|from Section [4} en-
suring that Gr : H'(I') — H'(T')* is well-defined, and adopt the notations introduced in Section[4.1]
Recall, in particular, the definition of m = m(u). In the context of an evolving hypersurface, the
hypotheses [(eT)|on the geometry are to be understood pointwise in time.

5.1 Gradient-flow structure

Below, we will use, without further notice, the observation that the regularity property in Lemma
implies that Grh € L*(T) forall h € H*(T).

Proposition 5.1 (Symmetry, invariance, and positivity of the propagation operator).

1 Symmetry. The operator Gr is symmetric with respect to L* (T") in the sense that

(gph, H)L2([‘) = (h, gpli)Lz(p) forallh, x € H2(P). (5.1)

2 Invariance. It holds that
gF1F = 07 (52)

where 1 denotes the constant function on I that is identically equal to 1.
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3 Positivity. It holds that
(Grk, K)r2qry >0 forallk € H*(T). (5.3)

Furthermore, the equality (Grk, k) 2(ry = 0 with & € H*(T') holds true if and only if k = ¢
on I for some constant ¢ € R.

4 Upper bound. It holds that
o
Gr < _EAF (5.4)

in the sense that (Grk, k) 2y < (—%Ark, K)2(r) for all k € H*(T).

Remark 5.2 (Gradient structure). Since —kr can be obtained by normal variation of the surface area
functional, the properties |1}, [3 asserted in Proposition mean that, formally, the interface evolution
law Vr = Grkr has the structure of a gradient flow of the surface area functional.

Proof of Proposition[5.1l Abbreviate Q Gr. The proof relies on the characterisation of the solution
operator g (F,G) in Proposition The starting point is the equality

C(Fh— %h) —0 foralh e H\(T),

which follows from and the definition of C. Using and the fact that DE(f)p = (f, p)e, it
allows us to deduce that

(]‘_li, (Fh — %h)) —0 foralln,h e HX(I). (5.5)
£
From and equation (4.5a), we then infer the key identity
g g

(f/i, fh)g = (.F/i, §h)g = <gl€, C(ih»Hl(F)*,Hl(F) = O'(gli, h)LQ(F)- (5.6)
Thus, assertion (5.1) resp. follows from the symmetry resp. the non-negativity of the bilinear form
(+,-)e combined with the positivity of o > 0.
To show the invariance property, we compute for h € HQ(P) fixed but arbitrary, using the symmetry
of Gr, (4.5a), and a calculation as in (5.6):

(h,G1r) 2y = (Gh, 1r) 12y = 5(Gh, C1r) oy vy = 3(Fh, 1r)e = 0.

Since h € H?(T') was arbitrary, we infer that Gl = 0 on T. Alternatively, this assertion can be
deduced from (4.8b).

Suppose now that (Gk, k) 2y = 0 for some k € H?(T'). From the representation and the
definition of the bilinear form (-, -)¢, we conclude that 9, (Fr) = 0, Vp(Fk) = 0a.e.onI'x [—1,1].
Consequently, there exists ¢ € R suchthat Fx = ¢a.e.onI'x[—1, 1], and thus ox = C(Fk) = 2¢.
Hence k = cfor ¢ := %é € R. The converse direction that (Gc, ¢) .2y = 0 for constant functions ¢

follows from (5.2).

The upper bound is an immediate consequence of inequality (4.8b). O

Having established the relevant structural properties of the linear operator Gr, we may now deduce
volume preservation and area decrease of the associated geometric flow along classical solutions.
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Corollary 5.3 (Volume-preserving curvature flow). Let I' = U,c/{t} xI'(t) be a smoothly evolving
hypersurface governed by the geometric law

Vr = Grkr.
Then:

(i) Volume preservation. - H4(Q1~) = 0, where Q™ (t) denotes the domain enclosed by I'(t).
(i) Area decrease. SH*(I') < 0.

(iii) Equilibria. Vr = 0 if and only if kr is constant, i.e. if I'(t) = S%~1(z) is a Euclidean sphere.

Proof. The assertions of Corollary [5.3|are consequences of the properties of Gr obtained in Proposi-
tion see e.g. [PS16]. A short derivation is provided below for completeness:

Re (i): We compute, using the transport theorem for moving domains (cf. [PS16, Chapter 2.5.5]), the
symmetry property (5.) of Gr, and the invariance (5.2),

d

E ldzr = /VF dH" = (Grkr, 1r) r2ry = (K1, Grlr)rary = 0.
tJa- r

Re (ii): It follows from the transport theorem for moving hypersurfaces (cf. [PS16, Chapter 2.5.4]) and

the positivity of Gr (cf. item [3] in Proposition that the surface area functional is non-increasing
along solutions

d
— [ 1dH" ' = _/VF kr dHT! = —(Grrr, k) 2@y <0
dt Jr r

with strict inequality unless kK = ¢ for some ¢ € R.

Re (iii): 1t follows from the second part of item [3]in Proposition [5.1]that Grrxr = Vr = 0 is equivalent
to kr = ¢ € R. Combined with the properties of the hypersurface I'(¢) and Aleksandrov’s
characterisation of closed connected C? hypersurfaces with constant mean curvature, embedded in
RY, (cf. [Ale56]), this amounts to I'(t) being a sphere.

O

5.2 Spectral representation of the propagation operator

Our next goal is to explicitly compute the action of the operator Gr : k +> —%Ap fjl mf du in
terms of —Ar. In view of the invariance property Gr1r = 0, it suffices to determine Gr on functions
k : I' = R with fr x = 0. For simplicity, we focus on specific choices of the coefficient functions

m, n, A*T, see hypotheses in Section below.

We emphasise that the explicit solution (f, V) to be constructed below agrees with the unique weak
solution of Proposition |4.1

5.2.1 Spectral decomposition
Homogeneous Sobolev spaces. Given a hypersurface I satisfying , we denote by L2(F) the

Hilbert space of square-integrable real-valued functions on I" with zero average. The minus Laplace—
Beltrami operator —Ar, considered as an unbounded operator —Ar : D(—Ar) €@ L*(T') — L*(T)
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with compactly embedded domain, is selfadjoint and strictly positive. Thus, by the spectral theorem,
there exists an orthonormal basis of eigenfunctions {ek}keN ci? (F) of —Ar with associated eigen-
values 0 < Ay < Ag < ... satisfying A\, T +ooask — oo. Fors € Randh = ), hper,
hi, € R, we define

il = > Aill?,

keN

and let

() = {h = Y e . < oo}
keN

denote the homogeneous L?-based Sobolev space of order s. Observe that HQ(F) is the domain of
—Ar, and that, owing to (5.4), the domain of Gr contains H?(T"). Further note that —Ap : H*(I') —
H* %(T") is an isometric isomorphism. Finally, observe the natural isomorphism H~%(T") ~ H*(T")*
given by

H*T)>3h= thek — h, <H>¢> * Hs(I) = th@

keN keN

We further let
A:{)\k:keN}, and AR:{)\kEA:)\gR},R>O.

In general, an eigenvalue A € A may, of course, have multiplicity strictly larger than one in the sense
that A\ = A\, = ), for certain k # [.

Projection on eigenspace. The present spectral approach takes advantage of the observation that
the operator Gr is diagonal with respect to the orthonormal basis {ey, } e of eigenfunctions of —Ar,
as shown in the following lemma. This basic property essentially follows from the fact that the coeffi-
cients of the constrained elliptic problem are independent of the tangential variables.

Lemma 5.4. The following holds true:
1 Forallk,l € N with k # [ it holds that
(Fer,er)r2ry =0 ae in(—1,1). (5.7)
2 There exists ( : A — R such that for allh € H2(T'), h = > e ke,

Grh = Z C( M) hier, (5.8)

keN

The map ( is uniquely determined by

1
(M) = (Grek, ex) 2y = _/\k/ mfrdu, fi:= (Fer,ex)r2my, k€N (5.9)
-1
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Proof. Given k # [, we take k = e;, and ©(s,u) = ¢w(u)ei(s), where ¢y = (Feg, e;)r2r) in
Proposition [4.1] (cf. (4.5b), (4.6)). Then

Cor = C(Fep, )2y = o(er, )2y = 0.

Hence, with the above choice of ¢, the right-hand side of equation (4.6) vanishes, and we infer, upon
rearranging terms,

1
/ (a\8u¢kl]2+)\lm\¢kl\2)du:O,

1

which implies (5.7). Choosing ¢ = e; in (&.6) then yields (Grex, €;) L2(r) = (i With (, given by the
right-hand side of (5.9). In view of the completeness of the orthonormal system {e; }ren C L*(T),
we thus infer (5.8) with ((\x) replaced by (.

It remains to show that (;, = (; whenever \;, = ;. This is a consequence of the fact that the problem
uniquely determining f = (Fey, ek)Lz(p) only depends on k through A, (cf. equation (5.10)). O

Thanks to the orthogonality (5.7), the problem of determining the solution operator g’? in Proposition
can be reduced to a second-order constrained ODE for f = f;. := (Fey, ek)L2(F) depending on a
parameter A = A\, > 0, £ € N : the equations for f} are obtained by choosing in the data
Kk = e and in the weak formulation the test function (s, u) = ¢(u)ex(s) for ¢ € C>([—1,1])
with ¢’ € C°°((—1,1)), and by taking the L?(I")-inner product of with ey

1 1
[ (00u50.6 + amfi)du =) [ (04 Sou0)du Vo€ %, suppo € (-1.1),
_ -1

1
(5.10a)

1
/(ﬁ+%%hﬁm=m (5.10b)

1

where we recall that o is given by (1.8d). Note that () is the Lagrange parameter to (5.10b).

In the following, we will determine the solution f;, to (5.10) for specific choices of m, n, A%r, which
allows us to specify ((\x), and thus the propagation operator. A key interest lies in identifying the
asymptotic growth law of ((\) as A — oo.

5.2.2 Problem formulation

Let us first list the hypotheses under which the subsequent analysis is valid.

Hypotheses.

(s1) Let[eT)} as well as be in force.

(s2) Assumel[(T2)|with @ = const > 0 (required as of Section[5.2.3), and let m be even.

The first condition in amounts to requiring that a = %“S‘ The hypothesis that m (or equivalently
m) be even has been made to simplify the presentation and can easily be removed.

Notice that the above assumptions are compatible with those in Assertion[1.2]

DOI 10.20347/WIAS.PREPRINT.3149 Berlin 2024



K. Hopf, J. King, A. Minch, B. Wagner 30

Strong formulation. Upon an integration by parts in equation (5.10a) and in the constraint (5.10b),
problem (5.10) may be formulated as follows. Determine for A = A, > 0 the solution couple [ =
I, ¢ = C(A) of the system:

1 1 1
/ ((=0u(20u1) + mAf)6) du = / 1 % du( + [(—aauf + %oqs] B (5.11a)
forall ¢ € C>([—1,1]) with ¢' € C°((—1,1)), and
1 " 1
/1 &/;fdu * {%f} -1 -7 (5.110)

Problem (5.11) can be decomposed into three subproblems:

1 First considering ¢ € C°((—1, 1)), reduces (5.17a) to the second-order differential equation

n'n

—0,(a0f) + mAf = ()2

¢ (5.12a)

in the pointwise sense.

2 Taking now into account that in (5.77a) general test functions ¢ € C([—1,1]) with ¢/ €
C*((—1,1)) are admitted, yields the associated boundary conditions on (—1,1) :

ad, f = %C foru € {£1}. (5.12b)

3 The constraint is taken as stated, i.e.

1 " 1
/ nn fdu+ [ﬁlf} = 0. (5.12c)
_ n 1

1 ()2

If fand ad,f are sufficiently regular, the three equations (5.12a)—(5.12c) are equivalent to (5.10).

Our strategy is now to first compute the general solution f to item for given (. This solution has two
degrees of freedom, denoted by b1,b, € R, which we then specify in such a way that f fulfils the
boundary conditions in item [2| In the last step, we fix ( in such a way that item [3]is fulfilled.

5.2.3 Explicit solution

Our explicit approach below takes advantage of the identity a = % with @ = const > 0 imposed in
hypothesis To simplify the presentation, we suppose that @ = 1. The extension to the case of
general a = const > 0 is straightforward by suitable rescalings, see also Section|5.3

Fora = 1/m the change of variables r = a(u), a(u) := [’ m(u') du’ brings the homogeneous
equation

—0,(a0uf) + mAf =0 (5.13)
into the constant-coefficient form

—02f +\f =0. (5.14)
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Equation (5.14) has two explicit linearly independent solutions fi(r) = A11/4 etV Returning to the

original variables, the solutions fi = fi o « to the homogeneous equation (5.13) take the form

1 a(u ]' a(u
Folw) = 55700, S () = e,

For later use, we note that, since m, m are even, the function « is odd.

The Wronskian 1V associated to (f, f_) is given by

W = 0ufsf- = Ouf-ft =2m.

Let [ := mF := mﬁl’,‘)Q C. Then F/W = %KC, where

l(u) :== . (5.15)

We assert that, using the method of variation of parameters, the general solution to the inhomoge-
neous equation (5.12a) can be written in the form

flu)=( - filu /f_‘du+f /fﬁdu

(67 b — (0%
WMU“MWﬁﬁMUM%, (5.16)

where by,by € R are free parameters. For convenience, we provide the calculations showing the
solution property: first we compute, using (5.16),

ao, f = (— eﬁa(“)/ e*ﬁaédu’ — eﬁa(“)/ eﬁagdu’
1 -1
4 bye VA —aw) _ b2e—ﬁ(a<1>+a<u)>> . (5.17)

Differentiating once more with respect to u, we deduce

- au(aauf) = _>\1/2m< — eﬁa(u) / e_ﬁagdu’ + e_ﬁa(U) / eﬁagdu/
1 -1
1 bre” VA(a(1)—a(u)) + bze— 1)+a(u)) )C e

Observing that

( _ Ve / e_ﬁagdu' 4 e VAaw) / eﬁo‘gdu'
1 —1
1 b~ VA—atw) 4 b2e—ﬁ(a(1)+a(u))>C — A2,
we deduce that f chosen according to (5.16) satisfies, in the pointwise sense, the equation (5.12a),

i.e.

—0u(aduf) + Amf = (¢
with ¢ given by (5.15).
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The parameters by, by and ¢ will now be fixed in such a way that f = f fulfils all remaining prop-
erties, which will ensure that fre; coincides with the unique weak solution f = Fe;, constructed in
Proposition [4.1]for data k = e;. We recall that ¢ > 0, and thus ¢ # 0, which also follows from condi-
tion by virtue of o > 0. Let us first impose the boundary conditions (5.12b). We abbreviate

o(u) = 2 (5.18)

Then, using (5.17), condition (5.12b) turns into the system

1
—e V) [ VAL gyl 4y — pyem2V ) — (1)
—1

1
eVe(-1) / e_ﬁaédu' + be Ve _py = c(—1).
-1

Define the 2 x 2-matrix

1 _e—Qﬁa(l)
M = o—2VAa(1) 1 :

Note that M is invertible for A > 0. Thus, condition (5.12b) uniquely determines b = (b1, b2) € R by
Mb = p, where

c(1) + e~ VAa(l) fj1 eﬁagdu’
p - C( *

—1) — eVAe(=D) fjl e_ﬁo‘gdu’

We next estimate the asymptotic behaviour of p as A\ — oo. Owing to|(n2), the factor -~ o /)2 appearing

in the definition of ¢ (cf. (6.15)) is bounded: C,, := SUPye[-1,1] ‘%| < 00. Furthermore, a(u) =
o m(@) da is odd and increasing with max|_1 1) & = a(1). Therefore,

1
ef\aa(l) / eiﬁa(u K(u
—1

<C/ f‘f{mUdﬂdu,.

m(u)

Definition (4.2b) and hypothesis |(€2)|imply that m(u) = =3 R > (1 —u)"~ 3 on (0,1), and hence
~ ~ iy 1
ful, m(a)da 2 (1 — u')" 2. We thus obtain, for a small fixed constant § > 0,

1 1 )
/ e—ﬁful, m(@) da q, 7 5 / e_éﬁ(l_“')”%du'
0 0

1
A 20+3)

1 1
T 23+l —éu'T2 R -
S A 206+3) / e du S A 2iFT
0

1
where, in the second step, we employed the change of variables u = A20+2) (1 — v/).

In combination, the last two estimates show that

1
e—ﬁa(l)/ EVaLdy| < oA (5.19)
—1
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for a constant C' € (0, 00) that is independent of \. Therefore, as A — oo,
pr=c(1) +OA"TT),  py=c(—1)+ O\ 7).

Since M = diag(1, —1) + t.s.t.,, where t.s.t., denotes a term decaying rapidly to zero as A — o0,
we conclude that, as A\ — oo,

by = (1) + O\ "71), by = —c(—1) + O(\ 7). (5.20)

It remains to determlne ¢in such a way that (5.12¢) holds true. To this end, let us compute the value

of Cf = fl fdu—l—[ f} ,» Where (cf. (5.T6))

Fimtfe=—fotw) [ f5a s 1) [ foqa

b -V
/\1/4f+( u)e” Vaa) 4 )\1—2/4f—(u)e Aa(l),

Reasoning similarly as in the derivation of the bound and using (5.20), we find
(=11, = ()b — e(=1)by) A2 + O(N"Z755) = e, A" V2 L O(A" 27 5m)  (5.21)
with

e i=c(1)® +¢(—=1)* > 0.

Furthermore, we assert that

1 "
‘/ nn g ‘<A‘%‘ﬁ. (5.22)
—1 (n)? ~
Proof of the bound (6.22). We estimate
1 " 1
n'n -~ ~
‘/ N2 ’5/ |fldu SAV2Ry + A2R,,
_1 () -1

with the non-negative terms 1;, R; ; > 0,4,7 = 1,2,

1 1 1 u
Ry:=Rig+ Ry := / eﬁa(“)/ e V22 duy +/ e_ﬁa(“)/ eV qy/du,
1 u 1 1

and
1 1
Ry := Ry1+ Ryp := / e~ VAl —a) gy, +/ e~ VAtalw) gy,
-1 -1

Each of the two summands of 25 can be bounded similarly as (5.19) giving
Ry < X\ v,

We next turnto 2y ; :

Ry, = / / —VA(a(u) =) 4o/ dyy

= / / e_ﬁ‘f; m(a)dadu'du = Il + IQ + ]3,
—1Ju
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where in the last line we split the double-integal in three parts corresponding to:
I :u' > 0,u > 0;

Iy :u' >0,u<0;

I3 :u' < 0,u <0.

Since m(u) > (1 — u)i~z for u € (0, 1), there exists & > 0 such that

I / / VX[ mu)dudu du
/ / AT gy gy

Upon changing variables @ := )\ﬁ(l —u),u = Aﬁ(l — '), we obtain

\THT
LI SA 2”1/ / 2) dada
)\21+1 Q .
< )\ 2’L+1/ (/ 75(uz+2 u1+2)du+ (5u’b+2/ eaﬁz+2 —7,77 d’U,> d
0 0 1
1

) AZiF1

gA—zm/ (Cy + Cy) di
0

SATE,

1
1 d sutz2

satE i _ d
(i+2)3 du

where in the penultimate step we use e U

D=

1
For the integrals I3 and I, we obtain analogous bounds, so that Ry S A~ 21,

1
The term R; 5 can be handled in the same way as R; 1, leading to Ry o < A7 241,

In combination, this proves the asserted estimate (5.22). O

From (5.21] we conclude that Cf = \~/2(c, + O(\~ 2z+1)) Since imposing the constraint

Cf=o translates into ( = O'/Cf the expression for C_f computed above determines the asymptotic
growth of (, as A — o0, in the form

1 _ _
(V) =oAL+ 0N =), ni=— = ((GE)" + GG
Thus, for coefficient functions satisfying the hypotheses |(s1),, |(s2), the action of the operator Gr is
given by (5:8) with ¢ = ((\x) as above, and the corresponding curvature flow takes the form

VF =ony/ —AFKF + O'R(\/ —AF)KJF, (5.23)

where R(v/—Ar) denotes a linear pseudo-differential operator of order strictly less than one (and
hence of lower order with repect to \/—Ar). For linearly degenerate mobility, i.e. © = 1, we obtain the
growth law ((A) = onA'/? + cO(A'/®) and a remainder R of order at most 3.

The geometric evolution law has the structure of a third-order quasli-linear parabolic equation,
and differs both from intermediate surface diffusion, which is parabolic of order two, and from classical
surface diffusion, which is parabolic of order four. One may refer to laws of the above type more
generally as fractional surface diffusion. Notice that while illuminates the PDE structure of the
law Vr = Grkr, its variational structure has been captured by the arguments in Section
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Examples. We conclude by a selection of prototypical choices of ' and n that obey the hypothe-

ses (s2)| of the present section:

(C1) m(u) = 1 — u?, leading to

(C2) m(u) = (1 — u?)?, leading to

alu) =u— gu‘s + gu5.

The arguably simplest choice of an admissible coupling function n(w) with inf [n’| > 0, is given by
an affine choice with non-trivial slope. Without loss of generality, we suppose that n is larger in the
polymeric phase {u ~ +1} :

n(u) = fo+ fr(u+1), B;>0,i=0,1, wel-11] (5.24)

n(u)

Notice that for this choice of n, it holds that 7775 = (u+1)+ % and n” = 0. Hence, the con-
straint (5.12c) simplifies to

[cﬂi:a, c:c(u):(u—l—l)—i—%,

the inhomogeneity on the right-hand side of (5.12a)) vanishes, and ¢ = 0 in the solution formula (5.76).
Thus, the preceding derivation (in Section|5.2.3) shows that, if n is affine, we even have transcendental
smallness of the remainder term, asymptotically as A — oo,

by =c(1) + 0(6_2\5\@(1)), by = —c(—1) + O(e_z\f)‘o‘(l)). (5.25)
The solution f of is then given by

) = et O (3 e

with b as in (5.25) and where ( is determined by

i (c(1)[br + er’Qa(l)ﬁ] — c(—l)[ble’m(l)ﬁ + b)) = 0.

2

The identities imply that, as A\ — oo,
(c(D)fbr + bae > V] — e(=1)[bye VA 4 by]) = (1) + e(=1)* + O(e ),
Hence, letting 7) := (c(1)2—|—c(—1)2)_1, we find that
CN) = onVA + oVAO(e W) = g/ + otsity,

where t.s.t.\ stands for a term that decays rapidly to zero as A\ — oc.

We conclude by summarising the main results established in the present section (Section[5.2).
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Proposition 5.5. Assume hypotheses|(s1),|(s2), and let a(u)m(u) = 1. Then, the operator Gr = G
determined by the constrained elliptic equation in Proposition[4.1| takes the form

Gr = ony/ —Ar + oR(\/—Ar)

withn = ((:,((11)) )2+ (:,((111)))2)_1, where R(\/—Ar) denotes a linear pseudo-differential operator

of lower order (order at most % ) with respect to \/—Ar.

If, in addition, the function n(u) is affine (cf. (5.24)), then R(\/—Ar) extends to a bounded linear
operator on L*(I") with the property that (R(v/—Ar )ex, ex) 12(r) decays to zero rapidly as A\, — oc.

Combining Proposition Lemma[5.4] and Proposition [5.5) with the formal asymptotics in Section
completes the justification of Assertion|1.2

5.3 Formal limit towards the intermediate surface diffusion flow

In this section, we derive the assertion of Remark[1.1] To this end, let ¢ > 0 be a small parameter and
consider the coupling function

ne(u) =1+ eu.
Further let A?7, = nm(u), so that a = 2
m

Our goal is to show that, as € | 0, on compact subsets Ay in frequency space with R < oo fixed
but arbitrary, we quantitatively recover the intermediate surface diffusion law from the third-order
versions in Proposition[5.5] To this end, it suffices to determine the leading-order asymptotic behaviour
of ((A) = ((A) for A < Rase 0.

Coefficients of the second-order intermediate law. Let us first identify the parameters w, 9 in (1.7)
for the present choice of coefficient functions in the limit ¢ | 0. For ¢ = 0, the above choice of
coefficients reduces to n = 1 and A2(u)7(u) = m(u) = ™ meaning that (cf. (-8))

1—u??

+1A( )2 ( ) - 5 4 +1 m(,u) 1 4
w = w)'T(u)V1 —u*du = ——du = —.
-1 -1 V 1 —u? )
Thus, in this case, the propagation operator derived in Assertion [{.1]takes the form
4 -1
(]F = —0'(5 Id — EAF) AF, (526)
corresponding to
4.\ -1
CA) =ar(6+ 5>\) . AEA. (5.27)

Solution to third-order fractional laws for ¢ > 0. The functions m and m are kept independent of

€ and are even. Hence,
1

a(il)zi%, 5:4(/ mdu) .

1
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The solution f = f1,( = ((\) to ) with A\ = \;, (see also (5.12] - is obtained by replacing A by
(6\/_) in the calculations of Sectlon 3/and observing that n” = 0. It takes the form

b —eVAQ b —eV A
flu) = (Wﬂ(u)e Vaal) 4 61/211/4“7[’(”)6 VA (1)>C (5.28)

with by, bo, C to be determined, where

L c/ra) L —evAa)
fi(u) = 61/2)\1/4e “, f-(u) = 61/2)\1/46 o

We now proceed similarly as in Section with the exception that here we need to compute all error
terms explicitly up to the relevant order, since we are interested in quantitative results for A < R.

We first determine b = (by, b2). Notice that

a0, f = €2 (byeVAeM=a) _ p,o-eVXab+atu)) ¢

Letting

M2 1 _e—2eV2a(1)
e =€ o—2evAa(1) 1 ;

we find that b is determined by M.b = p, where p; = ¢(1) =: c+, p2 =c(—1) =1 c_withc =7
(cf. (5-18)). Abbreviating r := ¢~2V2(1) the inverse matrix M of M, can be written as

2
1. € 1 —r
W ()

2 —
b=M"p=—° (C+ TC‘) . (5.29)

Therefore

1—7r2 \reg —c_

. . 1 . . . .
We now impose the constraint [%f} _ . = o, which determines (. In view of (5.28), it reads as

1

(C+[b1 + bQT'] — C_ [bﬂ’ + bz]) =0

\/_e

Inserting the formula (5.29) for b and rearranging terms, this amounts to

% N _erz ((ci + ) (1 +7r?) — 4c+c_7") =0, (5.30)
with ¢y =e¢ 141, r= e~20(MeVA

For consistency, observe that ¢ [by + bar| — c_[by7 + bo] > 0 whenever A > 0. To determine the
dominant behaviour of ¢ for A < Rand 0 < € < 1, we abbreviate i := 2/(1) and note that

1
r=e VM =1 _e/Apu+ §€2Au2 + Og(e%),

r? = e 2V = 1 — 2ev/Ap + 2202 + Or(€®).
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Inserting these expansions as well as c;. = ¢! & 1 into (5.30), and simplifying terms, we infer

¢

m(8 + 2/12)\ + OR(E)) = 0.

Observing that 1 = %, we thus arrive at the following quantitative formula, for 0 < € <z 1 small,

(N =oA(5+3A+05(0) . AeAn

which reduces to (5.27) as ¢ | 0. Thus, for bounded frequencies, we recover in the limit ¢ | 0
the propagation operator (5.26) associated to the intermediate surface diffusion flow with the same
coefficients.

A Differential geometry

This appendix is a slight extension of [AGG12, Appendix], see also [PS16]. It serves to determine
higher-order corrections in the geometric quantities and transformed differential operators.

A.1 Geometric identities

The signed distance function d = d(x) to the smooth, closed hypersurface I' &€ R satisfies in a
tubular neighbourhood of I' the identity (cf. [PS16l Chapter 2.3.2])

Ki 0P
Ad = Z1—/<;7Jopal

where {x;} denote the principle curvatures of I and p the orthogonal projection onto I'.

Taylor expanding the right-hand side, for small |d|, gives for k; := K; o p

d—
Zl—md Z/iz Zﬁd Z/@?’d2+0|d])

Define
d—1 d—1 d—1
; 3y 1
Kp = E Ki, E /i 2, ( /-ci) .
i=1 i=1 i=1

VI

The quantity £ is the mean curvature of I, and k, equals the Frobenius norm [Wr| = ( St K?)
of the Weingarten tensor WWr.

In conclusion,

Ad = —kpop — |WroplPd— k3 opd® + O(|d*).
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A.2 Transformations

For completeness, we briefly sketch the derivation of the well-established formulas used in the trans-
formation of spatial differential operators to the new, rescaled variables introduced in Section |2 The
presentation follows [AGG12, Appendix] and uses notations from Section

Let v°(s, p) == v(s) + epr(s), e € [0,1], and G* = (g5;), where g5; = 0;7° - O;7°. Notice that
g5; = g5 foralli, j € {1,...,d}. Abbreviated’ = d — 1. Foralli € {1,...,d"} itholds that gj; = 0
due to Os,v - v = 0. Thus, the matrix G* and its inverse take the block diagonal form

€ __ Gil’xd’ Od/ eN—1 __ (Gzlxd/)_l Od/
G_(Og“/ 52)7 (G) _( Og“/ 8_2 )

whered’ =d — 1.

Differential operators in new coordinates. Letp = sqand U = uwo~*, J = j o ~*. Then the
differential operators in the reference coordinates determined by the parametrisation v are given by

d d—1

VauonS = Z (ga)ijasz-Uasj/f = Z (ga)ijasanSj'ya + 5_10/7(] v

i,j=1 i,j=1

=V, U+ e ,U v,

d
divyj o =Y (99)90:,7 - 05, J =divy, J +£7'9,J - v.

1,j=1

Combined with basic geometric identities, the above formulas imply (2.3b).

Expansions. Let g;; := g;;. Then

gfj = Gij t €p(85il/ ’ 883‘7 + 85].1/ ) 881"7) + 52p285iy ' asjy
= gy +driy) + &) with d = d(y"(s, p)) = ep,

(@

where the coefficients r;; only depend on v = ~(s). Hence, for suitable (7D | = 1,2, that only

depend on 7,
(677 = ¢” + (i) + 2O +O(d), di=<p

It follows that

d-1
Voo, U=VU+dY (99050 + (7D)90,,7)0,U + O(|d)
ij=1
d—1
=V, U+d> 7'0,U+0(d?),
i=1
where 7’ := Z?;i (970,,v + (FV)40,,~) is tangential, i.e.
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Likewise, we obtain

d—1
div.., J = div, J +d Y (g90,,v + (FV)90,,7) - 0, + O(|d|*)
i,j=1
d—1
=div, J+d» v -0, J +O(ld]),

=1

where throughout d := ¢p.
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