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Hyperbolic relaxation of the chemical potential in the viscous
Cahn-Hilliard equation
In memory of Prof. Dr. Wolfgang Dreyer with admiration, sympathy and friendship

Pierluigi Colli, Jurgen Sprekels

Abstract

In this paper, we study a hyperbolic relaxation of the viscous Cahn—Hilliard system with zero
Neumann boundary conditions. In fact, we consider a relaxation term involving the second time
derivative of the chemical potential in the first equation of the system. We develop a well-posed-
ness, continuous dependence and regularity theory for the initial-boundary value problem. More-
over, we investigate the asymptotic behavior of the system as the relaxation parameter tends to 0
and prove the convergence to the viscous Cahn—Hilliard system.

1 Introduction

In this paper, we deal with an initial-boundary value problem for a system of partial differential equa-
tions of viscous Cahn—Hilliard type, which in particular includes a hyperbolic relaxation term in the first
equation.

The system is stated as follows:
alupt+0p —Ap=0 in Q:=Qx(0,7),
TOp — Ap+ fi(p) =p+g inQ,
Ont = Onp =0 on X :=900Q x (0,7),
1£(0) = o, (9pp1)(0) = 1o, 9(0) = o in Q,

where  C RY, N € {1, 2,3}, is a bounded and connected domain with smooth boundary 952 and
T denotes some final time. We denote by n the unit outward normal to OS2, with the associated out-
ward normal derivative 0, . Note that 0,, appears in the homogeneous Neumann boundary conditions
stated in for both the variables 1 and .

The equations (T.1)—(7.2) constitute a variation of the Cahn—Hilliard system (introduced in [5] and first
approached mathematically in [18])
Op—Ap =0 in Q, (1.5)
—Ap+ fp)=p+yg inQ, (1.6)
in which a viscosity term 70, has been included in the second equation and where especially the

hyperbolic relaxation term «d;;1 has been added in the first equation. The viscous Cahn—Hilliard
system

~

O —Apn=0 in Q, (1.7
T0p — Ao+ f'(p) =p+g inQ, (1.8)
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P. Colli, J. Sprekels 2

is well known and was already investigated in a number of papers (see [8}/9,/11-15,20-23] to quote
some recent contributions), while to our knowledge an inertial term like Oyt in is not common
and possibly deserves to be examined. In this class of problems, the unknown functions ¢ and p
ususally stand for the order parameter, which can represent a scaled density of one of the involved
phases, and the chemical potential associated with the phase separation process, respectively.

Moreover, f’ denotes the derivative (if it exists) of a double-well potential f, which in general is split
into a (possibly nondifferentiable) convex part f; and a smooth and concave perturbation f,. Typical
and physically significant examples for f are the so-called classical regular potential, the logarithmic
double-well potential, and the double obstacle potential, which are given, in this order, by

1

freg(T) 1= 1 (r* =12, reR, (1.9)
1+r)In(1+7r)+ (1 =7)In(1—=7r)—cr* ifre(-1,1)

fiog(r) =4 2In(2) — 4 if re{-1,1}, (1.10)
+o0 it r ¢ [—1,1]

= {2077 ALY

Here, the constants c¢; in and satisfy c; > 1 and co > 0, so that fi,g and foops are
nonconvex. Notice that for f = fi,, the term f’(¢) occurring in becomes singular as ¢ \, —1
and ¢ 1, which forces the order parameter ¢ to attain its values in the physically meaningful
range (—1,1). In the nonsmooth case (T.77), the convex part f; is given by the indicator function of
[—1, 1]. Accordingly, in such cases one has to replace the derivative of the convex part by the subdif-
ferential 0 f; and, consequently, to interpret as a differential inclusion or a variational inequality.
We also note that 7 is a fixed positive parameter (the viscosity coefficient), while for the positive pa-
rameter o we will also discuss the asymptotic convergence to 0. We point out that in a known
forcing term g is present that may be interpreted as a direct or secondary control term which acts
on the system. In this connection, we mention that optimal control problems for viscous Cahn—Hilliard
systems with a distributed control term involving g have recently been treated in the paper [14].

Some hyperbolic relaxations of the viscous Cahn—Hilliard system have been already considered and
studied: let us mention the recent contributions [31/6}(7}/17.26l27]. However, the available investigations
are concerned with systems where the inertial term involves the phase variable . In our case, the
system (1.7)—(1-4) couples a wave-type equation for ;2 combined with a source term given by —0,¢,
with a semilinear parabolic equation in which the source term includes .

From the energetic viewpoint, there is a change with respect to the viscous (and nonviscous) Cahn—
Hilliard equation. To see this, let us for simplicity argue now on the case g = 0. Indeed, for (1.7)—(1.8),

as well as for (1.5)—(1.6), the basic energy estimate is obtained by testing (1.7) by p, by 0;p, and
then adding and thus producing a cancellation of the terms containing the product 1.0;. Therefore,

one has . )
/O/Q Vil T/O/Q Ol + [2(%|V¢(t)|2 + f(‘P(ﬂ)) = constant

for t € [0, T, where the first two terms are dissipative and the energy term is given by the third one.
The second term is missing in the case of the Cahn—Hilliard system (1.5)—(1.6), but the energy is the
same and there is only one term for dissipation. On the other hand, it turns out to be more difficult
and involved to recover an energy estimate for (1.1)—(1.2): as you will check in the sequel, our main
estimate is constructed by testing by O;1 and the time derivative of by O;p, in order to have
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Hyperbolic relaxation of viscous Cahn—Hilliard equations 3

a cancellation of the terms containing the product d, J, . By integration, we then obtain

[ (1o + 519u(o) + Flow(o)F)

w [ [voers [ [ e
= constant — // ©)|0p|? for t € 0,77,

where the energy is now located in the first integral in which neither the nonlinearity f nor any of
its derivatives occur. Moreover, note that the last term on the left-hand side induces dissipation (as
f1 is nonnegative), but on the right-hand side the complementary term may be positive and grow
with respect to t, since f5 is concave, in general. The viscous contribution in (1.2) is important here to
control this term on the right-hand side, since the addendum Z|0;¢(t)|? is part in the energy. However,
by our estimate we can proceed in the analysis and not only construct a well-posedness theory but
also investigate the asymptotic behavior as the parameter o converges to 0.

This paper is dedicated to the memory of Wolfgang Dreyer, who recently passed away. The authors of
this paper were fortunate to have benefited from Wolfgang'’s friendship, as well as from his exceptional
expertise and insight in Thermodynamics and Applied Mathematics. He was a brilliant and generous
scientist who truly enjoyed engaging in scientific discussions with friends and colleagues. We both
feel enriched by having known him and are grateful for the opportunity to have collaborated with him.
Together, along with other colleagues, we co-authored the paper [2] that explored the effects of phase
separation driven by mechanical actions in tin/lead alloys, and where the corresponding system of
partial differential equations already included equations of Cahn—Hilliard type.

The paper is organized as follows. In the following section, we formulate the general assumptions and
state the main results concerning the system (1.7)—(1.4). In Section [3| we then prove the existence
of a solution by using a double approximation based on a Yosida regularization of Jf; and on a
Faedo—Galerkin scheme. This proof requires the main analytical effort of this paper, since it involves
a number of estimates and two passage-to-the-limit processes. In Section 4] we show the results
on continuous dependence with respect to data and on the regularity of the solution: actually, three
theorems are proved there. The final Section[5.1]then brings the asymptotic results of the convergence
of the system to the viscous Cahn—Hilliard system as « tends to 0 and an estimate of the difference
of solutions in terms of a precise rate of convergence.

We fix some notation. For any Banach space X, we let X* denote its dual space, and || - || x stands
for the norm in X and any power of X . For two Banach spaces X and Y that are both continuously
embedded in some topological vector space 7, the linear space X NY is the Banach space equipped
with its natural norm ||v|| xny = [|v||x +[|v]|y forv € X NY. The standard Lebesgue and Sobolev
spaces LP(€2) and W™P((Q) are defined on {2 for 1 < p < oo and m € N U {0}. For the sake of
convenience, we denote the norm of LP(Q2) by || - ||, for 1 < p < oco. If p = 2, we employ the
usual notation H™(Q) := W™?2(). We also set

H:=L*Q), V:=H(Q), W:={veH*Q): dyv=0o0nT}.

Moreover, V* is the dual space of V, and (-, ) stands for the duality pairing between V* and V.
We denote by ( -, - ) the natural inner product in H. As usual, H is identified with a subspace of the
dual space V'* according to the identity

(u,v) = (u,v) foreveryu € Handv € V.
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P. Colli, J. Sprekels 4

Notethat W C V C H = H* C V* with dense and compact embeddings. About the constants
used in the sequel for estimates, we adopt the rule that C' denotes any positive constant that depends
only on the given data. The value of such generic constants C' may change from formula to formula
or even within the lines of the same formula. Finally, the notation C's indicates a positive constant that
additionally depends on the quantity 9.

2 Main results

In this section, we formulate the general assumptions for the data of the system (1.1)—(1.4) and state
existence, continuous dependence, and regularity results. First, let us remark that the positive param-
eter «v is not listed in the assumptions below, since it is also involved in the related asymptotic analysis,
and, consequently, we let

O0<a<l.

On the other hand, throughout the paper we suppose that
7 > 0 is a fixed constant. (2.1)
For the nonlinearity f we generally assume that

[= i+ f where
fi : R — [0, 400] is convex and lower semicontinuous with f1(0) = 0,

fo : R — R has a Lipschitz continuous first derivative f5 on R. (2.2)
A consequence of is that
the subdifferential d f; is maximal monotone in R x R, with 0 € 9 f1(0), (2.3)
and an important requirement for the sequel is that
the domain D(0f;) of f; has a non-empty interior containing 0. (2.4)

Note that these conditions are fulfilled in each of the cases considered in (1.9), (1.10), with the
domain D(0f;) given by R, (—1,1), [—1, 1], respectively. From now onwards we use the symbol
Of;(r) for the element of Jf;(r) (with r € D(0f;)) having minimum modulus, and we extend the
notations f1, df1, D(0f1), and O to the corresponding functionals and the operators induced on
L? spaces.

Also, we assume for the forcing term ¢ and the initial values g, vy, g that

ge HY (0,T; H), (2.5)
po €V, wvo€ H,
wo € W n D(&fl) with 8ff(g00) € H.

Note that the condition ¢y € W implies that ¢y € C’O(ﬁ). Moreover, we require that

1
mg := @/ﬂgoo lies in the interior of D(Jf1). (2.8)

DOI 10.20347/WIAS.PREPRINT.3128 Berlin 2024



Hyperbolic relaxation of viscous Cahn—Hilliard equations 5

Here, |€2| denotes the Lebesgue measure of €2, and my thus represents the mean value of . In the
following, we use the general notation ¥ to denote the mean value of a generic function v € L' (). If
visin V*, then we can set

R v, 1) (2.9)

o
as well, noting that the constant function 1 is an element of V. Clearly, v is the usual mean value of v
if v € H. Note also that my = .

Let us now specify our notion of solution. We state the problem (1.1)—(1.4) in a variational form. We
also introduce an additional variable £, which plays the role of f{(¢) in the case when the derivative
of fi is replaced by a real subdifferential O f;. Namely, the solution is a triple (u, ¢, §) satisfying the
regularity requirements

€ W0, T; VYN Wt (0,T; H) N L>®(0,T; V), (2.10)
@ € Whe(0,T; H) N HY(0,T; V)N L0, T; W), (2.11)
£ L>™(0,T;H), (2.12)

and the following variational equations and initial conditions:

o{Brepi(1), 0) + (Bup (), v) + / Vi(t) - Vo =0

Q
fora.e.t € (0,7) and every v € V| (2.13)
r(@uplt).0) + [ Viplt) - To+ (60) + Fe(0).0) = (ult) + 9(0).0)
fora.e.t € (0,7)and every v € V, (2.14)
£€dfi(p) ae.in@, (2.15)
1(0) = o, (Op1)(0) =1, #(0) =¢p ae inQ. (2.16)

Of course, in view of the regularities in (2.10)—(2.12), the variational equality (2.14) is actually equiv-
alent to an equation (cf. (1.2)) plus the boundary condition for ¢ which is already encoded in the fact
that ¢ € L>°(0,T; W). Therefore, (2.74) can be replaced by

O — Ap+E+ fole) =p+g aein@. (2.17)

On the contrary, the analogue equivalence for (2.13) (cf. (1.1)) would be true only if = were more
regular (cf. the first ad third term in (2.13)).

Remark 2.1. Note that, owing to the compactness of the embedding W C C’O(ﬁ) for N < 3, it
follows from [28, Sect. 8, Cor. 4] and the regularity that o € C°(Q). By the same token, we
have thanks to that u € C1([0,T]; V*) N C°([0,T]; H), and, consequently, O,/ is at least
weakly continuous from [0, 7' to H, which gives a meaning to the initial conditions in (2.16).

The next statement yields a well-posedness result for (2.13)—(2.16).

Theorem 2.2. Assume that (2.1)—2.8) are fulfilled. Then there exists a unique triple (11, p, &), with
the regularity as in (2.10)—(2.12), that solves problem (2.13)—(2.16) and satisfies the estimate

04HM||W21°°(0,T;V*) + 041/2||M||leoo(o,T;H) + ||MHL°°(07T;V)
+ |l ellwoo o, mynm 0,75y (0,05w) + €l Loe 0,0y < K (2.18)

DOI 10.20347/WIAS.PREPRINT.3128 Berlin 2024



P. Colli, J. Sprekels 6

for some constant K1 > 0 that depends only on €0, T' and the data in (2.1)—(2.8), but is independent
of au.

The uniqueness property stated above is a consequence of the following continuous dependence
result. Here, we use the notation

t
Ixv(t) = / v(s)ds, for v e L'(0,T;V*) atleast.
0

Theorem 2.3. Under the assumptions (2.1)—2.4), let g;, 140,i, V0.i» ®o,i, © = 1,2, be two sets of data
satisfying (2.5)—(2.8), and let (11;, v, &), © = 1,2, denote any corresponding solutions to problem
Hiy @
(2.13)—(2.16) with the regularity as in 2.10)—(2.12). Then, the estimate
| = piall oo ey + IV (1% (11 = p2)) Lo,y + 101 = pall w0 msmynz 0.y

1/2HV0,1 - V0,2HH>

< Ky (Hgl — g2llr20,rm) + 2|l pog — poz2llm + @

+K2(1+Oé_1/2)||g0071 _SOO,QHH (2.19)

holds true with a constant K5 > 0 that depends only on §2, T', T, some Lipschitz constant for f,, and
is independent of a.

We observe that, by taking the same data in Theorem the estimate (2.19) ensures uniqueness for
the solution components p and ¢ in the statement of Theorem while the uniqueness of & results
from (2.17) since the other terms in the equality are uniquely determined.

On the basis of the estimates and (2.19), we are interested to investigate the asymptotic be-
havior of the problem (2.13)—(2.16) as a ™\ 0. This analysis will be developed in Section [5} whereas
now we discuss some further results that mostly depend on the values of o > 0. A regularity result is
stated below, under the additional assumption that

o €W, vy eV. (2.20)

Theorem 2.4. Assume that (2.1)—2.8) and (2.20) are fulfilled. Then the unique solution (11, , &) to
problem (2.13)—2.16) satisfies

p € W0, T; H)yn W0, T; V)N L®(0,T; W), (2.21)
and there exists a constant K5, independent of «v, such that
ol pllwe.ee o.7,m) + CYl/zHMHWLoo(o,T;V) + Il oo o,y < Ks(1+ 04_1/2)- (2.22)
Notice that, due to the compactness of the embedding W C C’O(ﬁ), it follows from [28, Sect. 8,
Cor. 4] that 1 € C°(Q).

For the next regularity and continuous dependence result we have to assume further regularity for g,
that is,

g€ L>Q), (2.23)

and for the nonlinearity f. Namely, we suppose that the effective domain of 0 f; is an open interval
and that the restriction of f; to this interval is a smooth function. More precisely, we assume that

D(0f1) = (r—,ry), with —oo<r_<0<r; <+o0,
and the restriction of f; to (r_,r,) belongsto C?(r_,r,). (2.24)

DOI 10.20347/WIAS.PREPRINT.3128 Berlin 2024



Hyperbolic relaxation of viscous Cahn—Hilliard equations 7

Then, for r € (r_,ry), the subdifferential O f(r) reduces to the singleton { f](r)}, and we require
that

lim f{(r) = —oco, lim f{(r) = +o0. 2.25
tim (0 T () 229

Please note that both the potentials fre; and fi,g in (-9) and (T-10) fulfill 2.24)—(@2-25) with (r_,r,) =
R and (r_,r;) = (—1,1), respectively.

The so-called separation property and a refined continuous dependence result are stated as follows.

Theorem 2.5. Assume that (2.1)—(2.8) and (2.20)—2.25) are fulfilled. There exists two real numbers
r. and r*, depending on o and on the structure of the system, such that

r_<r, <ox,t) <r*<ry forevery (x,t) € Q. (2.26)

Moreover, if fori = 1,2 we let (g, to.i, Yo, Po.) be a setof data and (fu;, i, &), with&; = f1 (i),
denote the corresponding solution to problem [2.13)—(2.16), the estimate

|41 — ,u2HHQ(O,T;V*)OWL“’(O,T;H)ﬂLOO(O,T;V) + [Jop1 — 902HHl(o,T;H)mLoo(o,T;V)L?(o,T;W)

< Ky (Hgl — g2l 20,1 + 10,0 — po2llv + |vo1 — volla + [l¢o1 — SOO,QHV) (2.27)

holds true for some constant K, > (0 that depends on « and on the structure of the system.

Remark 2.6. Please note that in the case when the domain D(0f;) is the entire real line, i.e., if
r_ = —oo and 74 = 400, then the property (2.26) is direcly ensured by the estimate (2.18), since
¢ is bounded in C°(Q); therefore, if D(Jf;) = R, then the additional regularity assumptions (2.20)

and (2.23) are not needed to prove (2.26).

Remark 2.7. It would be interesting to investigate the system (1.1)—(1.4) from the viewpoint of an
optimal control problem, with the distributed control located in the source term g in equation (1.2).
Thus, in order to discuss differentiability properties and optimality conditions, it could be important to
deal with smoother data and a smooth nonlinearity f, and with the control g lying in a control box in
L>(Q) (cf. (2:23)). In this framework, stronger stability and continuous depencence estimates can
possibly be derived for the system. However, the estimates (2.18), and are already a
good starting point in that direction.

3 Existence of solutions

In this section, we are going to prove the existence result for the problem (2.13)—(2.16), by constructing
a solution (p, p,&) that satisfies (2.10)—(2.12). We adopt two levels of approximation: at first, we
replace the subdifferential 0 f; in by the derivative of the Moreau—Yosida regularization f; . of
f1, depending on a parameter ¢ € (0, 1); then, we apply a Faedo—Galerkin scheme to the resulting
approximate system.

To begin with, we consider for every £ € (0, 1) the Moreau—Yosida regularization f; . of f1, that is
(see, e.g., [1414]),

fele) = inf { oo = o4 A0 = ol = O+ A0) = [ Ao

DOI 10.20347/WIAS.PREPRINT.3128 Berlin 2024
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where f] _: R — IR and the associated resolvent operator .J. are given by

fle(r) = é(r — J.(r), J(r) = (I +edf))(r), forallreR,

with / denoting the identity operator. Note that the derivative fLE turns out to be a regularization of
the graph Jf;. Indeed, f] . and fi . fullill, forall 0 < € < 1 (see, e.g., [4, pp. 28 and 39)),

fi. : R — R is monotone and Lipschitz continuous

with Lipschitz constant 1/, and it holds f; _(0) = 0, (3.1)
|f1,:(r)] <10f7(r)| foreveryr € D(0f1),
0< fi(r) < fi(r) foreveryr € R. (3.3)

As for the second approximation, we employ a Faedo—Galerkin discrete scheme using a special basis.
To this end, we take the eigenvalues {\;};en of the eigenvalue problem

—Av=Xv in €, Opv =0 on 09,

and let {e;};en C W be the associated eigenfunctions, normalized by ||e;||z = 1, 7 € N. Then,
we have that

0= < <., lim \; = +o0,

]—>OO

/ejek:/Vej-Vek:() for 7 # k,
o) Q

and we note that e; is just the constant function |Q|*1/2. We then define the n-dimensional spaces
V,, :=span{ey,...,e,} for n € N, where V] is just the space of constant functions on €. It is well
known that the union of these spaces is dense in both H and V.

The approximating n-dimensional problem is stated as follows: find functions

t) = Z,unj (t)ej(z), pnlx,t) Z ©nj(t)e;(z (3.4)
j=1
such that
(O (1),0) + Dra(8):0) + | Vpalt) - To =0
forallt € [0,7] and every v € V,,, (3.5)
T(Oepn(t) / Vu(t) - Vo + (fi(n(?) + f2(en(®),v) = (ua(t) + g(t),v)
forallt € [0,7] and every v € V,,, (3.6)
,un(O) = PH(NO) ) (atp%)«)) = Pn(VO) ) @n(o) = Pn((pO) a.e.in Qa (3-7)

where P, denotes the H-orthogonal projection onto V,,. Then P, (v) = 37 (v, ¢;)e; for every
v € H, and we have (see, e.g., [10, formula (3.14)])

|P.(v)|ly < Cqllv|ly forevery v € Y,where Y € {H,V, W}, (3.8)

DOI 10.20347/WIAS.PREPRINT.3128 Berlin 2024



Hyperbolic relaxation of viscous Cahn—Hilliard equations 9

for some constant C; > 0 depending only on €2. By comparing 8:5)—(3.7) with (2.13)—(2.16), note

that the inclusion (2.15) present in (2.13)—(2.16) is not reproduced in (3.5)—(3.7), since the role of the
& variable is now played by f{,g(SOn), written as it is, in (3.6).

Next, we take v = ¢, in all of the equations (3.5)—(3.7), for k = 1, ..., n, obtaining the system

d? d
Qg Hink + PR + Ak fne = 0 in (0,7, (3.9)
d
TPk Ak @i+ (fic(on) + folon), ex) = pnr + (g, ex) in (0,7, (3.10)
d
tnk(0) = (kos er),  —1nk(0) = (0, €x),  @nr(0) = (o, €x). (3.11)

dt

Then we have to deal with a Cauchy problem for a system of ordinary differential equations, which is
of second order in the variables (1, and of first order in the variables ©,,.. This system is set in explicit
form and offers Lipschitz continuous nonlinearities and source terms (g, ex) in H*(0,T) (cf. @.5)).
By Carathéodory’s theorem, the Cauchy problem (3.9)—(3.11) has a unique solution expressed by
ks Prks With pi, € H3(0,T) and . € H(0,T), for k = 1,...,n. On account of (3.9)—(3.10)
and (3.4), this solution uniquely determines a pair (i, p,) € H*(0,T;V,) x H?*(0,T;V,) that
solves (3.5)—(3.7).

We now derive a series of a priori estimates for the finite-dimensional approximations. In the following,

C > 0 denotes constants that may depend on the data of the state system, but are independent of
neN, ee (0,1)and @ € (0, 1].

First estimate. The aim is taking the time derivative of and then testing by J;,,. In addition,
we add the resulting equality to where we choose v = 0, 1,. By this approach we obtain the
cancellation of two terms. Next, we integrate with respect to time and, in order to recover our estimate,
we have to control the H-norm of the initial value 0,¢,,(0). Taking t = 0 and v = 0,,,(0) in (3:6),
by we easily infer that

T0en () = (Apn(0) = £1.(n(0)) = F3(a(0)) + 1a(0) + 9(0), Ao (0))
< T10nl0) + - IAPu(00) = F1o(Palioo)) = Fa(Palson)) + Pulio) +9(0)]3

thanks to the Schwarz and Young inequalities. By virtue of the assumptions (2.5)—(2.7) on g and the
initial data, and of the property (3.8), it turns out that there is a constant C'., depending only on the
data and on ¢, such that

70ion ()]l < [JAP(p0) = f1(Pu(w0)) = f2(Pu(w0)) + Pu(o) + g(0)||m < Ce. (3.12)

The dependence on ¢ follows from the Lipschitz continuity of f{,g with constant 1 /¢ (cf. (8-7)), while
f4 s Lipschitz continuous independently of ¢ (see (2.2)).
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Now, we can perform the computation described above and deduce that

o 1 T
—Hatun(t)H?q + —IIVun(t)H?q + —II@son(t)H?{

/ [ IV + // F (o) Brpnl?

< —IIPn(Vo)HH + §HVPn(uo)HH

+—HAP (v0) = fi (P — f2(Pu(0)) + Pulpo) + 9(0) [

/ Son ’atgpn‘ +// atgat@m (3-13)
Qt t

where we have used the notation
Q::=Q x(0,t), te(0,T].
By the monotonicity of f{’g, the last term on the left-hand side of (3.13) is nonnegative. Moreover,

owing to (2.2), we have that | f}(,)||0:on]? < ClOypn]? a.e. in Q. Then, in view of 2.5), (2.6),
(3.8), Young’s inequality, and Gronwall’s lemma, it is straightforward to infer from (3.13) that

041/2||8tun||Loo(o,T;H) + IV tnl zoo 0,71y + 1 0sonll oo 0,10y + ||V (Oron) || 120,00
< C(lwolla + luollv + 110egl 20
+ [AP(20) = f1.(Pul0)) — f5(Pul0)) + Pulpo) + 9(0)] 1 ), (3.14)

for some constant C' depending only on data, as 0 < « < 1. Therefore, recalling the initial conditions

in (3.7), since

pn(t) = Po(po) + /Ot Oepin(8)ds,  pn(t) = Pu(po) + /Ot Oypn(s)ds forallt € [0,T],

we easily conclude from (3.12) that

al/QHMn”WLOO(O,T;H) + | Vitnl oo 0,10y + || @nllwroso,msmynmr vy < Cs (8.15)

Complementary estimates. Taking now v € V/, and using (3.5) and (3.8), we have that

(O pin(t),v) = a(Osefin(l), Pr(v)) + a(Osepin(t), v — F(v))
< |0 (Outin(t), Pa(0))] < | Oupn(t), P / Viin(t) - VP, ()

< C(10spnll Lowo,15) + ||V,UnHL°°(O,T;H))HUHV fora.e.t € (0,7), (3.16)
so that from it clearly follows that

a||Outinll Lo0riv) < C-. (3.17)
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Hyperbolic relaxation of viscous Cahn—Hilliard equations 11

In addition, we can take v = —A(¢,(t)) in (3.6) and integrate by parts in some term. With the help
of Young’s inequality and the Lipschitz continuity of f5, we obtain

180+ [ FenltDITonOF
= (on(t) + Fion(t)) — 9(t), Agu(t) / Vian(t) - Vou(1)
1
< S 18@u @I +C 1+ lallinion + 19lE=orin)
+ (Va0 .m [Vl zoor.m) forae.t € (0,T), (3.18)

where the second term in the first line is nonnegative due to (3.1). Consequently, from (3.15) and the
elliptic regularity theory, we find that

[A@u|| 0.0y + @nllLerw) < Ce. (3.19)
Passage to the limit in the Faedo—Galerkin scheme. By virtue of the uniform estimates shown

above, there exists a pair (i, ¢-) such that (possibly on a subsequence, which is again labeled by
n € N)

fhn — He weakly starin W0, T; V*) N Wh(0,T; H) N L>(0,T; V), (3.20)
©On — 0. weakly starin WH°(0,T; H) N H'(0,T; V) N L®(0,T; W). (3.21)

By and the compact embeddings V' C H C V™, it follows from |28, Sect. 8, Cor. 4] that
fn — pte strongly in C1([0,T]); V*) N C°([0,T); H). (3.22)
Moreover, owing to the compactness of the embeddings W C C°(Q) and W C V/, it turns out that
©on — - strongly in C°(Q) N C°([0,T];V), (3.23)
whence, by the Lipschitz continuity of f] _ and f;, we deduce that
F1o(pn) + f5(n) = () + fo(we) stronglyin C°(Q)NC([0,T]; H),  (3.24)

at least. Then, taking first v € Vj, with £ < n in (3.5)—(3.6), and passing to the limit as n — oo, it is
not difficult to infer that

O fie, V) + (Oppe, v) + / Vi -Vo=0 ae.in(0,7), (3.25)
Q
T(Dppe,v) + / Ve - Vo + (fi.(¢e) + falee),v) = (pe + g,v) ae.in(0,T),  (3.26)
Q

at first for all v € Ugen Vi, and then, by density, for all v € V. Note that, due to the regularity of .,
the second variational equality can be equivalently rewritten as

TOp: — A, + f{,s(@E) + fé(gos) =p.t+g ae.in@, (3.27)

where it is understood that . satisfies the boundary condition 0,0 = 0 a.e. on 3, on account of
. € L>(0,T;W).
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Thanks to (3.22) and (3.23), we can pass to the limit as n — oo also in the initial conditions (3.7) and
find that

,LL(E(O) = Mo (atlls)(o) =, QD&-(O) = %o, a.e.in Qa (328)
since (see (2.6)—(2.7))

Pu(pto) = o, Pu(vo) = vo,  Pulip0) = o, stronglyin V, H, W, respectively,

and O, is weakly continuous from [0, 7] to H. Also, we can invoke the weak star lower semiconti-
nuity of norms and pass to the limit in (3.14) to derive the inequality

a2\ Bupe || oo 0,710) + 11V el oo o3y + 1060 || Lo 015y + 11V (Despe) | 203
< C(lwlla + lluollv + 110egl L20.rm)
+ 1 Apo = f1 (o) = f5(00) + o + g(0) || )- (3.29)

Hence, recalling (2.7) and (3.2), it turns out especially that || f{ _(¢0)||# is bounded independently of
€, which implies that the complete right-hand side of (3.29) is uniformly bounded. Then, arguing as
before, we can improve (3.15) for (., ¢-) and recover that

041/2||Me||W1,oo(o,T;H) + IV el oo 0,1y + |@ellwroe o, mynm vy < C (3.30)

As a consequence, by repeating the arguments in (3.16) and (3.18) for . and ., we easily find out
that

| Ouptel| o0,y + 1Al oo o,mm) + || @ell L0y < C (3.31)
for some constant C' which is independent of both € € (0, 1) and « € (0, 1].

Further estimates. We insert the constant function v = 1/|Q| in (8:25) and deduce that

Oy(aOipe + ) = 0 ae.in (0,7). Hence, in view of (3:28), (2.8) and (2.9) it is straightforward
to obtain

a0 (t) + P=(t) = avo +mg forallt € [0,T]. (3.32)

Now, we take v = . (t) — my in (3.26) and, without integrating with respect to time, we have that

/Q [V (pe(t) = mo)[* + (fi c(=(1)), e (t) — mo)
- _<Tat906(t) + fé(@oe(t» - g(t)v st(t) - mO) + (/’L&‘(t)? @a(t) - mO)' (3-33)

Now, in view of the properties (2.2)—(2.4) of f1 and 0 fi, and on account of (2.8), it turns out that there
exist two positive constants dq and Cj, independent of €, such that

fle(r)(r —mg) > ol fi.(r)] = Cy forevery 7 € R. (3.34)
For this property we refer to [25, Appendix, Prop. A.1] and also to the detailed proof given in [19,

p. 908]. Applying (3.34) to the second term in the left-hand side of (3.33), due to (2.5) on g and to the
Lipschitz continuity of f;, we infer that

0ol f1 (e (0D < C L+ llpelliyroe o, 1:)) + (1e(), 0o (t) — o). (3.35)
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Hyperbolic relaxation of viscous Cahn—Hilliard equations 13

As for the last term in (3.35), thanks to (3.32) and the Poincaré—Wirtinger inequality, we can argue as
follows:

(ke(t), e (t) = mo)
= (pe(t), a0 Oppie(t) + e (t) — a vy — mo) + (pe(t), a Vo —  Opue (1))
= (pe(t) = 71=(t), @ Oupie (1) + e (t) — T — mo) + a(pe(t), Vo — Oypec(t))
< OV ptel pos 0.3 (@21 Oapte | oo 0.5y + el 0w 0,700) + 1)
+ C(ellpelliyr o) +1) (3.36)

since 0 < a < 1. Hence, by (3.35), (3.36), and (3.30), we can conclude that
11 () Loy < C. (3.37)

Next, we choose the constant function v = 1 in (3.26). We obtain, for a.e. t € (0,7),

/ £ (el / (e + Fo(e(t)) — g(8)) = 1)), 3.38)

Owing to (3.37) and (3-30), both summands on the left-hand side are bounded in L.>°(0, T"). Then we
infer that
7] L0, < C. (3.39)

Moreover, using again the Poincare—Wirtinger inequality, we have that

el Lo o.7:0) < || pte — Hellzooo,m:m) + CllE || Lo 0,1
< CHV,UEHLOO(O,T;H) +C < C. (3.40)

Now we can go back to (3.26) or, better, to (3.27) and compare the terms in the equation: from (3.30),
(3-37) and (2.5) it follows that 0y, Awe, f5(v:), e, g are all uniformly bounded in L>°(0,7T"; H),
whence

11l 2,10y < O (3.41)

Passage to the limitas ¢ — (0. Thanks to the uniform estimates (3.30), (3.31), (3.40), and (3.41),
it follows that there is a triple (11, , £) such that, for some subsequence ¢, tending to 0, it holds

fie, — pt weakly starin W>>(0, T; V*) N Wh>(0,T; H) N L>(0,T;V), (3.42)
@, — ¢ weakly starin Wh(0,T; H) N H'(0,T;V) N L>(0,T; W), (3.43)
fie,(0e,) = & weakly starin L>(0,T; H). (3.44)

As argued in the previous limit procedure (cf. (3.22)—(3.24)), by compactness, in particular exploiting
[28, Sect. 8, Cor. 4], and by the Lipschitz continuity of f}, we have that

fte, — g strongly in C([0,T]; V*) N C°([0,T]; H), (3.45)
¢, — ¢ stronglyin C°(Q) N C°([0,T);V), (3.46)
f3(er) = f3(w) stronglyin C°(Q) N C°([0,T); H) . (3.47)

Then we can pass to the limit as ¢, — 0 in (3.25) and (3.26) by finding (2.13) and (2.14), respec-
tively. Moreover, the initial conditions (2.16) follow from (3.28). It remains to check (2.15): but, since
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the extension of Jf; to LQ(O, T; H) is a maximal monotone operator and f{,a denotes its Yosida
approximation, and since we have that

lim sup / (o (000 () = fh (e (£)), 9o (1) — e (1))t = O

k,n—o0

due to the weak convergence of f] _ (-, ) to & in L?(0,T’; H) and the strong convergence of .,
to ¢ in L?(0,T; H), we can apply [1, Prop. 2.2, p. 38] and recover the inclusion £ € Jfi(¢) in
L?(0,T; H) and almost everywhere in Q.

In conclusion, we note that the triple (u, ¢, &) found by the limit procedure is actually the unique
solution of the problem (2.13)—(2.16), on account of the continuous dependence result, and that the
estimate follows easily from the uniform bounds in (3.30), (3.31), (3.40), (3.47) and the weak
star lower semicontinuity of norms. Therefore, Theorem is completely proved. O

4 Continuous dependence and regularity

In this section, we show report the proofs of the continuous dependence and regularity results.

Proof of Theorem [2.3, We just have to prove the inequality 2.19) by letting (u;, ¢:,&;) be any
solution of problem (2.13)—(2.16) with the corresponding data g;, 110, V0.i, Po,i» satistying (2.5)—(2.8)
for i = 1, 2. For convenience, within this proof we set

g=091— 92, MHo= Mo1— Mo2, Vo="lo1— Vo2, %o= ¥o1— ¥0,2
as well as

p=f1— 2, P=¢1—¢2, =& —&.

Then, taking the differences of the respective equalities (2.13)—(2.14) and integrating the one resulting
from (2.13) with respect to time, we obtain

(adup(t) + (), v) + / V(1% p)(t) - Vo = (avo + 0,0)

fora.e.t € (0,7) and everyv € V| (4.1)
T(9ep(t), v) +/QV90(15) Vo (£(t),v) = (u(t) + g(t) — fale1(t) + fal2(t)), v)

fora.e.t € (0,7) andeveryv € V| (4.2)
5@' € afl(SDZ)a 1= 17 27 a.e.in Qa (43)
1(0) =po, ¢(0)=¢o ae.inQ. (4.4)

Next, we take v = pu(t) in @) and v = @(t) in (&2), then we add them noting a cancellation of
terms and integrate once more with respect to t. With the help of (4.4), we infer that

1
Sl + 519 @ + el + [ /Q 176+ / [ &

« T
< Sl + Shoolly + [ o+ ol
t

| - // (il = fileae @5)
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Hyperbolic relaxation of viscous Cahn—Hilliard equations 15

for all ¢ € (0,7T]. Now, thanks to (@.3) the last term on the left-hand side is nonnegative. On the
right-hand side, by the Young inequality, we have that

t
/ / (a0 + po)u < a / () 3ds + C vl + o ol%),
t 0

and, using also the Lipschitz continuity of ¢, it follows that

//tw - //t(fé(sol) — fo(2))p < C/Ot (s)]|%ds + %Hg”;mm

Therefore, we can collect these inequalities and apply the Gronwall lemma to the resultant from (4.5)
in order to plainly obtain the estimate (2.79). O

Proof of Theorem We already know from that D, is in L>(0,T; H) N L*(0,T; V).
Then, in view of (2.20), the regularity in follows from the variational theory for linear evolution
problems of second order in time (see, e.g., [16])). Then, in order to reproduce the estimate in (2.22),
let us proceed formally and test equation by —A(0yu(t)). By this, we can easily integrate by
parts and also with respect to time. With the help of Young’s inequality we obtain

S [19@ue)r+3 [ 15utF

« 1
_¢ / Vol + 2 / Aol — / V(00) - V(O)
2 Jo 2 Ja Q.
o 1 1 o
< Gl Sl + o0 [ v@R S [ v@urE e
whence the estimate

051/2||/L||le°°(0,T;V) + ||l oo 0,0y < C(l + Oé_1/2) (4.7)

follows from an application of Gronwall’s lemma, along with (2.20) and (2.18). Having shown (4.7), it is
now straightforward to compare the terms in (2.13) and to deduce that «||0s+|| o< (0,7; 1) is bounded
by a quantity like the right-hand side of (4.7). Thus, we complete the proof of (2.22). O

Proof of Theorem[2.5] We first show (2.26). It is already known from that the initial value of ¢,
i.e. o, belongs to a compact subset of D(Jf1) = (r_,ry). By the previous proof, we have checked
that 1 is bounded in L>°(0,T"; W), hence in L>(()), as follows from the above estimate (4.7). Then,
let us rewrite equation as

000 — Ap+ fi(@) = h, with h=p+g— fi(e), ae.inQ. (4.8)

The term £ in (2.17) has been expressed here as f{(y), as it is allowed by the assumption (2:24).
Note that the right-hand side h of (4.8) is actually bounded in L*°(()), thanks to (2.23) and the bound
for ¢ ensured by (2.18), along with the Lipschitz continuity of f3.

To prove (2.26), it is enough to derive an L>°(())-bound for f](¢). Let us outline the argument by
proceeding formally and pointing out that just a truncation of the test functions would be needed for
a rigorous proof. We take any p > 2 and test @#38) by | f{()|P"2f1(¢), a function of ¢ which is
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increasing and attains the value 0 at 0 (cf. (2.2)—(2.4)). Then, we integrate from 0 to t € (0,7,
obtaining

L[ 1mer @) + o= [[ s s@me+ [[ sor
- [ nersiens) + [ msitar-2io. 49

Note that the first term and the second term on the left-hand side are nonnegative, in particular, since
the derivative f{’ is nonnegative everywhere in (r_, ). About the right-hand side we may observe
that

L 1neraeas) < 1l el

and, with p’ = p/(p — 1) and the help of the Young inequality, that

// AP fi(e) < Pl | If{(SO)I”_IHLpf(Qt)

1
= Illr@o 1A @7, < = 1717, o ||f1( Mo -
o (@) )

By rearranging from (4.9), and taking ¢ = T', we infer that

1/p
1@l < (I 2o)l12 ool + 111 )

_ 1/
< (I F ()12 lpolloo|€2) 7 + 112l o)

Then, letting p tend to 400, we conclude that

11 @)z @ < I1fi(go)lloe + 1Pl (@)

which ensures the validity of (2.26), for some constants 7., r* as in the statement.

Next, we argue in order to prove the continuous dependence estimate (2.27). We use the same nota-
tion as in the proof of Theorem so that

g=491 — g2, Moo= HMo1— Ho2, Vo="Vo1— Vo2, $Yo= Po1— ¥o,2,

and
=1 — 2, ¥ =91 — P2,

where (1, i, &), with & = f{(p;), is the solution to problem (2.13)—(2.16) corresponding to
Gis [o.is V0,is Yo, © = 1,2, these data satisfying (2.5)—(2.8). Then, taking the differences of the re-

spective equalities (2.13)—(2.14), we obtain

@(Oun(t). ) + | Vut) Vo= ~(@e(t). 0

fora.e.t € (0,7)andeveryv € V, (4.10)

r(@ue0)0) + [ Tilt) - Vo= (u(®) + 9(8) = Fa(0) + £ alt). 0

fora.e.t € (0,7) andeveryv € V, (4.11)
w(0) =po, (Op)(0) =19, ¢(0)=¢y ae.in, (4.12)
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Hyperbolic relaxation of viscous Cahn—Hilliard equations 17

where we have used f' = f{ + f; in equation (@17) noting that the estimate (2.26) and the assump-
tions (2.24) on f; now allow us to take f’ as a global Lipschitz continuous function (with Lipschitz
constant depending on «). In view of (2.19), we have for the term on the right-hand side of (4.11) that

e+ g = f'(e1) + fle) 2o < il + 19l 2omm + Callel r2o,mm)
< Cal9llz2rm + lolle + lolle + ipollr ), .13

where the constants are denoted by C,, since they depend on « as well. Then, using the standard
parabolic regularity estimate (see, e.g., [24] or [16])

”90HHl(o,T;H)mLoo(0,T;V)L2(0,T;W)
<O(llp+g = fle1) + f (@) llzz.r:m) + lpollv)

for the  solution to (4.11) with the respective initial condition, it is straightforward to deduce that

||90||Hl(O,T;H)mLoo(o,T;V)L2(o,T;W)
< Co(llgllr2om) + ol + w0l + llollv)- (4.14)

Next, we can choose v = 0,1 in (@.10), integrate with respect to time, and infer that
« 1
SN + 1V
o , 1 t
< vl + SIVaolla +/ 100 () || Orpa(s) || rrdls. (4.15)
0

Then, first applying Young’s inequality to the last term and then Gronwall’s lemma, we arrive at the
estimate

”MHWlm(o,T;H)mLoo(o,T;V) < Ca(HMOHV + [|voll# + Hat90|’L2(07T;H))>
whence from (4.14) it is clear that
2l woe 0,290 0,70 < Calllgll 2oy + Niollv + vl e + llwollv)-
By this estimate, comparison of the terms in yields

Oé”att,uHL?(o’T;V*) < HV,UHLQ(O,T;H) + HathHL%O:T?H)
< Ca(”QHL?(o,T;H) + || tollv + l[vollz + ||900||v), (4.16)

so that (2.27) is completely proved. O

5 Asymptotic analysis

This section is devoted to the study of the asymptotic behavior of the problem (1.1)—(1.4) as « ap-
proaches 0. We allow the initial data for iz and O;u, as well as the source term g, to depend on «,
while we keep fixed ¢, the initial value of ¢, for reasons of simplicity in front of restrictions like (2.7)

and (2.8) for yyp.
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Thus, for 0 < o < 1, we consider families of data g, ft0,«, V0,o Such that

{g.} is uniformly bounded in H'(0,7T; H)

and strongly converges to g in L?(0,7; H) as a \, 0, (5.1)
{1t0.o.} is uniformly bounded in V, (5.2)
{v0.a} is uniformly bounded in H. (5.3)

Of course, it follows from (1) that g € H'(0,T; H) and 0,9, — 0;g weakly in L*(0,T; H). We
can state the following convergence result.

Theorem 5.1. Assume that 2.1)—2.4), @-7)—2-8), (5-1)—(5.3) are fulfilled. For all o« € (0, 1], let the
triple (fio, Pas Ea), With

o € W20, T; V)N W0, T; H) N L>(0,T; V), (5.4)
e W0, T; H) N H*(0,T; V) N L>®(0,T; W), :
&a € LOO(O, T, H), (5.6)
be the solution to the initial value problem
@ Outa 1), + Dupa(0).0) + [ Tiat) Vo =0
fora.e.t € (0,7) andeveryv € V, (5.7)
7(Orpal(t) /Vsoa Vo (&a(t) + f2(0a(t), v) = (pa(t) + ga(t), v)
fora.e.t € (0,7) andeveryv € V, (5.8)
€o € 0f1(0a) ae in@, (5.9)
11a(0) = toa,  (O11a)(0) = Ua, $al0) =po ae inQ. (5.10)

Then there exists a triple (j, ¢, £) such that, for some subsequence v, tending to 0, there holds

fa, — [t weakly starin L>=(0,T;V), (5.11)
Qifla, — 0 weakly starin W*>(0,T; V*) and strongly in W*(0,T; H), (5.12)
Vo, = weakly starin WH(0,T; H) N H'(0,T;V) N L0, T; W)

and strongly in C°([0,T]; V) N C°(Q), (5.13)
o, — & weakly starin L>(0,T; H). (5.14)

Moreover, (11, , &) is a solution to the viscous Cahn—Hilliard system

(Bup(t),v) + / Vi(t) - Vo =0

fora.e.t € (0,7) andeveryv € V, (5.15)
T(Op(t), v) + /Q V(t) - Vo + (E(t) + f5(p(t), v) = (u(t) + g(t),v)

fora.e.t € (0,7) andeveryv € V, (5.16)
€€ dfi(p) ae in@, (5.17)
©(0) =y a.e. inf. (5.18)
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Proof. A closer inspection of the proof of Theorem [2.2]in Section [3| reveals that the estimate
still holds under the conditions (5.1)—(5.3). Then, by a standard weak star compactness argument, we
deduce the existence of a subsequence v \, 0 and a triple (u, ¢, &) such that (5.11)—(5.14) hold. In
fact, the strong convergence property in is a consequence of the compactness result reported
in [28], Sect. 8, Cor. 4]. Moreover, by the Lipschitz continuity of f}, we also have that

fo(ay) = falyp) stronglyin C°(Q) N C°([0,T]; H) . (5.19)

Then, we can pass to the limit in (5.7), (5.8), and the third condition in (5.10), all written for .,

and easily obtain (5.15), (6.16), (5.18). Recovering (5.17) from (5.9) is straightforward, due to the
weak convergence of &,, and the strong convergence of ¢,,, in L?(0,T'; H), along with the maximal

monotonicity of 0 f; (see, e.g., [1, Cor. 2.4, p. 41]). This concludes the proof. O

Remark 5.2. Note that Theorem [5.1]implicitly yields an existence result for solutions to the viscous
Cahn-Hilliard system (5.15)—(5.78). The found solution is already a regular and strong solution: in-
deed, the component ¢ is in W1°°(0,T; H) N H*(0,T; V) N L>(0,T; W) and therefore also in
C°(Q), while from (5.11), a comparison in (5.15), and the elliptic regularity theory, it turns out that
p € L0, T; W) N L0, T; H3()) in addition, so that « € C°(Q), in particular. Both the equali-
ties and can be equivalently rewritten as the equations

O —Apu=0 ae.in@, (5.20)
TOp — Ap+E+ folp) =p+g ae.in@, (5.21)

plus the homogeneous boundary conditions
Onpt = Opp =0 a.e.on X. (5.22)

The mentioned regularity for (1, , £) is exactly the same as in [14, Thm. 2.2], where a slightly more
general system is investigated. However, the existence of a less regular solution can also be proved,
along with the uniqueness of the component ¢ of the solution, as it results for instance from [9,
Thm. 2.5]. Please note that in general uniqueness cannot be expected for £ and p unless Of is
single-valued (like e.g. the case considered in (2.24)); otherwise, only the difference £ — 1 is uniquely

determined from (5.21).

Remark 5.3. By the uniqueness property for the component ¢, which is pointed out in the previous
remark, we infer that not only a subsequence {¢,, } but the entire family {¢ }ac(0,1] cOnverges to ¢

in the sense of (5.13) as a ™\, 0.

The next result is devoted to an error estimate of the difference ¢, — ¢ in certain norms and in terms
of the parameter a..

Theorem 5.4. Under the same assumptions as in Theorem we let (ua, Pas fa) denote the so-

lution to (5.7)—(B-10), for « € (0, 1], and (u, ¢,&) be the solution to (5.15)—5.18) found by the
asymptotic limit in (5.11)—(5.14). Then there is a constant K5 > 0, which depends on the structure of
the system but is independent of o, such that

041/2||Ma||L°c(0,T;H) + V(1 (o — M))||L°°(0,T;H) + [|pa — <P||L°o(o,T;H)mL2(o,T;V)
S K5 <a1/4 + ||go¢ — g||L2(O,T;H)>‘ (523)
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Proof. We argue similarly as in the proof of Theorem We take the difference of (5.7) and (5.15),
then we integrate with respect to time with the help of (5.10) and (5.18). We obtain

((pa — / V(1 (pa —p)(t) - Vo= (avy, — a0ia(t),v)

fora.e.t € (0,7) and everyv € V. (5.24)

At the same time, we subtract (5.16) from (5.8) and have that

r@ga =900+ [ Tga=9)O) T+ (60 = (D)0
= ((ta = 1) () + (90 — 9) (1) — fo(@a(t)) + fo(p(t)), v)
fora.e.t € (0,7) andeveryv € V. (5.25)

Then we take v = (po — p)(t) in 5:24) and v = (o — ©)(t) in (5.25), sum up noting that a
cancellation occurs, and integrate with respect to ¢. Since the product (£, — &) (. — ) is nonnegative
due to (5.9), (6.77) and the monotonicity of O f1, we easily derive the inequality

S lra Ol + 190 1o = )+ G0 = DO+ | V(e =P

< Slloally +//two,a<ﬂa ) +//taatua,,b
+ [ = aten—o)= [[ iten) - eNte ) 5.26)

for all t € (0,7]. Now, we recall the boundedness properties (5.2) and (5.3), the estimate (2.18) for
|t \| 2= 0.7,y @D /%[Oy p14 || Lo 0,7, 11), @S well as the regularity ;1 € L°°(0,T; H), in order to

deduce that
a 2
§||MO,C¥HH+ aVO,a(Ma _,u> + Ozat,ua,u
t t

< allpoolly + allvoollg + Cat? < Call?,

In addition, by virtue of the Lipschitz continuity of f;, and the Young inequality, we have that

J[ = ea =)= [[ Uiten) - BeNen )
< 190 = 9l Z2001;m) + C/Ot 1(pa — ©)(5)]1*ds.

Then, collecting the above computations in (5.26) and applying Gronwall’s lemma, the estimate (5.23)
follows. O

We finally notice that (5.23) gives an error estimate, in particular, for

o — <PHL°°(0,T;H)0L2(0,T;V)

of order 1/4, provided that the convergence of || — g||£2(0,7;m) to 0 is at least of this order.
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