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Existence and weak-strong uniqueness for damage systems
in viscoelasticity

Robert Lasarzik, Elisabetta Rocca, Riccarda Rossi

Abstract

In this paper we investigate the existence of solutions and their weak-strong uniqueness property for
a PDE system modelling damage in viscoelastic materials. In fact, we address two solution concepts,
weak and strong solutions. For the former, we obtain a global-in-time existence result, but the highly
nonlinear character of the system prevents us from proving their uniqueness. For the latter, we prove
local-in-time existence. Then, we show that the strong solution, as long as it exists, is unique in the class
of weak solutions. This weak-strong uniqueness statement is proved by means of a suitable relative
energy inequality.

1 Introduction

In this paper we address the following PDE system

uy — div(a(x)Ce(u) + b(x)Ve(uy)) = f a.e.in 2x(0,7), (1.1a)
Xt + 0l —oo0)(Xt) — AX + %a’(x)a(u)@a(u) +0W(x)20 aeinQx(0,7), (1.1b)
u(0) =up, u:(0) =vo, x(0)= x0 a.e.in €2, (1.1¢)
x>0, x:<0 a.e.in Q2x(0,7), (1.1d)

coupled with homogeneous Neumann boundary conditions for y
Opx =0 a.e.on 902x(0,7), (1.1e)

and with Robin-type boundary conditions for «
yon- (a(x)Ce(u) + b(x)Ve(u,)) + ius + 12u =g a.e.on 900x (0,7, (1.1f)

tuned by coeffcients
Yo, V1, V2 Z 0.

System models damage processes in a viscoelastic material occupying a bounded Lipschitz domain
in RY, d = 1,2, 3. We consider the evolution of the phenomenon in a time-interval (0, T") and set Q) :=
Ox(0,T) and 3 := 002x(0,T). The state variables are the vector of small displacements u, satisfying
the momentum balance (1.1a), and the damage parameter X, representing the local proportion of damage:
x = 1 means that the material is completely safe, while Y = 0 means it is completely damaged. We
formulate the damage flow rule in the framework of the theory of M. FREMOND [16] and so we allow the
phase parameter y to assume also intermediate values inbetween 0 and 1 in the points of the domain (2
where only partial damage occurs.
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R. Lasarzik, E. Rocca, R. Rossi 2

In (T-Ta), e(u);; = (u;; +u;;)/2 denotes the linearized symmetric strain tensor, while C and V are the
elastic and viscosity tensors, respectively. The x-dependent coefficients a, b € Cl(R) mark the damage
dependence of the elasticity and viscosity modula, respectively; we will precisely specify our conditions
on C, V, a, and b, in Section [2| ahead. The momentum balance is supplemented by the the Robin-type
boundary condition (1.1f), where the parameters 7y, 71, 72 in principle may be tuned in such a way as to
yield a variety of boundary conditions for u, among which

Neumann boundary conditions foryg # 0, 71 =72 =0,
time-dependent Dirichlet boundary conditions  for o = 0, min{~yy,v2} > 0.

Later on, we will point out to which extent we can encompass the general conditions (1.1f) in our analysis.

The damage flow rule has a doubly nonlinear structure. Indeed, it features the subdifferential term
Ol (—o0,0(Xt), With OI( o0 0 : R = R the (convex analysis) subdifferential of the indicator function I(_ g,
which serves to the purpose of enforcing unidirectionality of damage evolution via the constraint x; < 0
a.e.in Q. In turn, the “double-well” type potential W := W + W is assumed to be the sum of a convex
(possibly non-smooth) part W and non-convex (but regular) part W. Typical choices for 1/ which we can
include in our analysis are the logarithmic potential

W(r):=rIn(r) + (1 —r)In(l —7) —c1r® —cor —c3 ¥r € (0,1), (1.2)

where ¢; and ¢y are positive constants, as well as the sum of the indicator function W = Ijp,1), forcing
X to range between 0 and 1, with a smooth non convex w. Therefore, the subdifferential OV includes
the (possibly) multivalued subdifferential OW . We note that the upper wall of the well at 1 will already be
respected by the unidirectional damage evolution x; < 0 together with the condition on the initial value
Xo < 1in 2. The coupling with occurs through the term e(u)Ce(u), which is a short-hand for the
colon product £(u) : Ce(u).

System (1.1) can be derived in the frame of the modelling approach by Frémond [16] (cf. also [2, [3, [4])
from of the foIIowmg choices of the free-energy functional and of the pseudo-potential of dissipation:

E(u, x,us) := /Q{1]ut|2+1a(X)(Cg(u):5(u)+1|Vx|2+W(X)} dx+/a ’E|u|2d5,

Q

D(x,us, xt) : /{b )Ve (uy):e (we) +|xe | +1(—o00 (X2) } dx—i—/ Tlu|*dS'.
a0

Mathematical difficulties

The main mathematical hurdles encountered in the study of this system are related to the y-dependence
in the viscosity and elastic coffiecients a and b in (T.1a), and to the nonlinear features of equation (1.1b).
In particular, the simultaneous presence of the non-smooth subdifferentials of ](_0070], and W, and the
quadratic term 1a’(x)e(u)Ce(u) occurring in (T-b), impart a strongly nonlinear character to the system,
so that the related analysis turns out to be nontrivial.

In the pioneering papers [3, 4], the momentum balance equation (with scalar displacements) had a de-
generating character due to the loss of ellipticity in regions where a(x) = b(x) = 0. Consequently, only
local-in-time existence results were proven. However, in most papers complete damage is avoided, and
non-degenerating coefficients in front of either the elasticity or viscosity tensors are considered: we will
also adopt this assumption hereafter.

Still, the highly nonlinear coupling between the momentum balance and the damage flow rule poses a
major hurdle to global-in-time existence as already shown in [2], where the coupling with thermal effects
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Existence and weak-strong uniqueness for damage systems in viscoelasticity 3

was also encompassed. As a remedy to that, the flow rule for y has been often regularized by means of a
nonlinear p-Laplacian operator, with the exponent p greater than the space dimension (or a linear fractional
Laplacian, [29]), in place of the usual Laplacian acting on . Indeed, this leads to higher spatial regularity
for the damage variable and, as a consequence, paves the way for enhanced elliptic regularity estimates
in the momentum balance, as well. This strategy has led to global-in-time existence for damage models in
thermoviscoelastic materials [23, 130, [31], even encompassing phase separation [22].

Finally, let us also mention that in [31] we addressed the asymptotic analysis of the damage system with
p-Laplacian regularization, where the case of the Laplacian operator was considered as a limit for p ~\, 2
in the p-Laplacian term. In that case, we showed that that the limit damage system needs to be formulated
in a weaker fashion. We will dwell on this solvability concept later on.

The main aim of this paper is to cope with the analysis of system (1.1) without resorting to any higher-
order regularization of the damage flow rule. In this context:

1 We will contend with global-in-time solvability for (1.). As the literature available up to now suggest,
global existence may be expected only for weak solutions to (1.1): we will carefully introduce our
solvability concept and provide a set of conditions on the constitutive functions of the model, on the
forces, and on the initial data, guaranteeing the existence of global-in-time solutions.

2 We will then turn to handling strong solutions, with the displacement u and the damage variable
x sufficiently regular in such a way as to satisfy system (1.1) pointwise. We will prove that such
solutions exist at least locally in time.

3 We finally show that strong solutions are unique, as long as they exist, within the class of weak
solutions.

The latter property goes under the name of weak-strong uniqueness. In this regard, let us mention that there
is nowadays a consolidated literature on weak-strong uniqueness results in the context of fluid dynamics,
such as SERRIN’s uniqueness result [32] for LERAY’s weak solutions [29] to the incompressible NAVIER—
STOKES equation in three space dimensions, or the weak-strong uniqueness for suitable weak-solutions
to the incompressible NAVIER—STOKES system [11] or to the full NAVIER—STOKES—FOURIER system [12].
The formulation of a relative energy inequality entailing weak-strong uniqueness of solutions for thermody-
namical systems goes back to DAFERMOS [8]. In the context of fluid dynamics, this method has also been
used to show the stability of a stationary solution [10], the convergence to a singular limit [13], or to derive
a posteriori estimates for simplified models [15]. Even though the method is consolidated, there are fewer
articles dealing with the case of nonconvex energies, and most of them are related to liquid crystals models
(cf., e.g., [14, 9] 127, [26]). Finally we can quote the more recent papers [28] and [1], where the weak-strong
uniqueness of solutions is obtained for the first time for a Frémond model of phase transitions accounting
also for the temperature-evolution and for some Oldroyd-B type models for viscoelasticity at large strains,
respectively.

Our results
Firstly, let us specify the notion of weak solution we will address. Our concept couples a standard variational

formulation of the momentum balance, with the damage flow rule weakly formulated in terms of a one-sided
variational inequality

/Q(Xt(t)¢+VX(t)'V¢+%a'(x(i))<c8(u(t))ia(u(t))erW'(X(t))?/J) dz > 0;
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R. Lasarzik, E. Rocca, R. Rossi 4

forall € HY(Q) N L>(Q) with ¢ < 0 a.e. in 2, which is coupled with an energy-dissipation inequality
t
et x(u0) + | Dc(s)us) ) ds
0

< E(uo, X0,v0) +/0 (f(s),w(s)) d8+/0 <g(8)aut(s>>H1/2(89) ds.

In Section[2|ahead we will provide more insight into this notion of solution, which was first introduced 20 21]
for PDE systems modelling damage in bodies at elastic equilibrium (hence, without inertial and viscous
terms in the displacement equation), undergoing phase separation. Our first main result, Theorem
below, states the existence of global-in-time weak solutions. Its proof, carried out in Section (3] relies on a
time discrete approximation scheme suitably tailored in order to obtain, as a byproduct, the non-negativity
of the damage parameter Y.

The existence of local-in-time weak solutions, cf. Theorem will be proved throughout Section (4] It
relies on careful estimates, yielding higher spatial regularity for 4 and x. The latter cannot be rigorously
rendered on a time-discretization scheme, as they rely on a local-in-time Gronwall estimate that is not
available on the time discrete level. In fact, we will resort to a different method based on spatial discretization
(via a Faedo-Galerkin scheme) for a suitable approximation of system (1.1). For this approximate system
we will prove local existence via a fixed point argument, and accordingly obtain local-in-time solutions to
by passing to the limit.

Our weak-strong uniqueness result, Theorem [2.12} will be obtained in the case of a regular potential 1/
by means of the proof of a suitable relative energy inequality (cf. Proposition[5.1). The proof of such a result
in case of a non-smooth potential 1} is still an open problem even for simpler semilinear equations.

2 Main results

In this section we lay the ground for our main results, stating the existence of global-in-time weak solutions
and of local-in-time strong solutions to the damage PDE system, as well as the weak-strong uniqueness

property for (1.7).

Preliminarily, we settle some general notation that will be used throughout the paper.

Notation 1. Given a Banach space X, we will denote by (-, -) both the duality pairing between X* and X
and that between (X?)* and X?; we will just write (-, -) for the inner Euclidean product in R%. Analogously,
we will indicate by || - ||x the norm in X and, most often, use the same symbol for the norm in X4, while we
will just write | - | for the Euclidean norm in IR<.

Hereafter, we will use the symbols ¢, ¢/, C, ", etc., whose meaning may vary even within the same line,
to denote various positive constants depending only on known quantities. Furthermore, the symbols I;,
1= 0,1, ..., will be used as place-holders for several integral terms (or sums of integral terms) appearing
in the various estimates: we will not be consistent with the numbering, so that, for instance, the symbol I;
will occur several times with different meanings.

2.1 Existence of weak solutions

We collect the first basic set of conditions on the tensors C and V and on the constitutive functions a, b
and W.
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Existence and weak-strong uniqueness for damage systems in viscoelasticity 5

Hypothesis A (Constitutive functions). The elasticity and viscosity tensors C, V € R¥*4xdxd grg gym-
metric and positive definite in the sense that

By = Epii = By = Eig fori, 3,1,k € {1,...,d
Ikl ki ]dkld ik 107t ] < { 9 } forE € {(C,V}. (2.1)
dng >0 VA € R . EA: A > nglA|
For the coefficient a we require that
a € C'(R), (2.2a)
a is non-decreasing, a(r) = 0 forr € (—o0, 0] (2.2b)
a is convex, (2.2¢)
while we impose that
be C'(R)and3by > 0Vr €R = b(r) > by. (2.3)
Finally, we assume that
W e C'(R), (2.4a)
l
3¢ >0 : the mappingr — W (r) + §|r|2 is convex, (2.4b)
W(0) < W(r) forallr <0. (2.4c)

We now specify our conditions on the volume force and on the initial data for the existence of weak solutions.
Hypothesis B (Force and data). We require that

f e L¥0,T; H (Q;RY)*), ge L*0,T; H Y?(09; RY)), .50
0a
ug € H'(Q;RY), vy € L2 (Q;RY), xo € H'(Q) with o € [0,1] a.e. in (.

Clearly, in the case of homogeneous Dirichlet boundary conditions for u, (2.5a) should have to be suitably
modified by requiring, for instance, uy € H}(£2;RY).

Remark 2.1. A few comments on Hyp.[A]are in order:

1 We have confined to spatially homogeneous tensors C and V, but for the analysis of weak solutions
we could indeed handle a suitable dependence on x, cf. Remarkahead.

2 Clearly, it follows from that a(r) > 0 for all r € RR; the possible degeneracy a(x) = 0 for the
coefficient modulating the elasticity tensor is compensated by the fact that the coefficient b(y) stays

strictly positive by (2.3).
3 It follows from that W' admits the convex/concave decomposition

S W(r) =W(r) + &2
W=W+W  with { . (r) K(T A (2.6a)
W(r) = —57“2.
Obviously, since W € C!(R), we have that T, TV € C!(R); we remark for later use that
W) <W(r) forallr <0,
. (2.6b)
W'(r) <0 for all r € [0, 1],

where the first of obviously derives from (2.4c).
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4 Our requirements on a are designed in such a way as to construct, via time discretization, weak so-
lutions (u, x) to system fulfilling xy > 0 a.e. in (), as well as the associated energy-dissipation
inequality, cf. ahead. In fact, while postponing all details to Section[3} we may mention that con-
dition (2.2b)) is exploited in the proof of the positivity of the discrete damage variable via a maximum
principle argument, cf. Lemma3.1] In turn, the convexity of a allows us to tailor the time discretization
scheme for in such a way as to guarantee the validity of a discrete energy-dissipation inequality,
cf. Lemma[3.2lahead.

5 We will also resort to the convex/concave splitting of W in the proof of Lemma while
properties of W and T will be used for the proof of the positivity of .

Our notion of weak solution features the following energy and dissipation functionals

1 1 1
euxu) = [ Gl 4ge0oCeietu s Vviop s [ Zupas. @

D(x, e, xt) = /{b(X)Vg(ut):g(ut)+|Xt|2+[(oo,O](Xt)} d$+/8 Vilu? dS (2.8)
Q Q

In fact, while & subsumes the contributions of the kinetic and elastic energies, of the volume force, and of
the gradient regularization and potential energy for the damage variable, D encompasses the dissipation
due to viscous damping and the quadratic dissipation for the damage gradient flow, with the indicator term
enforcing unidirectionality. The weak solvability concept that we specify in Definition below has been
introduced, for (purely) elastic damage models possibly coupled with other diffusion processes, in [20} [21].
According to this notion, the (standard variational formulation of) the momentum balance is coupled with
the damage flow rule, weakly formulated in terms of & (2.12). This formulation reflects the fact that, if
the subdifferential in is lifted to an operator (oo g : H* () == H'(£2)*, then rephrases as

<_{Xt_AX+%a/(X)CE(u)5(U)+W/(X)}a ¢>H1(Q) S fQ ](700,0] (w) d$ for all ¢ € H1(9>a
<—{Xt—AX—|—%(Z/(X)C€(U)S(U)+W/(X)}, Xt)Hl(Q) Z fQ [(700,0] (Xt) d.T,

both inequalities holding a.e. in (0, T"). Note that we used the 1-homogeneity of I(_ 0] in order to deduce

the two above inequalities from (1.1b). Then, restricting the first inequality to negative test functions ¢ €

L>*(£2) (in order to have the term |, %a/(x)Cg(u):g(u)w dx well defined) yields (2.77). Adding the second

inequality with the weak momentum balance tested by u,; and integrating in time leads to (2.12), which is

termed an upper energy-dissipation inequality to emphasize that the overall energy € (u(t), x(t),u(t)) at
the current process time is estimated from above by the initial energy and the work of the external forces.

Definition 2.2 (Weak solution). We call a pair (u, x) a weak solution to the Cauchy problem for system

if
w € HY0,T; H(Q;RY)) n Wh(0, T; L* (S RY)) N H2(0, T; H' (4 RY)*), (2.9a)
X € L=(0,T; HY(Q)) N L¥(Q) N H'(0,T; L*(Q)) (2.9b)

satisfy initial conditions (1.1c), constraints (1.1d), and

B the weak momentum balance for almost allt € (0,7), i.e.,

(u (1), ‘P)Hl(Q) —I—/ (b(X(t))Va(ut(t)) ce()+a(x(t))Ce(u) : 5(90)) dz
N (2.10)
+ /8Q (fylut—i_fhu)cp = <f(t)7 §0>H1(Q) + <g(t), (P>H1/2(BQ)

forall o € H(Q; RY);
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Existence and weak-strong uniqueness for damage systems in viscoelasticity 7

B the one-sided variational inequality for the damage flow rule, i.e., for aimost allt € (0,T")
/ (e (O Y+Vx(8) Vot 3a (x (8)Ce(u(t) e (u(t))p+W' (x (1)) de > 0;  (2.11)
Q

forall € H' () N L>(Q) withy) < 0 a.e. inQ;

B the (overall) upper energy-dissipation inequality, i.e., for allt € [0, T]

e(ult), x(t), ui(t)) + / D(x(5),e(5), x1(5)) ds

t . (2.12)
< &(uo, Xo,v0) +/0 (F(8);ui(s)) () d8+/0 <g<3)7ut(8)>H1/2(8§2) ds .

Theorem 2.3 (Global existence of weak solutions). Assume Hypotheses[A &[B, Then, the Cauchy problem
for system (1.1) admits a weak solution (u, x) in the sense of Definition[2.3

The proof will be carried out in Section

Remark 2.4 (Extensions). Theorem[2.3may be extended to the non-homogeneous case, i.e., with spatially
dependent tensors V, C € L>°(Q; Rdxdxdxd),

Let us emphasize that, so far, we have not specified other conditions on the parameters ;, i € {0, 1,2},
besides 71,72 > 0. Thus, as pointed out in the Introduction, the existence statement of Thm. in
particular encompasses the case of null Dirichlet boundary conditions on OS2, correspoding to 7o = 1 =
0,72 > 0, g = 0in (1.7f). Clearly, in that case the weak momentum balance would feature test functions
o € H}(Q;R?). We could also allow for a suitable time-dependent Dirichlet loading w enforcing the
condition

U=w on > = 00x(0,T). (2.13)

Indeed, (2:73) would correspond to the case o = 0, g = 0, min{vy, 2} > 0, with

w(t) = cexp (—Et> for some vector ¢ € R?.

71

To handle (2.13), it would be sufficient to formulate the momentum balance (2.10) for u = u + w, with
u(t) € H(;RY) forall t € [0,7T], and seek for a solution & complying with homogeneous Dirichlet
boundary conditions.

A closer perusal of the proof of Thm. also reveals that, since our estimates do not hinge on elliptic
regularity arguments for the displacement variable, mixed boundary conditions could be also considered
for w: in particular, the body could be clamped on a portion I, of the boundary, while an assigned traction
could be applied on I'y = 0Q\I%,.

The extension to the case of a nonsmooth potential 11/ is more delicate; it will be addressed in Section
B3 ahead.

DOI 10.20347/WIAS.PREPRINT.3129 Berlin 2024
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2.2 Existence of strong solutions

We start by specifying our notion of strong solvability for system (1.1) which, we recall, we address in the
case of a possibly nonsmooth convex potential W. In Definition elow, we ask for enhanced regularity
and integrability properties for u, which as a consequence ensure that the term a’(x)Ce(u):c(u) in the
damage flow rule belongs to L2(Q). Then, both the momentum balance and the flow rule for y make sense
pointwise in space and time. Moreover, by comparison, H?(2)-regularity follows for .

Definition 2.5 (Strong solution). We call a pair (u, x) a strong solution if it enjoys the regularity properties

w e H'(0,T; H*(;RY) n Wh(0,T; H*(;RY)) N H*(0,T; H' (; RY)),

2.14
v € L2(0, T H()) 0 HY(0,T; H(©2), @19

and system (1.1), with the boundary condition
n-Ce(u) =0 a.e.onX, (2.15)

is satisfied pointwise a.e. in (), which for the damage flow rule means that

I _
e 8(2 (=o.0)(Xe), a.e. in Q, such that
£ € IW(x) (2.16)

Xt — Ax + %a’(x)@a(u):a(u) +E4n+W () =0 aeinQ.

dn, £ € L*(Q) with {

Remark 2.6. It is straightforward to check that any strong solution satisfies inequality (2.12)) (in which the
coefficients v, and 75 in the dissipation potential D and in the energy functional &, respectively, are null
due to the boundary condition (2.15)), as an energy-dissipation balance.

We will prove the existence of local-in-time strong solutions under an additional smoothness condition for
the spatial domain €2 to allow for regularity estimates. Namely, we require that

Q ¢ R%is a bounded domain of class C?, (Hp)

and under the following strengthened versions of Hypotheses [A and [B] (although we no longer need to
assume a convex, cf. (2.17b) below).

Hypothesis C (Constitutive functions). In addition to (2.1) for the elasticity and viscosity tensors, we as-
sume that

C=V, acC*R), (2.17a)
k1 >03Ip>1VreR: |d"(r)] < ri(r]P+1), (2.17b)

and analogously we impose that, in addition to (2.3),
be C*(R), andIky >03qg>1VreR = [b'(r)] < wof|r|9+1). (2.18)
As for W, we require that W : R — (—o0, +00], with dom W # (), is ¢-convex as in (2.4b).

X

Remark 2.7. Let us motivate the above conditions and compare them with Hypothesis [A

DOI 10.20347/WIAS.PREPRINT.3129 Berlin 2024



Existence and weak-strong uniqueness for damage systems in viscoelasticity 9

1 The enhanced regularity required of the coefficients a and b will be instrumental in performing en-
hanced regularity estimates for the solutions. To carry them out, we will also resort to the polynomial
growth conditions (2.77b) and (2.18), which obviously imply analogous growth conditions for a’, &/
and a, b, namely

fori € {1,2}, ¢ € {a,b}, p € {p,q}.
(2.19)

J8; > 0VreR : |(r)] < Ri(Jr]PT 1),
> 0Yr €R = [(0)] < Fallrr 1),

2 Let us emphasize that Hypothesis |C| allows for nonsmoothness of W/ (or, equivalently, of W): in
particular, in this context we can encompass the case in which W' = I ), and positivity of x is
automatically enforced.

3 Condition (2.4b) guarantees the convex/concave decomposition W = W+W, with W(r) = —%7“2,
which we are going to use for the analysis of strong solutions, too.

Our conditions on the force and on the initial data will be enhanced as well. The compatibility condition
(2.20b) below reflects that we confine our analysis of strong solutions to the homogeneous Neumann
boundary conditions (2.15).

Hypothesis D (Force and data). We require that

f e L*0,T; H'(Q;RY), ug € H*(LRY) vy € H*(Q;RY), (2.20a)
n-Ce(ug) =0 a.e. on0f). (2.20b)

We take 7, = v = 0, g = 0, and vy # 0 in (1-3%), and assume

xo(z) < 1forallz € Q

N 2.20
OT°|(x0) € LA(Q) (2200

Xo € H?(Q) with {

where

1OW°|(xo(x)) := inf{|¢| : € € W (xo(x))} foraa.z e .

Remark 2.8 (On (2.200)). First of all, it is immediate to check that the inf in the definition of [OT1/°| (yo(z))
is indeed a min. Furthermore, the von Neumann-Aumann selection theorem yields that there exists a
measurable selection

Q> €(x) € Argmin{[¢] : € € OW (xo(2))}, (2.21a)
so that is indeed equivalent to requiring that
e L}(Q). (2.21b)

From this there follows that TV (o) € L'(Q): in fact, taking into account that W (o) € L°(£2) by the
quadratic growth of T/, it is sufficient to show that W (o) € L'(2). This is a consequence of the estimate

/ ¥ (x0) — W(r,))dz < / £ () (o ) —ro) da
Q Q

where 7, is any element in dom .
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Throughout Section [4] we will prove the following result.

Theorem 2.9 (Local existence of strong solutions). Assume Hypotheses &@; let 2 fulfill condition (Hg).
Then, there exists T e (0, T] such that the Cauchy problem for system (1) admits strong solution
(u, x) in the sense of Definition|2.5 on the interval (0, T).

Remark 2.10 (Positivity for strong solutions). As previously pointed out, our analysis of strong solutions

v

encompasses the choice of a nonsmooth potential 1. In that case, if we additionally have dom(W) C
[0, 00), then we immediately obtain that x(x,t) > 0 for all (z,t) € Q x [0, 7.

An alternative way for obtaining nonnegativity of strong solutions is via the weak-strong uniqueness guar-
anteed by Thm. ahead: in this way, we deduce x > 0 for the strong solution, since it is coincides with
the weak one, which is known to be positive for instance under the assumptions of Thm.

Outside these two cases, we do not claim positivity of x and it is actually not needed in the analysis of
strong solutions. Especially, in the case of nonmonotone a, we do not expect such a property due to the
negative contribution on the left-hand side of the damage flow rule.

We conclude this section with a consistency result, useful for the proof of Thm. showing that, for a suf-
ficiently regular pair (u, x), the pointwise flow rule may be proved by just checking a variational inequality,
cf. (2.22) below, joint with the energy-dissipation inequality (2.12).

Proposition 2.11. Let (u, x) enjoy the regularity properties ([.14) and fulfill the weak momentum bal-
ance (2.10) and the energy-dissipation inequality (2.12).

Then, (u, ) satisfies the pointwise flow rule @-16), joint with a selection € € OW (x) a.e. in Q, if and
only if it complies with the variational inequality

/Q (e Vx () Vb (1) Co (D)= O+ W (D)) dz =0 (2:22)
forallv) € H*(Q2) N L>®(Q) withy) < 0 a.e. in ).

Proof. Clearly, it suffices to show that from (2.22) we can derive (2.16). For this, we start by observing that,
by the assumed regularity (2.14),

1 / 37!
ni=— (Xt—AX+§CL (x)Ce(u):e(u)+E+W (X)) c L*(Q). (2.23)
Choosing ¢ = u in and subtracting this from (2.12), we find
1 1 2 ¢ ' 2
5a00Ce(w)ie )+ [VXT+W(X) dx‘0+ i (hal*=a()Ce(u):e(ur)) dads
Q 0
t
< —/ I —oo0)(x¢)dads.
0

Now, by the chain rule (which holds since 17 and ; are in a duality pairing thanks to (2.23)), the above
left-hand side equals [,,(—7)x: dz. Thus, we deduce

t t
/ /TIXt dxdsZ/ /I(—oo,o](Xt) dz ds (2.24)
0o Ja 0o Ja
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fora.e. t € (0,7). In turn, inequality (2.22) and a density argument (again relying on (2.23)) implies that

/ Y dr < / I q(¥)dx  forally) € L*(Q), (2.25)
Q Q

where we note that the inequality becomes empty in the case that 1/ > 0 on a set of positive measure in

€2. Combining (2:24) and (2:25) we deduce 1 € 0I(_o0)(X:) a.€.in Q, ie., (276). O

2.3 Weak-strong uniqueness

We will prove the weak-strong uniqueness property for the Cauchy problem for system (1.1), confining the
discussion to the case of the homogeneous Neumann boundary conditions (2.15). We will work under the
following conditions.

Hypothesis E. We assume that C = V complies with (2.1), and that the nonlinear functions a, b, and W
satisfy

a € CQ(R) is convex and non-decreasing, (2.26a)

be CHR)and3by >0Vr €R : b(r) > by, (2.26b)
14

W e C*(R)and3¢ >0 : the mappingr + W (r) + §|7‘|2 is convex. (2.26¢)

Theorem 2.12 (Weak-strong uniqueness). Under Hypothesis@ let (u, x) be a weak solution in the sense
of Definition|2.2 and (u, X) a strong solution in the sense of Definition emanating from the same initial
data, with forcing term f as in (2.5a). Then it holds

u(t) =a(t) x(t)

A

X(t) forallt €[0,7].

The proof will be carried out in Section [B|ahead.

3 Proof of Theorem 2.3

We will prove the existence of weak solutions by resorting to a suitable time-discretization scheme. Let
7 = T/ K be the time step size of an equidistant partition {0 =t < t! < ... <t < ... <& =T}
of [0, 7] into K subintervals. We will approximate the volume and surface forces by local means on the
intervals [tF~1, t¥], by setting

1 [ 1 [
fr :—/ (s)ds, g" ::—/ (s)ds (3.1)
T tkfl T tﬁ—l
Hence, the time discretization scheme for system reads, in its strong formulation,
uk — ouk-! & yk—2 uk — yk-1
T T T div(b(xﬁ)Vé(;) +a(X’j)(C£(u’j)) = f¥ inQ, (3.2a)
T T
ko k-1 ko k-1
Xr = Xr 01 o) (M) — Ax*
T o) T in Q, (3.2b)
+ et + W) + W () 3.0
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ko k-1 ko k-1
“on- (a<x’:>Cs<u¢>+b<x’;We (&)) Pt gt o0, (329
OnXF =0 onoQ, (3.2d)

supplemented with the initial conditions ), u;l = Uy — TVg, and Xy. In the above scheme, the con-
vex/concave spliting W = W + W from has been carefully combined with the choice of im-
plicit/explicit terms in such a way as to yield the validity of a discrete energy-dissipation inequality, cf.
Lemmal[3.2 ahead.

3.1 Existence and a priori estimates for time-discrete solutions

With our first result, we establish the existence of solutions to the weak formulation of system (3.2). Addi-
tionally, we prove the positivity property X]; > 0 a.e. in €2 via a maximum principle argument mimicking that
from [25, Prop. 4.2].

Lemma 3.1 (Existence of time-discrete solutions). Starting fromu_' = wy—71vo, u® := ug, and x° := xo,
there exists T > 0 such that forall 0 < 7 < T and forevery k = 1, ..., K there exists a weak solution
u* € HY(Q;RY) and x* € H*(Q) N L>=(R) to the time-discrete system (3.2), fulfilling

uf — 2uf! 4 uh? uf—uk!
S v (S )l e () | do

(3.3a)
ur—uf! k k k
+ 717‘1‘72117 dS = {f7, P)m@) + (97, P) 2o
o0
forall o € H'(Q;R?),
k_ k1
Xr—X7 1 _ -
/ {—(¢—X§)+Vx'i-V(@b—x’i)+—a’(xf)C€(U'i D) (ur 1)(¢—Xi)} dz
Q T 2
(3.3b)
[ e @ aE @)} de 2o
Q
forallyy € X¥1:={ve H(Q)NL2(Q): v<xi"ae inQ}, as well as the constraints
0<xF<xf'<1  aein®. (3.3c)

Proof. Letk = 1,..., K be given and, accordingly, u*~! € H}(Q;R?) and x*~1 € H'(2) N L>=(9).
We first construct a solution to by finding a minimizer x* € H'(Q) for of the convex potential
P HY(Q)NL>(Q) — R defined by
P00 = Pi(x) +Pax)  with
Xx—xy 2 1 2 1¥ 21 k-1
2i(0= [ {5 0 do 0

Py()= / La(x)Ce(utY)e(uh 1) da + Tgiea (X)

with the set X*~1 := {v € H'(Q) : v < x* ! a.e.in Q}. We thus address the minimum problem

min P(x). (3.5)

xeXF!
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First of all, observe that, for sufficiently small 7 the functional %P is bounded from below and suitably coercive.
To check this, we recall that, since Wis convey, it is is bounded from below by an affine function; combining
this with the information that 1/’ (x*~1) € L®(Q) - since 0 < x*~! < xo < 1 ae. in Q - we ultimately
conclude that there exist positive constants ¢y, Cyy, only depending on W, such that

k—1
TIX—Xr

> — |
P00 2 /Q {2‘ T

where (1) follows from absorbing —cy || x|| L1 (q) into %Hx—xlj_lH%Q(Q), for sufficiently small 7. In turn, we
observe that if P2(x) < 400, then x™ € L>°(Q) and, a fortiori,

21 @
#3IVAR eyl = Cur b do 2yl ~ Cly, @9

a(y)Ce(ur™):e(uy™) = a((x)")Ce(ur™):e(uy™) € L'(Q)

T

(the above equality holds because a = 0 on (—oo, 0] by (2:2b)). All in all, we may conclude that

IX[m0) < Cs

VS>03Cs>0Yxyec H(Q): P)<S =

s X (€2) (x) < {fQ ' (x)Ce(uh1):e(ub—1) de < Cy
Therefore, any minimizing sequence for P is bounded in Hl(Q) and thus weakly converges, up to a sub-
sequence, to some Y € Hl(Q) N Xf‘l; by standard lower semicontinuity arguments we conclude that Y
is a minimizer for P and we set x’j = X.

We now show that any solution X’;‘ for the minimum problem (3.5) fulfills X’j > 0 a.e. in €. With this aim,

we observe that the truncated function (x*)* := max{x*, 0} fulfills a.e. in Q

2

H(X’i)*—x’ﬁ_l 2 < ‘ Xkt

T L2 — T LZ’
VOO 2 < IVXENZ.,
a((x¥)") < a(x%),

where the latter estimate is again due to (2.2b). Furthermore the splitting W = W + W is constructed in
a way such that, by (2.60),
W (') < W) ae.in Q,
W OFHOE)T < W (F Nk ae.in Q,  since W' (x* ') <.

T

Therefore, P((x*)*) < P(x*). Due to the strict convexity of PP, minimizers are unique and thus Y* =
(x¥)*. Allin all, we have obtained (3.30).

A fortiori, we have that any solution x* of (3.5) is indeed in L°>°(£2). Therefore,
xh e Argminxgxﬁ_lUD(X)7 (8.7)

with P : H'(Q)NL>(2) — R the Gateaux-differentiable functional defined by
PO) = Pilx) + P and Pal)= [ Jal0)Celu a1 do.
0

We may apply, e.g., [34, Lemma 2.21, p. 63] to the auxiliary minimum problem (3.7), and the variational
inequality then follows as first-order necessary condition.

Finally, equation (3:3a), with x* given as a datum, can be solved for u” by the Lax-Milgram lemma. [

DOI 10.20347/WIAS.PREPRINT.3129 Berlin 2024



R. Lasarzik, E. Rocca, R. Rossi 14

Lemma 3.2 (Time-discrete energy-dissipation inequality). /t holds forall0 < { < k < K
j—1

k k—1 k j j=1 g j
w —u w —u XL —x
8<uT’XT’ - = >+7- D(X"l? - = b = = )
T — T T
J:

¢
, Uz —u

k
< 8( U Xors ;> + TZ(wau]} - uj%_1>H1(Q) :
j=t

(3.8)

Proof. Testing (3.3a) with u/ — u/~! and with x2~! and using standard convexity estimates yield

1. 1. o
Sy = 5 + [ aCe(u)e(u—ui ) do

*T/fwovd@*fmivfmg—dﬂlxm
Q

T (3.92)
+ 7'/ Y1
o0

< (fwl—ud ) o) + (g2, 0] —ud™) e gy
i LD SR PR
ﬂ%——]+wwmrwww@

J_q7-1
ul—ul

72 i Y2 i
ds + 3”“1”%2(39) - EHUJT 1”%2(39)

(3.9b)

By the convexity of u — 3 Ce(u):c(u) and a we have

[ atecetuetul —w e > [ jate)Ce(u)(u) ds
—me&wwmﬂ%a
[ #4202 [ Hald)—ald ) Celu e ) do
In the same spirit, convexity of W and concavity of 144 yield
/Wwwm15M>LWM%WﬁWM
[ e = [ ) -1 (e

so that

/Q(VT/’(X”;)+W’(X1‘1))(Xi—xi‘l)dx2/QW(X”;)de—/QW(Xi‘I)dx-

All'in all, adding the inequalities (3.9a) and (3.9b), applying the above estimates and summing over index
je{l+1,... k} proves the assertion. O

From Lemmawe deduce the basic a priori estimates for the families (U, ), (u,);, (X-)7 (x_) of

the (left and right continuous) piecewise constant interpolants of the discrete solutions, as well as for their
piecewise linear interpolants (u,)., (x-)-. Furthermore, we will consider the interpolants (v,.),, (v.),
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k_ k-1
and (v,), of the difference quotients (v* := %=—%r )X _ and the (left continuous) piecewise constant
p k=1

interpolants £, : [0,T] — H'(Q;RY)* and g, : [0,T] — H~Y?(9Q;R?) of the values (f*)X_, and
(g")K_, | respectively. We record for later use that, as 7 — 0, we have

f.—=f nL*0,T;H' (GRYY), g, —g inL*0,T; H 200 RY)). (3.10)

Proposition 3.3 (A priori estimates). There exists a constant S > 0 such that the following estimates hold
forall0 <17 <T

||uT||H1(O,T;Hl(Q;Rd))ﬂwlvm(0,T;L2(Q;Rd)) <8, (3.11a)
1T || oo (0,711 (my) < S, (3.11b)
W, [[ oo 0,11 (mey) < S, (3.11¢)
||XT||Loo(o,T;Hl(Q))mLoo(o,T;Loo(Q))mHl(o,T;L2(Q)) <5, (3.11d)
1% 2o (0,717 () nLo (0,132 () < 5 (3.11e)
HLHLoo(o,T;Hl(Q))mLoo(o,T;Loo(Q)) <5, (3.111)
V7] Lo (0.7522 (mey) <5, (3.11g)
1V poo 0,22y <5, (3.11h)
-l 10,7551 (ray) < S (3.11i)

(3.11])

Proof. Clearly, the discrete energy-dissipation inequality (3.8) rephrases as

tr(t)

tr(t)
< E(ﬁT(S)XT(S),Vf(S)H/ (£ (), ¥2(r)) @) dr+/ (G-(r), V(1) 17290y dr

tr(s)

(3.12)
forall0 < s <t <T,wheret, :[0,T] — [0,T]is the (left-continuous) piecewise constant interpolant
of the nodes of the partition (t*)X_,, with t,(0) := 0. Taking into account the coercivity properties of €
and D (based on the positive definiteness of the tensors C and V, on Korn’s inequality, on the positivity
properties a > 0, b > by > 0, and on the fact that 1} is bounded from below by an affine function (3.6)),
from we immediately deduce

1_ 1 _ Ef(t _
SIF- 0 + S IV ()1 + / (I () a7, ()P dr
0
B() (1)
< &(uo, xo0,v0) + / F (), 90 (1)) sy dr + / (G, (), %)) oy A
0 0

+ ew %o (Bl + Cw.

Now, by we gather that |€ (ug, X0, v0)| < C;in turn, we have

||TTHL2(O,T;H1(Q;R(1))* < ||f”L2(D,T;H1(Q;R4))*
191 20,15 12005r9)) < 19| 220,71 172 (00m )
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for every 7 > 0, so that we may immediately absorb the second integral term on the right-hand side into
the left-hand side. Finally, since by construction 0 < X, < 1 a.e. in ), we clearly have ¢y || X, (t)||z1 <

cw €. Allin all, we conclude estimates (3:17a)—(3.17%) and (3-11g)—(3-11h).
Finally, (3.11i) follows from a comparison argument in equation (3.3a). O

3.2 Conclusion of the proof of Theorem [2.3]

Let us a consider a null sequence (Tj)j of time steps. By well known compactness theorems we find a pair
(u, x) as in (2.9) and a (not relabeled) subsequence of (Tj)j such that the following convergences hold as
7 — 00

U, > u weakly-star in H'(0, T; H'(Q; RY)) n Wh>(0, T; L*(Q; RY)), (3.13a)

Ur, U, Su weakly-star in L>°(0, T; H'(Q; R%)), (8.13b)

v, — O weakly in HY0,T; H(Q;RY)"), (8.13¢)

U Uy, Vs, X 0a weakly-star in L>=(0, T; L*(Q; RY)), (3.13d)
Xr, =X weakly-starin L(0, T3 H'(€2)) N L>(0,T; L=(Q)) N H'(0, T; L*(Q2)),

(3.13e)

YTJ"XTJ. BN weakly-star in L>°(0, T'; H'(2)) N L>°(0, T'; L°(2)) . (3.13f)

From Aubin-Lions type compactness results we see that

Xrys Xrpp X, = X strongly in L*(0,T; LP(2)) for all p € (0,2%),

. ) (3.14)
Xy Xy X, —x ae.in@.
Finally, combining & (3.13d) we also gather
v, (t) = v(t) =0u(t) inL*(QKRY) forallt €[0,7]. (3.15)

Obviously, the pair (u, x) complies with initial conditions (T.7c), constraints (7.1d). In order to check the
validity of (2.10), let us write the discrete weak momentum balance (3.3a) in a time-integrated version:

t t
/(@vTj,cp)Hé dt+/ /{b(YTJ_)Vs(atuTj):5(<p)+a(YTj)(C5('ETj):5(cp)} dzdr
0 0 Q
t
+ / / {n0mu,, -+, o} dSdr
0 Joo

t t
— \/0 <f7'j’ atuTj >H1(Q) d?" + \/0 <§Tj’ atuTj)Hl/z(aQ) d?“.

for all ¢ € L>=(0,T; H'(2;R?)). Convergences (3.13), (3.14), and (3.10) allow us to take the limit as
7; — 0, and conclude the time-integrated version of (2.10). Hence, the weak momentum balance is shown.

In the next step we aim to obtain the integral inequality (2.11). For this, we observe that, choosing the
admissible test-function ¢ = X, (t)+¢ with ¢ € HL(Q)NL>(Q2) (where H (1) is the cone of negative
functions in H'()), rewrites for aimost all t € (0,7") as
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Thus, integrating in time we obtain

/[ oo 9x, w0
Q

forall ¢ € L*°(0,T; H-(Q)) N L*°(0,T; L(R)). In order to take the limit as j — oo we rely on
convergences (3.13) observe that, by (3.74) and the fact that W’ € C°(R), we immediately have, for
instance, that

7(X,)

Cs(z_sz):s(z_sz)zZH/T//(yTj)qZJrW'(KU)@ dzdt >0

WX, + Wiy, ) = W)+ W) inL(0,T; ().

Tj
Moreover, we combine the information that

g(w, ) — e(u) weaklyin L*(0,T; L*(Q; R™%))

=T;j

with the fact that o’ (X, ) — @’(x), e.g.in L>*(0, T'; L*(€2)). Then, well-known lower semicontinuity results
(cf. the loffe theorem [24]) give

a (X, ~ 4 ~
lim inf — // MC&?(Q_@,):&(@TW drdt > / MC&(U) ce(u)(—y)dadt.
Jj—roo Q 2 J J Q 2

In this way, we conclude the time-integrated version of the one-sided variational inequality (2.11), tested by
an arbitrary ¢ € L°°(0,T; H' (Q)) N L*>(0, T; L>°())). Ultimately, we conclude (2.71).

Eventually, also relying on the pointwise-in-time convergence (3.15), we are in a position to take the limit
as 7; | 0 in the discrete energy-dissipation inequality (3:12), written for s = 0 and arbitrary ¢ € [0, T]. We
thus conclude the time-continuous energy inequality (2.12). ]

3.3 Outlook to nonsmooth potential energies

In this section, we provide a possible extension of the existence result for weak solutions, to the case in
which the convex part W of potential energy W is nonsmooth. A prototypical example will be provided
by W = IT0,00), Cf. Remarkbelow, but we will indeed allow for more general potentials. Our standing
assumptions are collected in the following

Hypothesis F. The elasticity and the viscosity tensors, and the constitutive functions a and b, comply with
2.7), (2.2), and (2.3), respectively. We suppose that W is {-convex, i.e., (2.4b) holds, and W fulfills (2.4c).

Note that in comparison to the assumption of Hypothesis [A] we relaxed the smoothness assump-
tions on the convex part W. To handle nonsmoothness of W we propose a nhovel generalized
formulation which turns out to be consistent with that of Definition In fact, in Def.[3.4] below inequality
(2.11) is replaced by another one-sided variational inequality, below, featuring the derivative of the
concave part, only. On the other hand, is in the same spirit as the one-sided variational inequality
proposed for the damage flow rule in [20, 2] in the specific case W = W = Iip,00).-

Definition 3.4 (Weak solution for nonsmooth potential). In the setting of Hypothesis [R we call a pair
(u,x) as in (2.9) a weak solution to (1), if it satisfies initial conditions (1-1c), constraints (1-1d), the
weak formulation (2.10) of the momentum balance, the upper energy-dissipation inequality (2.12), and

/ /Q (xtsa+Vx-VsO+%a’(X)wCé(U):€(U)+W(X+<,0)—VT/(X)JrW’(X)w) dedt >0  (3.16)

forall o € L>(0,T; H'(2)) N L>=(Q) with p < 0 a.e. in Q.
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Remark 3.5. In the specific case in which TV = TV = Ijp,0), reduces to
// (xep+Vx-Vo+id (x)eCe(u)e(u)) dzdt >0 (3.17)
Q

forall ¢ € L*(0,T; H'(Q)) with —x < ¢ < 0 a.e. in Q (where the constraint ¢ > — ensures that
fo W(x + ¢)dzdt < +oo and thus the inequality is non-trivial). In fact, (3.17) is in accord with the
one-sided variational inequality from [20, Def. 4.5], [21], Def. 2.3].

Our first result shows that, as soon as also the convex part of W is smooth, any weak solution in the
sense of Definition [3.4}is also a weak solution according to Definition

Proposition 3.6. /n addition to Hypothesis@ suppose that W e CY(R). Then, any (u, ) as in 2.9)
fulfilling (3.16) also complies with (2.11).

Proof. We choose the test function for (3.16) in the form

¢ € L>®0,T), 0<¢p<lae.in(0,7),

_ 0 g i
¢ =¢¢ € L>(0,T; H(Q)) with {geHl(Q), C<0aein®.

We now estimate from above the term W(X+¢C) - W(x) that features on the left-hand side of (3.16) by

W (x+¢C) — W(x) = W(o(x+C)+(1—¢)x) — W(x)
< oW () + (18 W () — W(x)
=0 (WO+)-W(0)  aeinqQ,

where (1) follows from the convexity of . We use the above inequality to estimate from above the left-hand
side of (3.16), thus obtaining

T
/ ¢ (/ XeC+ VX VE+5a () (Ce(w):e (w)+W (x+¢)—W(x) + W’(X)Cd:v) dt >0,
0 Q
By the arbitrariness of ¢ we thus infer the pointwise in time formulation

/ (e (DC+Tx(0)- VS () Ce(u(t) )2 () ¢+ (x(1))C ) da
@ (3.18)

" / (W () +0)— T (x(1))) dz > 0

forall ¢ € HY(Q2) N L*>(£2) and for almost all ¢t € (0, 7). Let us now choose { = h) with an arbitrary
Y € H' (Q) N L>(Q). Dividing the resulting inequality by / and sending i1 — 0 we obtain 2.17). O

We now show that, with minor changes, the argument developed in Secs. also yields the existence
of solutions in the sense of Def.

Theorem 3.7 (Existence of weak solutions for nonsmooth potentials). Assume Hypotheses[B &[R Then,
there exists a weak solution in the sense of Definition|3.4 to the Cauchy problem for system (1.1).
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Proof. The proof is very similar to the argument for Theorem hence we only comment on the relevant
changes. We construct time-discrete solutions (uf.7 Xf—)szl asin Lemma From the information that Xf.
is a minimizer for the functional P, cf. (3.4), as a first order optimality condition we gather that

E—y kL 1
/Q {%(¢—X§)+Vx'ﬁ-V(w—x’i)+§a’(x5)C€(U’i‘l):€(U'i‘1)(w—x’i)} dx
(3.19)

[ {0 O 6w do >0,

forall ¢ € Xk = {v e H(Q) N L>(Q) : v < x5 'ae inQ}, as well as the constraints
0< X’j < X’j_l < 1 a.e. in ). The discrete energy inequality of Lemma is then obtained by testing
(3:3a) with u/ — u/~! and with x2~1; from there stem the a priori estimates of Proposition [3.3]
and, a fortiori, convergences (3.13)—(3.15).

In order to prove (3.16), first of all we sum (3.19) over all the time intervals induced by the partition, thus
obtaining

~

J[ 0065 + 9, V) 4 - ) e, et ) (P, do

(3.20)

o[ @) - Wi a2 0

for all test functions 1Z € L>(0,T; H'(Q)) with 12 < X, a-e. in Q. With the convergences inferred
in (3.13), we may pass to the limit is the above formulation.

Forany ¢ € L>=(0,T; H'(2))NL>(Q) with ) < x we construct a sequence of recovery test functions
in the following way. For any j € N we define

Yj(w,t) == min{Y(z, 1), X, (v, 1)} and A;:={(z,t) € Q[ P(z,t) <X, (2,0)}.
With the same arguments as in [33, Thm. 3.14] we can prove that
(1;); is bounded in L>°(0, T; H'(Q)) N L>(Q) and v;(t) — (t) in H'(Q) fora.a.t € (0,7T),
so that it is not difficult to deduce that
;= inL7(Q)forallr € [1,00), ;=) weakly-starin L°°(0,T; H'(Q)) N L™(Q).
We now choose QZ = 1; in (3:20). Since ¥; = X, on Q\A;, we thus obtain

//Q L4, (&ij(i/J—XTj)JrVyTj.V(w_YTj)
+//Q 14, <W(¢)—W(Ej)+W’(Lj)(w—y7j)> dedt >0,

(XT] )

Celu el (-, ) dact

and then send j — oo . We use that, since Xr; = X and ¥ < y a.e. in @), the sequence (]lAj)j of the
characteristic functions of the sets A; converges a.e. in () and strongly in Ll(Q) to the function identically
equally to 1. Therefore,

//Q]lAjatij(i/f—Ej)dxdt — // Ax(V—x) dz dt,
//Q 14,95, Vi do dt — // V-V da dt,
//Q]lAj (W)W (x, )6-,)) dedt — // DA (0)(-)) dedt.
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where we have also used that W(r) = —%7“2. To handle the remaining terms, we again resort to the loffe
theorem [24], which gives

lim sup (—// ]lAj|VXTj|2dxdt> :—hmmf// 1a,|VX,, [P dedt < — / IVx|*dzdt,
Jj—00 Q

lim sup <— // ]lAjI/T/(XT,)da:dt) < —// W (x)dzdt

j—o0 Q ! Q

and, likewise

lim sup / / Ly, 50 (X, )Celu, is(a, ) (6K, ) dr

Jj—00

— —liminf // Ly, 0/ (X, ) Cel, )ie(u, ) (X, ) ddi

<_ / /Q " 5@ /() Ce(w):e(w) (x—) da dt

To apply loffe’s theorem, here, we have also relied on the fact that (W(yTj))j is bounded from below and
a'(Xr,)(Xr,—¢) = 0 a.e. in Q. Combining all these convergences, we arrive at

/] (et sonvie - x>+1a’(x)w—x)cf:a(u):e<u>+v“V’<x><w—x>) e di

// (x)) dzdt > 0

forall € L>°(0,T; H'(Q)) with ¢» < x a.e. in Q. Choosing ¢ = v — x, we get (3-16). O

(3.21)

4 Proof of Theorem

Our proof of the enhanced regularity (2.14) will be based on estimates that have a local-in-time character
only and rely on a Gronwall-type argument. Since there is, apparently, no time-discrete version of local-in-
time Gronwall estimates, we will not resort to time discretization for proving the existence of strong solutions,
but instead

B devise a suitable approximation of system (1.1), namely system (4.29) ahead,
B prove existence of solutions to (4.29) via the Schauder fixed point theorem,
B perform on it the rigorous regularity estimates.

Such regularity estimates will be at first forma//y performed on the original system (1.7) in Sec. [4.1]below.
This will allow us to pinpoint how system ( needs to be approximated in such a way that the calculations
of Proposition[4.2]can be rendered rigorous. Hence, in Sec.[4.2]we will set up the approximate system
by combining Galerkin discretization and Yosida regularization. In Sections and we will address
the existence of local-in-time solutions to the associated Cauchy problem, and rigorously perform the,
previously formal, enhanced regularity estimates. Finally, in Sec. [4.5|we will conclude the proof of Thm.
by taking the limit in system (4.29).
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4.1 Formal a priori estimates

Before carrying out the enhanced a priori estimates, it is convenient to rewrite the flow rule as

/ T/ 1 / .
Xt + Lo q(a) +w =x = W(X) = 5 (0)e(w)Ce(u)  ae.in@
withw = —Ax + W' (x) + x,

(4.1)

where we have formally replaced 01(—co0](X¢) by 1(_, ¢ (Xt), hereafter abbreviated as I'(x:), and re-
sorted to the convex/concave decomposition of . Although in the present setting the convex con-
tribution T/ may be nonsmooth, for notational simplicity we will formally write T’ (x), W” (). In fact, in
Section ahead we will make all estimates rigorous by replacing W by a (version of) its Yosida regular-
ization.

The following result (with the caveat that all calculations can be rendered rigorously when W is suitably
regularized) collects elementary estimates that will nonetheless have a key role in the ensuing calculations;
note that is in the spirit of the well-known Brezis-Strauss result [6]. In the proof we will use that
W’(O) = 0, which we can always suppose up to a translation.

Lemma 4.1. There exists Sy > 0 such that for almost allt € (0,T")

(ID®) 20+ )2y ) < Solleo(®) 220 (4.23)
e ) 12 < Sollen(®)l] 2y - (4.2b)
(@)l < So (@ llzziy + 17 (D=0 Ixe ey ) (4.20)

Proof. > : We calculate
lw ()12 = AX (2 ||L2(Q)+ W OO IZ2@) + X720
+ 2/ W (x t)dz — 2/ Ax (&) (W (x () + x(t) dz
Q

,\
V=

el ()@ + IV () Iz20) + 2/9(W”(X(t)) +D[Vx ()]’ dz

,\
Ve

el @20y + W (XD I22(0)
where (1) follows the fact that W’(O) = (0 and (2) from the convexity of w.
> : Differentiating in time w = —Ay + W’(X) + x and testing it by x; we obtain

o 1 1
”Xt“%fl(ﬂ) < /Q (|Xt|2+|vxt|2) d90+/ﬂW"(X)|Xt|2 dr = /thxtdif < 5||Wt||%2(ﬂ)+§||Xt||%2(ﬂ)’

whence (4.2D).
> : We differentiate w = —Ay + W’(X) + x twice in time and test it by ;, thus obtaining

||Xtt||%11(m S/(|Xtt|2+|vXtt|2) d$+/I/T///<X>|Xtt|2dx
Q Q
:/wttXttdQJ“‘/W”/(X)|Xt‘2Xtt dw
0 Q
y 1
< ||Wt||%2(9) + ”WW(X)”LOO(Q)”|Xt|2’|%3/2(()) +§||Xtt||i3(9)a

whence (4.2¢) . O
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Proposition 4.2. Assume Hypotheses &E let 2 fulfill (F)). Then, there exists a time T € (0,T] and
a constant Sy > 0 such that for alit € (0,T)

t
Ol + IOy + [ (o) By ) B ) s
0

(4.3)
< 51(1+||vo||?qz(g>+||uO||%s(m+H><ollip(m+|||0WO|(XO)I|%2(Q>+||Uo||§p(Q)> :
Furthermore, there exists a constant §1 > 0 such that
HuttHH(of;Hl(Q)) <51 (4.4)
Throughout the proof, we will repeatedly use the following estimate for all ¢ € [0, 7]

t p t
2O = [0+ [ zeds| <2 O+ @ [ alids, @

0 b'e 0

which follows, by Jensen’s inequality and the elementary inequality (a+b)? < 2P~!(aP+bP) for all a,b €
0, +00), for every z € WP(0,T; X), p > 1 (where X is a Banach space with the Radon-Nikodym
property).

Proof. We split the argument in the following claims.

Claim 0: The evolution of the mean of u is only determined by the given data, i.e.,

/Qu(t)da::/Quodac+t/ﬂvodx+/Ot/Q(t—r)f(r)dr.

Integrating in space the momentum balance (2.10) we infer 0; fQ u; dor = fQ f dx, so that, integrating

in time we get
¢
/utdx(t) :/vodx+/ /fdxds (4.6)
Q Q 0 Ja

and thus, integrating again over (0, t), we obtain

t s
/u(t)dx:/uodx+t/vodx+/ / /fdxdrds.
Q Q Q 0o Jo Ja

Via Fubini’s theorem, we find fg Iy Jo fdadrds = fot Jo f(r)dz ftt_T dsdr = fot Jo(t=r)f(r)dr.
Claim 1: There exists a constant Sy, > 0 such that for almost allt € (0,T")

d
Tl Olz2) + e )

t
2p+4
< Su (ool 1 1ot (IO +1) (letwal Bt [ etwllsor ds) )

We test (2.10) by u,. Taking into account (2.1) and (2.3), by the Poincaré-Korn inequality we find for almost

(4.7)
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allt € (0,7)

2

/Q uy(t) do

Q 2
e

/Qb(xt(t))Ve(ut(t))if(ut(t)) do > cllue(t)ll3p ) — C

= Cllf i)

where (*) follows from (4.6). We thus obtain

Sl ()12 ) + cllu(®) 7 o)

/ Fadz| + | [ a(x)Celw)e(uy) de
Q Q

e () 170 + CllvollLa) + C'F 1) + latx(t) [l lle(@(®) | 2 lle (e (t)) | 2oy

dt2
< CH”OH%l(Q) + C||f||%2(Q) +

and, estimating ||a(x)|| @) < C(Hx||f;2(m+1) via 2.79) and [|e(u(t))|z2(q) via (&5), we continue
the above chain of inequalities with

3c
< Z”“t(ﬂ”%ﬂ(m + CH'UOH%WQ) + Ol”f”%%@)
+2 '
2 2 2
+ OO 17 (2wl g+ 21 [ letu(sDlExey ds)
0
whence (4.7).

Claim 2: There exist a constant S1 5 > 0 and 8 > 1 (indeed, B = (4p+12), with p := max{p, ¢} and
p, q from (2.170) and (2:18), respectively) such that for every t € [0, T

t
Oy + [ ol
t
< 512l ualBrort | 1 ds “8)

] e ) < Qi+ | ol dr1) )

We test equation (2.70) by V-(C:e(V-(C:e(u;)))) and integrate in space, thus obtaining

(

L= [ uy V~(C:£(V-((C:5(ut))))dx,
L+L+13=14 with < T fQ WCew)) V:(C(V-(Celw)) dr, (4.9)
Iy = — [, V-(a(x)Ce(u)) V-(C:e(V-(Cie(uy)))) dz,

I = [, f V-(C:e(V-(Cie(uy)))) da.

Then, for the first term we deduce

L = —/Vutt:(Cs(V-((C:e(ut)))dx—l—/ uy@n:Ce(V-(Cie(uy))) dS
Q o9

- —/Q(Ca(utt):VV(C:s(ut))der/mut@n:Cs(V(C:é(ut)))dS
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= /V-((Cs(utt))-V~((C:5(ut))dx+/ uy@n:Ce(V-(Cie(uy))) dS
Q o0

/ (V-(Ce () @) Ce(tr) dS |
o0

integrating by parts and exploiting the symmetry of C. The two boundary terms vanish: this will be proved
rigorously for the approximate system (4.29). Thus, we may infer

1d

I — - —
7o ar

/|V- (Ce(uy))|? da . (4.10)
Q
In order to calculate /5, we resort to the product rule, yielding

V- (b(x)Ce(u)) = (Cie(ur)) VX' (x) + b(x)V-(Ce(uy)) - (4.11)

Therefore,

I = —/Q[(C:e(ut))vxb’(x) + () V- (Ce(u))]-V-(Cie(V-(Cie(wy)))) dw
_ /Q b(x) [C:eV-(Ce(ur)) :e(V-(Cie(uy))] da
n /Q W (x)V-(Ce (1)) @V y:Cie(V-(Cie(uy))) da (4.12a)
T / Y ((C:(w,)) VXY () :Cie(V+(Ciz(w)) da

— V(b(X)CE(Ut>)®nC€(V(CE(Ut))) dsS = ]271 + ]2,2 + 1273 + 1274 .
o0

Now, we remark that, thanks to
Iy > bo/ (C:eV-(Ce(uy)) :e(V-(Cie(uy)))) dz > bgnc/ |5(V~((C:5(ut)))|2 dz, (4.12b)
Q Q

where the last inequality follows from the positive-definiteness of C, cf. (2.1), whereas we estimate

[T2.0] + [123] <CIC| [|le(V-(Cie ()] 12 10 )V (Ci(wr)) @V x| 2
+ Cle(V-(Ce(u)) ] L2 1000 (Cee(we)) Vx| a1 e

where |C| denotes the tensor norm of C. The boundary term 5 4 vanishes again due to the homogeneous
Neumann boundary conditions; again, this argument will be made rigorous for our approximation scheme,
cf. the proof of Prop. [4.7| later on.
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Similarly, by the chain rule and an integration-by-parts we obtain
= = [ 1C2@Tx () + a0 -(Ce(a))] F-(C:o(V-(Cie(a))) da
= [ ) (€:=(V-(Cofw)) s=(V-(Cicfur))
n / o' () V-(Ce () @V :Ci(V-(Cie(u,))) da

+ / V ((C:e(u))Vxd (x)) :C:e(V-(Cie(uy))) do
Q (4.13)

/QV( (0)Ce())@n:C:e(V-(C:e(we))) dS

bone
==, Vo (Ciew))[* dz + Clla() | Lo o |C:(V-(Cew))) I

+C ||a( Mz @ IV-(Ce(w)) @Vl o) + IV ((Ce(w)) Vxd' (x)) II%zm))

—/ V-(a(x)Ce(u))@n:C:e(V-(C:e(u;))) dS,
o9

with by and 7¢ the constants from (4.12b). For the boundary term, we observe again that it vanishes, as
shown rigorously in the proof of the upcoming Proposition

Finally, arguing in the same way as for /; we conclude that

L= — / (f): V(V(Ciz(u)) o+ | fom:Ce(V-(Cilm))) dS
“ (4.14)
< bore / & (V-(Co=(wn))) Pz + Cf e

Note, again, that the boundary term vanishes cf. the proof of Prop.

Combining (4.9) with (4.10), (4.12), (4.1), and (4.14), we infer the estimate

2dt/\v Ca(ut|d—|—0%/\ (Ce(wy)))|? da

< Cle(V-(Cie(u)) | 2 1000 (C:2(@) Vs
+ Cle(V-(C:ew))) | oy 1Y 00 l1o=(0) (€)@ VX 2o
+ CllaOl (e 1@ (e
+ C (11000 I3 @ V(Co) @V X320 + IV (C:e@)) VXA (0) 3200y )
+ Cle(V-(C:ew) | 2oy 100 (€2 @) VX sy + ClLF Py

< CONIEEH D) (et oy IV My + I B o) e
o+ el )+ D) e 19y + CUNIEEL) + Dlle(ar) 2y
+ CUNIEZE+D) (o) s @I T x s + XU @0
o+ OO 1) @) oy IV X () + CIIS Irncay
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where for (x) we have also used the growth conditions and (2.18). Integrating in time and inserting
the Gagliardo—Nirenberg inequalities in three dimensions
1/2 1/2 3/4 1/4
I€lle@) + IClwrsi) < ellCllgsISigy s Il < elllzg I e,

for all ¢ € H?(2), we obtain

1/ V- (Ce(uy(2)))]? dx+b0;7(c/0 /Q|5(V-((C5(ut)))|2 dx ds

<C/ (Il +1) (e (o) vz lle (o)l @) + (@) 2y lle (@) 1) Il o ds

+c/ww%+mwwmmmwmmm@+wwmﬁmwmmm»mm%mwm@®
+c/{wml (2 + 1) o) [y } ds
(%) ;
SM/HW@de{WW#@+C/{W%I 2+ D)oy} ds
0

+c/|mW“ ) (Il + Il ) (1o @) + @) 3 ) ds,
(4.15)

for a positive constant y to be specified later, and recalling that p = max{p, ¢}. For (xx) we have esti-
mated ||| (q) Vvia || x| g2(q), estimated ||V ((Cé?(ut))Hm via [[us|| g3 and [|[V- (Ce(vo)) || 2
via Hvo||Hz , and used Young’s inequality. Again by (4.5), we observe that

t
le (@)l 0y < 2lle(wo) 7 (g +2T/ le(u) 35y ds - forj € {1,2}.
0

We now add (#.15) and (4.7) integrated over (0, ), thus obtaining

t

o)y + [ 19 et o+ [ (ol [ (T Cou) ar) ds
0 Q

<o [ ol s

4 S
+C (Ionlfen + [ O+ 1) (letwn) e+ [ ey 07 ) + 17 )
t s
4p+4
+ 0 [N D Ul ) (e Bt | Il oy dr- o e ) 4

(4.16)
Now, it follows from the elliptic regularity estimates (A.4) from Corollary that there exists Cgr > 0 such

that
me@@sémomwm@+éw«&mmm%ﬁ.

Likewise, we have
o () oy < th|m1 + [ vzt M<m).
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Hence, we choose p in (4.16) in such a way as to absorb ! w5, ds into the left-hand side, thus
K 0 H3(Q)
obtaining

t
o) L2y + € / ol 2 s

gc(uvouipm / (I, + )(!|€(Uo ooy / le(e) e d7)+|rf||H1 )

t
e / (Il + 1) Uz e+ 1) (Hf:‘(ut)H?p(er / ||e<ut>uzl(md¢+||e<uo>uzl(m) ds.
0 0

Therefore, estimating

o) < C
IXllz=@) < Clixllaze) @17
le(ui)l[ ) < Cllwl| @),
we arrive at (4.8).

Claim 3: there exist a constant Sy 3 > 0 and 3 > 1 such that

t
w2 + X2 +/ (”Xt||2L2(Q)+||vXt||%2(Q)> ds
0

< Sta(1+lxollz o) HIOW | (xo) 120y ol 2 )

t S
B
+5u | (|rw|ri2<m+\rutu%2<m+ | tli dT+HXHHz(g)) s

We test (@.7) by w; and integrate in space and over the time interval (0,¢), ¢t € (0,7"). Thus, we obtain

(4.18)

1 t
1@+ [ (el 1Tl ) s

| [P 00be 41 0t P Gl VP47 00 (o e ds
0 Q

. (4.19)
Ipb >0

_ /0 t /Q (X () — %a’(x)s(u)@a(u)) wdrds = T, .

Indeed, by the convexity of W and I 0], the first and third contributions to I are non-negative; likewise

the monotonicity of /" and the fact that 1’(0) = 0 ensure that the second and fourth term in I is positive
We integrate I; by parts, thus obtaining

h= [ (G0 Ceue) + dOCEweu) + 1 (On ) deds
1, -, (4.20a)
- [t (Ge0OCeun)o) + @) - x0) do

1 / ! .
+ / W(O) <§a (XQ)CE(U())Z(':(U[)) + %74 (X(]) — XU) dx = [171 + [172 —+ [1’3 .
Q
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By Hélder’s and Young’s inequalities we have

1 t
um|s§mh/nwmmmm%mmwmm%mﬂmwmm%mﬁu

t 0 1 .
'+L/‘HWHL%Q)(§VCth(X)HLw«nH€@0HL%QHKKUOHL%Q)+'HW”TXQ-—lﬂLw@nHXJh9«n> s
. t t
_—/Hm%uﬂw+0Awwam@+clnmm@mwﬁmﬁnwmmamw
t
+0 [ U D@ ey ds + [ Tl ds

@1 t
&0 [ Ilinyas + [ Tl ds
2 0 0

t
+0 [ (Il (@) o Hle )+l Bege) ds.

(4.20D)
where for (1) we have resorted to the growth properties (2.17b) and (2.19) of a” and o/, and used that
W"(x) = —{. Moreover, (2) again follows from Young’s inequality; therein, m = max{8p,4p+4} = 8p.

Secondly, we observe via Young’s inequality that
1 -
12l < Zlw®NZa) + W X)X 720) + Clle@) 174

From @5) we gather [le(u(t))]|74q) < l[ollf2q) + cfy le(w:)[| 24y ds - Recalling that W'(x) =
—0x, we find

t
IV (X)) —x 0 72@) < (1) [IX(B)[72(0) < 2(6+1)* (HXoHim)Jr/O /QXthﬂde)

1 t t
<3 Ml ds+ Cllwliagy + € [ Il

All in all, we conclude

1
il < 5 (I + [ Il os)

. (4.20c)
+C (||Xo||%2(Q)+||Uo||§zz(m+/ le (o) |2y ds+/ ||X||2L2(Q)> :
0 0
Finally, we have
1 a
1] < $1w(0)F2(0) + € (luoliieey + IV 0) @ txol3ee) <€ (4200
Combining with (4.20), and again using that || x|| (@) < C|x||#2 (@) we obtain
t
||W(t)||%2(9) +/ (HXtH%?(Q)—'—HvXtH%Q(Q)) ds
0
< C(1+ ol o) Hlw (0) 172 () ol 2 g)) (4.21)

+c/ ool )+l 0) Iy HIX Sy ) s
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By we have [[e(u(t))|760) < 27lle(wo)l o) + 27T INIEC )||76(qy ds- Furthermore, we use
that || (u)|| g1 (@) < Cllue|| g2 (0. In order to conclude (418), it remains to observe that, by (2.20),

w(0) |20y < lIXo0llz2() + 11OW°|(x0) 220 + lIXoll 220 + (4.22)

and to remark that the Z2-norm of w does bound the H?-norm of , cf. (4.2a). All in all, we arrive at (4.18)
with 3 = 8p.

Claim 4: there exists a constant Sy 4 > 0 such that for 3 := max{}3, %é} there holds
s ()12 + / a2y s+ (8 By + I8 / el o

< 814103yl X0 s H 11OV 0 .y ol oy + / 1100y )
0

t s 2
+51,4/ {HXH?Q(Q)—’_HutH?{Z(Q)_F (/o HutH%ﬁ(Q) dT) +HWH§L2(Q)} ds.
0

(4.23)
It suffices to add estimates and (4.18): as for the left-hand side of (4.8), we use that
t
[ O 1) sl [ ol d)) s
25
<c (T+ [ {qu ol ([ Tl o) } ds) ,
0
whereas we trivially observe that
t s t
| [ el drds < [ e ds
o Jo 0
for the corresponding term on the right-hand side of (4.18). Then, ensues.
Conclusion of the proof:
With the choice
t
2
Y(t) = |l ()32 +/ loael 3 0y ds + Nl ()220 + X O 20y + 1,
0
we observe that for 5 > 4, the estimate yields
() < S1ap(0 / Si(s)Pds  forallt [0, 1) (4.24)

HvonHz(Q) oW I(x0) 1220
||X0||H2(Q and fo £ 113 1o ds. Let us define ¢(t) := 51 ) + fo S11(s)? ds. Then, taking the in-
equality (4.23) to the power 3 one has

for some suitable constant S; also encompassing Hung

_ t B
¢'(t) = 9P (t) < (51w<0>+ /0 Slws)ffds) =¢7(t) forallit € [0,77].
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Via the usual comparison arguments for ODEs, from ¢’ < gbﬁ we conclude that

U (0).

1/(8-1)
b(t) < ¢(t) < ( 1 (B—l)t) forallt < - ¢18(0) = g

07 (0)- =
Therefore, we may conclude, e.g., that

B0 < 3000) = 5 0(0) tort e (0, ut )

1
2(6-1)
In this way, we conclude estimate (4.3).

Eventually, (4.4) follows from (4.3), arguing by comparison in the momentum balance. This concludes the
proof. O

The following sections will be devoted to the rigorous justification of Proposition |4.2

4.2 Regularization and Galerkin approximation

We will approximate system (1.1) by

1 Regularizing the possibly nonsmooth (cf. Hypothesis |C) convex contribution W to W, in order to
rigorously carry out the estimates leading to Claim 3 in the proof of Prop. In fact, we will need to
replace W by a regularised version W5 € C3(R), § € (0, 1), such that

{oswwﬂ

1 o o o
9 forallr € Rand lim Ws(r) = W (r) forallr € dom IV . (4.25)
(W5 (r)] < 60

QN

Likewise, we will replace the the indicator function [(_Oo,(]} by its smoothened Moreau-Yosida ap-
proximation /5.

2 Adding an elliptic time-regularizing term to the damage flow rule, tuned by a second parameter v > 0
that will need to scale suitably w.r.t. §, cf. (4.41) below.

3 Adopting a Galerkin discretization for the momentum balance, consisting of eigenfunctions of a self-
adoint operator, see below.

In order to obtain a smooth approximation W5 of VV and I; of f(—oo,o], we shall apply the construction

detailed in Section [B| ahead, and based on the results in [18, Sec. 3], to the operators = OW and
B = OI(_,0)- Let us now delve into the Galerkin discretization of the momentum balance.

Galerkin approximation

We are going to use a Galerkin scheme to discretize the elasticity subsystem in space. Hereafter, we will
use the notation

I2(Q) g = {v € IA%RY) - /dex —0), HYQ)m = HNQ:RYALAQ) e
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For the approximation of the elasticity equation, we use an LQ(Q)—orthonormaI Galerkin basis consisting
of eigenfunctions ¥, y¥,, ... of the differential operator corresponding to the boundary value problem

—V-(Ce(y)) =h inQ, /ydx =0, nCey)=0 ondQ. (4.26)
0

The above problem is a symmetric strongly elliptic system that possesses, by the Lax-Milgram lemma, a
unique weak solution y € H'(Q) g for any h € (H'(2),r)*. Its solution operator is thus a compact
selfadjoint operator in LZ(Q)/R. Hence there exists an orthogonal basis of eigenfunctions y,, ¥,, ... in
L2(Q)/R. The regularity result of Proposition ahead ensures that the eigenfunctions ¥, y,, ... are,
indeed, in H3(Q; R?). Therefore, the space spanned by them, and by y, = 1,

Vo :=span{l,y,,...,y,} C H*(Q;R’).
We will need to consider both the orthogonal projections
Y HY(Q;RY) — V,, and P : H*(Q;RY) — V.

. With slight abuse, we will drop the subscript H*, k € {2, 3}, in their notation.

The approximate system

Combining the regularization for the damage model with the Galerkin-discretization for the elasticity equa-
tions, we end up with the regularized—discretized system

/Q wi-z + (b(x)Ce(u)+a(x)Ce(w)) :2(2) dx (4.272)
= / fzdx forallz € V" a.e.in(0,7),
! (4.27b)
vwy + w + xe + Ii(xe) + 3a/ () Ce(u):e(w) + W' (x) —x =0 ae.inQ, (4.27¢)
A +Wi()+x=w aeinQ, (4.274)
Opx =0 aeonX. (4.27¢)

4.3 Existence for the regularized approximate system

First of all, let us show that the Cauchy problem for system (4.27), supplemented with the initial data
(P"™(uo), P (v0), Xo0) and with an additional initial datum for w,, does admit a local-in-time strong solution
(here ‘strong’ refers to the fact that (4.27c)—(4.27¢) are satisfied pointwise).

Proposition 4.3. Let (g, vo, Xo) € H>(; RY) x H2(Q; RY) x H2(Q) fulfill Hyp. [0, Let w € L*(Q) be
given.

Forevery 8, v > 0 there exists T = T (0,v) € (0,T) such that for every n € N system (@.27) admits a
solution (u, x) with the regularity

we H'(0,T; H¥(QRY) N W0, T; H*(Q; RY)) 0 H*(0, T; H' (% RY)),

_ _ (4.28)
X € Whe(0,T; H*(Q)) N W>(0,T; H()),
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satisfying the initial conditions

—pn
v(0 (vo), a.e.in€).
X(O) = X0,
w’(O) = Wy

In fact, as a consequence of the a priori estimates from Proposition |4.7, we will improve the above local
existence result and show that the final time 7" neither depends on ¢ nor on v.

In order to prove the existence of solutions for the discretized-regularized system, we will apply Schauder’s
fixed-point argument. More precisely, for fixed Y € L>°(()) we will solve the Cauchy problem

/'vt -2+ (b(x)Ce(uy) + a(x)Ce(u)) : e(z)dx = / fzdx (4.29a)
Q Q
forallz € V", a.e.in (0,7),
U = v a.e.in (0,7), (4.29b)
vw + w 4 xe + L) + 3/ (X)Ce(u):e(w) + W(x) — x =0 a.e.inQ, (4.29¢)
A+ W) +x=w ae.inQ, (4.29d)
Opx =0 a.e.on X, (4.29¢)

and prove that the solution operator y — X admits a fixed point as soon as (z,t) — Y(z, t) is defined on
a cylinder 2x (0, T") with sufficiently small 7.

The fixed point argument: solving the momentum balance

Firstly, we solve the discretized momentum balance (4.29a)—(4.29b) for fixed x € L*°(()). For notational
simplicity, we will consider as a solution operator the mapping \ — u, disregarding the solution component
v.

Lemmad.4. Let Y € L>=(Q) be fixed. For every pair (ug,vo) € H?(2; R?) x H?(Q; R?) fulfilling (2-200)
there exists a unique solution
(u,v) € H'(0,T; V"xV™) (4.30)

to the Cauchy problem for system (4.29a)—(4.29b), supplemented with the initial conditions
(u(0),v(0)) = (P"(uo), P" (vo)).

Moreover, there exists a function G, : [0, 00)4 — [0, 00), monotonously increasing w.r.t. all of its argu-
ments, such that
[wll e 0,7y + W[ o0,y + Vel 20,700

B (4.31)
< gu(Hf”LQ(O,T;HI(Q)a X0 2 @) ol 3 (). ||vo||H2<ﬂ>> )
and the solution operator T,, : L>°(Q) — H'(0,T; V™) defined by X + wu, is continuous.

Proof. A classical existence theorem (see [19, Chapter |, Theorem 5.2]) ensures that, for every n &
N, there exists a time 7" such that there exists a (unique) maximal solution (u,v), in the sense of

Carathéodory, to the Cauchy problem for (4.29a)—(4.29b) with

(u,v) € AC([0, 7]; V' xV™) forall 0 < 7 < T7.
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With straightforward arguments, based on the norm-equivalence of all finite-dimensional norms, we obtain
that
[l oo 0,730y + [0l 0,159 m) + [0l 20,150m)

< @(HfHLQ(O,T;Hl(Q)a X! oo (@) s 1P (uo) || vn HP"(UO)HW> :
Since
[P (uo)[[vn < clluollmsy, — [P"(wo)llve < cllvolla2(o), (4.32)

the right-hand side in the above estimate does not depend on n and thus the pair (un,'vn) extends to
the whole interval [0, T']. Estimate (#.31) is then a consequence of (#.32) and of the monotonicity of the
function (.

The continuity of the solution operator follows from estimate (4.33) below. To prove it, we consider system

(4.29a)—(4.290), corresponding to two given functions 1, Y2, subtract (4.29a) with Y = Y2 from (4.29a)
for Y = X1, and test the obtained relation by ¥ := v;—vy = 0u, with 4 := u;—u,. Integrating in time
and taking into account that w1 (0) = u5(0) and v1(0) = v2(0) we obtain for all t € [0, T']

t
/%]6(t)|2dx+bon<c/ /|5(ﬁ)|2dxds
Q 0 JQ
t
< [ ei{lewllzlle @izl -l
o) @ e @l 2 @) 120
o)l 260 ) 2 (%0 —a(a) ey | s

W bonc ||~ ' TP o
< @ ey + K0T [ 5 ([ 1@ dr) ds+ Kall—elemeiom

where (1) follows from Young's inequality and from estimating [|e(@(s))[|72q) < s [y [1€(@)[172(q) dr- The
constant K, depends on |C|, on max,j<ps(|a’(7)|+|6'(r)]) (with M = || X1]|z(@)+|X2llL=(0)), and
ON SUPye(o7] (le(ua ()| 2+ lle(W2(£))] £2(0) ), of. @3T). Likewise, the constant K also depends on
(| X1 Lo (2x (0,7)- All'in all, with the Gronwall Lemma we conclude that

t
[ I@ e ds < el g () (4.33)
0
with r; = 2(bonc) "L K; and, a fortiori, we have for some constant 3

sup [le(@(t))] 2 < AallX1—Xal L~ ) - (4.33Db)
t€[0,T]

The fixed point argument: solving the damage flow rule
We now solve the approximate flow rule (#.29¢)—(@.29¢) for fixed x € L*°(Q) and with u = u := T, ().

The statement of Lemma 4.5 mirrors that of Lemma[4.4] and, again with slight abuse, we will consider as a
solution operator the map (y, %) — X, disregarding the solution component w.
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Lemma 4.5. Lety € L™(Q) andu = T,(x) € L>(0,T;V"). Set

— o

hi=x—W(X) - 30/ (X)Ce()e(w),
and consider the PDE system

vwg +w+xe + () =h aeinQ,

. (4.34)
—Ax+Wi(x)+x=w aein@,

supplemented with the boundary condition (4.29€).
Then, for every xo € H?*(Q) fulfilling (2.200) and oy € L*(€) there exists a unique solution

X € X 1= Whe(0,T; H*(Q)) N W>*(0,T; H*(Q)), w € W?>>(0,T; L*()),

to system (4.34) satisfying x(0) = xo and w;(0) = wy.

Moreover, there exists a function (,, : [0,00)° — [0, 00), monotonously increasing w.r.t. all of its argu-
ments, such that

"XHW1’°°(O,T;HQ(Q))OWQvOO(O,T;Hl(Q)) + VHWHWQM(O,T;L?(Q))
1, . - " (4.35)
< Cx(Sa Xz @), 1@l oo 0.0y, Ixoll 205 [[|OW [ (X0) 22 () v ||WOHL2(Q)> :

and the solution operator T, mapping (X, @) — X is continuous from L>(Q)) x L>(0,T;V") to X
endowed with the weak™ topology.

Proof. It is rather standard to prove the existence of solutions, e.g. by time discretization. That is why, we
focus here mainly on deriving the necessary a priori estimates to deduce the regularity Y € X for the
solution, and estimate (4.35). We test equation (4.29d) by w;, which provides the estimate

5 (V|lwt(t)||%z(m+||W(t)|liz<m> < Ixet L)z llwrll 2 + 1Al 2@ lwell 20

(1) 1 _
< <1+5) Ix¢ll 2 @llwell 2) + 1Rl 2@ lwil 22

@1 Sy 1
< Sl + (5045243 ) el

where (1) follows from the fact that ||15(x:) || L2y < %HXtHLz(Q) by the Lipschitz continuity of I§ and the
fact that I5(0) = 0, cf. ahead, while (2) is a consequence of (@.2b). Then, with the Gronwall lemma
we obtain that

~71 _
S (2 llwor () [l 20 Fllw ()] 22(@) < C(g, 12l oo 0,75 22(2)) [l (0) || 220 V1/2||wO||L2(Q>>
€ )

for some Z : [0,00)* — [0, 00), increasing w.r.t. all arguments. Taking into account estimates (#.2),

estimating ||| o< (0.7:12()) Via | X[z (@) @nd ||&|| 1< (0.7.12()), and estimating ||w(0) || z2() via @22),

we find
=0,V

sup (X&)l 2oy +xe @)l o)) < ¢
t€[0,T]
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with the constant Ziy depending on the same quantities as in (4.35). A comparison argument in w; =
—Ax¢ + WY (X)Xt + Xt (recalling that HW(§,<X)HLOO(QX(O’T)) < 1), then allows us to conclude an es-
timate for —Ax; in L>(0,T; L*(Q)). Therefore, x; is estimated in L>(0,T; H*(2)). Arguing by com-
parison in (4.29b), we ultimately deduce an estimate for wy; in L°°(0, T'; L*(£2)). A fortiori, by and
taking into account that sup,¢(o 7 ||W”’(X(t))||Loo(g)||xt(t)||%3(9) < C, we infer an estimate for 4 in

—0,v
L>(0,T; H'(Q)). Thus, suitably adapting the right-hand side term ¢, »we conclude estimate (4.35).

In order to have the solution operator 7T, well defined, let us verify that, for given h and data X0s T@o,
the initial boundary-value problem for (4.34) admits a unique solution. Indeed, let (y;, w;), i = 1,2, two
solution pairs. Set Y = x1 — X2 and t W = w; — wo. We subtract system (4.34) for w, from (#.34) for wy,
thus obtaining

=0
R a.e.in(Q). (4.36)
w

vy + 0+ Xt + [Zs(atXl) - [(ls(atX2)
—AX 4+ Wi(x1) — Wi(x2) +X

We test the first equation by &;, while we differentiate in time the second equation and test it by ;. Adding
the resulting relations and integrating in time and space, we obtain

v 1, Lo
2B Ol + 515 ey + [ IRilgoyds < o+ T
where, using that /§ is Lipschitz continuous with Lipschitz constant <, we estimate

t R 1 t R 1 t R
h= [ 15000~ e |Gy a5 < 5 [ IRl a5+ 55 | 18,
0

while we have

Iy = / / "(x1 (9tX1+W5 (XQ)atX2) Xt dx ds

t
- / WGP deds+ |1 0ca) =1 00l 0= Rl
0 Q 0

11 [t o t ps S
< _/ ||Xt||L2(Q) dS‘I'C/ / ||Xt||L2(Q) drds.
4 Jo o Jo

Indeed, (1) follows from the convexity of W, from Young's inequality (with the constant C' depending on
X2 |lwro (0,7:22(02))), @nd from estimating

W3 (x2(8) = W5 (xa () |20 < CIIR(S) || 220) < C/O X ()] 222y ds

Allin all, we obtain
V. 9 1
SI@ )72y + 510 ()] 72(0y IIXtIIHl ds
2 2

t s
< o5 [ 100 ds+0 [ [ IRl aras,
0 0 JO

and via the Gronwall Lemma we conclude the desired uniqueness X = & = 0 a.e. in Q).

Finally, let us sketch the proof of the continuity of T',.. Consider (Xy, %), C L>(Q) x L>(0,T;V™)
such that X, — Yoo in L°(Q) and &,, — U in L>°(0,7; V™) . Due to estimate (4.35), the correspond-
ing sequence (X», = Ty(Xn,%n))n is bounded in X = W'>°(0,T; H*(2)) N W2>=(0,T; H'(Q)).
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Likewise, the associated sequence (w,,),, is bounded in W2°°(0,T; L?(2)). Hence, there exist a pair
(Xoo, Weo) @nd a subsequence (1), such that X, —* XYoo in X and w,, —* wWs, in W2(0,T; L*()).

We standardly check that (ws, Xoo) SOlve the Cauchy problem for system (@:34) with hoe = Xoo —
W' (Xoo) — 30 (Xo0)Ce(lino):(tin). Thus, Xoo = Ty (Xoos Boo)- Since the limit is uniquely identified,
a posteriori we have convergence along the whole sequence (x,,),. We have thus shown that

Xn — Xoo in L(Q) and &, = U in L=(0, T V") = T (Xn, Un)—" Ty (Xoo, Uoo) in X .

This finishes the proof. O

Let us now introduce the operator
T:L=(@Q) = L7(Q), X = T(X) =T (Tu(X)),
and, for given T € (0,7 and R > 0, the notation
B (T) :=={x € L= x (0, T)) | [X = xollz>@x(0,1) < R}.
With our next result we will show that there exists T’ € (0, T such that, if we restrict T a closed ball in

L®(Qx(0,T)), T maps B (T) into itself and indeed admits a fixed point, which in fact provides a local-
in-time solution to the Cauchy problem for system (4.27). This concludes the proof of Proposition

Lemma 4.6. Let (ug,vo, Xo) € H3(Q; RY)x H2(Q; RY)x H2(R) fulfill Hypothesis[Dl Let @, € L?(£2)
be given.

Then, for a suitably chosen R > 0 there exists T = T(,v) € (0, T] such that the operator T admits a

fixed point in Bg*(T').
As a consequence, the Cauchy problem for system (@.27) admits a solution (u, x,w) as in (4.28).

Proof. Combining the continuity properties of the operator T, with those of T, we easily check that T :
L>®(Q) — L™(Q) is continuous.

It follows from estimates (4.37) and (@.35) that there exists a function ¢ : [0, 00)% — [0, 00), increasing
w.rt. all arguments, such that for every Y € L>°((Q)) there holds

11 _
||“T(X)HW1v°°(O,T;H2(Q))OW2!°°(O,T;Hl(Q)) < C(g; ;7 ||fHL2(O,T;H1(Q)a ||X||Loo(Q), m0> )

where we have set mo ‘= HUOHHJ(Q) + H’UQHHQ(Q) + HXOHHQ(Q) -+ H|8W0’(XU)HL2(Q) + HWOHLQ(Q)
Since W>°(0, T'; H*(Q))NH?(0,T; L*(£2)) compactly embeds in L>(2 x (0, 7)), we conclude that
the operator T is compact.

Finally, let us choose

11

R> (o= C(S, " HfHL?(o,T;Hl(Q),O,mo)-
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Forany T € (0,T), forevery t € [0,7] and Y € B3 (T') we have
TGO @) = Xoll o) = [[X(£) = Xoll 2o ()

t
:‘/Xtds
0

< Xl oo (a0,

Lo (9Q)

< CH2,L°°THX”W1 o (0,T;H2(Q))

1 1 _
< Crp2 1 TC (5, = I 2oz s X (o7 ™0

1) _
< CHQ,LOOTC(ga ~ | fll 20,701 (02) R+HX0HL<><>(Q),mo) ,

where C'g2 1. is the constant for the continuous embedding H?(Q2) C L*°(2), and (1) follows from the
estimate

XN oo x 0.7 < IX=X0ll oo x (0,7 + X0l oo n 0,7 < B+ X0l oo 0,7 -
and the monotonicity of (. Hence, upon choosing

1 1 —1
T<RCH%L°°C< 220,81 ),R+||X0||L°°(Q),mo>

we have that T(B3(T)) C B3 (T). Therefore, we are in a position to apply Schauder's fixed point
theorem. This concludes the proof. O

4.4 A priori estimates for the regularized approximate system

With the following result we rigorously prove the estimates of Prop. [4.2) for the local-in-time solutions
(u, x,w) of the approximate system (4.29) (for better readability, we choose to omit the dependence on
the parameters n and 9 in their notatlon) Slnce estimate (4.38) below holds for a constant independent of
n e Nand §, v > 0, we deduce that the local-in-time solution (u, x) found in Prop. ﬂemsts up to a time
T independent of such parameters.

Proposition 4.7 (Enhanced local-in-time estimates for the apprOX|mate solution). Assume Hypotheses|C
and@ and let 2 fulfill condition (Hg). Then, there exist a time T € (0, T] such that

1 foreveryn € N and 8, v > 0 the solution (u, ) from Proposition|4.3 extends to the interval [0, T
with the regularity
we H'(0,T; H(RY) nWh(0, T; H*(O; RY),
I N (4.37)
X € L0, T; H*(Q)) N HY>(0,T; H'(Q))
and we have thatw = — Ay + W}j(x) + x € W2(0, T; L2(Q));

2 there exists and a function ¢ : [0,00)® — [0, 00), increasing w.r.t. all its arguments, such that for
everyn € N andd, v > 0 there holds for allt € (0,T)

ey + 00 By + IOl + V1B By + V() e
t
+ [ (o i) ds 438

<< <||u0||H3(Q), [voll 20, Ixollz2(0)s 1OW ] (x0) [l 22 (02)» V1/2Hw0||L2(Q)> :
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Furthermore, there exists a constant C' such that for everyn € N and 9, v > 0

el 220 7.1 ) + IW5 OO oo 07220y < € - (4.39)

Clearly, in view of Lemma the regularity w € W?2°(0, f; L?(Q)) leads to additional regularity for .
However, we shall not emphasize it, as it will not carry over to the limitas 6, v | 0.

Proof. Here, we revisit the various claims in the proof of Prop. [4.2]and show how the related calculations
can be made rigorous.

Claim 1: The evolution of the mean of u is only determined by the given data, i.e.,

/Qu(t)dx:/ﬂuodm+t/ﬁv0dx+/0t/g(t—r)f(r)dr.

This claim follows exactly as in the proof of Proposition[4.2]by choosing the basis function 1 as test function
in the Galerkin discretization (4.27a).

Claim 2: there exists a constant S; ; > 0 such that estimate (4.7) holds.
It follows exactly as in the proof of Proposition 4.2

Claim 3: there exist a constant S1 2 > 0 and B > 1 such that estimate (@.8) holds.

In order to rigorously prove this claim, we use the special choice of the Galerkin basis. First of all, we
observe that testing by V-(C:e(V-(C:e(u;)))) is possible, since the choice of our Galerkin basis
ensures that V- (C:e(V-(C:e(u;)))) € V" foru, € V™. Moreover, we observe that the following boundary
conditions are fulfilled due to the choice of the Galerkin basis

n-Ce(V-(Cie(uy))) =0, n-Ce(uy) =0 ondQx(0,T).

This follows from the fact that u; and u; are just linear combinations of the basis functions and for all basis
functions y, € V™ withi € {1,...,n} it holds by construction that n-Cs(y,) = 0. Moreover, the basis
functions are eigenfunctions of the operator (4.26), so that for any y, € V™ also V-(C:e(y;)) = \w;
fulfills the associated boundary condition, i.e.,

n-Ce(V-(Cie(y;))) = An-Ce(y,) =0 ondQx(0,7).

With this observation, all the formal calculations of Claim 2 can be performed rigorously and all boundary
terms are null.

Claim 4: there exist a constant Sy 3 > 0 and 3 > 1 such that for almost allt € (0,T)

t
Vw1720 + W ®Z20) + X 2@ +/0 <HXtH%2(Q)+HVXtH%%Q)) ds

< Su(1ll@ollZa )+ xollZ o) HHOW [ (x0) 172 (0 ol o) (4.40)

t s
B
+SLS/ (||w||%2(9)+||ut”§-12(9)+/ ||“t||18112(9) dT+||X||H2(Q)) ds.
0 0
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In fact, thanks to Lemma for a solution to the system (4.27) we have the regularity property w €
W2(0,T; L*(2)) (although we have [[wllyy2.0o (g 7iz2(q) < C'(9,v) for a positive constant C'(d,v),
with C(6,v) T +oo as §, v | 0). Hence, w; is an admissible test function for equation (4.27c). The
same arguments as in the proof of Proposition [4.2|can now be followed step by step in order to derive the

estimate (4.40).

Combining the estimates from Claim 2 and 3, we obtain the analogue of inequality (4.23), with the same
constants S 4 and [, but with the additional term V||wt(t)|]%2(m on the left-hand side. Recall that
vl|ws(t )||L2(Q) > cvl|xe(t )||H1(Q by Lemma Hence, the very same local-in-time Gronwall-type esti-
mate as in the proof of Proposition [4.2) allows us to deduce estimate (4.38). Estimate for u,; then
follows in view of (#@31), by the equivalence of all finite-dimensional norms, while the bound for TV} (x)
follows from that for w in L>°(0, f; L?(Q)), arguing by comparison.

Since the involved constants are independent of n € N and of §, v > 0, by a standard prolongation
argument we obtain that the solution found in Prop. [4.3| extends to an interval (0, T) independent of all
parameters, on which estimate (4.38) holds. This concludes the proof. O

4.5 Limit passage in the regularized system and conclusion of the proof of Theo-
rem

We split the argument in some steps. Let us mention in advance that we shall resort to Proposition [2.77}
thus, we will show that the limiting pair (u, x) fulfills the damage flow rule pointwise a.e. in () by proving
the variational inequality (2.22) and the energy-dissipation inequality (2.12).

For the compactness argument below we recall that, for a given reflexive space X, convergence in the
space CY([0, S; X weak) is, by definition, convergence in C°([0, S]; (X, dyweax) ), Where the metric dycax
induces the weak topology on a closed bounded set of X.

Step 1: compactness. Since the a priori estimate (4.3) holds independently of the parameters n € N and
0, v > 0, we may choose two sequences

1/2
0n 4 0 and v, | 0 such that yg

n

—0asn — 0. (4.41)

We also consider a sequence (w5 ),, C L?(£2) of initial data such that

v 2|l 2y — Oasn — oo. (4.42)
Correspondingly, by Proposition we find a sequence of solutions (unv(;myn, Xn,gmyn)n, hereafter simply
denoted as (uy, X»)n, With associated w,, = —Ax,, + Wj (X») + xn, ad a quadruple (u, x,w, &), for
which, along a (not-relabeled) subsequence, the weak-convergences associated with the bounds (4.38)
hold, namely

u,—u  weakly-starin H2(0,T; H*(Q; R)NW (0, T H*(Q:; RY))NH' (0, T; H*(; RY)),

(4.43a)

Xn—"x weakly-starin L>°(0,T; H*(2)) N H' (0, T; H'(Q)), (4.43b)
wp—*w  weakly-starin L>=(0,T; L*(Q2)) (4.43c)
Wgn(xn)e*g weakly-star in L>(0,T; L*(Q2)) . (4.43d)
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Furthermore, by well-known compactness results, we gather the strong convergences

Is H2 (9 R yeake) (4.44a)

O, — " Opu strongly in C°([0
0,7]; H* () weak) - (4.44D)

T
Xn—"Y strongly in C°([0, 7'
Finally, from (4.38) we also deduce an estimate for (V%/zwn)n C Whe(0, T: L?(€2)), so that

Vpwy — 0 strongly in (0, f; L*(Q)). (4.44c)

By the weak lower semi continuity of the involved norms, we may take the limit in estimate (4.38) and deduce
that its analogue holds at least for almost all ¢ € (0, 7). Indeed, since u; € C°([0, T']; H*(Q; R?) ek
and x € C°([0, T]; H*(Q)weak ), We ultimately have that the pointwise estimates (4.38) for u; and x hold
for all times.

Step 2: momentum balance. Using the convergences (4.43) and (4.44), it is a standard manner to pass
to the limit in the Galerkin approximation (#.27a). In this way, we deduce that the pair (u, x) satisfies the
momentum balance pointwise a.e. in ()

Step 3: variational inequality (2.22). Multiplying the regularized flow rule (4.27¢) by a test function (VNS
CL(0, T)®L*(2) such that 1) < 0 a.e. in  and integrating in space and time, we find

/ / (atxn A+ W) + W (x) + %a’(m)@e(un):e(un)) W — vy da ds =
Q

_//Q (@)t dzds > 0.

(4.45)

The last term on the left-hand side vanishes in the limit as n — oo due to (4.44c).
l/n/ Own 0¥ dz ds < V| Owwi | oo (0 7120 1068 || 110 720y —> O @S R — 00
Q

Passing to the limit in the remaining terms on the left-hand side of inequality (4.45) is now a standard
procedure in view of convergences (4.43) and (4.44). In particular, combining the weak convergence of
W; (xn) with the strong convergence (4.440) for ., we conclude that £ € W (x) a.e. in Q. In the limit
of the inequality (4.45), we infer that (2.22) is fulfilled.

Step 4: energy-dissipation inequality (2.12). First of all, we observe that an approximate version of (2.12)

holds for system (4.27). Indeed, testing (4.27a) by z = O;u,,, multiplying (4.27¢) multiplied by 0 x.,, adding
the obtained relations and integrating in time leads to

86n (un(t)a Xn(t)a atun(t» + /0 D(Xn(s), atun(s)a atXn(s)) ds + vy /0 /Q attwn(s)atXn(S) dsdx

— &5 (1 (0), 1 (0), Bt (0)) + / /Q f-Ouy dr ds.

(4.46)
featuring the regularized energy and dissipation functionals

1 1 1 v A
Ea,(wxu) = [ G4 e00Co@ @D 0T (0 b ar, )
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D, s ) / [b(x) Ve () () +xel*+1s, (1)} d (4.48)

For the last term on the left-hand side, we find
t
yn/ /&twn(s)@txn(s) dsdx
o Ja
t v
- Vn/ / at (_AatXn+W(§; (Xn)atXn+atXn> &an dZL‘ dS
0o Ja
t
= / / dt 2 {‘Vatxn| +’atXn| }+ ”/ Xn>(atxn) +W5 (Xn) Ot Xn i Xn d ds
vy, v
- / @{ 2 [ 190 P W (el i | s
0
/ Wil Por, deds.
where we used the fact that Wg; > 0 and that

Up < Up,
0 W ()l =

2 ///<Xn)|8tXn| atXn + VanS (Xn)attxnatxn a.e.in Q .

Thus, (4.46) rephrases as

€, (Un (1), Xn (1), Orun(t)) + /Ot D(xn(s), Oten(s), Oixn(s)) ds + Vi (xa(t), ixa(t))
= &, (n(0), xn(0), O ( / /fé)tu dzds

+V ( ( ) atXn / / /// Xn ‘8tXn’ atXn dx dS

where we have used the place-holder

2
Un Un ¥
Vo (Xns Orxn) = ?‘yatXn"%fl(Q) + ?/ ‘\/ W5 (Xn)Orxn
Q

dx .

Now, observe that

Va00): 006 (0) = 5 [ 04 0000,0)

1 l/nSO

Up, ( 2)
S3II&swn(O)||L2<Q)||3txn(0)l|m<m < 5 10k (0) 1726

— 0

asn — 0o, wherein ( ), we have used (4.2b) and in (2), we resorted to condition (4.42) for 0w, (0) = wy.
Furthermore, by (#.25) we have ]W’”(Xn)\ < 57 a.e.in Q, therefore we infer that

1
/ / /// Xn |atXn’ Oixndzds < 27/1/2H ///(Xn)|’L°°(Q)V1/2||atX”HL3((0T)XQ) — 0
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as n — 00, where the last assertion follows from combining the bound for V%/2HatXnHL°°(O .11 (q2)) from

(4.38), with the scaling condition (#-47). In turn, we immediately see that for every ¢ € (0, T\]

8(u(t)v X(t)a atu(t)) < 117£r_l>£f 86n (uTI(t)’ Xn (t)7 atun(t)) )

/0 D(X(s),ﬁtu(s),atx(s))ds§1iminf/0 D(xn($), On(s), Orxn(s)) ds,

n—oo

85n<un ) 8tun( )) — 8 anX07'UO>

//f@tu dxds—>/ /fatudxds

All in all, sendlng n — oo in (#.46) we find that the energy inequality (2.12) holds, in the limit, on [0, ¢] for
allt € (0, T]. By Proposition , 1| this completes the proof of Theorem [

5 Relative energy inequality

This Section is devoted to the proof of Theorem The key result is Proposition where we will com-
pare a weak solution (u, x) (to the initial-boundary value problem for system (1.7) with the homogeneous
Neumann boundary condition (2.15)), and a strong solution (u, ) in terms of the following quantities:

- the relative energy

o 1 5 . . Y 3
R(w, X, uelw, X, ) := /Q§|Vx —VXP4+WH) -WE) -WHX)(x—x) + §|x — X[ dz
(5.1)

1 1
+ / S000Celu — @) — @) + sl — il do
Q

where ¢ > 0 is such that 7 — W (r) + £|r|? is convex, cf. 2-4b), and
- the relative dissipation
WO 8, Xe |t Xit) = / Xt — Xel* + b(X) Ve (w — )z (uy — ) A, (5.2)
Q

where we have omitted the terms [, 1(_o0,0)) (X¢) + I(~o0,0) (X¢)) d2 as they will be null as soon as
they are evaluated along a weak and a strong solution.

Indeed, R and W will be involved in the Gronwall-type inequality (REI) below, which will be the core
ingredient in the proof of Thm.

Proposition 5.1. Let Hypothesis@ be fulfilled and let (u, x) be a weak solution to the Cauchy problem for
system (1.1)) in the sense of Definition|2.2 and (w, X ) a strong solution in the sense of Definition Then
the relative energy-inequality

t
R, X, wilil, ¥ i) (1) + / [wu,ut,xtwt,m— / o () Ceu—a):e(u—a) d | ol KB g
0 Q

< R(w(0), x(0), % (0)[@(0), 7(0), & (0))elo X@x)ds
(REI)
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holds for a.e. t € (0,T"), where X is given by

K(u,X) := Crex <||XtHL3/2 oy lle(@e)l|7s o +€2+||6(?1)H%oo(mﬂ!g(ﬂ)\|ia~(g)+!|€(ﬂ)|!‘ie(m) (5.3)

for some positive constant Crgr > 0 only depending on the problem data.

Proof. For the elastic energy density %a(x)@e(u):e(u), we observe by some calculations

1 1

- /Q () Celowit)=(u—i) dr = /Q a()Ce (w):e () +a () Ce (@):(@) da

- % / 2a(x)Ce(u):e(u) — (a(x) — a(x))Ce(u):e(u) dz.
Q

We now evaluate the second line between 0 and ¢. We have

1

-5 | Rab0Cwe(i~ (a0 -a(0)Ce(@)e() o]

t

0

// )x:Ce (u —-at< (x)—a(x ))Cg('&):s('&)} da ds
~ [ ] Jab0stue@raoCetwyetin—at) -a()Cye(@)] drds

and with algebraic manipulations we easily obtain

Xta X)Ce (@) (@) +~ Xta( )@e(u):e(u)} de ds

\
\

[ (X)Ce(u):e(t;)+a(x)Ce(n):c(u )} dzds

:%at<a<x>—a<>z>>@e<a>:e<a>—a'<x>xtCa<u>:e<a>] dz ds

+

() Ce (r):e (@) ) Ce ()= () ~ (a(x) ~a())C(@):2 (@) | da ds

-%Xta’(fg)(:e(ﬂ):s(ﬂ)—l—%)&a’(x)((:e(u):5(u)} dzds

_l_

S

|
No\ﬁh%
g\:o\g\g\b\

+

a(00)Ce ()2 (@) +a(X) Ce(@):=(w) | dw ds

[;Xta'(fg)@e('&):5(&)%—%)2,:@'()()@5(11):z—:(u)} dz ds

I

|
S~
g\

~+

[a(x)cg(m:g<at)+a<>z)<cg(a);E(ut)} dz ds

%@(a(x)—a(;%))@e(ﬂ):e(ﬂ)—a’(X)XtCa(u):s(&)] dz ds

L—

~+

+

+
S— S— —
S— 55— 5

[a<~>@s<~>- ()~ a(00)Ce(u):2(@)+ (a(x) ~a(¥)) Ce (@):= () | do ds

1 Xta X)Ce(u):e(w)+x.a (x )Cs(u):a(u)] dzds.

\
\
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For the last three lines, we observe

L 0M(a(x) (%)) C(@):=(i) — o’ () C=(w)=(@)

(%) Ce(@)=(u) — a(x)Ce(ue)ie (@) + (a(x)—a(R))C (@) e i)

5 (e (X)Celie)=(i) + o () Celu=(an)

(00— Co (@) () — )o@ )+ () C=(a e
5 100/ (' (%) ) C(@) ()20 () C ()= (a)]
1

+ 5 [0/ CORCe(w):e () + o' (V) x: Ce(@):=(a)]

0

= [ ] 51— @RCe@e )2 Oy Ce(we(@)] de ds
+ [ ] 5100 Cetwpetu) + o (nCel@e(@) dads.

Concerning the nonlinear potential 11/, we find

t

/Q W ()~ ()~ (0) () |
= [ oo+ W) dx\ - / 20 (0 V() ()]

0
/W )+W (X dx

/ / OXAW Ox+W" ()% (x—%)] de ds

/W W (x da: // X)X+ W' (X)x:] da ds
# [ I - () (—X))] drds.

For the remaining quadratic terms in the relative energy, we find
1 1 14 t

= V= VR = g — g [ = [y — X2 dx(

/9[2| X VR g e+ 5 =X ] e
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= [ [GIVx+ g5 VP 5] daf,
02 27 Ty 2 0
t t
+ / / [ AY—Vx- V] dzds — / [(gy, )+ / yuy dz] ds
0 Q

// —xt)(x—x) dz ds.

Moreover, we relate the relative dissipation (5.2) to the pseudo-potential D (2.8) (where ~; is set to 0 in
view of the boundary condition (2.15)) via

W(X7uta Xt|ﬂ't7 Xt) = D(Xvutv Xt) + D()%ﬂﬁ't) )NCt) - / |:2Xt>2t+b(X)V€(ut)€(ﬂ't)] dx
Q

— [ G0 Ve @)+ () b0 Ve —uoie(a)]
Q
Combining all the above calculations, we obtain (note that, we have v, = 0 in € due to (2.15)),

t
/ W(X7ut7 Xt|fl’t7 Xt) dS
0

t
R('U,, X?ut|ﬂ’7 Xaﬂ’t) 0 +

t

t t t
0+/ ®(Xaut7xt) d3+8(ﬂ,)~<>ﬁt) +/ D()zaﬂ'tait) dS
0 0

= £y w) 0

- /0 /QXt >~<t—A>~C+%a/()~()C5('&)35("1)"‘W/(>~()) dzds

t
. . 1 . PN
—/ /XtXt+VXt‘VX+§CL/(X)C€<U>2€<U>Xt+W (X)X dx|ds
0o |Ja

<utt>7—~"t>+/9 [b(x) Ve (uy):e(ty)+a(x)Ce(u):e(w,)] dz | ds

Upu+b(X) Ve () :e(ur)+a(x)Ce(w):e(uy) do |ds

D\

(b(x)—b(X))Ve(w;):e(uy—u;) de ds
AT
FALS

/ X)xe—a' (X)X¢)Ce(u):e(u )—2a'(x)xt([35(u):5(ﬂ)] dz ds

Q

/t/ )X:Ce(u):e(u)+a'(X)x:Ce(u): (ﬂ)] dzds.

_l_

: W/(R) =" (R) (x—0) +0u—%) (x—)]| dw ds

+

_|_
O\O\o\#o\ S—
{O\D\{O\

0))Ce (@) (it ) — a(x)Cs('&):5(ut)—|—a(>~()C5(ﬁ):g(ut)] da ds

+
N =
c\

On the one hand, since (u, ) is a weak solution in the sense of Definition for the damage flow rule
we have the one-sided variational inequality (2.17): thus, since x; < 0 a.e. in Q2x(0,7"), we find that the
term in the blue box is negative. In turn, the terms in the magenta box equals (f,ﬁt>H1(Q). On the other
hand, since (&, \) is a strong solution in the sense of Definition 2.5, the term in the box is null a.e.
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in 2x (0, T'), whereas the term in the red box equals [, f-u dz. Hence, we find

t t
R(U7X7ut|ﬂ’7>z7'&t) 0 + / W(X,UthWt,)Zt) ds
0

t t
D(Xaubxt) ds — / <f7’&’t>H1(Q) ds
0 0

' t t
+/ D()Z,'&t,f(t)ds—/ /f~ud:cds
0 0 0o Ja

(b(x)—b(X))Ve(us):e(uy—u;) dr ds

t
S 8(“7X7ut) 0 +

+ 8(’&’7 X?ﬂt)

t

+

[Xe (W () =W () =" () (x—X)) +£(xe=Xe) (x—X)] dz ds

~+

+

[(a(x)—a(X))Ce(t):e(te)—a(x)Ce(w):e (u) +a(X)Ce(a):e (uy)| da ds

t

_|_
NI S— S—, S—
\@\@\@\

] T 0oe—a' ()50 €)= —20' ()i Celu)=@)] deds

%/o /Q [a'(x)X:Ce (w):e(w)+a' (V) x,Ce(@):c(@) ]| da ds
L4 L+ L+ + I+ I+ I7.

_|_
_|_

Again, we use the fact that (u, x) is a weak solution, and thus satisfies the energy-dissipation inequality
(2.12) (with ¢ = 0, as we are confining the discussion to homogeneous Neumann boundary conditions),
to conclude that the term in the dark blue box is negative. Analogously, since the strong solution (u, )
satisfies the energy-dissipation balance, we have that the term in the box is null.

We now calculate the integrands of Is + I + I;. Indeed, we have that

(a(x)—a(x))Ce(u):e(w)—a(x)Ce(u):e(ur) + a(X)Ce(u):e(ur)
= (a(x)—a(x))Ce(u):c (@ —u)

as well as

(@' O0xe—a' (X)Xe)Ce(u):e(u

) 2a’(x)xtC€(u) e(@) + a'(x)X:Ce(u):e(u) + a'(X)x,Ce(u):e(a)
= d'(X)X:Ce(u—u):e(u—u) + a'(x)X;Ce(u):e(@) + a'(x)X:Ce(u—1u):c
+d' (x)x:Ce(t—u):e(@) + a'(X) (xs— X)Cé(ﬂ) e(@)—a'(x)x:Ce(u):e
= a'(X)X:Ce(u—u):c(u—2u) + a'(x) (X )CS() e
+ ' (x)(Xe—x:)Ce(u—a):e(@) 4 (X )( X+)Ce(w):
= a'(x)X:Ce(u—u):e(u—u) + 2a’(x)(xs ) e(u—u):
+ (a'(X)—d'(x)) (xa—x¢)Ce(@):e(w) .

Since a is non-decreasing and x; < 0a.e.in 2x(0,7T"), the first term on the right-hand side has a negative
sign. Inserting everything back into the relative energy inequality, we find

N ¢ _ 1 N . .
Rl v, i, 5, i)| + / Wl 1)~ 5 [ @ 00%Celu—i)ie(u—i) dods
Q

/ / ) Ve (i) (g —ity) dz: s
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+ / t / % (W 00— W () =W () —%)) + €ox—0) (—)] da ds

// X))Ce(u):e(u; — uy) drds

v / / 126 () (xe— %) Ce (@ — ):(@)+ (' ()’ () (xi— 1) Ce(@):c(@)] d ds
0o Ja
The right-hand side will be estimated by the relative energy R. Indeed, it holds

N1 t o 1 . _ _
R("?Xaut’uHXaut) + / W(Xautaxt‘utaxt) - §/CL,(X)XtC€(U—U>I€<U—U) dl' dS
Q

/Ilb Ollzo@ Ve (@] s lle (we—t) | 2 () ds

+

% / W"(%+p(x—%)) dp

||X_>~(H%6(Q) ds
L3/2(Q)

+£/Ot Ixe — Xell 2l X=Xl 22 () ds
-/ (@) e o)~ ey o) 2y s
[ E@e =l il ds

/ 16/ (0)—a' (0150 = el [ C ()2 (@) 20 gy s

=Is+1Iy+ Lo+ In+ Lo+ Lis.
Now, since b € C*(R) and x, X € L>=(12), we can estimate

t
Iy < C/ =Xl s lle @)l ey lle (we—ue) | 2 (e ds
0

1 [t . 3 t ~
< Z/ /b(X)VE‘:(Ut_Ut)ZS(Ut_Ut> dmds+c/ ||z—:(ut)||2L3(Q)||x—x||2L6(Q) ds
0 Ja 0

where we have used the lower bound b, implying

e (i) 2y < € / () Ve ()22 (t—)

Similarly, relying on the fact that W € C?(IR), we check that

t
I < e / 1%l zsr2) =Ko ey s
0

while we obviously have

1 [ i fo
o <5 [ e = Sl s+ of? [ =Tl ds
0 0

Relying now on the fact that a € C*(RR), we may estimate

t
I < / e (@) 2o e l— s e (=) | ey s
0

1t ] ) C ~
< 1/ /b(X)Ve(’ut—ut):s(ut—ut) dxds+c/ Hg(u)"%3(Q)HX_XH%G(Q) ds
0o Ja ;
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The assumptions on a’ imply the estimate

/Q|a’(x)(:z—:(&):5(u—ﬂ)|2 dz

< Ha’(x)H%oo(mlc\zl\é(ﬁ)llimm)/Q|€(u—ﬂ)\2dx
< cfla' ()17 (@ |2 @) 7 () 1 (@(0)) =@ (0) |72 o
+ CHa/(X)||%°°(Q)||5<ﬂ)”%°°(ﬂ)/0 ||5(Ut—’&t)||2L2(Q) dr
= M(x,u,u,u,),
and therefore we have L
I, < Z/o Ixe = XellZ2() ds + M (x, @, u, ) .
Finally, we estimate

1 [ 5 . _
Iz < 1/ Ixe = Xell 720y ds + C/ lle (@)l 7o o lIX—x 750 ds
0 0

Inserting all the above estimates in (5.4), we ultimately deduce

¢
/ W(X7Ut7Xt|&t7>~(t)—/&/(X))ZtC€(u—ﬂ)lE(U—ﬂ) dx ds
0 Q

t
R(U7Xaut|aa>zaﬂ't) 0 +
t b _ ~ 1 o
S § V:g(ut—ut)):g(ut—ut) dx d8+§ HXt_Xt”LQ(Q) ds
0 Q

t

e [ (Il () s+ I=@ s +He@ ey ) I ds
0

o ella' 00 3 w12 @) . 0 (@ 0)) ~(0) [y

+c||a’(x )HLOQ ylle(z HLOO /// )Ve(u;—uy):e(u;—uy) dedrds.

Then, estimate (REI) follows by Gronwall’s inequality. O

Conclusion of the proof of Theorem [2.12} Let (u, x) and (&, Y) be a weak and a strong solution pair,
respectively, emanating from the same initial data. Then, the right-hand side of estimate is null. We
thus conclude that R(w(t), x(t),w(t)|u(t), xX(t),u.,(t)) = 0 for aimost all t € (0,T"), which obviously
yieldsu = wu and xy = . 0

A Elliptic regularity results

The main result of this section, Corollary [A.3|below, collects the two key elliptic regularity estimates for the
momentum balance, which are at the core of our analysis of strong solutions. Corollary [A.3|follows from the
following

Proposition A.1. Let C € R4 fyifijl the assumptions [2.1) of Hypothesis [A and let the domain
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Q c RY rulfill (Hg). Then, there exists a constant Cr > 0 such that for any h € H'(2;R?) the solution
Y to the boundary-value problem

—V-(Ce(y)) =h inQ, /ydxzo, n-Ce(y) =0 ondNd. (A1)
Q

fulfilsy € H?3(S2), and there holds
Yl r2e0) < Cr (bl 2@+ Yl @) (A.2a)
as well as
1Y lls @) < Cer (1]l @+ Yl ) - (A.2b)
In fact, the result of this proposition is a consequence of [7, Thm. 3.45], compare also to [7, Sec. 4.3b].
We will also resort to the following abstract version of Poincaré’s inequality, see [17].

Lemma A.2. LetV,H, W, Z be four Hilbert spaces with\V € H compactly. Let A:V — W and B : V —
Z be linear and continuous operators such that

B Ker(A)NKer(B) = {0};
B there exists a positive constant C' > 0 such that for all v € V we have

[ollv < C([lo]ln+]Avlw) - (A-3)

Then,
dM >0 VveV: lvl|ln < M (||Bv||z+]|Av||w) ,

so that ||v||v is equivalent to || Bv||z+]| Av||w-

We are now in a position to derive the following

Corollary A.3. Under the assumptions of Proposition|A.1}, there exists a constant Cgr > 0 such that for
any h € H*(Q;R?) the solutiony to the boundary-value problem satisfies

Iyl r20) < Cer (Rl 2@+ Yl 22(0)) - (A.4a)
[yl 3@y < Cer (le(r)| 2+ Yl a(0)) - (A.4b)

Proof. 1> (A4a): We apply Lemma [A.2] with the following choices: V = H2(Q;R%), H = H'(Q;R%),
W = L}(Q;RY) = Z, and Ay = —V-(Ce(y)), By = y. Observe that holds thanks to (A.2d).
Then, ||y|| 2 is equivalent to ||y|| L2+ V- (Ce(y))]| z-

o> (A-4b): We now apply LemmalA.2 with the very same choices for H, Z, and B, as in the previous lines,
while we set V = H3(Q; RY), W = L2(Q; R¥9), and Ay = £(V-(Ce(y))). In this case, reads

[Yllrs < C(llyllm+e(V-(Cey))22)

which holds true thanks to (A-2b), taking into account that, again by a Korn-type inequality, ||e(V-(Ce(y)))|| 2
controls || V-(Ce(y))|| 1. Then, (A-4b) ensues. O
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B Smoothening the Yosida approximation

FoIIowirJ\g, e.g., the lines of [18, Sec. 3], for a given convex function B : R — R with subdifferential

(B.1)

B =00:R =2R,andforafixed § € (0,1), we define
Bs =By * 0

where B(SY is the Yosida regularization of the maximal monotone operator 3 (we refer to, e.g., [5]) and
(B.2)

0s(r) == go(5%)  with § ol =1,
supp(o) C [-1,1].

Thus, Bs € C*(R) and it has been shown in [18] that
1Bs(z)—Bf(z)| < Sforallz € R. (B.3a)

/
o) < —
”BéHL R) = 5’
(B.3b)

Taking into account the properties of the Yosida approximation we also deduce that
with |3°(z)| = inf{|y| : y € B(z)}.

Bs(z)| < [B%(x)] + 6
Furthermore, [35 admits a convex potential @; satisfying, as a consequence of (B.3a), (below /fg} denotes

the Yosida approximation of 3):
—ola| < BY (x) — ola| < Bs(x) < By (x) + x| < Blx) + 8|z| and Bs(x) — B(x)forallz € R.
(B.3c)

We also point out that the following analogue of Minty’s trick holds: given I C R and sequence (vs)s v, 5 €
(B.3d)

L?(I;R) such that vs — v and B;s(vs) — B in L*(I),

limsup/Bg(v(;)vg dr < /Bv dr = pe€ 83(1}) a.e.in .
I I

d—0t
We conclude this section with a new result, ensuring an additional estimate for 35"
Lemma B.1. The function 35 from (B) fulfills
" ap
IB5(x)] < I forallz € R (B.4)
with Op = ||Ql||L1(R).
Proof. We have
52 462
i) = [ el B @ndy=- [ ese-u)(BV ) dy.
-5 x—6
Therefore, by the first of we have
JE+52 1
o)== [ e @< ;| [ dlo-nay
x—§2 R
11,7y > / C
=—|[] Zd(5)d — '(z) dz| < =2
5 /R&Q(az Y =5 4@ =5
O
Berlin 2024
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