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The variational principle for a marked Gibbs point process with
infinite-range multibody interactions

Benedikt Jahnel, Jonas Képpl, Yannic Steenbeck, Alexander Zass

Abstract

We prove the Gibbs variational principle for the Asakura—Oosawa model in which particles of
random size obey a hardcore constraint of non-overlap and are additionally subject to a temperature-
dependent area interaction. The particle size is unbounded, leading to infinite-range interactions,
and the potential cannot be written as a k-body interaction for fixed k. As a byproduct, we also
prove the existence of infinite-volume Gibbs point processes satisfying the DLR equations. The
essential control over the influence of boundary conditions can be established using the geometry
of the model and the hard-core constraint.

1 Introduction

The Gibbs variational principle is a corner stone in the equilibrium theory of spatially interacting par-
ticle systems. In a nutshell, according to the laws of thermodynamics, equilibrium states of a system
(subject to thermodynamic principles) must minimize the free energy, which reflects the competition
between minimizing energy and maximizing entropy.

On the other hand, equilibrium systems of interacting particles are often described by their conditional
finite-volume distributions, in terms of Boltzmann weights with respect to some boundary conditions.
Under a consistency condition on these finite-volume measures, one can then hope to find infinite-
volume measures that are still consistent with the finite-volume description, and are able to properly
describe the macroscopic behavior of the system. This infinite-volume consistency is described via
the so-called DLR equations, and ensuring the existence of such measures is one the key tasks in
statistical mechanics. In particular, the DLR equations can potentially be solved by multiple infinite-
volume measures, constituting a phase transition of non-uniqueness of equilibrium states. However,
for a measure to solve the DLR equations and also minimize the free energy is not automatic.

In the case of lattice systems, under the assumption of translation invariance, this link between the DLR
equations and the thermodynamic description of equilibria has been established under quite general
assumptions for a very large class of models, see [Geo11l [Pre76) [LR69]. However, moving towards
continuum systems, where particles are placed in Euclidean space and even particle numbers in fixed
volumes are allowed to fluctuate, the literature becomes much more sparse and usually only deals
with particular case studies. In [Geo94, |Geo95] the Gibbs variational principle is derived for bounded
and unbounded pair potentials in the context of large-deviation results, and with the goal to establish
equivalence of ensembles. In particular, no higher-order interactions are allowed, and the particles
may not carry individual marks that would for example allow to model interactions between particles
of varying sizes. Next, in [DGQ9] the Gibbs variational principle is established for a particular class
of planar models in which (unmarked) particles interact via their associated Delaunay triangulation.
More recently, [Der16] considers the case of Gibbs point processes with a finite-range interaction and
where the existence of the energy density is guaranteed. However, establishing the existence of the
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energy density is not always easy and needs to be shown specifically for the model at hand. Moreover,
many interesting models do not have a finite-range interaction.

The contribution of the present manuscript is therefore to provide a first example of a Gibbs varia-
tional principle in the continuum for a system of particles with unbounded marks and with a multibody
interaction in which also an unbounded number of particles may jointly interact.

We focus on the Asakura—Oosawa model with depletion interaction [AO54, IAO58], which may be in-
formally described as follows. Imagine a volume with a random number of balls of a random size. The
balls cannot penetrate each other, leading to a hardcore repulsion. Additionally, there are second-class
particles with a fixed size which may penetrate each other without restriction, but not the balls of the
first type. Integrating out the Poisson point process of second-class particles, it can be observed that
the balls of type one must additionally obey an area interaction: for them to take up more space comes
with the additional cost that, in that space, no second-class particles are present. For more details on
the relevance of this colloid-polymer mixture model, see [Vri76, BVS14, [REDOO, [LTV24]. Let us men-
tion that this model can be seen as a generalization of the Widom—Rowlinson model [WR70, ICCK95,
DH19, IDHO1! IJK17] with an additional internal hardcore. The existence of infinite-volume Gibbs mea-
sures (in the sense of the DLR equations) for the Asakura—Oosawa model can be deduced from the
criteria presented in [RZ20]. Recently, the model has been analyzed more extensively, for example via
cluster-expansion techniques [JT20al |JT20b, [JLW22] and with respect to the corresponding Langevin
dynamics [FKRZ24].

The proof rests on establishing existence of energy and entropy densities for which it is essential to
control the influence of far away particles. This is usually achieved by a finite-range or deterministic
decay assumption on the (pair) interaction potential. However, in our case we work only with an as-
sumption on the tails of the mark distribution, and use the hard-core constraint as well as geometric
arguments.

The manuscript is organized as follows. In Section [2, we introduce the framework in which we are
working, and set up the required notation before we state our main results in Section [3l We then
proceed by explaining the structure and key ideas of the main proof in Section (4] After this, we finally
start with the main work and carry out the proof of our main results in Sections [5H9}

2 Setting and Notation

Throughout the article, we will often use the short-hand notation f < ¢ to express that there exists a
finite constant ¢ > 0, independent of f and g, such that f < ¢ - g. We write f <4 g if ¢ = ¢(A)
depends on some parameter A, for example the dimension d of the ambient space.

2.1 Point process formalism

Consider the space (2 of locally finite measures on the state space R? x [0,00),d > 1, that is
Q.= {w = Zéml ’ r; = (IZ,R,L) € Rd X [O, OO)}
i>0

Since, in what follows, we consider only simple point configurations, we may identify them with their
support, i.e., w = Y500z, = {®i}iz0 C R? x [0, 00). For any subset A € R?, we denote by wy
the restriction of the configuration w € 2 to the set A x [0, 00), thatis wpy = w N (A x [0, 00)).
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Infinite-range multibody Gibbs variational principle 3

Furthermore, for Borel sets A € B(R?), A € B([0, o)), and positive measurable functions f : R?x
[0,00) — [0, 00|, we define the counting variables

N/{,A(w) = f(xa Rx)7
x=(z,Ry)cewN(AxA)

and denote in particular
NI .= N/ Npa = N; d Np:=N;
A A,[0,00)? AA - A4 an Al A

Next, we endow {2 with the canonical -algebra F generated by the family of local counting variables,
that is

F=0(Naa: A€ By(RY), A € By(0,0))),

where B, denotes the set of bounded Borel sets. We also fix some special sets of the position space
R? which will be denoted by

A = [-n/2,n/2)" neN, and C:=A\

throughout the whole manuscript.

In order to define classes of test functions, let ¢): [0, 00) — [1, 00) be given by
Y(R) =1+ R Re(0,00)

and call a function f: © — R local, if f = f(-) and tameif | f| < (1+NY) forsome A € B, (R?).
The set of all tame and local functions will be denoted by L.

Finally, we denote by P the set of all probability measures P on €2, and by Pg the set of all translation-
invariant probability measures on €2 with finite 1)-intensity, i.e., with P[Ng] < 00. Here and in the
sequel, P[f] denotes the expected value of f w.r.t. the probability measure P. We equip Pe with the
so-called 7.-topology, which is the coarsest topology that makes the mappings P +— P|[f] continuous
forall f € L.

2.2 Colloidal multi-body interaction
The following model describes the effective interaction between colloids in a polymer bath; it is known
as depletion interaction in the Asakura—Oosawa model, see e.g. [AO54]. For a finite configuration
W = {(.CL'Z, Ri)}lgign = {wi}lgign, the interaction is given by

H(w) := H"(w) + H™(w), (2.1)

where

B A"(W) = 3 cician One(@i ®5) = (+00) 301 oicicy { |2 — 5] < Ri + R;} is a hard-
core pair interaction;

B H™(w):= | UL, B(zi, R; +r)| is the total area covered by w, with radii enlarged by r > 0.
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In other words, the interaction models colloidal particles of radius R; centred at x; in a bath of polymers
of size r. Note that, by inclusion-exclusion, the area-interaction term can be rewritten in terms of k-
body potentials as
H*(w) =Y ¢p(m, ... zp),
k>1
where
Op(xy, ... L) = (—l)k_l‘B(xl,Rl +7)N...N B(xk, Rk + 7“)|

Remark 2.1 (k-body interactions via sufficiently small r). Let us note that there exists a value p. :=
pe(d) > 0 such that, ifr /R < p., where R = min{ Ry, ..., R,}, the k-body interactions vanish for
k > 4, that is,

Har(w) = Z%(%) + Z sz(ﬂ?i,wj) + Z ¢3(513i,€13j,33k). (2.2)
i=1

1<i<j<n 1<i<j<k<n

In dimension d = 2, this value is obtained by considering four spheres, with maximal radius R cen-
tered on the vertices of a square of side length 2 R. There can be a 4-way overlap only if the distance
between any vertex and the center of the square is less than 2(R + r), that is if r /R > p.(2) =
V2 —1.An analogous reasoning applies in dimension d > 3. Replacing the square by a tetrahedron,
this for example gives p.(3) = 1/3/2 — 1.

Next, we define the conditional energy of w € €2 in a bounded subset A C R? with boundary
configuration ¢ € € via

Hy(w) = HX?((W) + Hy' (w) (2.3)
with HYC(w) 5= 3 e yyCuncae : {mpnarzo Phe(®, y) and
HY  (w) := ‘ U B(z,R,+1) \ U B(y, R, + )|, (2.4)
TEWA YECAC

where A¢ = R? \ A and wpCre = wp U (pc denotes the concatenation of the configurations wy
and (xe. For the choice ¢ = (), we call H, g(w) the (conditional) energy of w in A with free boundary
conditions. Another noteworthy special case is if ( = w and we then just write H(w) instead of
Hy ,(w) and speak of the conditional energy of w in A.

2.3 Gibbsian formalism

Based on the energy, we now define the finite-volume equilibrium Gibbs measures with respect to
suitable boundary conditions. For this, let 75 denote the iid-marked Poisson point process on A X
[0,00) with intensity measure z1{zr € A}dz ® R(dr), with A € B(R?) and R a probability
measure on [0, c0). We write 7° := 7% ,. Throughout the paper, we make the following integrability
assumption,

/erHR(dr) < oo  forsomed > 0.

Definition 2.2 (Finite-volume Gibbs measures). For any bounded A € B(R?), the finite-volume
Gibbs measure with parameters z, 3 > 0 and boundary condition { € 2 is the probability measure
G'A,-,8,c on point configurations in A given by

1
Az B¢

GA,z,,B,C<dWA) = e_ﬁHA’C(wA)WX(de), (2.5)
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Infinite-range multibody Gibbs variational principle 5

Let us note that, since Hy ¢ > 0 and Hy () = 0, we have that exp(—z|A|) < Zx.5¢ < 1 and
thus the finite-volume Gibbs measures are well-defined for all boundary conditions.

Definition 2.3 (Gibbs measures). A probability measure P € 'Pg is called an infinite-volume Gibbs
measure for z, 3 > 0 if the following DLR equation holds for any bounded A € B(R?) and any
measurable function f > 0,

/P(dw) flw) = /P(dC)/ Gz, (dwn) fwalae). (2.6)
We write G, 5(H ) for the set of all infinite-volume Gibbs measures for z, 3 > 0.

Let us already note, that our main result will in particular establish existence of infinite-volume Gibbs
measures for the model defined in |[Equation (2.1)l However, the existence could also be verified by
checking the conditions presented in [RZ20].

2.4 Specific entropy

On the way to present our main result, the Gibbs variational principle, we need to introduce the three
main ingredients of the variational formula, the specific entropy, the energy density, and the pressure.

First, we introduce the entropic part and recall its basic properties. For this, consider the (finite-volume)
relative entropy for bounded A € B(IR?) given by

1Py Im) = [ Palden) tog (dPA w) 7

z
dmi

if P, < 7} and I(Py | %) = oo otherwise. The proof of the following standard result can be found
for example in [GZ93| Proposition 2.6].

Proposition 2.4 (Specific entropy). For every activity z > 0 and P € Pg, the specific entropy

] P z [ P z
) i P17 TP )

(2.7)
nfoo Ay AEB,(RT) |A|

exists. Moreover, the map P — I*(P) is lower-semicontinuous and the level sets {I* < c},c € R,
are compact and sequentially compact w.r.t. the T, -topology.

2.5 Energy density

The energetic component in the Gibbs variational formula, namely the energy density is formally de-
fined as

PlH
()= i ZE

In contrast to the specific entropy, its existence and continuity properties are not guaranteed by general
principles and need to be established in a model-dependent way. This will already constitute one part
of our main result.
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2.6 The pressure

The third ingredient of the variational principle is the so-called pressure, i.e., the density limit of the
partition function, formally defined as

P(z,B) = lim log(j,, [e”#an<])

n—o0 |AL|

Here, the existence of the limit is also quite subtle and depends on the choice of the boundary condition
C. We will show that, for a class of sufficiently nice boundary conditions, it exists and actually does not
depend on the boundary condition itself.

3 Main result

The following Gibbs variational principle is the main result of this work.

Theorem 3.1 (Gibbs variational principle). Letz > 0 and 5 > 0 be fixed.

i. The functional
Po > P+ I*(P)+ BH(P) € [0, <]
is well-defined and lower-semicontinuous.

ii. The functional attains its finite infimum on Pg and this infimum coincides with the pressure, i.e.,
inf [I*(P) + BH(P)] = —¢(B, 2).
PePo

iii. A measure P € Pg minimizes the functional if and only if it is a Gibbs measure.

Note again that, as a byproduct of our main result, existence is guaranteed.

Corollary 3.2 (Existence). For any activity z > 0 and any inverse temperature 3 > 0, there exists at
least one infinite-volume Gibbs measure for the model defined in|Equation (2.1)|

Before we shift gears and discuss the overall strategy of the proof, let us remark that the statement
of remains true if one replaces Pg with the set of all translation-invariant probability
measures on ). The energy density H (P) is still well-defined and can even be infinite, but P[N¢| =
oo necessarily implies I*(P) = oc.

Moreover, we conjecture that [Theorem 3.1] still holds if one makes minor modifications to the model
such as

1 replacing spheres by some other type of convex body,

2 replacing the hard-core part by a Lennard—Jones-type soft-core potential (with sufficiently strong
short-range repulsion),

3 using an interaction potential which is not the area interaction but satisfies the properties in
[Lemma 5.1l below.

All of these generalizations seem reasonable, but one would certainly pay the price of longer and
harder-to-read proofs and potentially obscuring the main ideas. Let us also mention that our integra-
bility assumption on the marks is possibly not optimal and the Gibbs variational principle still holds
under weaker assumptions.

DOI 10.20347/WIAS.PREPRINT.3126 Berlin 2024
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4 Strategy of proof

For the proof of[Theorem 3.7]we will treat the main ingredients of the variational principle, namely the
energy density and the pressure, separately, and then conclude by putting everything together. Let us
briefly explain some of the key steps and note that this can also serve as a blueprint for establishing
Gibbs variational principles for other models.

4.1 The energy density and its continuity properties

Our first result deals with the existence and continuity properties of the energy density.

Proposition 4.1. For all P € Pg the energy density

. P[Hy, o]
H(P) = lim —7=

exists. The functional
Po > P+— H(P) € |0, ]

is continuous on { P € Pg: H(P) < oo} and in particular lower semicontinuous on Pg with respect
to the 7 -topology.

The proof is based on deriving an explicit representation of H (P) in terms of the Palm measure of P.
Proving the continuity of H(-) on {P € Pg: H(P) < oo} requires some geometric considerations
to control the unbounded-range interactions. The details are provided in Let us also note
that the map P — H(P) is not continuous on the whole set Pg. An example of point of discontinuity

s given in[FEmark 6.6,

4.2 Tempered configurations and measures

Especially for the existence of the pressure, we need to control the effect of considering different
boundary conditions. There, it will be very useful to only work with boundary conditions which are
sufficiently nice, these are the so-called tempered configurations. Of course, the set of nice configu-
rations also needs to be sufficiently large such that all relevant measures are concentrated on it, so
there is a certain trade-off. Let us start by introducing some more notation. Fix some v € (0,6/d)
and set

€= (1—?)%4_5,

where § > 0 is such that f[o 00) "M (dr) < oo and define

In particular,

R(R > g(n)) Ko e M

DOI 10.20347/WIAS.PREPRINT.3126 Berlin 2024



B. Jahnel, J. Kdppl, Y. Steenbeck, A. Zass 8

Then, we define the set of tempered configurations by
={weQ|INeNVn>NVrcw,,: R, <g(n)}.

With this notation at hand, we can now introduce the class of measures we will be particularly inter-
ested in.

Definition 4.2 (Temperedness). A measure P € Pg is called tempered, if

P = 1.

Restricting our attention to tempered measures is not problematic for the following two reasons. First,
non-tempered measures have infinite specific entropy, so they will not appear as minimizers in the
Gibbs variational principle.

Lemma 4.3 (Finite specific entropy implies temperedness). Let P € Pg with [*(P) < oo, then P is
tempered.

Second, all infinite-volume Gibbs measures for the model we consider are tempered.

Lemma 4.4 (Infinite-volume Gibbs measures are tempered). Let P € Pg be an infinite-volume Gibbs
measure P € G, 3(H), then P is tempered.

The proofs of[Lemma 4.3|and[Lemma 4.4|can be found in Summarizing, one sees that only
considering tempered measures is not really a restriction but enables us to proceed as follows.

4.3 Existence of the pressure

The next step is to show the existence of the pressure, i.e., the density limit of the partition function. We
do this step-by-step by exchanging the boundary conditions and start out by considering the periodic
case. For this, we define Hy, per(wa,, ) to be the finite-volume energy when A,, is identified with the
d-dimensional torus.

Proposition 4.5. We have

sl )
Tllg{)lo ™ =— Plerlg@ [I*(P)+ BH(P)].

Let us now write H; g(w) := Hj(wa) for the energy with free boundary conditions. Extending[Propo-
to free boundary conditions is essentially a consequence of the following comparison be-
tween free and periodic boundary conditions.

Proposition 4.6. We have

log (7TAn [e_BHA”’perHOg(Z)NA”]) log (77An [e_BHAn,QH-log(Z)NAn] )

=3 Al =l ™
and
. log (Win [efﬂHAn,per}) L ]-Og (Wf\n [e*,BHAn,O)})
hin—> Solip A = hglﬁsogp A
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Infinite-range multibody Gibbs variational principle 9

After this intermediate step, one can then extend the existence of the pressure to boundary conditions
sampled from a tempered measure P with finite energy.

Proposition 4.7. Let P € Pg be tempered and with H(P) < oc. Then,

log (7, [e ™)) 4 ey + E(PY)

n—oo |An‘ PePgo

for P-a.e. ( € ().

The proof is again based on a comparison estimate, now with the case of free boundary conditions.
All the details can be found in

4.4 The variational principle

In the end, we put all of the previous ingredients together to prove our main result|[Theorem 3.1| For
this, our strategy is based on the two-body situation in [Geo95]. As a first step, we show that the
variational principle is non-trivial in the following sense.

Lemma 4.8. We have

inf [1°(P) + BH(P)] = min [I*(P) + BH(P)] < o<,

PePg

ie., P I*(P) + BH(P) attains its infimum and it is finite.

To show that the set of minimizers coincides with the infinite-volume Gibbs measures, we need to
compare measures P € Pg with finite-volume Gibbs measures. For this note that in finite volumes
A,, we have

dP
log(Z, 28) + BPA, [Hp, 0] +1(Pa, | 7},) = P, [bg (ﬁ)} = I(Py, |G, .28),
A7L3Z7/B

where G5, . 3 is just the finite-volume Gibbs measure with free boundary conditions and normalization
constant Z,,, . g. Of course, the term on the right-hand side is nothing but a relative entropy. By using
that the energy density and the pressure exist one sees that the relative entropy density exists and
satisfies

I(P, |G
SF(P) := lim (Pa, | Ganzp) [I*(P) + BH(P)] — inf [I*(Q) + BH(Q)].
n—00 |An| QEPo
So a measure P € Pg is a minimizer, if and only if its relative entropy density (or excess free energy)
vanishes. By controlling the effect of different boundary conditions this identity allows us to show that
every infinite-volume Gibbs measure is indeed a minimizer.

Proposition 4.9. Let P be an infinite-volume Gibbs measure for activity z and inverse temperature (3,
ie., P € G,p(H), then

I*(P) + BH(P) = inf [I*(Q) + SH(Q)]-

n
QePo

As a final step, we need to argue that the Gibbs measures are actually the only minimizers. As usual,
this is the harder part of the Gibbs variational principle.

DOI 10.20347/WIAS.PREPRINT.3126 Berlin 2024
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Proposition 4.10. Let P € Pg. If
I*(P)+ BH(P) = inf [I"(Q)+ BH(Q)],

then P is an infinite-volume Gibbs measure for activity z and inverse temperature 3, i.e., P €

gzﬂ(H)'

Recall that, in order to show that P € Pg is a Gibbs measure, one needs to show that for any bounded
measurable A C R and any measurable f > 0, one has

[ Pas© = [ Pag { [ Grecdo) et

For this, the strategy is similar to the classical proof of [Geo11, Theorem 15.37] on the lattice. Rougly
speaking, the calculations above tell us that if P € Pg is a minimizer, then the relative entropy
density § F'(P) vanishes. In particular, this implies that restrictions P, to sufficiently large but bounded
volumes A C R are absolutely continuous with density ga with respect to the finite-volume Gibbs
measures G . 3. Moreover, the asymptotic control over the relative entropy in large volumes, which is
implied by the vanishing relative entropy density, provides control over these densities for sufficiently
large A. Making this precise is slightly technical but based on adapting standard arguments to our
situation.

5 Preliminaries

Let us start by collecting some properties of the conditional energy. Recall that we write f <, ¢ in
order to indicate that there exists a constant ¢ = ¢(a) that (only) depends to the parameter a, such
that f < cg.

Lemma 5.1 (Properties of the energy). The energy function satisfies the following properties:

1 Forall A € B,(R?) we have that H}¢, H{*, Hy > 0.

H*(w) Sa Y (R, (5.1)

rEW

2 We have that

3 Ifw € (2 respects the hardcore condition, we have that

> RE<i H™(w). (5.2)

Trcw
4 Ifw € QQ respects the hardcore condition and is finite, then
Har(w) = Z (¢1(CC)—|—Z% Z ¢k(w,y1,...,yk,1)). (53)
TEW k22 {yq,.Yp_1}Cw\x
In particular, for all x € w and w not necessarily finite,

DI DR T (1

k>2  {yi,...yp_1}Cw\x (5.4)

<|B(x, Ry +7)\ Bz, Ry)| Sar (1+ Rg7).
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5 Forall¢ € Q and A € B(R?), the map w + H(walac) is increasing.

Proof. Note that ltem (1) is clear from the definitions. ltem (2) follows from the estimates

HY (w) = ‘ | Bz, R, + 7")’ <N 1B R+ 1) S > (Re +7)°
Trew Trcw Trew
For ltem (3), note that, by the hardcore condition,

H(w):’UB(x,Rx+r)‘Z‘UB(a:,R = 5" B(x, R)| 24 S RE

Trew TrCw Trew TrCw

Now, for Item (4), we have that

ZyEw\m ﬂB(va +r) —1)k -
Z - Y ]lB(:E,Rng’) = Z ( k;) Z lB(m,Rz+T) H lB(yiyRyi+T)7
Yyew B(y,Ry+r) k>2 (Y10 Yp_1 }Cw\a i1

which can be seen by induction, and therefore

H*(w) = ‘ U B(z, Rx_|_r)) = / dz1{z € U B(z, R, +r)}

TEW TEW

— [ &3 (X 1z BBy + 1)) 1z € Blo R+ 1)

TEW YEw
1{z € B(y,R,+ 1)}
d 1— ye“\‘” 1{z € B(z, R,
/ ? Z > oo I{z € B(y, R, + 1)} > {2 € Blz, Bx + 1)}

Trew
Z €w\1: IL{Z S B(y7Rl/ + T)}

= |B(z, Ry +1)| — 1{z € B(z, Ry + )}
;’ ) y@) 1{z € B(y,R,+ 1)}

=S (e@+Xt Y a@ynw).
TEW E>2  {yy,.Yp_1}Cw\x

as desired. Further, again by the hardcore condition,

DI SR R

k22 {yy,yp 1} Cw\e
/ > yew\e 1z € By, Ry +7)}
yew 1{z € B(y,R, +71)}
> yew\e 1z € By, Ry + 1)}
Zy@) 1{z € B(y,R, +71)}
< |B(x,Ry +7)\ B(x,R,)| Spa (1+ RETH).

1{z € B(z,R, + 1)}

= [ dz 1{z € B(x,R, +r)\ B(z,R,)}

Note that, by the hardcore condition, only finitely many intersections of B(z, R, + r) are non-empty

such that everything above is well-defined even for a configuration w with infinitely many points.

ltem (5) is again clear from the definition of H(wa(a<), as adding points to w clearly does not

decrease H5" (wplac) or HE(wplpe).

O

Let us also collect some basic properties of the entropies. Here F, denotes the sub-c-algebra of

events in F, which are measurable in A € B(R?).
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Lemma 5.2. For probability measures 1 and v defined on the same probability space and a positive
random variable f it holds that

v[f] < log(ule’]) + I(v| ). (5.5)

In particular, for P € Pg and a positive JFx-measurable random variable f on Q with A € B, (R?),
we have
P[f] < log (Wz[ef]) + |A| I*(P). (5.6)

Proof. For the first inequality, see e.g. [Var84, Lemma 10.1]. The second inequality is an application

of the first to v = P, u = 73 combined with [Equation (2.7) O

6 Energy density

Let us define, for any x € R, the spatial shift operator 6,.: Q — Q with 0,w = 0,((z;, R;)i>0) =
(xl- —x, Ri)izo- The following standard result establishes the Palm measure, that is the measure
that describes a translation-invariant system from the perspective of a typical particle. Its proof can be
found for example in [GZ93| Remark 2.1].

Proposition 6.1 (Palm measure). Forall P € Peg, there is a unique measure P° on ([0, 00) x Q,B([0,0)) @ F),
called the Palm measure of P, such that

/ dz / P°(dw,dR,) f(z, Ry, w) = / P(dw) > f(x, Ry, bpw) (6.1)
R4 Qx[0,00) 02x[0,00) TEW

for all measurable f: R? x [0,00) x Q — [0, oc]. In particular, P° is a finite measure with P°() x
[0,00)) = P[N¢] < o0, and

P°[RY) = P[Z Rg]. (6.2)

TEWC

Note that the Palm measure is supported on the set {(R, w) € [0,00) x Q| (0, R) € w}. With Palm
measures at hand, we can now state the following refined version of

Proposition 6.2 (Existence and continuity properties of the energy density). For all P € Pg, the
energy density

exists and is given by

H(P) = P°ful, ifP[Z{w7y}gw thc(m,y)} < 00 andP[ZwewC Rg} < 00,
+o0, otherwise,

where P° is the Palm measure of P, and

fu(Ry,w) := ¢1(0, Ry) —i—Z% Z k((0, Ry), @1, ..., Tp_1).

k>2  {x1,..,2p_1}Cw\o

Additionally, P — H (P) is continuous on { P € Pg | H(P) < oo} and in particular lower semicon-
tinuous on Pg w.r.t. the T, -topology.
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Infinite-range multibody Gibbs variational principle 13

The proof of [Proposition 6.2|is based on a few technical lemmas, which we provide now. The proof of
is given at the end of this section.

Lemma 6.3 (Finite-volume Palm representation). Let P € Pg. If
P[ Z ¢hc(w,y)] < oo and P[ Z Ri} < 00,
{sc,y}gw Trewe
then

P[Hy, ]

‘Anl :PO[fH,n]a

where

n—2;)NAp
fH,n(me) = ¢1(0>—|—Z% Z (bk<0,m1’,,_’mk 1 |m |An| n

k>2  {x1,..,2p_1}Cw\o
Proof. By|Equation (5.3), we have that

Hy o) =| U Bl Re+1)

TEWA,
=3 (a@+X Y almyny).
TEWAR, k>2 {ylv“'vykfl}gw/\n\m

Hence, by translation invariance, and since under P we can ignore the hardcore term,

HAn,@( ) Har@ Zgn

TrTEW

where
gn(x,w) == ¢1((0, Ry))1{z € A}
k—1
+Z% Z (bk 7y17"'7yk—1)]1{x€ ﬂ(An—yz)ﬂAn}
k22 {y1, 9,1 Cw\ (o, Rz) =1
The defining property of the Palm measure P°, gives

Plto) = P[ Y onlw.00)] = [ de [ P, dR,) gul(0, R

TreEWw
N /P"(dw,dRo)/df’fgn((x,Ro)aw)
= P°[|An| frnl,
as desired. -

Lemma 6.4 (Infinite-volume Palm representation). Let P € Pg be such that both P | >z ycw Phe(T, y)] <
0o and P[ Y R?] < co. Then P°(fy) is well-defined for

pASe]

fu(Row)=d1(0)+> + > dulo,xr,...,zi)

k>2  {z1,...,x5—1}Cw\oO

and furthermore, P°(fr) = limy oo P°[frn)-
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Proof. The random variable fy is integrable w.r.t. P°, since ¢, is integrable by the moment assump-

tion on P (see[Equation (6.2)) and, by [Equation (5.4),
| fr(Ro,w) — ¢1(0)| < d1(0).
The dominated convergence theorem now implies P°(fr) = limy,1o0 P°(fa.0)- O

Proposition 6.5 (Continuity of the energy density). The map P — H (P) described in|Proposition 6.
is continuous on {P € Pg: H(P) < oo} and in particular lower-semicontinuous w.r.t. the 7-

topology on Pg.

Proof. Let (P,), be any netin {P € P: H(P) < oo} which converges to P € Pg in the 7.-
topology. We first establish that P has to respect the hardcore condition. Clearly, every P, has to
respect the hardcore condition, since H (P, ) < oc. Moreover, since

P( Y dnlmy)=co) =swP( 3 fulay) = o0)
{z,y}Cw nel {z,y}Cwa,
and by the definition of the 7,-topology
0=r( Y @y =0)=P( Y dulay) =),
{mvy}gw/\n {muy}gWAn
we get
P( Z One(x,y) = oo) = 0.
{z,y}Cw
By the definition of the 7,-topology, we also have that
Pa[ 3 Ri} —>P[ 3 R;f},
TCwce TCwCe

so that, either

and also lim,, H(P,) 2 limg Pa[Y_, ., R] = oo by|Equation (5.1), or

d . d
P[ 3 Rm} :hglpa[ 3 Rz} <ec
rEwC TEwe
for some ¢ > 0, and we can assume without loss of generality that

sup PE[RY] = sup P > Ri] S sup H(P,) <.

TEWC

where we used [Equation (6.2)| and [Equation (5.1)| Given that this holds, we have

H(P) = P%[¢1(0) + X],
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Infinite-range multibody Gibbs variational principle 15

where

X = X(R,,w) ::Z% Z or(o, @y, ..., Tp—1).

k>2  {x1,..,zr_1}Cw\o

We now show that P2 [X] — P°[X]. Fix an € > 0 and consider boxes Ay, ..., Ay C R? to be
specified later. Then, for Q) € {P, P, }, we have

M
<D Q7 [IX]Iny, =) + Q71X Tr,e1] -
m=1

Recall that | X| <1+ R < R4Lfor R, > 1 by|Equation (5.4)| Hence,
Q°[1X|Lpset] < eQ[IX] Ry] S Q°[RyT'R,] Se.
We also have

Q[1X] namo] = Q[ D2 X (Ru,a0)| Lymo(62)|

TrCcwo

<Q[( 32 1X(Res 02)] )y, ()]

TEWC

:Q(Z‘Z% Z or(x, 21, ... 1)

rewe k>2  {x1,..,xK_1}Cw\x

< Q[( X IBlw. Re 1)\ Bla, Ro)| ) 1, _—oxe0(s)|

TEWC

<Q[( X 1B R\ B R

TEWC

) ILNA,:O(W)]

d-1)/d

Q(Na- =0, N¢ # 0)/4,

where A~ is the maximal box inside A such that ,A~ C A for all # € C, and we used
tion (5.4)l However, by the hardcore condition,

(3" 1B, R 1)\ Bl R.)

TCwce

= (3 1B R+ 1)\ B, Rx)|)d/(d_1)]1{Nc - 1)

TCwe

+ (X 18R\ B r)) 1N = 1)

Trewo

<o 41+ ( > R;{) S1+ > R

TCEwe TEWC

>d/<d1>

and hence

Q| IXInamo] S Q1+ Y R o £ O

= (1+@IR)) T Q(Na- = 0,Ne £0)V1
< Q(Na- =0,Ne #0)1.

)(dl)/d
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6A 24

v A

Figure 1: Such a geometric arrangement forces balls with centers outside A, which intersect
[—A, A]Y D B(0,€71), to contain at least one of the A;.

For a fixed box A\, we then have
Py(Na- =0,N¢ #0) = P(Na- =0, N¢ # 0) (6.3)
by the definition of the 7,-topology. On the other hand, for A 1 R? we have

P(Na- =0,Ng #0) < P(Na- = 0,w #0) = P(N,, =0,w #0)
| P(Nga = 0,w #0) =0,

by translation invariance, where A is the translate of the box A~ which is centered at the origin.

In summary, if we choose A large enough, we have
Pa(NAf :O,Nc#()) — P(NAf =0, N¢ 7é0) <€
and can therefore assume without loss of generality that

1
‘QO [X] - Q° |:X]1NA1,...,NAM>0andRogefl] < Med + ¢

for @ € {P, P, }. Therefore, we only need to provide some fixed number M € N such that there are
arbitrarily large sets A1, ..., Ay with

We will do this by choosing A1, ..., A, in such a manner that there is a bounded A with

XNy, Na,, >0 and Ry<e=1}

= ( % Z ¢kz(07 L1, ,wk71)> ﬂ{NAl,...,NAM>O and Ro<e~ 1} (6.4)

k>2  {x1,.,2x_1}Cwa\o

i.e., such that we actually only have to look at interactions in the fixed, bounded volume A. This
can be achieved by choosing, for some scale parameter A > ¢!, the set A = [-3A,3A]? and
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Infinite-range multibody Gibbs variational principle 17

decomposing the “boundary” A \ [—A, A]? into M ~ 29(3? — 1)(d — 1)%/? rectangles with edge
length ~ 2\/%. See |Figure 1|for a sketch. This geometric arrangement now has the property that

every ball with center outside A which intersects [—A, A]? D B(0,e!) has to fully contain A; for

at least one j € {1,..., M}. The latter property together with the hardcore condition in our model
guarantees [Equation (6.4 O

We are now in the position to prove the main result of this section.

Proof OffFFOBOSIION 62, 1f P |3,y c., One(@, )| = 00 0r P [, 0., ] = oo, then P[H,, ] =

oo forallm € N sufficiently large, by |[Equation (5.1)L Therefore, we can assume P [ Z{%y}gw One(, y)} <
coand P Y R?] < oo from now on. Then, we have P[H, g]/ |An| = P°[fu,,] by|Lemma 6.3

TEWC
and therefore we have that
P H
H(P) = lim Pl _y,p, P°[fun) = P°[fu)
ntoo |An ntoo ’
by The continuity properties of H are shown in|Proposition 6.5 O

Before the start of the next section, let us note the following.

Remark 6.6. If infinite energies are allowed, the map P +— H(P) is not continuous. Here is an
example of translation-invariant probability measures (P,),en such that H(P,) = oo foralln € N
and P, — P in the T.-topology, but H(P) < co. Fix some S > pr and define the periodic hard-
core-respecting configuration

Wgood = Z 5(i,S)a
1€2S574
and the periodic non-hard-core-respecting (i.e., overlapping) configuration
Whadn = Z 5(2‘,271)-
i€2nZd
Finally, define the translation-invariant states
Hgood = S_d/ 69ngood dy and Hbadn = n_d/ 50ywbad,n dY7
[7575](1 [7n7n}d

and set P, = (1 — 1/n)figo0a + (1/7) fibagn- Then, we have that H(P,) > (1/n)H (tpagn) = 00,
while on the other hand H (jtgooq) < 00 and P,, —— g0 =: P in the T, -topology.
n—oo

7 The support of good measures: Temperedness

Let us start by defining the following subsets of configurations related to the temperedness condition.
For K, N, M € Nwith N < M we will write

Q ={weQ|Vn>KVr cwy,: R, <g(n)},
v =lweQ|Vne NN [N, M| Ve € wy,: R, < g(n)}.
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For A € B(RY), we let
Q) ={w €Oy |Vn > KVx € wp,np: Re < g(n)} (7.1)
and we will later also need
QA ={weQ|Vn>KVe cwy,m: Ry < g(n)}.

With this notation at hand, we first derive some quantitative estimates for the underlying Poisson point
process.

Lemma 7.1 (Temperedness estimates in the Poisson case). We have that

T (Ui ar)°) Sz € M7

and in particular, for all K € N,

(%)) = sup 7 (L)) S ™
M>K
Proof. We have that

M
Q) =T (Va €wpy: R < g(N) [ (Ve € wana,,: Be < g(n))
n=N+1

= exp (=2 AR > 6(V) =2 3 1A\ Auct | R(R > g(n))),

n=N-+1
which implies that
M
7 (Uan)) = 1= exp (= 2 |ANR(R > g(N) == D" A\ At R(R > g(n)))
n=N+1
<1—exp (=2 A R(R> g(N) == > |An\ A t| R(R > g(n))
n=N+1
<1-—exp < - Cé%,’y,ze_‘AN‘H’y - cf//%,v,ze_‘AN‘HW) SJR,%Z eXp(— |AN|1+7>7
as desired. O

We directly apply this technical helper to show that measures P with finite specific entropy are neces-
sarily tempered.

Proof of[Lemma 4.3 Let us note that the obvious union bound does not work for d = 1 because then
|A,,| 7 is not summable for v € (0, 1), hence the following slightly more complicated analysis. From
the general inequality [Equation (5.6)|and|Lemma 7.1|we have for all N, M € N with N < M,

PllAx [ 1{( Q5 00)°Y]

P((Q?V,M)c) = |AM‘1+W/2
/2, * c 2
_ log (el P ((QMM) )+ 1) I*(P)
= |AM|1+7/2 |AM|7/2
< log (C,R’%Ze‘/\lw‘1+’Y/2e_|AN|1+’Y + 1) IZ(P>
|AM|1+7/2 |AM|’Y/2'
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For the special choice N = Ny and M = N1 where N, = k%7 we thus have that

log (cR, Lok DR ()R gy
P(( @, x,)) S —— ) TP o
ks VE41 ~ k(4+1/2)d k2d  ~
Since " = Ugen MNisx Uh,n,., We finally have
*\C . * C 7 _2d J—
P(<Q ) ) < Ilgg\I P((QNk,Nk+1) ) S Ilgg\lz k =0,
k> K k>K
as desired. 0O

In order to show that infinite-volume Gibbs measures are tempered, we first provide a finite-volume
comparison result.

Lemma 7.2 (Temperedness estimates for finite-volume Gibbs measures). Let A € B,(R%) and
K € N, then, for every boundary configuration { € €2,

Gaepc(()k) = 7 ().

Proof. Since wy — exp(—SH ¢(wa)) andwy — L{wy € ()} } are both decreasing, the result
follows by applying the Harris-/FKG-inequality, i.e.,

e PAHA e PHAc

Grsacl(Oid) =7 | T = 7wt | | mil(@wi0

= T (i) = 7 ()-

ZAzp

O

This finite-volume comparison now allows us to conclude that the infinite-volume Gibbs measures are
also tempered.

Proof of[Lemma 4.4, By the definition of infinite-volume Gibbs measures and [Lemma 7.2} we have
that

P(O) = / P(dC) / Grspc(duwn) L{wnCre € Q) = / P(AC)Gi - s ((0)7)
> / PAC)G -5 (00)7) > / P(AC)m () = 7(e).

But then, using

P(Q) =sup P(Q%) =sup inf P(QA) > sup n*(Q%) = 1.
KeN KeNAEB,(RY) KeN

O
We conclude this section with another regularity result for the concatenation of tempered measures

with the finite-volume Gibbs specification. This will be important for the proof of [Theorem 3.1]in [Sec-|
tion 9.3
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Lemma 7.3. Let P € Pg be tempered. Then, for all A € ‘Bb(Rd), the measure vy = PGy defined,
forany A € F, by

va(A) = / P(C) / Grepc(den) HwonCre € A}

is also tempered. Moreover,

sup ) (QE) —— 0.
AEB(RY) Ktoo

Proof. Forany A € B,(R?), using|Lemma 7.2} we compute

I/A(Q}(() = PGA(Q*K) = / P(dC) / GA,Z,,B,C<dw)1{wACAC c Q;{}
> [ PO [ Greacld)t{c € 9 1{un € @)}
_ / P(AC) 1{C € e} Gamse ((2)%)

> [ P(AQ) 1{¢ € Qi } m* ()
= P(Q)m* (),

where the right-hand side is independent of A and tends to one as K 1 oo by the temperedness

assumption on P and O

8 Existence of pressure via large deviations

In this section, we show the existence of the density limit of the partition function. We do this step-by-
step by exchanging boundary conditions. We start by considering the periodic case and then extend
to free and tempered boundary conditions via comparison estimates.

8.1 Periodic boundary conditions

The fundamental idea is to use an underlying large-deviation result for the stationary empirical field

me = |An|_1/ (591w(n) dzx.
An

Recall that H,, per(wa,, ) denotes the finite-volume energy when A, is identified with the d-dimensional
torus. The precise relation between R,, ., and Hy, per(wa,, ) is given in the next lemma.

Lemma 8.1. We have that

Ny, (w) = |An| Ryw[Nc] and Hp, per(w) = [N H(R, ).
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Proof. The first equality is included in [GZ93, Remark 2.3, (1)]. Further, by [GZ93, Remark 2.3, (3)],
we have that

(Ruw)”=10al™ > S(rupetm)

(z,Rz)€Ewnp,,

is the Palm measure of R, ,,. Therefore, [Proposition 4.1]implies
|\, H(Rn,w) = |Ay| (Rnw)o(fH) = HAn,per<w)v

at least if the periodized configuration w™ respects the hardcore configuration. But otherwise both
left- and right-hand side are oo. O

Proof of[Proposition 4.5 Let us first note that
IF(P) = 1(P) + (2 = 1) = log(2) P(N¢)
with I(P) := I'(P) and

log(7} [efﬁHAn,perD B log(ma,, [e—ﬁHAn,per elAnl(1-2) szAn])
[Anl A
log(mmy, [e*(ﬁHAn,perflog(Z)NAn)])

A

+(1—2).

Now, the upper bound

log(m}, [e7#Hanwer])

10g(7TA [e_(ﬁHAnaper_log(z)NAn)] )
lim su = limsu E
n—>oop ’An| n—>oop |An’

< — Piéqge [I(P)+ BH(P) —log(z)P(N¢)] + (1 — 2)

+(1-2)

= — inf [I*(P)+ BH(P)]

PePg

follows directly from [GZ93, Theorem 3.1]. The assumptions of the cited theorem are met since
H is trivially stable by being positive and lower-semicontinuous by |Proposition 6.5 and we have

| ‘An‘_l (BHAmper(w) - NAn) - (BH(Rn,w) - Rn,w[NC])| =0 by

The lower bound

]_ z 75HAn,per
fim ing 28R [° DS [I(P) + BH(P)]

n—00 |An| PcPgo

does not directly follow from the mentioned theorem of Georgii—Zessin, but by inspection of its proof

together with the fact that H is continuous on {H < oo} (see |Proposition 6.5) and the ergodic
approximation given in[Lemma 8.2 below. O

Lemma 8.2. Let P € Pg with I*(P) + H(P) < oc. Then, there is a sequence (P™),cn, of
ergodic probability measures with P (n) T—> P in the T, -topology and

limsup I*(P,) + H(P,) < I*(P) + H(P)

n—oo
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Proof. Consider the events B,, = {w € Qu, |V € wy,: R, < n'™¢}, n € N, for some fixed
e € (0,1).Letm,, :== n+n'~¢,n € N. Define P™ to be the probability measure on the configuration
space for which the restrictions to A,,,, + 2m,i, i € Zd, are iid with a distribution which doesAnot
place particles in (A,,, \ A,) + 2m,,i and equals P(-| B,) o 6; ' on A,, + 2m,,i. Notice that P(™)
respects the hardcore condition by construction (by restriction to B,,) and it inherits from P the fact
that it has a finite energy density. Now let

1 ~
] / (P™ 0 07Y) du.
Mn Amn

It is somewhat standard to show that each P™ is ergodic, that lim sup,, ,.. I*(P) < I*(P), and
P™ — Pinthe T-topology, see for example [Geo94, Lemma 5.1] for a similar construction and

ntToo

details in this analogous case. The only two additional ingredients that we need are P(B,,) T—> 1
niroo

P .=

T

and that sup,cgpa P, [NwJFAILBg} T—> 0 for all bounded measurable A C R¢.
nroo

InCemma 7. 1lwe saw that
1+
i, Byl < cem

for some v = y(e) > 0 and all n large enough.

Then we have, by inequality |[Equation (5.6),

o [0 U] log (i, [1TTER]) |

PAn(BTCL) = |A |1+'y — |A ‘1—‘,—7 + |A |1+'\/I(P)
_ log (e‘An|1+"/ﬂ_7\n (Bﬁ) + 7_(_/2\71 (Bn)) IZ(P)
’An|1+7 ‘Anp
log(c+1) I*(P) 0
-~ |An|1+'y |An”7 ntoo .

With the same entropy inequality, we see that (N;pJFA)xGRd is uniformly integrable w.r.t. P. Indeed,
this follows with N, A (w) = Neya (@) + e, Ry and

T

1+4 1+4¢
PRNerA) ]:P{<N$+A> ]
1+4¢ 1+4
=P (0) " |+ P (20) T 1]

< yx+A|+P[ > RZ*‘S}

yewA+z
Z Rd+5
< |A|(1+ I*(P)) + log <7TZ [e (EONT ])
= |A|(IF(P) + (1 = 2) + 2R(e™")) < o0,
where we used the hardcore condition in the first inequality, and the analogous and well-known bound

sup P[N,ia -log, (Naya)] < |A] IF(P) 4 log(n*[eN2 15+ (N2)]) < oo,
xER4
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Hence, for all bounded measurable A C R,

sup Py, [Ny alpg] < sup PNy, A 15] oo 0

rCcR4 xERd

Finally, as H is continuous onthe set { H < oo}, and H(P,) < oo, we have thatlim sup,, .. I*(P,)+
H(P,) < I*(P)+ H(P). O

8.2 Free boundary conditions

Let us write H p(w) = Ha(wy) for the energy with free boundary conditions. The aim of this section
is the following extension of [Proposition 4.5|to free boundary conditions.

Proposition 8.3. We have

i 28R, [T0]) [I7(P) + BH(P)].

n—oo |An‘ PcPg

As already explained above, this is a direct consequence of the comparison estimate in|Proposition 4.6
which we will now prove.

Proof of[Proposition 4.6 Remember that
m* (Elw Ewp,: Ry > g(K)) =1 (e x)) S oAkl
by [Lemma 7.1] which we will use in the following to establish limits.
Consider the events A, = {w € Oy, [wa,\A,_,,, =0} and B, = {w € Qy, [VE € w1 Ry <
g(n)}. Then,on A, N By, we have Hy,, per = Hyp, p = Ha,_,, 0 and therefore
i {efﬁHAn,per] > i [ o= BHAwper al Bn]

[ —BH
=}, [ a0, 1,

n

—BH

[ —BH\

=Ty, |e Anfg(n)’”]lAn] — Th, |€ n-gm) ] 4 ILB;:L}

_ —BH —BH
= eMnl=2| Mg % R I R P TR UYS 1
n—g(n) n noTn

It follows that

z —BHN, .\,
log(ﬂj’\n [e*BHAn,perD log <7TAn7g(n) [e An—g( )“’D

lim inf > lim inf

n—o00 |An| n—00 |Anig(n) |
o . log(mi [efﬂHAn,wD
> lim inf n
n—oo |An|
Now let A/, = {w € Q |w =0}and B, = {w € Q |V € wy,: R, <
n An+g(n) An+g(n)\An n An+g(n) A - x
g(n)}. Then, we have
z 7BHA per z 7BHA per
n+g(n)’ > ntg(n) P 4, 1
gy [e ] = Mhnrg(n) [e A LBy
z —BH\ 0
= n+g(n)’
7TA71+9(”) |:e ]114%,]13%,]
z */BHA 0 z *ﬁHA 0
— n+g(n)’ — n+g(n)> c
71-An-‘rg(") |:e ! ]]_A/”] 7T-An+g(n) [e ! ]_A’/!LI]_B;L
_z|A —z|An|,z —BH, 0 z —BH\ 0
=€ ‘ ”+9(")‘ 7rA'n |:e i - 7TA7L+Q(7L) ¢ ) :H'A{n]]'B;zc :
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It follows that

_6HA ,per
log (3, [e=#Hhnrer] log (Wf\n+g(n) [e ntg(n) P ])

lim su > limsu
log(m% e PHAn0
> lim sup g( An [ D

Finally,

o BHA,.0 lp, > (eﬁC(IAnI|An—g(n) |> e—BHAn,perﬂHAn per<oo + 0- Lp,, per:Oo) 1p,

e eﬂc(lAnlilA“—g(n) |) e_'BHAnvper ILBn
for some ¢ > 0, which implies

i [efﬁHAm@} > eﬁc(|An\f|An,g<n>|)ﬂjz\ [ePHnwer] 4 7% [e*ﬂHAn,mﬂ Bﬁ]

n

. eBc(\An|*|An*g(”)|)ﬂ-lz\n [e_BHA”’per:ﬂ_B%] y

and thus
G : [o=BHun per
lim inf 128 (TR, [772]) > liminf 25 (R, [e70nr }),
n—o00 |An| n—00 |An|

and also

. log (n;, [ePHan0]) _ log (w3 [e=#Hanver] )

hirln_> Sogp A > hin_) sogp A 7
as desired. .

8.3 Tempered boundary conditions sampled from a finite-energy measure

As a last step, we now show how to extend the existence of the pressure to boundary conditions
sampled from a tempered measure P with finite energy.

Proof of|Proposition 4.7. The result will follow by comparing with the case of free boundary conditions,
Proposition 8.3 Analogously to the proof of |Proposition 4.6} consider the event

ATL = {(A) € QAn |wAn\An—g(n)fg(n+1) = ®}7
here with a slightly bigger buffer zone, and

B, ={w ey, |V € wp,: R, <g(n)}.

The temperedness assumption on P means that we can assume that there is some N € N (depend-
ing on (), such that R, < g(n) forallx € (4, andn > N.
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Then Hy, ¢ = Hy, g on A, N B, and therefore

— _ —BH,
mh, [e ] 2wy e, g, ] = [ s s 0T, 1 |
e*ﬂHA

e A

2| An| =2 A —a(n)—a(n —BH\ 0 —BH\ 0
—e ‘ | | g(n)—g( +1)|7T7\n_g(n) |:e n—g(n) — 71-/2\” e n—g(n)—g(n+1) ]]‘An:I]'BycL .

It follows that

—BHy 0
— 2 n—g(n)—g(n+1)’
log (7%, [e772n<]) log (WAn—g<n>—g<n+1> [e o

lim inf > lim inf
n—o0 ‘Anl n—00 ‘An—g(n) |
1 z [a=BHx, 0
> lim inf 8 (WA" [e D .
n—oo |An|

Moreover, for some ¢ > 0,

—-H e\ |An|— A oin)— —H
e Anllp, > (e (| Sl g(nH)De ALy, c<oo +0'1HAn,<OO> L,

— eC<|An|_ ‘An—g(n)—g(n+l) |> e_HAnyC ]]_B

n?

which implies that

7T1ZX |:e*ﬁHAn,0):| >e/BC(lA’nl_|Anfg(n)fg(n+1)|)71-/2\ [e*/BHAn,C} +7T/Z\n [e*ﬁHAn,w]lBﬁ]

_ eﬁC(‘An|_|An—g(n)f‘q(n+1) |) ﬂ-j:\n |:efﬁHAn,( HB%] i
We then conclude that

z —BHy,,, z —BH,,,, z —BHp,,
tming 28 T L700]) o B R LTT]) i 8 (R [0 ))

Y

which completes the proof. O

9 Proof of the variational principle

In this section, we put together the arguments needed to prove the variational principle, as stated in

9.1 Existence and non-triviality of minimizers

Proof of[Lemma 4.8 First note that P — [*(P) + SH(P) takes finite values, since for P = Jy we
see [(P) + SH(P) = z + 0 = z < co. We now argue that {/* + SH < c} is compact (in the
T.-topology) for all ¢ € R, which is enough to see that an infimum of P — [*(P) + SH(P) has
to be attained. For this, note that the level sets {/* < ¢} are compact and sequentially compact for
all ¢ € R, see[Proposition 2.4] Moreover, { H < c} is closed and H is continuous on this set for all
c € R, see the proof of |Proposition 6.5|in [Section 6l As H is also positive, this already implies that
{I* + BH < c} is a closed subset of the compact set {/* < ¢} and therefore also compact for all
ceR. O
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9.2 Gibbs measures are minimizers

We now show that infinite-volume Gibbs measures are minimizers of the variational formula. For this,
we first show that the energy density does not depend on the choice of boundary conditions. This will
allow us to restrictions of infinite-volume Gibbs measures to the finite-volume Gibbs measure with free
boundary conditions.

Lemma 9.1. Let P € Po with P( Y, 1., Pne(T, y)) < 00 and P( 3
have

Rﬁ) < 00. Then we

TEWC

P(|Hy, — H
i DU, — Haol) _
ntoo |An|

Proof. We have
|Hy, (W) — Hy, p(w| = Ha, p(w) — Hy, (w)

- _ Z (Z% Z ¢k(w>y1:"'vyk—1>>

:l!eUJAn k22 {ylz"'vyk—l}gw\m’
Jje{l,....k—1}: y,€wpe

and an analogous argument as in|Lemma 6.3|and [Lemma 6.4 shows

P(|Hy, — Ha, p])
|An|

An(AS —
—P(S X el pe) R 0

k=2 {yq,.,yp_1}Cw\o

as desired. O

This now enables us to show the first direction of the Gibbs variational principle.

Proof of[Proposition 4.9 We have

R e SRS
nsZ, An
=1og(Za,.23) + BPn, [Ha, 0] + I(Pa, | 73.)

and therefore

log(Z
— — lim M+1Z(p)+5]_](p)

— [F(P)+ BH(P)) ~ in [IF(Q) + BH(Q)

by [Proposition 8.3] We have to show that
IF(P) = 0.

For this we upper bound I(Py | G . ) for A C R%. From the DLR equations for P it follows that

dP AGa 2 pe(w
) = dGAAﬁ(w) -7 [ dGAA’ 6&(5«)))]
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Herein we have

AGaepc(W) _ Znzp  pHy gw)-8HA )
dGazp(w)  Zazsc

With the densities g, calculated above it is

I(Px|Gazp) = Gazp lgalog(ga)] -
Since the function x — x log(x) is convex, we can apply Jensen'’s inequality to obtain
dGAzﬁ.(w)} < ldGAzﬁ.(w)})
w)lo w))=P|——""—L|log| P|—"—"—
) logln () = P | o= oy (p | netele

ACir - pa() (dGAzg.w))}
< P 1</ 10 sl .
- { dGp . 5(w) s dGa,p(w)

By using that P satisfies the DLR equations we get

I(Py|Gazp) = Gasplgalog(ga)]
dGa . pc(w dGa . pc(w
<
GAZB[ {dGAZB Og<dGAzﬁ
_ pc dGAZ5< dGAzBC
A dG . s(w dG . s(w
w dGa s
= P |G s (—de( ll

_ p l1oe [(AGAz50()
=r {1 & ( dGy . 5(e) )}
= [P [Hyp(e) — Ha(e)] + [log(Za,.5) — P(log(Za 2 5.))] -

Moreover, by Fatou’s lemma

I(Py, |Gy, zp)

lim sup )
n—oo n
- log(Z Pllog(Zy, . 5.
< Blimsup DI = Ha (O] | {1 108U0ned) g PUOB(Z 20
n—00 IAn| L n—oo |An| n—o0 |An|
- log(Z 10g(Za 250
< Blimsup PlHx,0(0) = Ha, (0] + limsupM — P |liminf 08(Zn,z50) )
n—oo |An| L n—oo |An| n—oo |An|

But now [Lemma 9.1]and [Proposition 4.7]imply

) I(Py, |G, 2 8) .. A(Pa, |G, 2 p)
n M~y < < n Mn iy~
fimsup Zg P <0 < limnf =y

which of course implies

I(P
SF(P) = lim (P, | G, z) =0,

n—o0 |An|

which concludes the proof. O
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9.3 Minimizers are Gibbs measures

Now comes the harder part of the Gibbs variational principle. We want to show that minimizers of the
variational formula are Gibbs measures in the sense of [Definition 2.3

Before we start with the proof of [Proposition 4.10] we prove two technical results which will allow us
to estimate certain error terms. The first one provides us with a tool to localize by cutting of boundary
conditions outside of a sufficiently large volume.

Lemma 9.2. Let P € Pg with [*(P) < oc. Then, for all bounded measurable L. C R® and for all
0 > 0 thereis a K € N such that for all k > K it holds

/ v(d¢) HGvamk - Gwﬂ»CHTV <0

forv = P andv = PG for all bounded measurable A.

Proof. Consider for i € N the events (2} from (7.1) and define
Br ={weQp|Vr ew,: R, < g(K)}.

Then we have Hp ¢(w) = Hyg, (w) for K large enough, all k > K and wy, € By, ( € Q. It
follows that

iy (\e_ﬁHLc _ o PHEy |>
<2

v max {2 .5, 21280, i

< et 7} (BR),

HGL,Z,/B,cAk = Grzp¢
at least if ¢ € Q7. Hence,

/ V(A0 |[Grepen, — Grepcllyy < 469 7 (Bio) () + 20(2°).

For example the proof of [Proposition 4.6/ shows that 77 (B%) — 0 and v(2},) — 0, as K — oo,
uniformly in A € B,(R?) see|Lemma 7.3| O

Now note that, if 0 = 0F(P) = lim, e ﬁ](PAn | G, .».5), then, by the translation invariance
of P, it follows that Py < G . g with some density g, for large enough cubes A. For every subset
A C A, we consider the restriction

Gan = (Gpr.p)a.

From the DLR equations for Gibbs measures in finite volumes, we have Px < GA,A, with density

gaa(Ca) = / Ga\az.ca (dwna) ga(wanala).

We now estimate the expected cost of replacing ga A by ga a\L-

Lemma 9.3 (Consequence of § F'(P) = 0 for involved densitites). Consider the situation of (the proof
of) |Proposition 4.10, in particular a P with  F'(P) = 0. Then, for every every k € N with L C A,
and & > 0, there exist sets A, A C R with A;, C A C A, such that

Gazpllana — gaavcl] <.
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Proof. Let us denote I(Pa | (G, 5)a) by In(P|Ga. . ) for bounded measurable sets A C A C
R? in this proof. According to the claim follows if we can show that for all § > 0 there are
sets A, A C R%with A, C A C A, such that

]A(P | szﬁ) — ]A\L(P | GA,z,B) < 0.

I(Pny | GAn,2.8)

The assumption 0 = JF(P) = lim, implies that there exists n > k such that

‘A"l|
I(Pry | GAn,2.8) s n _
] < 55,7~ Choose m € Nsuch that k < 2 < 2k (e.g., m = [Z]). We then have

m?|Ar| < |A,] < (2m)?Ax]. Now choose m?-many disjoint translates A (1) = Ay +i(l) C A, of
Apin Ay, i(l) € Z4,1 <1 < m¢ and denote A(l) = U'_; Ar(4).

We now justify why the claim follows by choosing A := A,, — i(l) and A := A(l) — i(l) for a
specifically chosen [. From the monotonicity of the relative entropy, we have

d

m=Y [Ia@(P| Ga, ) — Ingnariay) (P Ga,zp)]

1

md

<m™ Y Ia@y(P|Gapes) — Ineany (Pl Gay,pp)] -
=1

3

~

Furthermore,
md md—1
In@)(P[Gh,z8) = Z In@eonar@n) (Pl Ga,z8) + Iamay (P | Gy, 28)
=1 1=0

ma

=Y Iaana@ (P 1 Gz p) + Lagney (P G, 2).

I=1
This means (using the monotonicity of the entropy in the second inequality)

d

m= > " [Ia@)(P| Ga,e8) = Inantian (P | Ga, 2 0)]

=1
< m_dlA(md)(P | GAn,z,,B) < m_dIAn<P | GA’rusz)

6| A
< —— <.
(2m)?|Ax|

Since the terms Ia) (P | G, 2,8) — Ia@)\(L+i@) (P | G, -,5) are on average smaller than 6, there
has to be at least one specific [ such that

In) (P |G, e8) — Ingn@+i@) (P | Gag,zp) <6

Using translation invariance (i.e., /a4 (P | Gats.2,8) = Ia(P | Ga,23)), we have thus found suitable
sets A := A, —i(l) and A := A(l) —i(l). O

Lemma 9.4. Consider the situation of (the proof of) Then, for all 6 > 0, there exists a
0" > 0 such l‘hatGAyz’g HQAA - gA»A\LH <0 I'f[A<P ’ GA,z,,B) - [A\L(P ’ GA7275> <.
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Proof. Consider the function ¢(z) = 1 — x + zlog(x). Then, for any € > 0, there exists 7. > 0
such that

() = (Je = 1] —€/2)/re.

We compute
IA(P[Gazp) = Ini(P| Gazp) = Pllog(ga,a)] — Pllog(ga.as)]
= Pllog (5253 ] = G [snatos (325
=11 G [anae (52507 g (5255
= Gazplgrnar] — Gazp [QA A\L (gAAAfL)} + Gazp [QA A\L (QA A@) log (QAQATA\J]

= Gp.p [gA,A\L P < ga.A )} )

9A,A\L

From the above estimate for 1, we get

IAN(P|Gazp) = IaL(P|Gazp) = Garyp [gA’A\L v ( e ﬂ

9IA,A\L
1
> (GA,z,B [QA,A\L

€

)

[\elke)

ga.A 1 o
9A,A\L

= % (Gavp [|9na —gaavc]] —5).
that is,
Gaes [loaa — gaanr]] € 547 (Ia(P[Gavzp) = Ini(P| Garzp)) -
Choosing € < 0 and ¢’ = 4/(2r.) concludes the proof. O

With these technical tools at our hands, we are finally ready to provide the proof of |Proposition 4.10|
and thereby finishing the proof of [Theorem 3.1

Proof of[Proposition 4.10, Let P € Pg with I?(P)+ fH (P) = infgep, [[7(Q) + SH(Q)]. As we
have already seen in[Equation (9.1), this is equivalent to 0 F'(P) = 0.

Recall, that in order to show that P is a Gibbs measure, we need to show that the DLR equation
Equation (2.6)|is satisfied for any bounded measurable . C R and any measurable f > 0, namely

[ P10 = [ Pao) | [ Gruselas) fluncen)|.

Without loss of generality (using the functional monotone class theorem), we can assume 0 < f < 1
and that f is a local function, i.e., it only depends on the particles in a bounded region. We will show
that, for any 6 > 0,

‘ [ P10~ [ 0 | [ Gruntai o)

First note that 0 = 0 F'(P) = lim,,_, o, A |I(PAn | G\, »,5) and the translation invariance of P, imply
that Py < G . 3 with some density g, for sufficiently large cubes A. For every subset A C A, we
consider the restriction

< 36. (9.2)

Gan = (Gpr.p)a.
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From the DLR equations for Gibbs measures in finite volume, we have Px < G’A,A, with density
gra(Ca) = / Gaa 2,80 (Awana) ga(waala)-

We are then able to choose k so large that
(@ L C A,
(b) f just depends on particles inside Ay,
(c) and

/ v(d¢) ||Grpen, = Criepcllyy <9

forv = Pand v = PGy forall A.

Here, (a) and (b) are clear and (c) follows from|[Lemma 9.2}

Moreover, for each such &, we can apply to choose A, A C R%such that A;, C A C A,
and

Ga [|gaa — gaavr]] < 6.

The rest of the proof is structured according to the following six steps:

/ P(AC) f(¢) & / Gr e p(d0) g5 (C) ()
2 / Gz s (d) grani(Q) £(Q)
® / G (dC) gaanz Q) [ / GLapc(dw) f “"LC“)}
2 [ Gresldd) ananl) { [ Grese, <dw>f<wL<Ak\L>]
® / P(d¢) { / GL,Z,/g,gAk(dw)f(wLCAk\ﬂ}
(6)

~ [ P(d() Gr.pc(dw) flwrlanL)|
freolf |

where we write X ~ Y if | X — Y| < .

(1) This is true since

/ P(dO) £(¢) = / P(dC) f(Ca) = / Pa(dC) £(C) = / Gaa(d) gra(0) FO)
— [ Gresld) nales) £68) = [ Gaenldd) 9na6) S0),

as f only depends on particles inside A, C A and gaa(() = dPa(¢)

= qGra(0) PET definition.
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(2) This holds since, from the assumptions, we have G . 5[|ga.a — ga,a\L|] < 0. Then, it immedi-
ately follows that

[ 6000000050 £(€) = [ Gn.n(00) 30000(6) 1O
< [ Gnead) 91,50 — 91000 1O

< Gazpllona — gaanel] <9,
because we assumed 0 < f < 1.

(3) This is true since,

/Gmmwmmﬂﬁmz/cmmmL/@mwwmmmdwﬂ%@ﬂ
= [ 6e00) [ [ Gmac() gnalans) Fner)
~ [ Grestd0) gnsnalea) | [ Groncldw) flane)
_ / Gire 5(dC) gamz(Q) [ / G p(dw) f(chLeﬂ,

as G5, is the appropriate conditional distribution and ga,a\L only depends on the particles in
A\ L.

(4) Using the factthat 0 < f < 1 and that f just depends on the particles inside Ay,

'/GA,Z,ﬁ(dC)gA,A\L(C)/Ghzﬁyc(dw)]ﬂ(chLc)

_/GA,Z,ﬂ(dC)gA,A\L<C)/GL,z,,B,(Ak(dw)f(wLCAk\L)

S/GA,Z,B(dC) gA,A\L(C)‘/ GL,Z,B,C(dW>f<WL<LC>_/GL,Z,B,CAk(dw)f(WLCAk\L)

sl/mGAﬁg@M>gmAvm<)HGL%@C—-GLgﬂKMJMV

Now, using the fact that G'z\(a\1,),2,3,¢ is the conditional distribution of G . g given the configuration
Cavz in A\ L, as well as that ga,a\L just depends on the particles in A\ L and that ga,a\L is the
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density of P with right to G , g for events in A \ L, we have that
/ Gazp(dC) gami(Q) [|Grizpc — Grzpien, llny
= / Ga,z6(dC)
l/ GA\(A\L),Z,ﬁ,C<dW) QA,A\L(CA\L) ||GL73767WA\(A\C)CA\L - GL727/37(WA\(A\C)CA\L)Ak Hw}
~ [ Grepla0
gaavL(€) [ / Gava\D)26¢(A9) [|GLz sun avorians — GLiasnarerian)ay ||TV]
= / P(d¢) [ / Gava\),z6.¢(Aw) [[GLzp0n aiorcane — GLiabioraieriana, Hw]
= / PGan@a\ny(dO) [|Grzpe = Grzpin, [l

By J PGavan)(dQ) || Grzpe — Grzpin, |7y < 0. Therefore,

[ Great@ anai(6) | [ Groacldo) fncer)

%/GA,Z,,B(dC) ga.a\z(C) [/ GL,Z,,B,CAk(dw)f(wLCAk\L):|-

. dp, ¢
(5) Since g a\L(¢) = WLL(;(C) we have

/ Gh,2,(dC) ga,a\L(C) [/ GLz.0n, (dw) f(WLCAk\L):|
= / P(d() [/ Gr.z80s, (dw) f(WLCAk\L):| :
as the corresponding integrand only depends on particles in Ay \ L C A\ L.

(6) This is true since, using the factthat 0 < f < 1, we obtain

‘ | P { / GL,Z,ﬁ,CAk<dw>f(chAk\m} - [ P { / GL,z,ﬁ,ddw)f(chAk\L)H
< [ PO)| [ Gronen (@) Fontann) — [ Gronela@s) Fantan

< [ PWO) [Grusgy, ~ Groad, <5

where the last inequality is again an application of

Putting the steps (1) — (6) together yields (9.2), as desired. O
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