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Persistent hubs in CMJ branching processes with
independent increments and preferential attachment
trees
Tejas lyer

Abstract

A sequence of trees (7, )nen contains a persistent hub, or displays degree centrality,
if there is a fixed node of maximal degree for all sufficiently large n € N. We derive
sufficient criteria for the emergence of a persistent hub in genealogical trees associated
with Crump-Mode-Jagers branching processes with independent waiting times between
births of individuals, and sufficient criteria for the non-emergence of a persistent hub.
We also derive criteria for uniqueness of these persistent hubs. As an application, we
improve results in the literature concerning the emergence of unique persistent hubs in
generalised preferential attachment trees, in particular, allowing for cases where there
may not be a Malthusian parameter associated with the process. The approach we use
is mostly self-contained, and does not rely on prior results about Crump-Mode-Jagers
branching processes.

1 Introduction

In the study of models associated with the evolution of complex networks, it is of interest
to understand the location of dominant ‘hubs’ in the network. If one identifies these hubs as
nodes of maximal degree, a natural question is to consider whether hubs appear ‘early’ in the
evolution of a network, or whether newer and newer hubs continue to arise. These hubs can
have different meanings in different contexts. In a structure such as a social network a hub
might indicate the presence of an ‘influencer’. On the other hand, in a structure representing
genealogical trees associated with species of a virus, a hub might indicate a type of virus
associated with a ‘super-spreader’ (assuming that the number of mutant offspring produced
by certain virus is positively correlated with its population).

Often, in such structures, one expects a degree of reinforcement, or a ‘rich-gets-richer' effect.
In the well-known preferential attachment model, introduced in the context of networks by
Albert and Barabasi in [6], new nodes attach to existing nodes according to their degree, so
that nodes of large degree are reinforced. This model is widely studied because it displays
features closely related to real-world networks. There is, by now, a large body of literature on
such models, and variants. For a broader review we refer the reader to [34].

In the classical preferential attachment models, ‘older’ nodes are likely to have large degree
earlier, and are reinforced to such an extent that a single ‘old" node becomes the node of
maximal degree throughout the evolution of the process (the precise asymptotics for this
growth were derived in [28]). In [9] such a node is referred to as a persistent hub, whilst in
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T. lyer 2

other works, such as [4], when such a node exists one says there is ‘persistence of degree
centrality’ in the underlying model.

A natural question is to consider the degree of reinforcement required to ensure that a persistent
hub emerges. In generalised preferential attachment models (for example, [33]), newer nodes
instead connect to existing nodes with probability proportional to a positive function f of
the degree of that node. A conjecture motivated by works such as [9] is that, in general, a
persistent hub emerges if and only if 372 1/f(i)* < 0. In [9] the authors prove this conjecture
in particular cases in a simplified variant of the preferential attachment model in which newly
arriving nodes connect to a random number of existing nodes. In models more closely related
to the model from [6], where the attachment step involves a possibly random denominator,
this conjecture was proved in the case that f is unbounded and convex by Galashin in [12],
and later extended to a wider degree of functions by Banerjee and Bhamidi in [3].

There are a number of other ways of measuring ‘influence’ or centrality of nodes in a network
than degree. In [4], building on previous works by Jog and Po-Ling-Lo [22, 23], Banerjee and
Bhamidi showed, under certain technical conditions, that the condition > 1/f(i)> < 0 is a
sufficient condition for persistence of many more general centrality measures that just ‘degree
centrality. Other works deal with preferential attachment type graphs with an inhomogeneous
structure, where nodes are equipped with random weights that influence their evolution, so
that nodes with larger weights are more likely to obtain new connections. In [26] criteria are
derived for a phase transition in the location of the node of ‘maximal degree’ in a preferential
attachment model with an additive weight. In particular, criteria are derived, based on the
distribution of the random weight, for whether or not there emerges a persistent hub. The
works in, for example, [1, 8, 27, 11, 5] deal with analysis of maximal degrees in other variants
of the model.

However, a natural limitation arises in the above models:

B Rather than evolving in discrete time-steps, many real-world complex networks change
continuously over time, and

B When evolving continuously over time, it may not be the case that the process satisfies
the Markov property. For example, it may be unrealistic to require that the ‘waiting time’
for a node to acquire a new link is memoryless.

A means of overcoming these limitations is to analyse trees associated with Crump-Mode-
Jagers (CMJ) branching processes. Although one can only directly study trees in this frame-
work, rather than more general graphs, this may not always be undesirable in applications. For
example, CMJ branching processes arise naturally in modelling the sizes of populations growing
over time, such as infected populations during epidemics (see, e.g., [24, 2, 25]). In such con-
texts, knowledge about the location of ‘hubs’ in the tree may provide a better understanding
about the locations of ‘super-spreaders’ during an epidemic.

Working with CMJ branching processes to analyse models of discrete random trees is not
new. They have already been applied to the analysis of preferential attachment type models
in, for example [33, 7, 14, 16]. In [13], a particular CMJ branching process is used to analyse
the citation networks. Most related to this work with regards to techniques, however, are
previous works that deal with genealogical trees of CMJ branching processes in ‘explosive
regimes’ in [19, 18, 24]. These results, whilst rather general, are limited in that that the trees
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Persistent hubs in CMJ branching processes with independent increments 3

associated with the models can only represent extreme phenomenon in networks. For example,
when applicable to preferential attachment type trees, the limiting infinite trees associated
with the models are either locally finite, or only have a single node of infinite degree [19,
Theorem 2.12].

1.1 Overview of our contributions and structure

1 Our most general results concern sequences of genealogical trees associated with CMJ
branching processes with independent waiting times between births of individuals. In
Theorem 2.3, we provide sufficient criteria for the almost sure emergence of a persistent
hub and sufficient criteria for almost sure non-existence of a persistent hub in these
sequences. In Theorem 2.8 we provide criteria under which, almost surely, a unique
persistent hub arises.

2 In Theorem 2.10, Corollary 2.12 we apply these results to generalised preferential at-
tachment models. We provide criteria under which, almost surely, a unique persistent
hub arises and criteria under which, almost surely, no persistent hub arises.

3 Another result, Theorem 2.16, proves an additional sufficient criterion for a unique
persistent hub in the generalised preferential attachment trees. The techniques used
in this result are limited to generalised preferential attachment trees, and do not carry
over to more general CMJ branching processes.

Our results in Theorem 2.3 and Theorem 2.8 are novel for CMJ branching processes. In partic-
ular, we do not require the common assumption of a Malthusian parameter, which appears in
many foundational results concerning CMJ branching processes (e.g. [29, 30, 21, 20, 32, 15]).
However, we conjecture that there are more general, necessary and sufficient criteria for the
emergence of a persistent hub in these processes - see Remark 2.6. Our results in Theo-
rem 2.10, Corollary 2.12 and Theorem 2.16, concerning generalised preferential attachment
trees, improve results concerning preferential attachment trees by Banerjee and Bhamidi in [3],
and Galashin [12] (see also Remark 2.13 and Examples 2.19).

The rest of this paper is structured as follows:

1 Section 2 deals with a general description of the model and the main statements of
results. In Definition 2.1 we define persistent hubs with regards to a sequence of directed
trees. Then,

1.1 Section 2.1 includes a general description of CMJ branching processes (including
relevant notation), and the statements of Theorem 2.3 and Theorem 2.8.

1.2 Section 2.2 includes a general description of the generalised preferential attachment
model, and the statements of Theorem 2.10, Corollary 2.12 and Theorem 2.16.

For readers interested in statements of results, Section 2.1 and Section 2.2 may be read
independently.

2 Section 3 then includes proofs of the results in this paper: Section 3.1 includes some
auxiliary lemmata useful in the proofs that follow. Section 3.2 includes the proof of
Theorem 2.3 and Theorem 2.8 and Section 3.3 includes the proofs of Theorem 2.10
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and Theorem 2.16. We omit a direct proof of Corollary 2.12 since it is an immediate
consequence of Theorem 2.10. Aside from results presented in Section 3.1, our proofs
of Theorem 2.3 and Theorem 2.8 are self contained. In particular, these results do not
require prior knowledge about Crump-Mode-Jagers processes.

2 Description of the models and statements of results

Suppose that (7, )nen, denotes a sequence of directed trees on a vertex set V. In this paper, we
are generally interested in whether the nodes of maximal out-degree in (7,,)nen, appear ‘early’
or ‘late’. In this regard, for a directed tree 7" we denote by deg™ (u, T') the out-degree of a node
u in T. It will also be helpful to use the convention that, if u ¢ T, we have deg™ (u,T) = —c0.
We then have the following definition:

Definition 2.1. Suppose that (7, )nen, is @ sequence of directed trees. We say u € UnGNO T
is a persistent hub if deg” (u,T,) = max,7, deg® (v, T,) for all but finitely many n € Ny. A
persistent hub wu is unique if it is a persistent hub, and for any other persistent hub u’, we have
u = u'. If uis a persistent hub, or unique persistent hub we say (7, ).cn, contains a persistent
hub, or unique persistent hub respectively.

2.1 Description of CMJ processes and related results

A Crump-Mode-Jagers process (.7;)i=o represents a total population of individuals initiated
by a single ancestor, where, for any t > 0, .7; represents the population born before time ¢.
We consider individuals as being labelled according to their lineage, encoded by elements of
the infinite Ulam-Harris tree U := | J,,., N". The set N’ := {&} represents the ancestral root

n=0

individual @. We denote elements u € U as a tuple, so that, if u = (u1,...,u;) € N¥ k> 1,
we write u = uq - - - ug. An individual u = wujus - - - ug is to be interpreted recursively as the
ugth child of the individual u; - --wug_1. For example, the elements of N, 1,2,... represent

the offspring of @. We label elements of I/ with values in [0, 0], representing birth-times. In
particular, associated with each u € U is a collection of random variables (X (u)),en € [0, o0]".
We think of X (uj) as the displacement or waiting time between the (j — 1)th and jth child
of u. We then define the random function B: U — [0, co] recursively as follows:

B(@):=0 andforueld,ieN, B(ui):=Bu)+ > X(uj).
j=1

For each u € U we think of the value B(u) as its ‘birth time'.

An assumption that we apply throughout, that is implicit in the study of CMJ branching
processes, is that the random variables (X (uj)) en are i.i.d for different u € U. We use the
notation (Xj)jen, (X})jen to denote generic independent sequences of random variables with

(X (ug))jen) ~ (X;)jen ~ (X;)jeN, forall u e U. (2.1)

We use | - | to measure the length of a tuple u, so that, if u = & we set |u| = 0, whilst if
u = uy - - uy, then |u| = k. Given ¢ < |u|, we set u|, := uy - - - up, and say uy is an ancestor of
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Persistent hubs in CMJ branching processes with independent increments 5

u. It will be helpful to equip U with the lexicographic total order < : given elements u, v we
say u <y, v if either u is a ancestor of v, or u; < v, where ¢ = min {i € N : u; # v;}.

B(o) =

0
B(2) = B(1)

B(11) = B(1) + X(11B(21) = )+ X (21)B = B(21) + X(22)
Figure 1: A illustration of the way birth times are assigned to individuals in the first

three generations of the process. Note that birth times are increasing on paths directed
away from the root.

For each ¢t € [0,0], we set .7 = {x € U: B(x) < t} and denote by (F;)i=o the natural
filtrations generated by (.7;);>0. If a subset T" = U is such that, for any u € T, we also
have u|, € T, for each ¢ < |u|, note that one may view T as a directed tree in the natural
way, connecting nodes with edges directed outwards to their children. Therefore, the process
()10 yields an increasing family of directed trees, where, if s < ¢, we have 7, < 7. In
relation to the process (.7;);>0, we define the stopping times (7j)ken, such that

= inf{t > 0: |.7| = k}. (2.2)

Note that the values (74)en, describe the times in which changes, or ‘jumps’ occur in the
process (7;)i=0. The process (.7, Jnen, therefore describes the total family of discrete trees

n

appearing as jumps in the process (7)o before 7, := limy_,o 7.

Figure 2: A possible sample of the process (.7;)i>0 at time ¢ = 1.99, with birth times
labelled. In this case 79 = 1.99.

In this paper we assume the following throughout. Recall the definitions of (X)jen, (X})jen
from (2.1).
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Assumption 2.1. We assume throughout this paper that, that the collection (X;)n defined
in (2.1) satisfies the following:

1 The values (X;)ien are mutually independent of each other.
2 For each j € N we have X; < oo, almost surely.
3 We have 32 T, P(X; =0) < 1.

Remark 2.2. Some comments about Assumption 2.1 are the following:

1 Item 1 of Assumption 2.1 asserts that the waiting times between births of children
of an individual u are independent of each other. This may not always be desirable, for
example, one might expect these waiting times to be correlated, depending on a ‘random
attribute’ associated with u, as is the case in inhomogeneous models such as [8, 19].

2 ltem 2 of Assumption 2.1 implies that every individual produces infinitely many total
offspring as time tends to infinity, hence that the process is supercritical.

3 Note that

0

E[[{ieN: B(i) = 0}[] = Z (I{i e N: B(3) = =[P =

Jj=1 7j=1:i=1

Therefore, Item 3 of Assumption 3 shows that the tree of individuals born ‘instanta-
neously’ is a tree associated with a sub-critical branching process, hence is finite almost
surely. Thus, if 75 are as defined in (2.2), this assumption removes the degenerate case
that 7, = 0 for all £ e N.

In the following theorem, recall that, given a sequence (S;);en of mutually independent ran-
dom variables, the series Zj’;l S; converges with probability zero or one, and criteria for this
convergence are given by the well-known Kolmogorov three series theorem (c.f. Lemma 3.1).

Theorem 2.3. Assume (X)jen, (X})jen are defined as in (2.1) and Assumption 2.1 is satis-
fied. Then, in the process (7, )nen,, We have the following:

n

1 If the series Y. | (X; — X]) diverges almost surely, then, almost surely, (T, )nen, does
not contain a persistent hub.
2 Suppose that, for o > 0 and K € N we have
YE [6—a2i:1X1} <1 and []E [e“(Xi‘X")} < 0. (2.3)
Jj=1 i=K+1

Then, almost surely, (7, )nen, Contains a persistent hub.

n

Remark 2.4. The proof of Theorem 2.3 uses a novel proof technique that does not rely on
classical theory regarding CMJ processes. However, parts of the proof draw inspiration from
the proof of [19, Theorem 2.5], and the proof of [31, Theorem 1.1]. See also Remark 2.7
below. <
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Persistent hubs in CMJ branching processes with independent increments 7

Remark 2.5. Foundational results related to CMJ branching processes (see, e.g., [29, 30, 21,
20, 32, 15]) often assume the existence of o’ > 0 (often called a Malthusian parameter) such

that
= J
ME [e—a’Zizlxz‘] ~1. (2.4)
j=1

The first condition in (2.3) is (at least morally) a weaker condition, since, in principle, it is
possible that the map A — > | E [e‘Aﬂ:lXi] is discontinuous. In particular, it is unclear
whether or not there exist counter-examples where
o0 ) 0 .
J ) N )
E [e_’\ziﬂ&} < but 2 E [e A 2i=1X1] <1,
— —

j=1

N o= inf{)\ > 0:

in which case (2.4) cannot be satisfied. Such counter-examples, however, are known to exist
when the values (X;);cy are correlated (see, e.g., [8, 16]). “

Remark 2.6. We believe (2.3) is not optimal. A more general conjecture, inspired by [17,
Theorem 1.4] is that, under Assumption 2.1, a persistent hub emerges with probability zero
or one, and with probability one if and only if .7 (X; — X/) converges almost surely. Note
that Assumption 2.1 and the condition from (2.3) that

0 00]
H E [ea(X;"Xi)] < oo imply that Z(Xz — X!) converges almost surely.
i=K+1 i=1
This fact is proven explicitly, and used, in the proof of Item 2 of Theorem 2.3. <

Remark 2.7. Suppose that Assumption 2.1 is satisfied, and that for each j € N, we have
pi=E [ZOO Xi] < o0. Moreover, assume that for some ¢ > 0

i=j+1
& -1 —1 50
ZE [e_cﬂj ZHXZ-] <o and limsupE [ec“j Zi=i+1X1’] < 0. (2.5)
i=1 I

Then, the result [19, Theorem 2.5] implies that the tree Ule 7, contains a node of infinite
degree!. We claim, without proof, that a similar approach to the proof of [19, Theorem 2.5]
actually shows that (.7, ).en is persistent under the same assumptions. As a comment for the
reader familiar with some of the technical details of [19], this works by replacing the event
“a explodes before each of its ancestors”, by the event “a catch up to each of its ancestors

before an ancestor explodes”. <

The following theorem provides criteria for persistent hubs to be unique.

Theorem 2.8. Assume (Xj)jen, (X} )jen are defined as in (2.1) and Assumption 2.1 is sat-
isfied. Moreover, assume (2.3) is satisfied and, in addition, one of the following conditions is
satisfied:

1 We have

0 k k
!/
P <0< DX - X)) =D X, <Xk+1> < w.
k=1 j=1 j=1
INote that Items 1, 3 and 4 of [19, Assumption 2.2] are implied by Assumption 2.1, and Equation (2.5)

implies that Items 2 and 5 of [19, Assumption 2.2] are satisfied with Y, = .77 | X.
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2 It is the case that both of the following conditions are satisfied:

2.1 We haveZ;O:IIP’ (Xj — X} # O) = o0, or for some j € N, we have P (Xj # X]’) —
1.

2.2 For any € > 0 we have Z;O:l P(X;>¢) <.

Then, almost surely, in the process (7, )nen,, there is a unique persistent hub.

Remark 2.9. Theorem 2.8 is closely related [17, Theorem 1.4 & Corollary 1.8], but we include
a proof for completeness. <

2.2 Description of preferential attachment trees and related results

One particular scenario in which Theorem 2.3 and Theorem 2.8 may be applied is to variants
of preferential attachment trees where new nodes connect to existing nodes with probability
proportional to a random function of the degree of that node. In particular, suppose that
we construct a sequence of directed trees in the following way. For each j € Ny suppose
that (F}(k))ken, is a collection of mutually independent random variables, identically dis-
tributed across j € Ny. At time 0 we define the tree 7, consisting of a single node labelled 0.
Then, recursively, given the tree 7 at time k € Ny, and the values of the random variables

(Fi(deg™ (i, Tk)) i<k,
1 Form Ty.1 by sampling a node j from 7 with probability

Fj(deg™ (4, T))

k
Z owith 2= Fy(deg™ (4, Th)) (2.6)

7=0

and connecting j with an edge directed outwards to a new node labelled k£ + 1.
2 Sample the random variables
Fy(deg™ (j. Ton)) = Fy(deg™ (. T0) + 1) and  Frea(deg™ (k + 1, Toxn).

As the degrees of all the other nodes remain unchanged, this allows one to determine
the values (F(deg™ (i, Trs1)))i<ks1 for the next step in the process.

Let (F'(k))ren, denotes an independent sequence of random variables, with (F(k))ken, ~
(Fo(K))keno-

Theorem 2.10. Suppose that (T;)icn, is a generalised preferential attachment tree. Then,

11If

> 1

— = o0 almost surely,
]Zo F(5)?

then (7T;)ien, almost surely does not have a persistent hub.

2 Suppose that the following two conditions are satisfied:
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Persistent hubs in CMJ branching processes with independent increments 9

2.1 There exists a sequence (x;)jen, with 3. = < o0 such that,
J
F(j) = z; almost surely. (2.7)

2.2 There exists a A > 0 such that

i i []l)\] < 0. (2.8)

Then (T;)ien, has a unique persistent hub almost surely.

Remark 2.11. Similar to Remark 2.6, we believe Theorem 2.10 can be improved. Inspired
by [17, Theorem 1.10] we conjecture that, a unique persistent hub emerges with probability
zero or one, and with probability one if and only if Z] o F( FE < ® almost surely. <
Suppose that the values (F(j));en, are given by a deterministic sequence (f(j))jen,- Then,
by choosing the sequence (z;)jen, = (f(j))jen, in Theorem 2.10, we have the following
immediate corollary, whose proof we omit.

Corollary 2.12. Suppose that (T;)in, is a generalised preferential attachment tree, with
deterministic values (f(j));en,- Then

1Y, ﬁ = o0, then (T;)icn, almost surely does not have a persistent hub.

2 le;'.OZO ﬁ < o0 and for some A > 0,

ZH 0, (2.9)

zO]O

then (7T;)ien, has a unique persistent hub almost surely.

Remark 2.13. Corollary 2.12 improves on an existing result related to the preferential at-
tachment tree by Banerjee and Bhamidi in [3]. One assumption from that paper is that
inf;~o f(¢) > O - this is not needed for Corollary 2.12. Another assumption from [3] is that
there exists some A’ > 0 such that

1< ZH + o < (2.10)

szO

This assumption ensures the existence of a solution to (2.4), so that classical results related
to CMJ branching processes may be applied. It should be noted, however, that in [3], this
classical theory is used to derive asymptotics of the maximal degree when Z;O:O ﬁ = 0
and (2.10) is satisfied, whilst in [4] criteria are given for persistence of more general centrality
measures than degree centrality (persistent hubs).

It is not immediately clear whether or not there exist examples where (2.9) is satisfied,
but (2.10) is not. However, (2.9) is easier to verify in many cases, as is shown by Exam-
ple 2.14 below. <
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Example 2.14. Suppose that, for some constant Cy > 0, for all i € Ny we have

F) < Coli + 1), (2.11)

Then, (2.9) is always satisfied. Indeed, for any A > 0, we have

CX)] +’1 F(i%‘?)F(A/C%)
ZH ZHC G+1+ _Z;)F(i+2+)\/00)' (2.12)

=0 j= 0

It is well-known, for example by Stirling’s approximation, that we can find a constant C; > 0
such that, for all i € N, we have % < Ci(i + 1)_’\/00. Therefore, for any A > 2Cy,

say, we may bound the right-side of (2.12) so that

0

ZH CiT(ACo) D (i + 1) M < T /\/Coiu—l 0,

=0 j= 0 i=1

thus confirming (2.9). In order to show (2.10) we would have to bound the left side of (2.12)
from below, which is more difficult in general. <

If (2.11) is not satisfied, it must be the case that

lim sup f(l) = . (2.13)

1—00 7/+]_

This indicates that there is somehow a ‘high’ degree of reinforcement, hence one would expect it
to be more likely that there is a persistent hub. A partial result in this direction is Theorem 2.16
below.

Remark 2.15. Some previous results in the literature concerning cases where (2.13) may be
satisfied are the following:

1 In [12], Galashin showed that whenever f(z) is convex (as a function from R — R) and
unbounded, there exists a persistent hub.

2 In [31] the authors showed that a more extreme effect emerges when f(n) = (n+ 1) for
p > 1: the infinite tree UZO:I T; contains a unique node of infinite degree, and implicitly
showed that the degree of every other node in | J;-, 7; is bounded almost surely, hence
implying that (7;)n is persistent.

3 As a particular application of [19, Theorem 3.4] (see also [19, Remark 3.19]), the result
of [31] can be extended to show the following. Suppose p,, := Zjo " f . Then, assuming
o < oo and for some ¢ < 1,

o O .
Z UO T <% (2.14)

\J;Z, 7: contains a unique node of infinite degree. We claim, without proof, that (2.14) is
satisfied under the assumption that for all n € Ny, we have f(n) = C(n+1)log (n + 2)®

for a > 2 and C' > 0. Moreover, in a similar manner to Remark 2.7, we also claim that
these results may be extended to show that, under the same conditions, (7;)en, contains
a unique persistent hub. We omit proofs of both these claims, since they are anyway
superseded by Theorem 2.16. <
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Persistent hubs in CMJ branching processes with independent increments 11

Theorem 2.16. Suppose that (T;)icn, is a generalised preferential attachment tree, with
deterministic values (f(j));en,. Moreover, assume that, for some . > 0, we have

max Z,ff)l < 57{@1 (2.15)

Then, almost surely, (T;)ien, contains a unique persistent hub.

Remark 2.17. Unlike the other results in this section, Theorem 2.16 does not have an analogue
for more general trees associated with CMJ branching processes, rather relies more heavily on
the dynamics of the generalised preferential attachment tree. Part of the proof of Theorem 2.16,
notably Claim 3.11.1, uses a similar martingale argument to [12, Proposition 12] to show that
the maximal degree in the process (7;):n grows sufficiently quickly. “
Remark 2.18. Note that (2.15) implies f(n) > @(n + 1) and thus >, 1/f(n)? < .
Therefore it is not necessary to impose this summability as an extra condition, unlike Item 2
of Corollary 2.12. <

Examples 2.19. Some example cases where (2.15) is satisfied are the following:

1 Any function f such that f(n)/(n + 1) is non-decreasing in n € N. This includes many
‘barely faster-than-linear’ examples of f, such as f(n) = (n + 1)log(log(n + 3)), for
ne No.

2 Any function f such that f(x) is convex and unbounded (when extended to a function
R — R). Indeed, convexity implies that the function f(z) — f(0) is super-additive on
the positive reals. Thus, by unboundedness, and Fekete's lemma,

14
LA ()

=sup-—= >0,
n—mn + 1 geNI(:g-f-l

which implies (2.15).

3 One may construct many examples where (2.15) where f(n) is not monotone, let alone
convex. Hence (2.15) is a strictly weaker condition than the condition of convexity and
unboundedness required in [12]. For example, if

f(n) =

(n+1)* ifn=1orniseven
n®*—1  otherwise,

its easy to check that one can set K = 2 in (2.15). “

3 Proofs of results

3.1 Some auxiliary lemmata

In this section we collect some lemmas that will be useful in the sequel. The proofs of the first
three are omitted, but we include the proof of the fourth lemma.
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Lemma 3.1 (Kolmogorov three series theorem, e.g. [10, Theorem 2.5.8, page 73]). For a
sequence of mutually independent random variables (S;);en, let C > 0 be given. Then the
series Z;C:I S; converges almost surely if and only if

ZP (|S]‘ > C) < 00, ZE [Sj1|Sj|<C] <o and ZV&I‘ (Sjl‘gﬂgo) < Q0.

j=1 j=1 J=1

[
Next, we state without proof some results from [17] related to series of independent random
variables.

Lemma 3.2 ([17, Theorem 1.13]). Suppose that (S;)en is a sequence of mutually independent
random variables such that 3} | S; converges almost surely. Then the distribution of 3}~ | .S,
contains an atom on R if and only if, for some collection (c;);en € RY

VjieN P(S;=c¢)>0 and > P(S;+c;) <. (3.1)
j=1

Lemma 3.3 ([17, Proposition 1.15]). Suppose (S;),en is a sequence of mutually independent,
symmetric random variables. If Z;O:I S; diverges almost surely, then

n—o0

lim sup Z S; = and liTan iogf
Jj=1 J

n
S; = —oo  almost surely.
=1

Finally, we state an prove an inequality which bounds the probability that one random series
of independent random variables ‘overshoots' another by a certain amount.

Lemma 3.4. Suppose that (X;)ien, (X])ien andY are mutually independent random variables,
with (X;)ien ~ (X])ien. Suppose that, for k € Ny, there exists A > 0 such that

e 0]
[]E [e’\(Xé_Xi)] < 0. (3.2)
ik

Then, for any { € N

k+j k+j 0 o1
P (17' eN: Y+ Y X, <) X{) < (]_[E [eMXE—Xi)]) E [e_A(YJFZi;l Xi)] . (33)
; i=k i=k

=1 =

Proof of Lemma 3.4. Suppose that [n]| := {1,...,n}. Then, for n € N, and A satisfying
Equation (3.2) note that

P (Hje [n]: Y+I§Xi <I§X{)
—-P <3je [n]: A (%(x;—xi)) —A <Y+I§Xi) >0>

=P <E|j€ [n]: exp ()\ (%(X{—XJ) - A (Y%—’CZDIXZ-)) > 1) :
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Persistent hubs in CMJ branching processes with independent increments 13

Now, define (M), by Mo := exp (A (Y + 2471 X,) ), and
M1 = M;exp ()‘(Xl,ngi - ch+z'))-

Then, M, = exp <>\ (Zj”,j} NX! - Xi)> <Y + Y, )) and

E [Mi1 | My, ..., M;] = M;E [exp ()\(Xl/chiJrl - Xk+i+1>)]
= Ml exp ()\E I:(Xl::+i+1 — Xk+i+1>]) = Mi7

where we have applied Jensen's inequality. Combining this with Equation (3.2), we deduce that
the sequence () ey, is @ sub-martingale sequence. By Doob's sub-martingale inequality,

P <E|j € [n]: exp <)\ (%(X:—XJ) - A (Y + kz_:le)) > 1)

=IP’( max M; > 1) < E[M,11].

0<j<n+1

Taking monotone limits as n — o0, we deduce (3.3). O

3.2 Proofs of Theorem 2.3 and Theorem 2.8

For the proof of Theorem 2.3 and Theorem 2.8, we first define some terminology, and state
and prove Lemmas 3.5 and 3.6. We then proceed with the proof of Theorem 2.3: the proof of
Item 2 in Section 3.2.2, and the proof of Item 1 in Section 3.2.1. We prove Theorem 2.8 in
Section 3.2.3.

First, we show that the first part of Equation (2.3) implies that the process (.7 ):>¢ is almost
surely non-explosive, that is, almost surely, for all ¢ > 0, |.7;| < o0. We note that the following
lemma does not require Item 2 of Assumption 2.1.

Lemma 3.5. Assume that Items 1 and 3 of Assumption 2.1 are satisfied, and for o > 0, we
have
o0 .
ME [6—0‘2?:1)‘@'] <1. (3.4)
j=1
Then, for any t > 0, |.7;| < .

Proof. For o > 0 satisfying Z;).Ozl]E [e—azleXi] <1, let Y, ~ Exp () be an exponentially

distributed random variable, independent of the process (.7;);>¢. Therefore, using the fact that
Y, is exponentially distributed, and the independence of the associated random variables, for
v=uv U, €U, we have

P(B(v) < (ii){ FUg-1t) < Ya)

1:i=1

:E[ —a X, XLy X (o1 ] HE[faz:ilxk].
=1
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Therefore,
o0] o0] oo m »
E[|%.[]= D P (B( —PB@)<Ya)+ Y Y, Y [[E [zt
veld m=1v1=1 vm=10=1
14 ) (LB [en lx]) o,
m=1 \j=1

Thus, | %, | < oo almost surely. As P (Y,, > t) > 0, for any ¢t > 0, this implies that, almost
surely, for any ¢ > 0, we have |.7}| < . 0

Next, for u e U, K € N we say
w is K-moderate if u = uy - - - u,, with each u; < K. (3.5)

Moreover, recall that, for a tree T, if u ¢ T we set deg™ (u,T) = —oo. Then, with regards to
the CMJ process (%)= we define the following event: for u,v € U set

Win(u,v) := {IN € N: Vn > N deg(u, 7, ) = deg(v, 7, )} . (3.6)
Lemma 3.6. Assume Assumption 2.1 is satisfied. Then, with regards to the process (.7;)=o,
we have the following claims:
1 We have lim,,_,., max,ez, deg”(u, 7, ) = oo almost surely.
2 If Y7 (Xi; — X]) converges almost surely, then for any u,v € U we have

P (Win(u,v) u Win(v,u)) = 1. (3.7)

3 1FY° (X, — X!) diverges almost surely, there exists an increasing function ¢: N — N
such that, for any u e U, j € N we have

]P’< i X (ujl) < i X(u€)> >1/2.

=j+1

Remark 3.7. Note that the proof of Item 2 of Lemma 3.6 uses similar ideas to the proof of
[17, Item 1 of Theorem 1.4]. «

Proof of Item 1 of Lemma 3.6. First suppose that lim, ,,, 7, = o almost surely. For any
V=1V, €U, with m > 1 we have

B(v) = Z X(vy -+ vp_q1i) < oo almost surely,

by Item 2 of Assumption 2.1. These two facts together imply that, for any v € U, j € N, there
exists a (random) N € N such that B(vj) < 7w, hence vj € 7. In particular, for any v € U,
lim,, o deg™ (v, Z,,) = o0, which implies the claim.

Otherwise, we have lim,, ,,, 7, < o0 with positive probability. Suppose that, with positive
probability we have lim,,_,,, max,es deg™(u, 7,) < o0. If

n—o0 eI,

P (hm max deg® (u, 7)) < o0, lim 7, < oo) > 0, (3.8)
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Persistent hubs in CMJ branching processes with independent increments 15

it must be the case that, for some t > 0, P (|.7;| = ) > 0, and therefore, by the pigeonhole
principle, since the maximal degree is bounded, for some t > 0, K € N

P (lu € J;: uis K-moderate| = ) > 0.

This now contradicts the following claim:

Claim 3.7.1. Under Assumption 2.1, almost surely, for all t € [0, 00) we have

|u € Z;: uis K-moderate| < 0.

We conclude that the right-side of (3.8) is 0, which implies the result. O

The proof of Claim 3.7.1 is similar to [19, Proposition 4.4], however we include a proof for
brevity and completeness.

Proof of Claim 3.7.1. If Z(K) denotes the set {u € .7;: u is K-moderate}, one readily veri-
fies that the process (2(K))t>0 has the same distribution as a CMJ branching process with
associated random variables (XJ(K))]EN satisfying

) {Xj if j < K

J o0 otherwise.

Now, for a > 0, we have

i E [6_0‘23:1)(51{)] = i E [e‘o‘zzlei] (3.9)
j=1 j=1
zg <HP (Xz = 0) +E [e_azgzl Xil{zi_‘:l Xi>1}:|> .

By Items 1 and 3 of Assumption 2.1, for « sufficiently large, the right-side of (3.9) is smaller

than one. Therefore, by Lemma 3.5, the process (Z(K))t>0 is non-explosive. In other words,
almost surely, for all ¢ € [0, )

‘ﬂt(K)‘ < 0.

This implies the claim. O
We continue the proof of Lemma 3.6.

Proof of Item 2 of Lemma 3.6. First note that having either
lim deg*(u, 7,) <0 o lim deg* (v, ;) <

already implies that Win(u, v) U Win(v, u) occurs. Therefore, we need only show Win(u,v) U
Win(v, u) occurs on the event that lim,, .., deg” (u, Z,,) = 0 and lim,,_,, deg” (v, 7,,) =
o. Now, by the assumption that Z;O:I(Xjf — X) converges almost surely, for u,v € U we
have

B(u) — B(v) + Z (X (uj) — X(vj))| <oo  almost surely.

o0
Jj=1
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Assume, without loss of generality, that |u| < |v|. Let N be chosen such that B(v) is inde-
pendent of (X (un)),>n. (For example, if u is a non-parent ancestor of v, we may choose the
value N such that u(N — 1) is the ancestor of v, whilst if v = uj for j € N, we can choose
N > j.) Then, the sequences (X (un)),>n and (X (vn)),=n are independent. We now have
two cases:

(1) First suppose that the sequence (Sj)jen defined by S; := X; — X’ does not satisfy
Equation (3.1). Then, by Lemma 3.2, the random variable

0

> (x X (vj))

j=N

contains no atom on R. Hence, as the summands are independent

P <B(u) — B(v) + Z (X (uf) — X (vj)) = 0) — 0.

Therefore, almost surely, there exists Ky € N such that for all k£ > K either
k
+ 0 (X (uj) = X(vj)) >0 or (3.10)
j=1

+ Z (X (uj) — X (vj)) < 0.

In other words, for all k > K, we have B(uk) > B(vk) or B(uk) < B(vk). This in
turn implies that for all k sufficiently large u reaches out-degree & in (.7, )nen before v

n
reaches out-degree k in (.7, Jnen or vice-versa. Thus Win(u,v) u Win(v, u) occurs.

(I1) Otherwise, the sequence (S;)jen defined by S; := X;— X7 does satisfy Equation (3.1). In
particular, this implies that Z;illP’ (X (uj) # X(vj)) < oo, thus by the Borel-Cantelli
lemma, almost surely, X (uj) = X (vj) for all but finitely many j € N. Thus, for some
Ky € N, it is either the case that for all k£ > K, (3.10) is satisfied, or for all k > K,

v) + ) (X (uj) — X(vg)) = 0.

7=1

In particular, for all k& > Ky, B(uk) > B(vk) or B(uk) < B(vk), which again implies
that Win(u,v) u Win(v, u) occurs.

O
Proof of Item 3 of Lemma 3.6. Note that, by Assumption 2.1, for any j € N, the values of

(X (ul) — X (ujl))s=;+1 are symmetric and independent. If, by assumption, > .77 (X; — X/)
diverges almost surely, Lemma 3.3 implies that

lim sup 2 X(ujl)) = oo almost surely.
n—® l=j+1
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Persistent hubs in CMJ branching processes with independent increments 17

Since Assumption 2.1 also implies that Zizl X (ul) < oo almost surely, we therefore have
k k
P <3k eN: ) X(ujt) < X(mz)) — 1.
=1 t=j+1
By monotone convergence, we can write the left hand side as
k k
lim P <3k <n: ZX(uyé) < Z X(u€)> ,
=1 t=j+1
and therefore, may define ¢(j) such that

®(j) := inf {n > P <E|k’ <n: zk]X(ujﬁ) < Zk: X(ué)) > 1/2}.
=1 ¢

—j+1

3.2.1 Proof of Item 1 of Theorem 2.3

Proof of Item 1 of Theorem 2.3. Suppose that >~ (X; — X/) converges almost surely, and
assume, in order to obtain a contradiction, that (.7, ),eny contains a persistent hub with
positive probability. Then, by Item 1 of Lemma 3.6, for any persistent hub u, say, we have

lim deg™ (u, 7, ) = . (3.11)

n—00

On the other hand, for any u e U, j € N, with ¢ as defined in Lemma 3.6, we have

(=1 (=1

P <3k; < 6(j): Bluj) + >, X (ujl) < Bu) + X(ué)) (3.12)

—P (3k; <o(j): D, X(ujl) < )] X(af)) .

=j+1

As ¢: N — N is strictly increasing, the right-side of (3.12) involves independent events.
Therefore, by Lemma 3.6 and the Borel-Cantelli lemma, we have

k k
P (H infinitely many j € N,k < ¢(j): ZX(ujf) < Z X(U@) = 1.
=1 t=j+1

Combining this with Equation (3.11), it must be the case that infinitely many uj have
out-degrees that ‘overtake’ the out-degree of u with probability 1. Thus, for any v € U,
P (u is a persistent hub) = 0. But then, taking a countable intersection

P (Juel: uis a persistent hub) = 0,

which contradicts the assumption that with positive probability (.7, ),cy contains a persistent

n

hub. O
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3.2.2 Proof of Item 2 of Theorem 2.3

The proof of Item 2 of Theorem 2.3 uses Item 1 of Theorem 2.3, and Lemma 3.8 below. We
first state this lemma, prove Item 2 of Theorem 2.3, and then prove the lemma over the rest
of the section.

Lemma 3.8 relates to the number of individuals in (.7;);>¢ that ‘catch up’ to each of their
ancestors in out-degree. More precisely, for u,v € U, with v = vy - - - v,,,, we define the event

{uv catches up to u} := {35: B(uv(vy + 7)) < B(u(vy + 7))} .

In other words, uv catches up to u if, at some point, uv produces v; + j children before u
does, so that the out-degree of uv in ()0 ‘catches up’ to the out-degree of u.

Lemma 3.8. Suppose that Equation (2.3) is satisfied. Then, in the process (;):>0, the set
P :={ue€lU: u catches up to each of its ancestors} (3.13)

is finite almost surely.

Proof of Item 2 of Theorem 2.3. First note that if the series >~ (X; — X/) diverges almost
surely, Equation (2.3) cannot be satisfied. Indeed suppose otherwise. Then, by Lemma 3.4,
with Y given by a deterministic constant C' > 0 and A = «

1=P(limsup i (Xi—X£)>C'> =IP’<EIN€N: i (Xi—XZ()>C>

Now gl i=K+1
0
J— ’ —
<[ IT ®leo] ) e,
i=K+1

where the first equality follows from Lemma 3.3. We may choose C sufficiently large that the
right side is smaller than one, thus obtaining a contradiction.

Hence, Equation (2.3) implies that > .° (X; — X]) converges almost surely. Therefore, by
Equation (3.7) in Lemma 3.6, with Win(u,v) as defined in (3.6), as an intersection over a
countable set, we have

]P< N () {Win(u,v) uWin(U,u)}) ~ 1. (3.14)

ScU: |S|<oo u,veS

Note that, for any finite set S

() {Win(u,v) U Win(v, u)} (3.15)

u,vES

= {Hu €eS,NeN: Vn>N magxdngr(u Z,.) = deg™ (u, %ﬂ)} :
Ve

By assumption, P as defined in (3.13) is finite almost surely. Therefore, Equations (3.14)
and (3.15) imply that

P <3N eN,ueP: Vn=>N max deg® (v, 7)) = deg™ (u, %J) = 1.
ve

As any node of maximal out-degree must be a node that catches up to each of its ancestors,
this implies that (.7, )nen, contains a persistent hub. O

n
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The rest of this section is dedicated to the proof of Lemma 3.8. First, we have the following.

Proposition 3.9. Suppose that Equation (2.3) is satisfied for « > 0 and K € N. Then, for
anyuelU,

E[{v=v1-vmeU: vy = K,uv catches up to u}|]

= Z P (uv catches up to u) < 0.
veld: v =K

Proof. We choose K € N and o > 0 so that Equation (2.3) is satisfied. By applying
Lemma 3.4, with quantities chosen such that

X (uvy - - vpi),

wm

z)zeN = (X(lwl : "Umk))keN7 and ( )zeN (X(Uk))keNa

for v =v; ---v,, €U such that v; > K, we have

P (uv catches up to u) = P (35: B(uv(vy + 7)) < B(u(vy + 7))) (3.16)
m—1Ve+1 v1+7J v1+7J
zP(Hj: 2ZX(UUl-”Uﬂ)—‘rZX(UUl"'Umk)< Z X(uk:))
l=1 i=1 k=1 k=uv1+1
(3.3) « a(X!—X;) mt Loy x Cay X
2 (1 sl (fefeng) s
i=K+1 =1

_ (E[ E [eawg—x»D (f[E [6—@:&1&}) |

By summing over the possible values of v € U we have

Z P (uv catches up to u) = 2 Z P (uvy - - - v, catches up to u)
veld: v1 2K m=1veld,v1 2K, |v|=m
(3 16) 0 0 0 0 m v
(H E[ >Z 3 Y (HE[e—azk_lka
i=K+1 m=1v;=K va=1 vm=1 \/4=1
0 o0 0 ] 00 m—1
_ ( [TE [eam—xi)] N Y E [e—azzgxk] (ZE [e—azz_lka
i=K+1 m=1v;=K s=1
= - Gy e s " 23
<([]E [eaoa-—xn] N (YE [e—azkzlxk] 2) o,
i=K+1 m=1 \s=1

where the last line follows from the fact that, since > }” | E [e*azgzl Xi] < 1 by Equation (2.3),
the geometric series converges. O

We are finally ready to prove Lemma 3.8:
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Proof of Lemma 3.8. As in Proposition 3.9, we choose K € N and o > 0 so that Equa-
tion (2.3) is satisfied. Recalling the definition from (3.5), we denote by
Uk :={uel: uis (K — 1)-moderate} ;

i.e, the subset of U consisting of (K — 1)-moderate individuals. We first condition on the
sigma algebra Fp(k) generated by the process up until the birth of K, the Kth child of &.
Now, since B(K') < oo almost surely, by Lemma 3.5, | 75(x)| < o0 almost surely. We set
to be the maximum length of a (K — 1)-moderate individual born before K, i.e.,
m = sup {|u|: ue Tpu) N Ux_1}.
Then, define the random, Fp(x)-measurable sets
AT i={uelg_q:|u=m+1}, and A" :={uelg_y:|ul <m+1}.

We use these sets to complete the proof of the claim. An informal overview of the argument
is as follows. First, we argue that A" and A~ are finite almost surely. Next, A™ represents the
maximal ‘boundary’ of (K —1)-moderate nodes born before K. As the root & is already ‘large’,
since K has already been born, by exploiting a similar argument to Proposition 3.9, we expect
that each node in A" to have only finitely many descendants that catch up to @. Otherwise,
a node either belongs to A™, or is of the form u = ab, with a € A~ and b = by - - - by, with
b1 = K. For the latter, we can exploit Proposition 3.9 to show that, for each a € A~, there
exists only finitely many such individuals ab.

In formalising this argument, it is helpful to define the following sets. For a given u € U set
Cu:={uwv:v=wv- v, el,vy = K,uv catches up to u}

and
D, :={uvel: |v| = 1,uv catches up to &} .

Now, note that, with P as defined by (3.13) we may write

PQCQUAUAJFU(UCu)U(UDu). (3.17)

ueA~ acA+

Indeed, C'5 covers the individuals u with u; > K that catch up to &, whilst (| J,4- Cu) U A~
and J,c4+ Dy cover descendants of A~ and A" respectively, that catch up to all of their
ancestors.

We show that each of the sets on the right-hand side of (3.17) are finite almost surely, hence
so is P.

(1) Proposition 3.9 showed that E [|C5|] < o0, hence |Cy| is finite almost surely.

(1) We know that [A~| = ((K—1)""1—1)/(K—2) and |A"| = (K—1)™"!. By Lemma 3.5,
which shows that m < oo almost surely, these are both finite almost surely.

(1) Since |A~| < oo almost surely, we have

IP( ¢

ueA—
almost surely, where the last equality follows from Proposition 3.9.

= OO‘./TB(K)> =P <E|u eA: |C] = OO'JTB(K))

A

> P(ICu] = 0| Fiu)) =0,

ueA~
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(IV) Finally, for | J,ca+ Dal, first note that by definition, for each a € A*, we have B(a) —
B(K) > 0. Therefore, for each a € A*, we have,

E [\Da| |fB(K)] = ZIP’ (ab catches up to @ }]—‘B(K))

beld
m—1bet1
=>P (aj B(a + > > X(aby -+ byi)
beld {=0 i=1
K+1+j K+1+j
+ Z (aby - buk) < . X(k) ‘]—"B(K)>
k=K+1
m—1be41 K+1+j K+1+j
<P (17 DD X(aby - bi) + Y X(aby - bpk) < Y X (k) ‘}"B(K)>
beld =0 i=1 k=1 k=K+1
m—1bg41 K+1+4j K+1+j
=>P (17 DD X(aby---bi) + > X(aby--byk) <)) X(k)) :
beld (=0 i=1 k=1 k=K+1

almost surely. The last equality follows from the fact that the random variables concerned
are independent of Fjk). Now, by applying Lemma 3.4 in a similar manner to its usage in
Equation (3.16) from Proposition 3.9, we may bound the previous above, so that, for a € A*

E[|Da] | Fo]

< ( ﬁ ]E[eamxn]) i i i

(el el (8

Thus, summing the geometric series in the above display, and using the almost sure finiteness
of AT we have
E [

3.2.3 Proof of Theorem 2.8

o

acA+

K)] < oo, almost surely.

Proof of Theorem 2.8. We first have the following claim:

Claim 3.9.1. Under the assumptions of Theorem 2.8, for any u,v € N, we have

P (deg(u, 7;,) = deg(v, Z,,) for infinitely many n € N) = 0.

By Claim 3.9.1, and taking a union bound over the countably many pairs u,v € U, we have

P (Ju,vel: deg(u, Z,) = deg(v, Z,) for infinitely many n € N) = 0. (3.18)
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Now, any candidate persistent hub must ‘catch up’ in out-degree of each of its ancestors,
hence, by Lemma 3.8, the set

P = {u € U: In € Ny such that deg(u,T,) = maxdeg(v,%)}

vETn
is finite, almost surely. Suppose that, for u,v € P we have

deg(u, 7,) = max deg(w, 7;,)
WE I7),
for infinitely many n, and deg(v, .77, ) = max,cz, deg(w, 7, ) for infinitely many n. As the
out-degree of u needs to ‘catch up’ to the out-degree of v for u to become an index of maximal
out-degree, it must be the case that deg(u, 7, ) = deg(v, 7, ) for infinitely many n € N. By
Equation (3.18), it must be the case that u = v almost surely, proving uniqueness. O

Proof of Claim 3.9.1. Suppose that for u,v € U, we have deg(u, 7;,) = deg(v, 7,,) for
infinitely many n € N with positive probability. Then, it must be the case that, for infinitely
many j € N,

B(u) + Z X (ui) < B(v) + Z X (vi) < B(u) + Z X (ui),

which implies that

0 < B(u) — B(v) + Z(X(uj) — X (vj)) < X(u(j +1)) for infinitely many j.  (3.19)

)

Now,

(1) If Item 1 of Theorem 2.8 is satisfied, by the Borel-Cantelli lemma, we almost surely have
0 < B(u) —B(v) + X (X (wi) — X(vi)) < X(u(j + 1)) for only finitely many j, thus
Equation (3.19) cannot be satisfied with positive probability.

(I1) Otherwise, if Item 2 of Theorem 2.8 is satisfied, first, by Lemma 3.2, the almost surely
convergent series >~ (X (ui) — X (vi)) contains no atom on R. Hence, the random
variable

o0
B(u) = B(v) + Y (X (ui) — X (vi))
=1
contains no atom at 0. On the other hand, by the Borel-Cantelli lemma, almost surely,

for any € > 0, we have X < ¢ for all but finitely many j. Now, suppose that (3.19) is
satisfied. Then, for any € > 0

This can only be the case if B(u) — B(v) + >~ (X (ui) — X (vi)) contains an atom at
0, a contradiction.
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3.3 Proofs of Theorems 2.10 and 2.16

For the proof of Theorem 2.10, first suppose that, given the random sequence (F'(k))ken,, We
define the sequence (X;)en, such that,

X; ~Y; where, conditional on F(i — 1), we have Y; ~ Exp (F(i —1)). (3.20)

In other words, each X, is defined as a mixture of exponential random variables, with rate
parameter F'(i — 1). Define the process (.7 )0 with this choice of (X;);cn,. Then, applying
a standard embedding procedure that exploits the memoryless property of the exponential
distribution and properties of minima of independent exponential random variables (see, for
example, [16, Section 2.1]), we have, up to re-labelling of nodes,

(‘%’n>nENQ ~ (E)TLENO .

It thus suffices to apply Theorems 2.3 and 2.8 to the process (7, )nen,, With (Xi)ien, as
defined in (3.20).

We start with the proofs of Items 1 and 2 of Theorem 2.3, which are straightforward applica-
tions of the more general Theorems 2.3 and Theorem 2.8.

3.3.1 Proof of Theorem 2.10

Proof of Theorem 2.10. First note that, with (X;);cn as defined in (3.20), Assumption 2.1 is
satisfied: mutual independence of the (X;);ey follows from the independence of (F'(i))ieny,.
whilst, by the properties of the exponential distribution, for any j € N, we have 0 < X; < o
almost surely, which implies the second and third criteria.

Now, by [17, Item 1 of Theorem 1.4 & ltem 2 of Theorem 1.10] 2, if (X;);en and (X))cn are
independent collections of independent random variables distributed according to (3.20), we
have

1
F(i)?

0 0
Z(Xi — X]) converges almost surely, if and only if Z < oo almost surely.
i=1 1=0

Thus, Item 1 of Theorem 2.10 already follows from Item 1 of Theorem 2.3.

For Item 2 of Theorem 2.10, suppose that A satisfies (2.8). Note also, that the quantity
appearing in (2.8) is decreasing in \. Therefore, using the formula for the Laplace transform
of an exponential random variable, and the independence of (F(7));en,, for some o > A we

have 4 . . |
YIIE l%] = ;E [e—aZE-:lXJ} <1. (3.21)

i=0j=0

Now, by Equation (2.7), for any n > 0 such that 1 < inf;>; ;, again by using properties of
the exponential distribution, we have

[o's) 0 mlg [o's) 772 [o's) 772
[T Elexp(m(X]— X)) <[]~ 2:]‘[<1+ > 2)<exp Y —4322)
i=k+1 ik Lo ek x i Li =1

’Note that ‘strict leadership’ in that model implies ‘leadership’.
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-1
If we choose n = 1, := \/<221 k%) , note that, for each i > k, n; < x;/v/2, and we
readily verify that (3.22) is bounded by 2. One can make this choice whenever > & < o,

and, moreover, since limy_,o, > -, = = 0, we have limj_,, 7 = o0. Thus, with @ > 0 as

defined in (3.21), if we choose K := inf {k € N: 7, > «}, Equation (2.3) of Theorem 2.3 is
satisfied. This proves the existence of a persistent hub.

For uniqueness, we use Item 2 of Theorem 2.8. The first condition is readily satisfied, since
by smoothness of the exponential distribution, for any j € N, we have P (Xj # Xj’) = 1. For
the second condition, by using the inequality e™* < % and the definition of the exponential

distribution, for any € > 0 we have

0

Z]P’X >e)= Y E[e U

Jj=1 Jj=0

m\»—n

i i2 (3.23)

The result follows. 0

3.3.2 The proof of Theorem 2.16

This proof relies more heavily on the discrete dynamics of the generalised preferential tree.
We first show that, the maximal out-degree of the process grows sufficiently quickly. In this
regard, define

M,, := maxdeg™ ((u, T,)).

UETy

Recall the definition of (Z;);en, from (2.6).

First note that, if Vi.(n) denotes the number of nodes of out-degree k in 7, by the handshaking

lemma, we have
M,

D (K + 1)Ny,(n) = 2n.
k=0
Therefore, under the condition (2.15), for all n € N, we have the deterministic bound
M M
; k(M) B 2nkf(M,)
Z, = k)N, < - k+1)N, = —". 3.24
];Jf( JNk(n) < 0 ];)( JNK(n) = = (3.24)

We then have the following lemma, closely related to Proposition 12 of Galashin:

Lemma 3.10. For any € > 0, there exists r > 0 such that
P (Vn e N: Mn =Y > r) =P (VneN: M, > [nl/(%)r]) >1—c. (3.25)

Remark 3.11. Lemma 3.10 uses a similar argument to [12, Proposition 12]. “

Proof of Lemma 3.10. First, we prove the following claim:

Claim 3.11.1. The sequence defined by S; := /\/% =1, and

1 n—1 1 —1
S, = 1—— , = 2,
M, ( 22’/@) "

is a super-martingale with respect to the filtration generated by (7T;)ien-
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Lemma 3.10 follows as a result of the following facts. We first note that,

n—1 T N =L S T nzl i I'(n)I'(1—1/(2k))
11 (1_gm> - Hzm—l - Hz’—l/(%) T T(n-1/(20)

i=1 i=1 i=1

By using the fact that, foreach ne N, a > 0
n “I'(n)/T'(n —a) >0 and Ai_r)glon’aF(n)/F(n —a) =1,

we may define
o inf n~VERIT () (1 — 1/(2kK)
T T T(n— 1/(26))

But then, by Doob’s martingale inequality,

> 0.

1
P (Hj: j_l/QHMj < r) =P (supjl/z’{/\/lj_l > )

jeN r

<P (sup Sj > Cmin) <E [51] T/Cmin = 7“/Cmin-
T

jeN

By setting 7 = £cmin we deduce Equation (3.25). O

Proof of Claim 3.11.1. Note that, since there may be multiple nodes in 7, with out-degree
M., we have

2 with probability at most 1 — f(M,,)/Z,.

~iq  Wwith probability at least f(M,)/Z,,
E[1/ M1 | Th] = {MnJrl with probability at least f(M,,)/
Mn

Therefore, for n € N

E[1/ Myt | To] < — (1—f(M”)>+M1 M)

M.,

1 (1 F(M,) )(324) 1 (11)
M, ZM,+1) ) = M, 2nk )

Multiplying both sides by T\, (1 — i)_l, we conclude the proof. O

2iKk
The proof of Theorem 2.16 works by using a Borel-Cantelli argument to show that the event
{the nth node catches up to a node of maximal out-degree in 7},

occurs only finitely often, which shows that Equation (3.13) from Lemma 3.8 is satisfied. We
wish to define this event more formally, with respect to the underlying process (.7;);=0. In this
regard, for n € N,

my, 1= min {u € 7, :deg(u, 7)) = Mn} and o0, := min {u € ﬂfn\,%n_l} , (3.26)

where, in both cases, the minimum refers to the lexicographical ordering on U. Therefore, m,,
denotes the Ulam-Harris label of a node that attains the maximal out-degree in .7, , and o,
denotes the Ulam-Harris label of the nth node in the process (7, )nen-
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Proof of Theorem 2.16. Note that, as defined in (3.26), the values o,, and m,, are measur-
able with respect to F,, . Additionally, by definition, deg™(m,, 7, ) = M.,. Thus, by the
memoryless property of the exponential distribution, conditional on F, , the waiting time

X' (mp(M,, + 1)) := X(mp(M,, + 1)) = 7, ~ Exp (f(M,,)) .

Note also that the random variables X' (m,, (M, +1)), (X (m,(M,+7)));52 and (X (0,7))jen
are independent of F, . Consequentially, conditional on F,, , we have

Ay = {3t > 0: deg™(0p, F) = deg™ (ma, 7)}

My +j My +j
= {Hj: Z X(ont) < X'(mp(M,, +1)) + Z X<m"i)}‘

i=1 1=Mpn+2

The event on the right hand side says that, for some j, o, reaches out-degree M,, + j
before m,, does. Now, by Lemma 3.4, with (X;);en, (X;)ien independent sequences with

X; ~Exp (f(i —1)), for A > 0 we have
e
Now, for each r > 0 we also define

P (A, | F.,) < ( [] E [ex(xg—xi)
b= [nY®9/r] and B i={VneN: M, =1}. (3.28)

Mn] . (3.27)

Noting that the right-side of (3.27) is decreasing in the value of M, by combining (3.27)
and (3.28), for any A < f(b)

P (A, N B') < ( ﬁ E [eA(Xé—Xi) )E [e—AZZiXk] (3.29)

< exp — | exXp

Note that (2.15) implies that for each ¢ € N

f(0) = (f(0)/r)(£+1),

and thus, by a (crude) integral test bound, that for k € N,

C ¢ _ 2w/ 1(0))?
;jl/fw < (r/£(0) ; “1 A

In a similar manner to the passage following (3.22), choose

oy - - (330) \/be 328 F(0)nt/ @)
A=A, o= (2_%: f(z.)2> 5 PN (3.31)

(3.30)
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Then, since A\, < f(j)/2 for each j > bl', we can bound the right-side of (3.29) so that

_ 1/(4k)
P (A, nB") "2 exp (—ZK \/;> . (3.32)

The right-side of (3.32) is summable, hence, by the Borel-Cantelli lemma, we have
P (A, n B" occurs for infinitely many n ) = 0.

By Lemma 3.10, for any € > 0, there exists > 0 such that P (B") > 1 — ¢, hence, for any
e > 0, we have
P (A, occurs for infinitely many n ) <.

Hence, with probability one, 4, only occurs finitely often. This implies that the set
{on : 0, catches up to a node of maximal out-degree}

is finite, hence there is a finite set P which contains nodes of maximal out-degree, for all but
finitely many n. A similar argument to the proof of Item 2 of Theorem 2.3, using (3.14), now
implies the existence of a persistent hub. Uniqueness follows from a similar argument to the
proof of Theorem 2.10, using the deterministic values f(j) instead of z; in (3.23). O
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