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Fixation of leadership in non-Markovian growth processes
Tejas lyer

Abstract

Consider a model where N equal agents possess ‘values’, belonging to Ny, that are
subject to incremental growth over time. More precisely, the values of the agents are
represented by IV independent, increasing Ny valued processes with random, independent
waiting times between jumps. We show that the event that a single agent possesses
the maximum value for all sufficiently large values of time (called ‘leadership’) occurs
with probability zero or one, and provide necessary and sufficient conditions for this to
occur. Under mild conditions we also provide criteria for a single agent to become the
unique agent of maximum value for all sufficiently large times, and also conditions for
the emergence of a unique agent having value that tends to infinity before ‘explosion’
occurs (i.e. conditions for ‘strict leadership’ or ‘monopoly’ to occur almost surely).
The novelty of this model lies in allowing non-exponentially distributed waiting times
between jumps in value. In the particular case when waiting times are mixtures of
exponential distributions, we improve a well-established result on the ‘balls in bins’
model with feedback, removing the requirement that the feedback function be bounded
from below and also allowing random feedback functions. As part of the proofs we
derive necessary and sufficient conditions for the distribution of a convergent series of
independent random variables to have an atom on the real line, a result which we believe
may be of interest in its own right.

1 Introduction

1.1 Background and motivation

In various circumstances, it is of interest to model the dynamics of values of various agents
subject to growth over time. As the values of agents grow it may be the case that they can
leverage their value to grow at a faster rate, leading to reinforced growth and ‘rich-gets-richer’
effects. In such a situation a natural question is whether or not a ‘leader’ forms: a single agent
that eventually obtains and retains maximal value for all sufficiently large times.

Such a model is ubiquitous. One of the first, well-known, applications was to economics, where
one might consider agents to be companies, with ‘values’ representing wealth [1, 2]. In this
case, ‘leadership’ may indicate the formation of a company with dominant market share, or even
the formation of ‘monopolies’ [11]. In other applications, one may consider agents representing
political policies, with ‘leadership’ representing the formation of a most popular policy (called
institutional ‘stickiness’ in [36]). In modelling neuron development, agents might also represent
neurites, before the formation of a ‘leader’, that is, the specification of an axon [23].

In previous applications, these dynamics have been modelled by ‘balls-in-bins’ processes [11]
(also known as non-linear urns [15] or, originally, as generalised urn processes [18, 33]). In
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T. lyer 2

these processes, agents are represented by a fixed number of urns, and the values of agents,
encoded by the number of balls the associated urn contains. The rate of ‘growth’ is measured
by a feedback function f: Ny — (0,00). Then starting from a given initial condition, at each

discrete time-step, one selects an urn containing j balls (say) with probability proportional to
f(j), and adds a ball to it.

This model generalises the classical Pélya-Eggenberger urn scheme [13] — the case f(j) = j
— and thus was first introduced under the name ‘generalised urns’ in [18]. It was later re-
introduced under the name ‘balls-in-bins’ in [11], however, we use the latter terminology to
avoid confusion with other generalisations of the Pélya-Eggenberger urn scheme (e.g. [21]).

In these processes, strict leadership (known as ‘eventual leadership' in [28]) occurs if there is
a unique urn containing the maximum number of balls for all but finitely many time-steps. On
the other hand monopoly (a term coined in [11]), occurs if for all but finitely many time-steps,
a single urn is chosen for new additions of balls. A well-known result, as stated in [28], is the
following:

Theorem (From [11, 23, 26, 31, 27, 28]). In the balls-in-bins process, with feedback function
f: Ng — (0,00), regardless of the initial conditions of the process:

B Monopoly occurs with probability zero or one. Moreover, monopoly occurs with proba-
bility one if and only if 3" 1/f(j) < 0.

B /f the feedback function f is bounded from below, strict leadership occurs with proba-
bility zero or one. Moreover, strict leadership occurs with probability one if and only if

2 /() < .

The first result concerning monopoly comes from Rubin’s argument (presented in [9]). On the
other hand, the result regarding strict leadership was first proved in the case f(j) = (j + 1)?
in [23], and generalised by subsequent works of Oliveira and Spencer [27, 28, 29]. Thus, if
f(j) = (j + 1), for p € (0,0) - corresponding to instance of the model studied in, for
example, [7, 11, 23] - the model exhibits phase-transitions at the values p = 1 and p = 1/2
respectively, corresponding to whether or not monopoly, or strict leadership occur.

It is worth noting that the conditions on summability of Z;O:O 1/f(4) and Z;.C:O 1/f(5)% ap-
pear more widely in other models of reinforcement, where f, informally, represents the degree
of reinforcement. The condition of summability of Z;OZO 1/f(4), appears as a condition for
‘explosion’ in first-passage percolation in trees [35], in ‘fixation’ of edge-reinforced random
walks [9, 38, 34], and in ‘connectivity transitions’ of growing trees of the ‘generalised pref-
erential attachment’ type [30, 19, 20]. On the other hand, the condition of summability of
Z;C:O 1/f(5)?* also arise in the context of growing generalised preferential attachment graphs;
in criteria for the emergence of the emergence of a ‘persistent hub’. In these latter models, a
persistent hub represents a node in the graph whose degree is the largest for all but finitely
many time-steps in the evolution of the network [10, 14, 5].

A common approach to analyse the balls-in-bins model, and other similar models is via a
continuous time embedding. This approach dates back to Athreya and Karlin in a related
model [3], but was first exploited in the context of the balls-in-bins model by Rubin [9]. One
considers the collection of urns as a continuous time Markov process, with the number of
balls in a particular urn increasing from j to j + 1 independently at rate f(j). The embedded
Markov chain recovers the original balls-in-bins model. The continuous time representation
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immediately gives meaning to condition on the summability of Z;OZO 1/f(j), as a necessary
and sufficient condition for explosion of the pure-birth process associated with the number of
balls in a particular urn.

There is a large literature related to the balls-in-bins model, concerning properties such as the
limiting proportion of balls in certain urn [18, 33, 2, 15, 17], the emergence of ‘weak monopoly’,
that is, an urn whose limiting ‘market share’ tends to one [15], and the number of balls of
‘losing type’ when monopoly occurs [16]. Other results are concerned with properties such as
the probability of monopoly, or leadership by an urn when one varies the initial conditions of
the urns [26, 29, 28, 27]. A number of generalisations of the model have also been studied,
including, models with varied feedback functions across different urns [15, 25], models where
the number of balls replaced is asymmetric [17], time-dependent models, with random numbers
of balls added at each time-step [32, 39], and interacting urn models [8, 24, 37]. We also remark
that there is a large literature on urns that generalise the Pélya-Eggenberger urn scheme in
other ways, for example [3, 21, 4, 22].

However, one limitation of the balls-in-bins model, and its extensions in the literature is that
they are Markov processes. Moreover, in many contexts, one might regard the continuous
time embedding of this model as more realistic in modelling the growth of values of agents:
if values represent the wealth of companies, the times when ‘growth’ take place often occurs
in continuous time, rather than in discrete time-steps. However, in these applications it is not
desirable to require exponentially distributed waiting times between jumps, as this may not al-
ways be realistic. This motivates the present study: the analysis of more general non-Markovian
processes which generalise the balls-in-bins model, where the waiting times in the underlying
continuous time process are independent but not necessarily exponentially distributed.

1.2 Contributions of this paper and overview
The contributions of this paper are the following:

B In Theorem 1.4 we derive necessary and sufficient conditions for leadership to occur
with probability zero or one in these more general competing growth processes, in other
words, conditions for a single agent to have maximum value for all but finitely many
time-steps. Moreover, in Theorem 1.4 and Corollary 1.8 we provide sufficient criteria for
monopoly and strict leadership to occur with probability zero or with probability one.
Unlike leadership, the latter two properties are not zero-one events in general, as shown
in Remark 1.6.

B In Theorem 1.13 we prove an important auxiliary result which may be of independent
interest: necessary and sufficient criteria for the distribution of a convergent sum of
independent random variables to have no atom on the real-line. Another auxiliary result,
Proposition 1.16, shows that when a series of independent random variables fails to
converge, and the summands are symmetric, the partial sums associated with the series
cross the origin infinitely often.

B The results from Theorem 1.4 shed new light on the summability of Z;C:O 1/f(7)? in
regards to the balls-in-bins process scheme, showing that this condition arises when
analysing the convergence of certain random series in Theorem 1.4. In particular, applying
Theorem 1.4 leads to a new result regarding strict leadership in balls-in-bins schemes
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in Theorem 1.10, allowing for the feedback function to be random, and showing that it
need not be bounded from below.

Section 1.3 contains the formal description of the model and the main results related to
the model: Theorem 1.4, Corollary 1.8 and Proposition 2.1. It also contains auxiliary results
on random series that may be of independent interest: Theorem 1.13 and Proposition 1.16.
Section 1.4 deals with applications to the ‘balls-in-bins’ scheme, providing a formal overview
of that model, and the main result in Theorem 1.10. Section 2 includes the proofs of the
results appearing in this article, with sub-sections that can generally (aside from a few global
definitions) be read independently of each other.

1.3 Model description and main results

We consider a finite family of N valued growth processes with independent waiting times be-
tween jumps. Suppose we have A > 2 agents labelled by the elements of [A] := {1,..., A}. To
each a € [A], we associate an identically distributed sequence of mutually independent random
variables (X (") cn, taking values in [0,0). Each agent a € [A] has a value v,: [0,0) > N
such that, the value of a at time ¢, v,(t), increases over time. The quantity X is the time
taken for the value of a to increase from k — 1 to k, and the agent a begins with a value of
v4(0). Thus, given the initial value v,(0), for k € Ny we have

va(0)+k va(0)+k+1
va(t) = 0,(0) + &k ifandonly if Y XV <t< Y X[
J=va(0)+1 7=va(0)+1

We are interested in the vector of values of agents as time evolves, until, possibly, an agent
reaches infinite value. To do so, we set 75 := 0. Then for each n € N, we define

A
Tp := inf {t > 0: Z va(t) = n}
a=1

We are generally interested in the discrete process (vq(7y))ae[a]nen,. Which represents the
evolution of values in the system as the total sum of values of agents increases. We call this
a competing growth process.

Remark 1.1. The main reason for analysing the process (vq(7y))ae[4]nen,. and not the con-
tinuous time process (Uq(t))ac[a] te[0,00). IS that we may have lim,, . 7, < %0, i.e., explosion
may occur. In many applications, there may be a total cap on the total possible sum of ‘val-
ues’. For example, if the agents represent companies, there may be a cap on the total possible
wealth that may exist. Thus, more relevant is the behaviour of the model before ‘resources’
run out — i.e., the behaviour before explosion.

Remark 1.2. As far as we are aware, the general process (vq(7y))ac[a]nen, has not been
studied in the literature before. However, this process generalises the balls-in-bin process in
a similar manner to the way trees associated with Crump-Mode-Jagers branching processes
generalise ‘preferential attachment trees’ - see, for example, [19]. There is a large amount of
literature concerning Crump-Mode-Jagers branching processes.

Definition 1.3. With regards to the process (v,(75))ae[A],neNo:
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Fixation of leadership in non-Markovian growth processes 5

B We say leadership occurs if for some a € [A], we have maxye[a) Vo (70) = va(75) for all
but finitely many n.

M We say strict leadership occurs, if for some unique a € A, maxye(a Var (Tn) = va(Th)
for all but finitely many n.

B Finally, we say monopoly occurs if there is a unique a € A such that lim,,_,,, v,(7,) = .

Clearly the occurence of monopoly implies strict leadership, which in turn implies leadership.

The results in this paper involve criteria related to convergence of random series. Recall that,
given a sequence of mutually independent random variables (.S;) en, by the Kolmogorov 0-1
law, the series Zjil S; either converges almost surely or diverges almost surely. Necessary and
sufficient conditions for this convergence are provided by the classical Kolmogorov three series
theorem - see Section 1.5. Note also, that divergence of a series Z;O:I X, of non-negative
terms is equivalent to 3. ° | X; = 0.

The first main result is a classification of leadership in the process (v,(7y))ae[a]nen,- SUp-
pose that (X;)jen, (X})jen denote generic, independent sequences with (X)jen ~ (X)jen ~
(Xg(‘1>)jeN-

Theorem 1.4. In the process (Vq(Ty))ac[A]nen,, We have the following:

1 Leadership occurs with probability zero or one. Moreover, leadership occurs with proba-
bility one if and only if the random series Zle(X j — X}) converges almost surely.

2 If Z;Ozl X, diverges almost surely, then monopoly occurs with probability zero. On the
other hand, if 22021 X converges almost surely, and either

2.1 Foranya # o' € [A], 37 > v,(0) A vy (0) such that X; has no atom on [0, ), o,

2.2 For any sequence (c;)jen € [0,0)" , we have 31 P (X; # ¢;) = o0,
then monopoly occurs with probability one.

3 If the series 3" | (X; — X) converges almost surely, and, for any a # a' € [A]

0 k v,/ (0)
YPlo<s D (X -X) - D Xj<Xp | <o, (1.1)
k=1 J=v,(0)+1 j=va(0)+1

strict leadership occurs with probability one.

Remark 1.5. Convergence of random series have been used in proving sufficiency of the
condition 37 (1/f(j)* for leadership in the balls-in-bins model (see, for example [23, 28]).
The main technicality of this article lies in extending these criteria to the general setting,
using Theorem 1.13 — the proof is comparatively much simpler when we can assume that
distribution of one of the X; has no atom on [0,00). Meanwhile, in the proof of necessity,
we use Proposition 1.16 — the techniques used for this direction in the balls-in-bins model
(or related preferential attachment models), involving normal approximation or approximation
by Brownian motion [23, 28, 10, 5], do not extend to the general setting where variances of
waiting times may not exist.
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Remark 1.6. ltem 1 of Theorem 1.4 shows that leadership occurs with probability 0 or 1
in general. This does not seem to be immediately clear from applying, for example, standard
zero-one laws. Moreover, it is actually the case that monopoly and strict leadership are not zero-
one events in general, this is the content of Proposition 2.1, stated and proved in Section 2.2.
Intuitively, the added requirement of having a ‘unique’ leader removes the zero-one property.
In addition, note that leadership is a property that does not depend on the initial condition,
whereas this is not the case for monopoly or strict leadership.

Remark 1.7. In the definition of (v4(7,))ac[a]nen, the sequences (X;”)jeN are identically
distributed across a € [A]. We believe it may be possible to extend the results, to some extent,
to the case where the sequences (X;-“))JEN are independent, but not identically distributed,
random variables, but do not endeavour to do this here. Such processes would generalise

balls-in-bins-models with asymmetric feedback (see, e.g., [25]).

The following corollary provides criteria for strict leadership which may be easier to verify:

Corollary 1.8. In the process (v,(Ty))ac[A]neN if the series Zﬁl(Xj — X)) converges almost
surely, 22021 P (Xj - X} # O) = o0, and, for any € > 0

i]P’ (X, >¢) < o, (1.2)

then strict leadership occurs with probability one.

1.4 Applications to balls-in-bins models

As previously mentioned, a particular instance of the model (v4(75))ac[a]nen, is the balls-
in-bins model with, possibly random feedback function (see also Proposition 2.5 for explicit
proof). Suppose one begins at time zero with A urns, (u4(0))aca], With each u,(0) € N,
representing the number of balls that urn contains. To each urn a € [A] is a mutually in-
dependent sequence of random variables (F,(j))jen,. Where, for each a,a’ € [A], we have

(Fa(j)jENo ~ (Fa’ (j))jENO-

Definition 1.9. Given an initial condition (14(0))acra], and the collection of random variables
(Fa(7))ae[],jen,. the balls-in-bins process with feedback (uq(n))ac[a]nen, is the discrete time
Markov process defined recursively as follows.

1 At time 0, sample the random variables (F7,(uq(0)))aea]-

2 At time n + 1, given the collection (uq(n))acra), and (F,(uq(1)))aca], Sample an urn a
with probability
Fa(ua(n))

S Fulug(n))

Set ug(n+1) = uy,(n)+1, and for a’ # a, set uy(n+1) = uy(n). Sample F,(uqa(n+1)).

Suppose (F(j))jeny, (F”(7))jen, denote generic, independent sequences of independent ran-
dom variables with (F'(j))jen, ~ (F'(4))jen, ~ (Fu(J))jen,, for a € [A]. Suppose that the
events of leadership, strict leadership and monopoly from Definition 1.3 are defined analogously
for the balls-in-bins model with feedback (4 (1))acfa]nen,-

DOI 10.20347/WIAS.PREPRINT.3137 Berlin 2024



Fixation of leadership in non-Markovian growth processes 7

Theorem 1.10. /n the balls-in-bins model with feedback (uq(n))ac[a]nen,, With feedback
function given by (F'(j));en,, we have the following statements:

1 Monopoly occurs with probability zero or one. Moreover, monopoly occurs with proba-
bility one if and only if 3" 1/F(j) < oo almost surely.

2 Strict leadership occurs with probability zero or one. Moreover, strict leadership occurs
with probability one if and only iijio 1/F(j)* < oo almost surely.

Remark 1.11. Whilst Item 1 of Theorem 1.10 has not been stated in the context with
random feedback functions before, the proof of Item 1 uses essentially the same argument as
that from Rubin [9]. However, we include its proof for completeness. Moreover, as mentioned
in Remark 1.5 one of the directions of Item 2 uses similar ideas to [23, 28], but the general
result requires novel techniques.

1.5 Auxiliary results on the convergence of random series

As the results of this paper rely heavily on criteria for convergence of random series of inde-
pendent random variables, we recall here the well-known Kolmogorov three series theorem:

Theorem (Kolmogorov three series theorem, e.g. [12, Theorem 2.5.8., page 73]). For a se-
quence of mutually independent random variables (S;)jen, let C' > 0 be given. Then the series
Z;czl S; converges almost surely if and only if

0 0 0
Z (19| > C) < oo, ZE [Si1s,<c] < and Z\/ar (Silis,<c) <o (1.3)

j=1 j=1 J=1

Remark 1.12. Recall that, if 32 | E[S;] < o and 37, Var (S;) < oo then 372, S; con-
verges almost surely - this is the Kolmogorov two series theorem. Note also that, if each S; > 0
almost surely, then one only needs to check convergence of the first two series in (1.3) - see
Proposition 2.4.

The proofs of Theorem 1.4 and Corollary 1.8 use Theorem 1.13 whilst the proof of Theorem 1.4
also uses Proposition 1.16. We believe that Theorem 1.13 may be of interest in its own right.

Theorem 1.13. Suppose that (Y;) en is a sequence of mutually independent random variables
such that Z;O:I Y; converges almost surely. Then the distribution of Z;O:I Y; contains an atom

on R if and only if, for some collection (c;);en € RY

e}
VieN P(Yj=¢)>0 and > .P(Y;#c) <. (1.4)

j=1

Remark 1.14. Equation (1.4) in Theorem 1.13, together with the Borel-Cantelli lemma
shows that a convergent series of random variables Z‘;il Y; contains an atom, if and only if,
the random variables (Y} ) ey coincide with deterministic values (c¢;)jen for all but finitely many

J-
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Remark 1.15. Note that, if the random variables (Y} ), en are symmetric, Equation (2.27) can
only be satisfied if

o0
DIP(Y; #0) < oo,
j=1

Indeed, Equation (2.27) implies that, for j sufficiently large, P (Y; = ¢;) = P (Y; = —¢;) >
1/2, which is impossible if infinitely many values of ¢; are non-zero.

Finally, we have the following useful proposition:

Proposition 1.16 (Divergence of series of symmetric random variables). Suppose that (.S;) jen
is a sequence of mutually independent, symmetric random variables. If Z;il S; diverges almost
surely, then

n

lim sup Z S;j =0 and liminf » S; = —oo almost surely. (1.5)
n—w = n—o o

2 Proofs of results

2.1 Notation

In what follows, it will be helpful to have explicit notation for the events of leadership, strict
leadership and monopoly. For an agent a € [A], we define the events of leadership of a, Lead,,
monopoly of a, Mon,, and strict leadership of a, SLead, respectively by

Lead, := {INeN: Vn > NVd € [A] d' # a = v.(1) = var(70)} -

Mon, := {IN e N: Vn = N v,(7,) = va(7n)},

and
SLead, := {INeN: Vn > NVd € [A] d # a = v.(7n) > Vo (T0)} .

Thus, leadership coincides with the event UGE[A] Lead,, monopoly with UGG[A] Mon,, and strict
leadership with Uae[A] SLead,.

We assume throughout that ‘empty’ sums (for example 22:1 X;) are zero. Moreover, given a
collection of events (&;), e in a probability space, we use the abbreviation “E; i. 0.” to denote
the event that infinitely many &; occur, i.e., () _, Uj:n &, occurs.

2.2 Proofs of Theorem 1.4, Corollary 1.8 and Proposition 2.1

We start with the proof of Theorem 1.4, which is self-contained, except for usage of Theo-
rem 1.13 and Proposition 1.16. The proofs of Corollary 1.8 and Proposition 2.1 use ideas, and
sometimes notation, from the proof of Theorem 1.4.

Proof of Item 1 of Theorem 1.4. For Item 1, suppose, first, that Zj.o:l(Xj — X}) converges
almost surely. We show that given any two agents, eventually one of them has a value that
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Fixation of leadership in non-Markovian growth processes 9

does not exceed the other, i.e. one is a ‘winner’. Thus, by iteratively ordering agents, we can
find a leader.

In this regard, suppose a, a’ € [A] are agents. Then we define
Win(a,a’) := {3N e N: Vn = N v,(1,,) = var(0)} -
Note that Win(-,-) leads to a transitive relation, in the sense that, for a,d’, a” € [A]
Win(a, a’) n Win(d', a") € Win(a, a").

Our goal is to show that the relation is complete, that is,

P (ﬂ (Win(a, a’) U Win(a’,a))) —1, (2.1)

a#a’

so that, by iteratively ordering elements, the event | J,ia1(uzo Win(a, @) = (,cpa) Lead,
occurs. For (2.1), suppose that a,a’ € [A] with a # &/, and assume, without loss of gen-
erality, that v,(0) < v(0). Now, if lim, o v,(7,) < o or lim, 4 v (7,) < 00, note that
either Win(a, a’) occurs or Win(da’, a) occurs, depending on whether or not lim,, ., v,(7,) =
lim,, o Ve (75,). Thus, we may assume that lim,,_,o v,(7,) = % and lim, o vy (7,) = 0.
There are now two cases. First, suppose that ;| P <X](-“) * X}‘”) = . Then, noting that

the random variables X; — XJ’- are symmetric, by Theorem 1.13 and Remark 1.15, the almost
surely convergent sum

va/(o) ee] ,
>oxP+ Y (X - X)), (2.2)
j=va(0)+1 J=v,r(0)+1

contains no atom at 0, and thus is almost surely strictly positive or negative. Therefore, with
probability one, for all k sufficiently large,

k k k k
either X" < Z X or Z X < Z X (2.3)
1

j=a(0)+ j=v,/(0)+1 j=v,/(0)+1 j=va(0)+1

The partial sum Z?:va(0)+1 X;-“) represents the time taken for the the value of a to reach £,
and similarly for a’. Thus (2.3) implies that one of a or @’ is a winner, i.e.,

P (Win(a,a’) v Win(d', a)) = 1.

As the finite intersection of almost sure events, (2.1) follows. If, however,
o0
SP (X0 £ X)) <o,
j=1

then by the Borel-Cantelli lemma, XJ(»“) = X;“/) for all but finitely many j. This implies that
eventually, the partial sums converging to (2.2) are constant: the convergent series has all but
finitely many terms equal to zero. Thus, for all k sufficiently large, either (2.3) holds, or

k k
(a) __ (a”)
XP= X"

j=vq(0)+1 J=v,(0)+1
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As Win(a,a") v Win(a', a) also allows for the case that both a and a’ have the same values for
n sufficiently large, again, this implies P (Win(a, a’) u Win(a’, a)) = 1, and thus implies (2.1).

For the converse direction of Item 1, suppose that Z;’;I(Xj — X}) diverges almost surely, and
again, assume without loss of generality that v,(0) < v,/(0). Then by Proposition 1.16, with
probability one we have

v,/ (0) k
lim sup Z X(“) Z <XJ(-“) —X;“/)) = oo and
k—a0 j=v4(0)+1 J=v,(0)+1
/(0) k
. . a) (a) (a/) __
h}?ig;lf Z X Z <Xj —Xj ) = —o0.
Jj=va(0)+1 J=v,(0)+1

Therefore, we have both

k
Z X(“) Z X;“/) for infinitely many £, and

j=vq(0)+1 j=v /(0)

k
Z X<“> Z X](.“/) for infinitely many k.

Jj=vq(0)+1 J=v4(0)+1

This implies that P (Win(a,a’) U Win(a',a)) = 0, and, since a, a’ are arbitrary, that

P (E{JA] Leada> ( U [ Win(a,d > = 0.

]a’#a
[
Proof of Item 2 of Theorem 1.4. Suppose that, for each a € [A] we define
o(a) := Z X", e, the first time’ that a attains infinite value. (2.4)

j=vq(0)+1

Since [A] is finite, there must be some agent of infinite value as Zle va(Tn) — 0, hence, by
definition of the times (7,,)nen.

T = lim 7,, = min o(a).
T s M gela) (@)

Now, for the first statement of Item 2, suppose that Zle X = o0 almost surely. Then

P < ) {o(a) = oo}) =1,
aglA]

so that 7, = oo almost surely. Since, for each a € [A], the values X]@ are finite, as the finite
sum of finite random variables, we have

k
Z X <714 =o0 foreach keN.

Jj=vq(0)+1
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Fixation of leadership in non-Markovian growth processes 11

Therefore, for each a € [A], lim,, o v4(7,) = 0. As monopoly entails that there is only a
single agent with value tending to infinity, this implies that PP (UGE[A] Mona> =0.

For the converse statement, suppose that Z;’il X < o0 almost surely, and one of the state-
ments ltem 2a or ltem 2b from the theorem are satisfied. Then, for any a,a’ € [A] with a # d/,
(by applying Theorem 1.13 if Item 2b is satisfied), the random variable

0¢] o0

Soxee 3w

Jj=va(0)+1 J=v4(0)+1
contains no atom on R, hence P (o(a) = o(a’)) = 0.

This implies P (ﬂw,e[A],aia, {o(a) = a(a’)}) = 0, hence, almost surely, there exists a unique

a* € [A] such that, o(a*) = 7,. By uniqueness, for any @' # a*, vy (1) < o0, thus,
lim,, o0 Ve (7)) = ¢qr, for some ¢, € N. This implies that Mon,« occurs. O

Proof of Item 3 of Theorem 1.4. For Item 3 of Theorem 1.4, note first that by Item 1 of
Theorem 1.4, P (UQE[A] Leada) = 1. Any candidate for strict leadership must also be an
eventual leader of the process. Suppose then that for some a € [A], Lead, occurs, but SLead,
does not. Then there must be at least one a’ € [A] such that v,(7,,) = vu(7,) for infinitely

many n € N, and since a is a leader, lim,, .o, v,(7,,) = 00. Thus, there must be infinitely many
k such that

k k k+1
dOoXE< D X< Y X (2.5)
j=va(0)+1 J=v4(0)+1 j=va(0)+1
Therefore,
P (( U Leada> \ ( U SLeada>>
ac[A] ac[A]
k k , k+1
<P J3 D X< D X< D XY o
aza’ | j=va(0)+1 §=0,r(0)+1 j=va(0)+1
k / k
<Y Plo<s D X — Y XU<X{ o | (2.6)
a#a’ J=v,(0)+1 J=va(0)+1

But then by Equation (1.1) and the Borel-Cantelli lemma, each summand on the right-side
of (2.6) is 0, hence proving the claim. O

The proof of Corollary 1.8 follows similar logic to the proof of Item 3 of Theorem 1.4.

Proof of Corollary 1.8. Suppose that, with positive probability, for some a € [A], Lead, occurs
but SLead, does not. Then by (2.5), for some @’ # a there exists infinitely many & such that

k k
dDoXE - Y X <X (2.7)

=0 (0)+1 i=va(0)+1
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T. lyer 12

Now, by Equation (1.2), and the Borel-Cantelli lemma, for any ¢ > 0 with probability 1,
X%, < e for all but finitely many k. Assume, first that v,(0) = v,(0). Then by (2.7), taking
limits as & — oo, the almost surely convergent sum

v,/ (0)

0
(a”) (a) (a') (a)
> (X - (- %)

= (0)+1 i=va(0)+1

must equal zero, almost surely. But now, as Zjozlﬂ” (Xj - X # ()) = o0, Theorem 1.13 and
Remark 1.15 imply that the series above has no atom on R, this leads to a contradiction. The
case vy (0) < v,(0) is similar. O

Finally, we prove Proposition 2.1, which shows that monopoly and strict leadership are not, in
general, zero-one events.

Proposition 2.1. We have the following:
1 There exists a process (vo(Tn))ae[A]neN, SUch that 0 <P (UGE[A] Mona> <1
2 There exists a process (v4(7n))ac[A],neN, SUch that 0 < P <Uae[A] SLeada> <1.

Proof of Proposition 2.1. For both examples we assume, for simplicity, that N = 2 and
v1(0) = v2(0) = 0. For Item 1 of Proposition 2.1, we choose the values (X;);en such that
each X is concentrated on two values, with

1
_ (5+1)2
J

v 277 with probability 1 —
0 otherwise.

Then with 0(1),0(2) as defined in (2.4), note that o(a) < 1 almost surely, for a € {1,2}.
Following similar logic to the proof of Item 2 of Theorem 1.4, we have

P (Mon;) > P (0(1) _ ;,0(2) _ 1)
> P ({X{” _0bn (f_ﬁ (X0 = 2]’})) P <f‘j (X~ 2j}>

where we have used the independence of the values (Xj(-a>)ae{1’2},jeN. The last inequality follows

from the fact that the infinite products consist of non-zero terms and >~ , ~1— < c0. On

j=1 (j+1)
the other hand, by similar computations, we also have

P ((U Mona> ) —P(o(1)=0(2) =P (c(1) = 1,0(2) = 1)
A -2 e (e -29)
— 0.

(7
- (ﬁ (1 <j+11>2>)2>
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Fixation of leadership in non-Markovian growth processes 13

Item 1 of Proposition 2.1 follows.

For Item 2 of Proposition 2.1, suppose that each X; takes values in N. More concretely, suppose
X; ~ Geom (p;) for p; € (0,1), where Geom (p;) denotes the geometric distribution with
parameter p;. For leadership, by Item 1 of Theorem 1.4, we need Z;O=1(Xj — X}) < . Since,

in this case, P (| X; — X)| > 1) = P (X; # X/), by the Kolmogorov three series theorem, it
must be the case that

i (X; # X7) (2.8)

Suppose we choose p; to satisfy (2.8), but also with each P (X{” = X*) > 0 (e.g. p; :=
(1-— (]H) 5)). Then this implies that

((U SLead ) ) P(VjeNX"=X")= ﬁ (1-P (X" # X)) >0, (29)

since Z;OZIIP’ (X](»l) £ X](-Z)) < o0 and each P (X](1> £ X](»Q)) > 0. On the other hand,

P (SLead;) > P (X(l) < X@)) P (Vj 2 X<.1> = XJ@)

0
=P (X" <XP)[[(1-P(X; # X)) >0,
=2
where the final inequalities use similar logic to (2.9). Item 2 of Proposition 2.1 follows. ]

Remark 2.2. Suppose that all of the X are concentrated on a set where the distance between
any two points is bounded away from 0, and, for all a,a’ € [A] v,(0) = v,/ (0). By using similar

ideas to the proof of Item 2 of Proposition 2.1 one can show that, if P <UGE[A] Leada> =1
then 0 < P (|, SLead, ) < 1

2.3 Proof of Theorem 1.10

We first relate the balls-in-bins process to a particular case of the process (v4(7n))ac[a]neno-
Suppose that (F(j));en, is the feedback function associated with the balls-in-bins process.
Suppose (X;);en denotes a sequence of random variables with mixed distribution

X, ~Exp(F(j —1)). (2.10)

Proposition 2.3. Suppose (tq(n))ac[a]nen, denotes a balls-in-bins process, with associated
function f, and (v4(Tp))ac[a]nen, denotes a competing growth process, with random variables
(X)ien distributed as (2.10). Suppose also that (u4(0))ae[a] = (va(0))ac[a], i-€., both have
the same initial conditions. Then

(ua(n)>ae[A],neNo ~ (Ua(Tn))ae[A],neNo~

The proof of Proposition 2.3, along with Item 1 of Theorem 1.10 are straightforward extensions
of their analogues where (F'(j)),en, is deterministic (see, e.g., [27]). However, we include their
proofs for completeness.

We include the proof of Proposition 2.3 for completeness.
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Proof of Proposition 2.3. We construct the process (v4(7y))ac[a]nen,, and show it has the
same distribution as (4 (1) )aera]nen, - Note that, by mutual independence of (F,(j))aefa],jeno .
it makes no difference to the law of the total sequence (u4(7))ac[a]nen, if these are sampled
initially, or iteratively as in Definition 1.9. Therefore, in constructing (Ua(Tn))ae[A]meNo, we
start by sampling one layer of randomness: the collection (F}(J))ac[a],jen,- Then conditional
on these random variables, the values (X(-”)GE[A]JeNO are mutually independent, exponential

J
random variables. Now, suppose that (F;);>0 denotes the filtration generated by the process

(Va(t))ac[A] tef0,00): Given (Fu(J))ae[a]jen,- Then:

1 By assumption, we have (v4(0))aefa] = (a(0))aeqal-

]P (Ua(Tn+1) =

2 Recalling the times (7,,)nen, note that, for a € [N], we have
Xl()a)rn)-i-l Tn+1 — T >
(Xé‘; (r)41 = Tl — Tn ffn)]

(a) _ : (a)
I N )
—P ( X{Zfpyer = min { Xii}mu}) . (2.11)

The third equality follows from the fact that remaining time 7,,, 1 — 7, is given by the ‘minimum
time' taken for an agent to increase in value, after the total sum of values is n. The fourth
equality follows from the memoryless property of the exponential distribution: for each a €

[A], the distribution of X"/, ., is invariant under conditioning on F . Indeed, either 7, =
Suelm) X, in which case X° “lm)11 1S independent of F.., or, 7, > Sl X, hence, by

the memoryless property, for any c € [0, ),

va
P (ng(m o> <rn Z X(“’) +e

Vg (Tn)
(a)

Jj=1

=P (Xfiz)(rn)# > c) ,

from which the claim follows. Now, by the properties concerning minima of independent ex-
ponential random variables, the right side of (2.11) is equal to

Fo(va(Tn)) _
Sy Fa(va(7))

Thus, given (F,(J))ae[],jeNo» (Va(Tn))ae[A]nen, follows the same transition probabilities as the
balls-in-bins process (14 (1))ac[a]nen, as defined in Definition 1.9. The result follows. H

Proof of Item 1 of Theorem 1.10. Given Proposition 2.3, it suffices to show that the con-
ditions of Theorem 1.4 are satisfied for the sequences (X)jen, (X;)jen defined according
o (2.10). For Item 1, note that by conditioning in the values of (F(j)),en,, by the formula
for the expected value of an exponential random variable, we have

(|8
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Fixation of leadership in non-Markovian growth processes 15

hence, by Item 2 of Theorem 1.4, P <UQE[A] Mona> = 1. For the converse direction suppose

1

= o0 almost surely. (2.12)
5 )

P8

Then by using the formula for the Laplace transform of an exponential random variable, and
the inequality 1 — x < e™", we have

) . 0 F(]) 1 . O‘O:Oﬁ (2.12)
(F(]))jENo]:HF(j)HZH<1—F(j)+1)<e Xj=0 7) =70,

almost surely. This implies that Z;O:1 X; = oo almost surely, hence, again, by Item 2 of
Theorem 1.4, that P (UQE[A] Mona> = 0. O

For Item 2 of Theorem 1.10 we need an additional proposition and a lemma. Proposition 2.4 is
a strengthening of the Kolmogorov three series theorem when the summands are non-negative.

Proposition 2.4. Suppose that (S;),en is a sequence of mutually independent random vari-
ables taking values in [0, ). Let C' > 0 be given. Then Zj’;l S; < oo if and only if

0 0
Z]P’ (S;>C) <o and ZE [Si1s,<c] < ©
j=1

j=1

Proof of Proposition 2.4. Suppose that, for some C' > 0,

0 0
either Z P(S;>C)=w or Z E [Sj1s,<c] = .
j=1

j=1
Then we already know from the Kolmogorov three series theorem that Z;il S; = oo almost
surely. For the other direction, we use the following theorem from [6].

Claim 2.4.1 ([6, Theorem 1]). Let Y be a random variable taking values in [m, M]. Then

Var (V) < (M —E[Y])(E[Y] - m).

The random variable S;1g,<c takes values in [0,C], and clearly E [S;15,] = 0. Therefore, by
Claim 2.4.1,
Var (SjISJéC) < CE [Sjlsng] s

thus, Z;O:IE [Sj].sjgc] < oo implies that Zjozl\/ar (Sj].sjgc) < 0. The result, therefore,
follows from the Kolmogorov three series theorem. O]
Proposition 2.5. For the balls-in-bins model with feedback (1, (n))ac[A],nen, . defined in The-

orem 1.10, we have PP <Uae[A] SLeada) € {0,1} with P (UGE[A] SLeada> = 1 if and only if
for alln > 0

i )J<ow and E [i 7 >n}] (2.13)

j=0 7=0
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We are now ready to prove Item 2 of Theorem 1.10, we then prove Proposition 2.5 afterwards.

Proof of Item 2 of Theorem 1.10. By Propostion 2.5, we need only prove that the almost sure
convergence of > | F(l) is equivalent to (2.13). But if Equation (2.13) is satisfied for all
n > 0, it is, in particular, the case that, for all n > 0

it <o = P (g >) <

By Proposition 2.4, with C' = 7, Equation (2.14) |mp||es that >~
On the other hand, again by Proposition 2.4, if Z] 0 F( B

one of the two series in (2.14) must diverge, hence, for a possibly different 7 one of the two
series in (2.13) must diverge. O

0

Z 1{F J)>77}]

(2.14)

=0 F o2 < almost surely.

=0 almost surely, for somen >0

Finally, to prove Proposition 2.5, we use the following elementary lemma:

Lemma 2.6. Suppose that Y and Y’ are exponentially distributed, with parameters r,r’
respectively. Then, for any C' > 0,

/

r —rc r —r'c
P(|Z|>O>:T’+T’€ +7r+7"6 , (2.15)
and 2 'q(C'r) (Cr")
E [221 _ rebr) T 21
[ |Z|<C’] r+ ( r2 + (7"’)2 ) ( 6)

where q(x) = 1 — e *(1 + x + 2?/2). In particular,

E[2%] = wa (:; + (Z)?) . (2.17)

Proof of Lemma 2.6. Note that by Fubini's theorem, for a non-negative random variable Y,
and s >0

Y 00 0
E[Y*]=E [J sy81dy] =FE [J 8y511y>ydy] = J sy TP (Y = y)dy. (2.18)
0 0 0

Moreover, if Z :=Y —Y’, then for all y > 0
P(Z}y‘Z)O) :}P’(Y>Y’~I—y'Y>Y’) =e 7Y,

and since P(Z > 0) = #/r/ for each y = 0 we have P(Z > y) = #e‘ry. Writing Z =
Z1z-0 + Z17-0, this already yields (2.15) by symmetry. Finally, by applying (2.18) to the
random variable Y := Z1p<z<c, with s = 2 we have

ro ¢ / —Cr 9
2% [1—eC(1 9
E[Z°Llocz<c] = : J 2y (e77Y — e‘rc) dy = r ( e “"(1+cr+(er)?/ )) ’
0

r4 7 T+ r2

leading again, by symmetry to (2.16). Equation (2.17) follows from sending C' — 0. O
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Proof of Proposition 2.5. We first show that > ", (X; — X}) converges under the assumption
that (2.13) is satisfied for all n > 0. If F'(5), F'(j ) denote the respective rates of the exponential
random variables X, X7, then the first sum in (2.13), and the Borel-Cantelli lemma imply
that only finitely many terms X, X}, satisfy F'(j) < n or F'(j) < 7. Thus, as a series
consisting, almost surely, of only finitely many non-zero terms,

0
Z (Xj — Xj’) (1{F(j)<n} + 1{F,(j)<,7}) converges, almost surely. (2.19)
=0

On the other hand, the series Z;O:O (Xj - X]’) 1¢r(),Fr(j)>ny consists of summmands each
having mean zero, whilst by Equation (2.17) in Lemma 2.6

K [(Xm - X)) 1{F<j>,F/(j>>n}] (2.20)
gl 2 F'G) - FO) o
—E_F<>+Fw>< F(j)2 .P«>>1”“f”>”]
=k (),+F(j;2F()1{F(> ()>77}}

| (F(j) + F'(5)) F(j
[F(j)* = F()F'(j) + F'(j)
F()2F'(5)?

Lirg),Fi( )>n}]

2
<E|—=1p: ,
_F(j)2 {F(J)>W}]

where the second to last equality uses the factorisation z° +¢* = (z +y)(2*> —zy +y?). Thus,
if we assume that E [Zj o F(])Ql{p( )>n}] < oo, by the Kolmogorov two series theorem,

we deduce that Zj:l(XJ X)L r(),Fr(j)>ny converges, hence by (2.19), so does the sum
- i — X>). In aadition, using the inequality e < =, valid for all x > 0, for any € >
(X5 = X7). In additi ing the i lity = < =%, valid for all 0, f y 0
we have, with 7 as defined in (2.13)

2P =) < ) (P(FG) <n) +E[e " Lipg)sn))

1 & , 1 & (2.13)
<;ZP( 72 [ 2 Lir( )>n}] < @

Using the smoothness of the exponential distribution, for each X, P (Xj = X]’) = 0. Thus,
by Corollary 1.8, we have P (UGE[A] SLeada> =

Now, suppose instead that, for all n > 0, Equation (2.13) is not satisfied. Suppose first that
for some 1 > 0 we have

e @]
ZIP’ (F(j) <n) =0, ie., bythe Borel-Cantelli lemma, P (F(j)<n io.)=1.

(2.21)
Observe that, by Lemma 2.6, for C' > 0 we have
1 A »
P(|X; —(F'(j)eFOC L F(j)e T"OC) . (222
(X = Xjoal > ) = B | gt (U0 4 e 0°) | 222
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We also have

1 . »
—— _(F'(j)eFOC L F(j)eF (J)C> Lo »
F(j) + F'(j) ( ()e (7)e (FG)<n.F/(j)<n)
- F'(j) F(j) -
> e ¢ . e ~ | Lip( < = € "L p( '(j)<m}>
<F(g) + F'(j)  F()+ F'(y) {F()<n,F"(5)<n} {F(j)<n,F'(5)<n}

whilst
1 y /
_ F"e_F(])C+F‘€—F()>1 ;
FG) + F') ( (7) (7) (P()<n.F"(i)>n}
FG) ey
> OO Lo
F(j) + F'(j) {F@G)<n,F'(j)>n}

> __ 1 -FGo 1

Lipinenmriinam = —€ "1 pinen Friinam.
FG)+n {F(j)<n,F'(j)>n} 26 {F(j)<n,F'(j)>n}

Thus, the previous two equations, on 1{z(j)<,, we can bound the term inside the expectation
in (2.22) by

1

. » 1
— _(F'(5 -FG)C F(i —F (J)C) 1 . > —7701 ) 2.23
FG) + FG) ( (4)e + F(j)e FGh<n = 5¢ " LrG)<n (2.23)

2

Thus, by conditioning on the sequence (F(j))jen,, by (2.21) and (2.23), for any C' > 0 we
have

e 0] e 0]

1
Z P (\XjH X4l >C ’ (F'(j ))JeNO) > Z 56_770 = o0 almost surely.
j=1

j=1

Taking expectations, this implies that for C' > 0 we have 3.2 P (| X1 — X} [ > C) = o,
which implies, by the Kolmogorov three series theorem that Z;il(Xj_X]/') diverges. By Item 1

of Theorem 1.4, we have P (UQE[A] SLeada> <P (UQE[A] Leada> =0.

The other regime in which (2.13) is not satisfied is when, for some 1 > 0

i <OO but i

Assuming (2.24), recall that by (2.19) convergence of Z;O:1(Xj — X7) is determined by conver-
gence of the series 31 | (X; — X}) 1(p(;,r(j)>n}- But now, by similar manipulations to (2.20),
we have

] (2.24)

E (X4 - X]

Jj+1

2, _E F(j)Z—F(j)F’(j)JrF’(j)Zl
) {FG).F'(G)>n} | — F(j)QF’(j)Z {F(5),F'(5)>n}

1 ? 1 ?
(F,(j LirG).r ()>n}) - [F,ml{m)F >>n}”

>E [F(lj)Ql{F(j) >n}} E [F S L >n}] P (F'(5) >n), (2.25)

1
—E|——1 : E
[F(]) GONYE )>77}] *
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where the second-to-last inequality follows from the non-negativity of the variance of a ran-
dom variable. But now, since > % (P (F'(j) <n) < oo, for all j sufficiently large, we have
P (F'(j) > n) = 5, say. This fact, combined with (2.24) and the bound in (2.25) implies that

o0

2
E E [(Xjﬂ — Xj,1) 1{F(j>,F'(j>>n}] = o0,
=1

which implies that the series Z;czo (Xj — XJ’) 1¢r(j),F(j)>n} diverges, by the Kolmogorov three
series theorem. Therefore, again, Z;il(Xj — X]’) diverges, so that, again, by Item 1 of The-

orem 1.4 P <UGE[A] SLeada> = 0.
]

2.4 Proof of Theorem 1.13

The heart of Theorem 1.13 lies in the following proposition.

Proposition 2.7. Suppose (S;)jen is a sequence of mutually independent, symmetric random
variables, with 3,7 | S; < oo almost surely. Suppose also that Y- P (S; # 0) = 0. Then

P(;Si=0> =0.

We first prove Theorem 1.13, then prove Proposition 2.7 over the rest of the section. For
Theorem 1.13, we also require the following lemmata

Lemma 2.8. Suppose that Y,Y’ are i.i.d. random variables taking values in R. Then the
distribution of Y contains an atom in R if and only if P (Y =Y’) > 0.

Proof of Lemma 2.8. If for some ¢ € R we have P (Y = ¢) > 0, then
PY=Y)=PY-Y =02P Y =¢Y =¢)=P(Y =c¢)°.

On the other hand,
]P’(Y—Y’zO):IE[E leY’

Y’H . (2.26)

If for all ¢ > 0, P (Y = ¢) = 0, then the term inside the expectation in (2.26) is zero almost
surely, hence P (Y —Y" =0) = 0. O

Lemma 2.9. Suppose that (Y;)jen and (Y])jen are independent sequences of mutually in-
dependent random variables, with Y; ~ Y;’ for all j € N. Then, the following statements are
equivalent:

1 For some collection (c;);en € RY,

e ¢]
VieN P(Yj=c¢;)>0 and > .P(Y;#c) <.

j=1
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2vjeN P(Y;=Y/)>0 and Y2 P(Y;#Y/)<w

Proof of Lemma 2.9. To show that the Item 1 implies Item 2, note that, if such a sequence
(¢j)jen is given, then P (V; = Y)) = P (Y; = ¢;, Y] = ¢;) = P(Y; = ¢;)* > 0. Moreover, by
the Borel-Cantelli lemma, we have

P ({Y; # ¢jio} u{Y] #¢jio}) =0.

Hence, almost surely, for all but finitely many j, Y; = Y/ = c¢;. Again, by the Borel-Cantelli
lemma, it must be the case that Zj’;l P (Y} # Yj/) < o0, hence ltem 2 is satisfied.

On the other hand, suppose Item 2 is satisfied. Then, by the Borel-Cantelli lemma,
P (Y} # Yj/ i.o.) = 0.

Now, if we first sample the sequence (Yj’)jeN, it must be the case that

P <Yj £ Y] io.

(Yj’)jeN) =0 almost surely.

But, by independence of (Yj)jen and (Y])jen, this implies that there must be a sequence
(c})jen, coinciding with the realisation of (Y})jen, such that P (Y; # c; i.0.) = 0. By the
Borel-Cantelli lemma, this implies that Zj.ozl]P) (Y; #¢}) <. Asaresult, P(Y; =) >0
for all j > jo, say. To form (c;)jen, we set ¢; = ¢ for all j > jo. For j < jo, by applying
Lemma 2.8 we may choose values ¢; such that P (Y; = ¢;) > 0. O

Proof of Theorem 1.13. First note that, if (Yj)jen and (Y])jen are independent sequences
of mutually independent random variables, and Z;OZIYJ converges almost surely, then by
Lemma 2.8 applied to the sum 3}, Y}, the distribution of 3", ¥; has an atom if and only if
Z;C:I(Yj —Y]) has an atom at 0. Now, by Lemma 2.9, it suffices to show that the distribution
of 3.7, Y; contains an atom on R if and only if

VieN P(Y;=Y/)>0 and > P(Y;#Y]) <o (2.27)

If Equation (2.27) is satisfied, then we have
0¢] 0 0] a0
(S -0) =2 ((Yor- -0 ) < [Ta-205.43) =0
j=1 j=1 J=1
since >, P (Y} # Y]) < o0, and each P (Y; = Y}) > 0.

If Equation (2.27) is not satisfied because, for some i, we have P (V; # Y;) =P (Y; — Y/ # 0) =
1, by Lemma 2.8, Y; cannot have an atom on R. Therefore,

(i (Y; - Y)) ) —P <YZ~ =Y+ )Y - Y;)) (2.28)

j#i
—E’P(}Q—Y’+Z V)| Y+ (Y )
J#i

i
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where the final equality in (2.28) follows from the fact that, since Y; has no atom, the term
inside the expectation in (2.28) is zero almost surely. Finally, if Equation (2.27) is not satisfied
because Z;O:IIP’ (Yj = Y]’) = o0, we can apply Proposition 2.7 to the sequence (5;)jen 1=

(Y = Y/)jen to again show that P (Zﬁl(yj —Yj) = 0) =0 -

2.4.1 Proof of Proposition 2.7

We first prove the following:

Lemma 2.10. Suppose (S;);en is a sequence of mutually independent, symmetric random
variables, such that Z;’il S; converges almost surely. Suppose that for each j € N, we have

P(S; =0)=0. Then
P (Z S; = 0) — 0.
j=1

Given Lemma 2.10, we are ready to prove Proposition 2.7

Proof of Proposition 2.7. We construct a random variable with the same distribution as series
Yoy Si in two stages. For each k € N, let Iy be a Bernoulli random variable such that
P(Iy=1) = P(Sk #0), and set Z := {k € N: [} = 1}. By the Borel-Cantelli lemma, and
the assumption that >,,” , P (S), # 0) = o0, we have |Z| = o0 almost surely. Now, we define
random variables S;, i € N such that, for any measurable set A < R\{0} we have

~ P(S;e A)/P(S; #0) ifP(S;#0)>0,

0 otherwise. '
By construction, one can readily verify that we have S Si ~ Dt S;. In addition, since
each S; is symmetric, one can verify that S; is symmetric. Finally, after conditioning on the

random, almost surely infinite set Z, ZieI S; is a sum of symmetric, mutually independent,
almost surely non-zero random variables. Thus, by Lemma 2.10, we have

P(é&:o) =P<;Si=0> =]E[IP> (é&:o‘z)] = 0.

The proof of Lemma 2.10 is a bit more technical. The idea is that, since each Sy is symmetric,
if S contains an atom at ¢ # 0, S also contains an atom at —c. By ‘flipping’ the value of Sy,
we have P (Zj:1 S;=0,5 = c) =P (Zjozl S; = —2¢, 5, = —c). One can then leverage
this idea to show that the distribution of Z;’;l S; has ‘too many atoms’ to be a probability
distribution.

O

In order to prove Lemma 2.10, we introduce some notation with regards to the measures
describing random variables. For a random variable Y with values in R, we denote the measure
associated with Y by u¥". Given a measurable set U, we denote by u¥ |y the restriction of the
measure p¥ to the set U. Then given Y, we define

Ay = {z eR: p¥ ({z}) > 0}.
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Note that Ay is at most countable, hence measurable. We can therefore define the quantities
Y Y
Hdisc.r Heont. such that

Yy _ Y S Y Yy Y Y
Hdisc. -= M ’-AY and Heont. *= M ’-A§/ so that K = Hdisc. + Heont. -

For a set A € R, and c € R, we also use the notation cA := {cz: z € A}.

Proof of Lemma 2.10. We first have the following claim

Claim 2.10.1. For each k € N we have

P (isl = O) =P (isl = O,SkEASk> =P <i5’z = 07‘Sk‘ eA|Sk> :
i=1

i=1 =1

Claim 2.10.1 readily implies that for each k € N
0
P (2 Si = 0> < P (IS € Ajsy) = pite. (R),
=1

hence implies Lemma 2.10 if infjey udsfsc.(R) = (. Therefore, assume, in order to obtain a
contradiction, that P (Zf’;l S; = O) > (, and, for simplicity of notation, set

o0
pri="P <; S; = O) , D2 i= ]i%gugi’“sc.(R), so that 0 < p; < po.

Claim 2.10.2. Suppose p; > 0. Then for any € € (0,p;), there exists sequences (ci)ren €
[O, OO)N, (nk)keN € NN with

cg>cp>--->0, n<ng<ng<---, klimnkzoo;
—00

such that, for each k € N we have

P (g, e]) > plied ([0, 00)) =1 + e (2.29)

For ¢ > 0 and sequences (cx)ren € [0,0)N, (n)ren € NV satisfying the conditions of
Claim 2.10.2, we first observe that, for each n; we have

0
P (2 S; =0,5,, € A\Snkl N (ckﬂ,ck]) > e. (2.30)
i—1
Indeed, if not, note that (2.29) implies that uﬁg’f‘((ckﬂ,ck]c) < p; — €. Therefore, by

Claim 2.10.1,

p1 = P (Z SZ' = 0, Snk € AISnk\ N (Ck+1yck]> + P (Z Si = 0, Snk € A\Snkl M (Ck+1,ck]c>
i=1 i=1

<&+ p—e=p,
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a contradiction. Therefore, assume (2.30). For simplicity of notation, set P := As, | N
(Ck+1,cx]. Note now that, for each k € N, exploiting the symmetry of the random variables
(Sk)ken, we have

e<P (is =0, S, | ePk> = > P <i5 =0, S| :a:)
i=1 i=1

zePy,
—QZ[P’(Z Si——:r,Snk—x>
xe Py, 1EN
=2 Z P (Z S = —x,5, = —:v)
ze Py 1F#NL

Now, since the sets ((ci41,ck])ken are disjoint, the sets (—2P; U 2P;), .y, are also disjoint.
Hence, by o-additivity, we have

0 0 0 0
P (ZsieR> >>'P (Zsie (—2Pku2Pk)> > > e=o,
i=1 k=1 i k=1

i=1

a contradiction. O

Proof of Claim 2.10.1. For a given Sy, suppose, in order to obtain a contradiction, that

P (Z S =0,]5%| € Afsk) =P (
i=1

Then by conditioning on the value of Sy (using the associated regular conditional probability
measure), and exploiting the mutual independence of the random variables (.S;);en,

ee] o0
P (;S — 0,5 € A§k> —E [IP’ (;S —0 Sk> 1SkeAgk]
- J P (Z S; = —Jj) dpsk . (z) > 0.
B i#k

(]

0
Sz' = O,Sk € .Acsk> > 0.
=1

The latter equation implies that

pk ({x eB:P <Z S; = —x) > 0}) > 0.
i#k

Since, for each y € R, we have pf(’;m.({y}) = (), this implies that the set

{IGB:P(;Siz—x> >0}

is uncountable; a contradiction because the law describing a random variable cannot have
uncountably many atoms. Claim 2.10.1 then follows. O]
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Proof of Claim 2.10.2. Let ¢ € (0, p;) be given. We construct (cx)gen, (1) ken inductively. For
the base case, we set ny := 1, and suppose 0 := p; — €. Then by the monotone convergence
theorem, there exists some ¢y sufficiently large, such that

L (0] > L ([0,0)) — 2. (231)

and similarly, since P (S; =0) = 0, by the dominated convergence theorem, there exists
¢y < ¢y sufficiently small that

dil (e < 3 (232)

Equations (2.31) and (2.32) together imply that plﬁsll.((cz,cl]) > pl ([0,0)) — d. Now,

disc.
suppose we have constructed sequences ¢; > ¢ > -+ - Cpy1, N1 < Ng < - - - Ny satisfying the

requirements of the claim. For the inductive step, note that since Z;‘il S; < oo, we have
lim,, oo P (|S,] > cry1) = 0. In particular, if we define

)
Np41 = inf {j > ny: P (S| > ckr1) < 2}, we have njyq < 0.

By definition, this implies that u(‘;;’f“|((0,ck+1]) > ,LLLiZ’f“‘([0,00)) — % > py — 2. Next,

to choose ¢y, o, similar to the base case, we fix ny,1 and choose ¢, sufficiently small that

Sn
lu(‘iisc’.€+1 ‘ ((07 Ck+2]) < % ]

2.5 Proof of Proposition 1.16

For Proposition 1.16, we use the following generalisation of the martingale convergence theo-
rem, for martingales with bounded increments.

Theorem 2.11 (See, e.g., [12, Theorem 4.3.1, page 194]). Let (Y;),en be a martingale se-
quence, such that, for some C' > 0, for all k € N

|Yii1 — Yi| < C  almost surely.

Let & := {lim,_, Y, exists and is finite}, and

Ey = {limsqun = oo} N {liﬂicngn = —oo} )

n—00

Then P (51 U 52) =1.

Proof of Proposition 1.16. First note that the event {limsup,HOO Z?:1 S; = oo} is a tail

event with respect to the sequence of independent random variables (.S;);en, hence by the
Kolmogorov 0-1 law occurs with probability O or 1. Note also that

{ligl_)sololp; S; = oo} = {lirrlriioglf -S; = —oo}7

j=1
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and hence, if the left side occurs with probability 1, so does the right. Since Z?Zl —S5; ~
201 S, we deduce that the events

{hmsupz S; = oo} N {li&icgf S; = —oo} and

n—00 1 =

{hmsupz S; = oo} U {li;lriioglf S; = —oo} (2.33)

n—00 j=1

coincide up to null sets. We now consider the various cases under which the Kolmogorov three
series theorem is not satisfied. Suppose first, that Equation (1.3) is not satisfied by having,

for each C' > 0,
o0
Z (IS5 > C) =

Then by the Borel-Cantelli lemma, and taking a countable intersection of almost sure events,

we have
P (ﬂ {1S;| > C i.o.}) ~ 1. (2.34)

CeN

As a result, for each fixed a,b € Z we have

P <hm sup S; < a, hrn mfZ S; = ) = 0.

n—o0
Jj=

Indeed, if, with positive probability, limsup,,_,., >;7_; S; < a and liminf, .., > | S; = b,
then with positive probability, there exists some N € N such that, for all n > N, 2?21 S; =
b—1and >, S; <a+1 But, by (2.34), [S;| > [a] + [b] + 2 for infinitely many j almost
surely, so this cannot be the case. Therefore, by a union bound

]P’<hmsupZS < hmmfZS > oo)
n—aoo 1
=]P’<U {hmsupZS a hmmfZS })

a,beZ =0 j=

< ZP(hmsupZS ahmlanS b) = 0.

n—0o0
a,beZ

Therefore P ({lim SUD,, o0 2uj—1 S = oo} U {lim infy, o D0, Sj = —oo}) =1, and Equa-
tion (1.5) follows from (2.33).

The other case where Equation (1.3) is not satisfied is when there exists C' > 0 such that

0
Z ‘S|>C < 0, bUtZE Sl|5‘<c]—oc

7j=1

Now, by Borel-Cantelli, there are only finitely many terms S; such that |S;| > C, and since
S| < oo almost surely, these terms make only a finite contribution to limsup,,_,,, >;_;
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and likewise, lim inf,,_, Z?:l S;. Therefore, it suffices to show that

n—0o0 -
=1

P (hmsupZ Sj1|Sj|SC’ = OO,IITI’LILIOgle Sj]-\SjKC’ = —CD) = 1.
J j=1

But now, if we set M, := Z?lejl‘sﬂgc, (M,)nen is @ martingale sequence, with |M,, —
M,,_1| < C. Therefore, by Theorem 2.11

P ({7}1_1[1010 M, exists and is finite } U {limsup M, = oo,li%riiogf M, = —oo}> =1.

n—o0

Since by (2.33), both events in the probability occur with probability 0 or 1, we need only
show that the series

0
Z Sjlis;<c  does not converge almost surely.
J=1

But now, since Zle E [SJZ]_‘SHSC] = o0 this follows from the converse direction of the Kol-
mogorov three series theorem. O

References

[1] W. B. Arthur. Increasing Returns and Path Dependence in the Economy. University of
Michigan Press, 1994.

[2] W. B. Arthur, Y. M. Ermoliev, and Y. M. Kaniovski. Strong laws for a class of path-
dependent stochastic processes with applications. In Stochastic optimization (Kiev, 1984),
volume 81 of Lect. Notes Control Inf. Sci., pages 287-300. Springer, Berlin, 1986.

[3] K. B. Athreya and S. Karlin. Embedding of urn schemes into continuous time Markov
branching processes and related limit theorems. Ann. Math. Statist., 39:1801-1817, 1968.

[4] A. Bandyopadhyay and D. Thacker. A new approach to Pélya urn schemes and its infinite
color generalization. Ann. Appl. Probab., 32(1):46-79, 2022.

[5] S. Banerjee and S. Bhamidi. Persistence of hubs in growing random networks. Probab.
Theory Related Fields, 180(3-4):891-953, 2021.

[6] R. Bhatia and C. Davis. A better bound on the variance. Amer. Math. Monthly,
107(4):353-357, 2000.

[7] F. Chung, S. Handjani, and D. Jungreis. Generalizations of Polya's urn problem. Ann.
Comb., 7(2):141-153, 2003.

[8] M. Costa and J. Jordan. Phase transitions in non-linear urns with interacting types.
Bernoulli, 28(4):2546-2562, 2022.

[9] B. Davis. Reinforced random walk. Probab. Theory Related Fields, 84(2):203-229, 1990.

[10] S. Dereich and P. Moérters. Random networks with sublinear preferential attachment:
degree evolutions. Electron. J. Probab., 14:no. 43, 1222-1267, 2009.

DOI 10.20347/WIAS.PREPRINT.3137 Berlin 2024



Fixation of leadership in non-Markovian growth processes 27

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

[26]

[27]

[28]

E. Drinea, A. Frieze, and M. Mitzenmacher. Balls and bins models with feedback. In
Proceedings of the Thirteenth Annual ACM-SIAM Symposium on Discrete Algorithms,
SODA '02, page 308-315, USA, 2002. Society for Industrial and Applied Mathematics.

R. Durrett. Probability—theory and examples, volume 49 of Cambridge Series in Statisti-
cal and Probabilistic Mathematics. Cambridge University Press, Cambridge, fifth edition,
2019.

F. Eggenberger and G. Pélya. Uber die Statistik verketteter Vorgange. Zeitschrift Ange-
wandte Mathematik und Mechanik, 3(4):279-289, Jan. 1923.

P. Galashin. Existence of a persistent hub in the convex preferential attachment model.
Probab. Math. Statist., 36(1):59-74, 2016.

T. Gottfried and S. Grosskinsky. Asymptotics of generalized Pélya urns with non-linear
feedback. Electron. J. Probab., 29:Paper No. 1, 2024.

T. Gottfried and S. Grosskinsky. Tails of explosive birth processes and applications to
non-linear p dlya urns. arXiv preprint arXiv:2406.15006, 2024.

T. Gottfried and S. Grosskinsky. Wages and capital returns in a generalized Pdlya urn.
arXiv preprint arXiv:2401.17688, 2024.

B. M. Hill, D. Lane, and W. Sudderth. A strong law for some generalized urn processes.
Ann. Probab., 8(2):214-226, 1980.

C. Holmgren and S. Janson. Fringe trees, Crump-Mode-Jagers branching processes and
m-ary search trees. Probab. Surv., 14:53-154, 2017.

T. lyer and B. Lodewijks. On the structure of genealogical trees associated with explosive
Crump-Mode-Jagers branching processes. arXiv preprint arXiv:2311:14664, 2023.

S. Janson. Functional limit theorems for multitype branching processes and generalized
Pélya urns. Stochastic Process. Appl., 110(2):177-245, 2004.

S. Janson, C. Mailler, and D. Villemonais. Fluctuations of balanced urns with infinitely
many colours. Electron. J. Probab., 28:Paper No. 82, 72, 2023.

K. Khanin and R. Khanin. A probabilistic model for the establishment of neuron polarity.
J. Math. Biol., 42(1):26-40, 2001.

M. Launay. Interacting urn models. arXiv preprint arXiv:1101.1410, 2012.

M. Menshikov and V. Shcherbakov. Balls-in-bins models with asymmetric feedback and
reflection. ALEA Lat. Am. J. Probab. Math. Stat., 20(1):1-19, 2023.

M. Mitzenmacher, R. Oliveira, and J. Spencer. A scaling result for explosive processes.
Electron. J. Combin., 11(1):Research Paper 31, 14, 2004.

R. Oliveira. Preferential attachment. ProQuest LLC, Ann Arbor, MI, 2004. Thesis
(Ph.D.)-New York University.

R. Oliveira. Balls-in-bins processes with feedback and Brownian motion. Combin. Probab.
Comput., 17(1):87-110, 2008.

DOI 10.20347/WIAS.PREPRINT.3137 Berlin 2024



T. lyer 28

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

R. Oliveira and J. Spencer. Avoiding defeat in a balls-in-bins process with feedback. arXiv
preprint arXiv:0510663, 2005.

R. Oliveira and J. Spencer. Connectivity transitions in networks with super-linear prefer-
ential attachment. Internet Math., 2(2):121-163, 2005.

R. I. Oliveira. The onset of dominance in balls-in-bins processes with feedback. Random
Structures Algorithms, 34(4):454—477, 20009.

R. Pemantle. A time-dependent version of Pélya's urn. J. Theoret. Probab., 3(4):627-
637, 1990.

R. Pemantle. When are touchpoints limits for generalized Pélya urns? Proc. Amer. Math.
Soc., 113(1):235-243, 1991.

R. Pemantle. A survey of random processes with reinforcement. Probab. Surv., 4:1-79,
2007.

R. Pemantle and Y. Peres. Domination between trees and application to an explosion
problem. Ann. Probab., 22(1):180-194, 1994.

P. Pierson. Increasing returns, path dependence, and the study of politics. The American
Political Science Review, 94(2):251-267, 2000.

S. Qin. Interacting urn models with strong reinforcement. arXiv preprint
arXiv:2311.13480, 2023.

T. Sellke. Reinforced random walk on the d-dimensional integer lattice. Markov Process.
Related Fields, 14(2):291-308, 2008.

N. Sidorova. Time-dependent balls and bins model with positive feedback. arXiv preprint
arXiv:1809.02221, 2018.

DOI 10.20347/WIAS.PREPRINT.3137 Berlin 2024



	Introduction
	Background and motivation
	Contributions of this paper and overview
	Model description and main results
	Applications to balls-in-bins models
	Auxiliary results on the convergence of random series

	Proofs of results
	Notation
	Proofs of Theorem 1.4, Corollary 1.8 and Proposition 2.1
	Proof of Theorem 1.10
	Proof of Theorem 1.13
	Proof of Proposition 2.7

	Proof of Proposition 1.16


