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Second-order optimality conditions for the sparse optimal

control of nonviscous Cahn-Hilliard systems
Pierluigi Colli, Jirgen Sprekels

Abstract

In this paper we study the optimal control of an initial-boundary value problem for the classical
nonviscous Cahn—Hilliard system with zero Neumann boundary conditions. Phase field systems
of this type govern the evolution of diffusive phase transition processes with conserved order pa-
rameter. For such systems, optimal control problems have been studied in the past. We focus
here on the situation when the cost functional of the optimal control problem contains a sparsity-
enhancing nondifferentiable term like the L-norm. For such cases, we establish first-order nec-
essary and second-order sufficient optimality conditions for locally optimal controls, where in the
approach to second-order sufficient conditions we employ a technique introduced by E. Casas,
C. Ryll and F. Tréltzsch in the paper [SIAM J. Control Optim. 53 (2015), 2168-2202]. The main
novelty of this paper is that this method, which has recently been successfully applied to systems
of viscous Cahn—Hilliard type, can be adapted also to the classical nonviscous case. Since in the
case without viscosity the solutions to the state and adjoint systems turn out to be considerably
less regular than in the viscous case, numerous additional technical difficulties have to be over-
come, and additional conditions have to be imposed. In particular, we have to restrict ourselves
to the case when the nonlinearity driving the phase separation is regular, while in the presence
of a viscosity term also nonlinearities of logarithmic type turn could be admitted. In addition, the
implicit function theorem, which was employed to establish the needed differentiability properties
of the control-to-state operator in the viscous case, does not apply in our situation and has to be
substituted by other arguments.

1 Introduction

Let Q C IR? denote some bounded and connected open set with smooth boundary I' = 99 (a
compact hypersurface of class C?), unit outward normal n, and associated outward normal derivative
On. Moreover, let T' > 0 denote some final time, and set

=Qx(0,t), X, :=Ix(0,t), forte (0, 7], and Q:=Qr, X :=2Xr.

We then study the following optimal control problem:

(CP) Minimize the cost functional

o) //\90 eol + 5 [ 1ot —galt + 5[] W+ w6,

) + 1 G(w) (1.1)
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P. Colli, J. Sprekels 2

subject to the initial-boundary value system

(Opp, v) / Vu-Vo=0 forallv € H'(Q2) and a.e. in (0,7, (1.2)
—Ap+ fl(p) =p+w a.e.in Q, (1.3)
oW +w = u a.e.in @, (1.4)
Onp =0 a.e.on X, (1.5)
©(0) = o, w(0) =wy a.e.in Q, (1.6)

and to the control constraint
Upg = {u e U: u(x,t) <wu(z,t) <u(z,t) foraa. (z,t) in Q}, (1.7)
where the control space is specified by
U = L*(0,T; L*(%)). (1.8)

The given bounds u, 7 € L*°(Q) satisfy u < u almost everywhere in (). Moreover, the targets
©Q, pa are given functions, by > 0, by > 0, bs > 0 are constants, and x > 0 is a constant repre-
senting the sparsity parameter. The sparsity-enhancing functional G : Lz(Q) — R is nonnegative,
continuous and convex. Typically, G has a nondifferentiable form like, e.g.,

Gu) =l = [ /Q ] (19)

The state equations (1.2)—(1.3) constitute a classical nonviscous Cahn—Hilliard system in which a
number of physical constants have been normalized to unity. Notice that is just the weak form of
the partial differential equation 0, — Au = 0, where, throughout this paper, (-, -) denotes the dual
pairing between H'(2) and its dual H'(2)*: actually, in also the boundary condition Ot = 0
is taken into account. The state variables ¢ and p are monitored through the input variable w, which
is in turn determined by the action of the control u via the linear control equation (1.4). Equation
models how the “forcing” w is generated by the external control u. We remark that could be
replaced by much more general partial differential equations modeling the relation between an L?2-
control u and a forcing w. In the system (1.2)—(1.6), ¢ plays the role of an order parameter, while 1
is the associated chemical potential. Moreover, 7y is a given (uniformly) positive function defined on (2,
and g and wy are given initial data. The nonlinearity f represents a smooth double-well potential
whose derivative defines the local part of the thermodynamic force driving the evolution of the system.
A typical form of f is

1(4,02 —1)% (1.10)

flp) = 1

Starting with the seminal paper [26], there exists an abundant literature on the well-posedness and
asymptotic behavior of the nonviscous Cahn—Hilliard system with zero Neumann and with dynamic
boundary conditions that cannot be cited here. In spite of this large amount of related literature, we
have chosen to provide a detailed well-posedness analysis of the state system (1.2)—(1.6), both for
the readers’ convenience and the fact that the system (1.2)—(1.6) was apparently not studied before in
this particular form in which the control contributes to the chemical potential through the quantity w.

There are also contributions devoted to the optimal control of Cahn—Hilliard type systems in various
contexts. Without claiming to be exhaustive and complete, we mention now some related papers.
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Optimality conditions with sparsity for the Cahn—Hilliard system 3

First, let us refer to [17,[23,/38,/58,59] and, in the framework of diffusive models of tumor growth,
to [9,/18H20,24,25,28},[54]. Problems with dynamical boundary conditions were studied in [7,/8,/12~
16,/18L,[33], and convective Cahn—Hilliard systems have been the subject of [14}(15]/33}46.(56,/57].
In addition, quite a number of works have been dedicated to the study of cases in which the Cahn—
Hilliard system is coupled to other systems; in this connection, we quote Cahn—Hilliard—Navier—Stokes
models (see [27}/36,[37,[39,/53,/55]) and the Cahn—Hilliard—Oono (see [10}31]), Cahn—Hilliard—Darcy
(see [1L51]), Cahn-Hilliard—Brinkman (see [25]) and Cahn—Hilliard with curvature effects (see [11])
systems.

None of the papers cited above is concerned with the aspect of sparsity, i.e., the possibility that any
locally optimal control may vanish in subregions of positive measure of the space-time cylinder ()
that are controlled by the sparsity parameter «. In this paper, we focus on sparsity, where we restrict
ourselves to the case of full sparsity which is connected to the L'((Q)-norm functional G introduced
in (1.9). Other types of sparsity such as directional sparsity with respect to time and directional sparsity
with respect to space (see, e.g., [48]) are not treated in this paper.

Sparsity in the optimal control theory for partial differential equations has become an active field of
research. Beginning with [52], many results on sparse optimal controls for PDEs were published. We
mention only very few of them with closer relation to our paper, in particular [2,/34,[35] on directional
sparsity and [6] on a general theorem for second-order conditions. Moreover, we refer to some new
trends in the investigation of sparsity, namely, infinite horizon sparse optimal control (see, e.g., [41,{42])
and fractional order optimal control (cf. [44,45]).

The abovementioned papers concentrated on the first-order optimality conditions for sparse optimal
controls of single elliptic and parabolic equations. In [4,5], first- and second-order optimality conditions
have been discussed in the context of sparsity for the (semilinear) system of FitzHugh—Nagumo equa-
tions. More recently, sparsity of optimal controls for reaction-diffusion systems of Cahn—Hilliard type
have been addressed in [21},29,/48]. Moreover, we refer to the measure control of the Navier—Stokes
system studied in [3]. Second-order sufficient optimality conditions for sparse controls for the viscous
Cahn—Hilliard system were recently addressed in [22].

Second-order sufficient optimality conditions are based on a condition of coercivity that is required
to hold for the smooth part .J of J in a certain critical cone. The nonsmooth part G contributes to
sufficiency by its convexity. For the strength of sufficient conditions it is crucial that the critical cone be
as small as possible. In their paper [5], Casas—Ryll-Tréltzsch devised a technique by means of which
a very advantageous (i.e., small) critical cone can be chosen. This method was originally introduced
for a class of semilinear second-order parabolic problems with smooth nonlinearities. In the recent
papers [22,/49,/50] it has been demonstrated that it can be adapted correspondingly to the sparse
optimal control of Allen—Cahn systems with dynamic boundary conditions [49], to a large class of
systems modeling tumor growth [50], and to the viscous Cahn-Hilliard system [22], where in all of
these papers logarithmic nonlinearities could be admitted.

It is the main aim and novelty of this work to show that also the classical nonviscous Cahn—Hilliard
system can be treated accordingly. This is by no means obvious, since in the nonviscous case the
solutions to the state and the adjoint state systems enjoy less regularity than in the viscous one. And
indeed, it turns out that the needed analytic effort is considerably larger than in the viscous case, while
the optimization part of the argument changes only little.

In particular, one of the key elements of the technique is to show that the reduced cost functional asso-
ciated with the smooth part J of J is twice continuously differentiable, which in turn requires that the
control-to-state operator is twice continuously Fréchet differentiable between U = L2(0,T; L*(2))
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and a suitable Banach space. For this to be the case, it seems mandatory that the phase variable
o satisfies a so-called uniform separation property. While such a condition can in the viscous case
be shown also for logarithmic potentials, a corresponding result seems in the nonviscous case to be
available only for regular potentials. We therefore have to restrict our analysis to such nonlinearities in
this paper, thereby excluding logarithmic potentials.

Another difficulty arises from the fact that the first component of the solution triple to the linearized
state system (see (3.3)—(3.7) below) is not known to be bounded. This entails that the technique
employed in [22], which is based on the good differentiability properties of Nemytskii operators on L*°
spaces and makes use of the implicit function theorem, does not carry over to the nonviscous case. All
this has the consequence that the proof of the needed twice continuous Fréchet differentiability of the
control-to-state operator is technically quite challenging and sometimes a bit tedious. Nevertheless, it
turns out that all difficulties can be overcome.

The paper is organized as follows. In the following section, we formulate the general assumptions and
study the state system, proving the existence of a unique solution. We also show the local Lipschitz
continuity of the control-to-state operator. In Section 3, we then prove that the control-to-state operator
is twice continuously Fréchet differentiable between appropriate Banach spaces. The proofs in this
section require the main analytical effort of this paper. In Section 4, we investigate the control problem
(CP) with sparsity. Besides analyzing the associated adjoint problem, we derive the first-order neces-
sary optimality conditions. The final section then brings the derivation of the announced second-order
sufficient optimality conditions for controls that are locally optimal in the sense of LQ(Q).

Prior to this, let us fix some notation. For any Banach space X, we denote by || - ||x and X* the
corresponding norm and its dual space, respectively. For two Banach spaces X and Y that are both
continuously embedded in some topological vector space Z, we consider the linear space X NY
that becomes a Banach space if equipped with its natural norm ||v||xry = ||v|lx + [|v|ly for
v € X NY. The standard Lebesgue and Sobolev spaces defined on {2 are, for 1 < p < oo and
m € N U {0}, denoted by LP(2) and W™P((2), respectively. If p = 2, we also use the usual
notation H™ () := W™?2({2). Moreover, for convenience, we denote the norm of L?(Q) by || - |,
for1 < p < o0, and we set

H:=L*Q), V:=H'(Q), W:={veH*Q): dyv=0o0nT},

where we denote by ( -, - ) the natural inner product in H. As usual, H is identified with a subspace
of the dual space VV* according to the identity

(u,v) = (u,v) foreveryu € Handv € V.

We then have the Hilbert triple V' C H C V* with dense and compact embeddings.

We close this section by introducing a convention concerning the constants used in estimates within
this paper: we denote by C' any positive constant that depends only on the given data occurring in
the state system and in the cost functional, as well as on a constant that bounds the L?((Q))—norms
of the elements of U,4. The actual value of such generic constants C' may change from formula to
formula or even within formulas. Finally, the notation Cjs indicates a positive constant that additionally
depends on the quantity d.
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Optimality conditions with sparsity for the Cahn—Hilliard system 5

2 Properties of the state system

2.1 Notation and assumptions

In this section, we formulate the general assumptions for the data of the state system (1.2)—(1.6), and
we introduce some known tools for later use. Throughout this paper, we generally assume:

(A1) f = fi + fo, where f; € C°(R) is a convex and nonnegative function with f1(0) = 0 and
f2 € C®(R) has a Lipschitz continuous first derivative f5 on R.

(A2) ~ > 0 is a constant. Moreover, wy € V and ¢y € H*(Q)NW.

(A3) R > 0is afixed constant, and Up := {u € L*(Q) : |jullr2q) < R}

From the condition (A1) it follows that f] is monotone increasing on R and induces a maximal mono-
tone operator in R x R. Note that (A1) is fulfilled if f is given by the potential (1.10), and the condition
o € H?(Q) N W implies that po € C°(Q). Moreover, the mean value

1,
my = — [ o, (2.1)
e

where || denotes the Lebesgue measure of €2, belongs to a bounded interval in R. In the following,
we use the notation v to denote the mean value of a generic function v € Ll(Q). More generally, we
set

v (v,1) foreveryv € V*, (2.2)

1
19
noting that the constant function 1 is an element of V. Clearly, v is the usual mean value of vifv € H.

Next, we recall an important tool which is commonly used when working with problems connected
to the Cahn—Hilliard equation. To this end, consider the weak formulation of the Poisson equation
—Az = ( with homogeneous Neumann boundary conditions. Namely, for a given { € V* (which
does not necessarily belong to H), we consider the problem of finding

z € V' such that / Vz-Vov={((v) foreveryv e V. (2.3)
Q

Since (2 is connected and smooth, it is well known that the above problem admits solutions z € V
if and only if ( has zero mean value. Hence, we can introduce the following solution operator N by
setting

N:dom(N):={(eV*: (=0} ={z€V:2=0}, N:(rz (2.4)

where z is the unique solution to (2.3) satisfying Z = 0. It turns out that N is an isomorphism between
the above spaces, and it follows that the formula

eI = / UN(C = D)2+ [T forevery ¢ € V* 25)

defines a Hilbert norm in VV* that is equivalent to the standard dual norm of V'*. In particular, there is
a constant Cg > 0, which depends only on {2, such that

(¢, v)] < Col¢ls]lvllv forall ¢ € V* and v e V. (2.6)
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Moreover, from the Young, Poincaré and Sobolev inequalities, elliptic estimates, and Ehrling’s lemma,
we have the estimates

) 1
ab < 5\a|2 - %|b|2 forall a,b € Rand 6 > 0, 2.7)
vllv < Cq (IIV|luxuxm + [0]) foreveryv eV, (2.8)
v]lw < Co([|Av||a + |Jv]|s) forevery v € W, (2.9)
lvll, <0 ||VVllaxaxu + Capsl|v]]« foreveryv € V,p € [1,6) and § > 0, (2.10)
lvllv <0 [|Av||g + Cags ||v|l« forevery v € Wand § > 0. (2.11)

In addition, from the above properties there follow the identities

/ VN(C - Vv = ((,v) forevery ( € dom(N)andv €V, (2.12)

Q

((,N¢) = (§,N() forevery (,& € dom(N), (2.13)

((,N¢) = / |[VNC|? = ||¢||? for every ¢ € dom(N). (2.14)
Q

Moreover, we point out the equality
1d

which holds true for every ¢ € H'(0,T'; V*) satisfying { = Ofora.e. t € (0, 7).

2.2 Existence for the state system

In this section, we are going to prove an existence result for the state system. Prior to this, we notice
that, thanks to the linear equation (1.4) and the second initial condition in (1.6), w can be explicitly
written in terms of w by means of the variation of constants formula

w(z,t) = wo(x)exp(—t/7) —|—/0 exp(—(t — s)/v)u(z, s)ds, ae. (z,t) € Q. (2.16)

We have the following result.

Theorem 2.1. Suppose that (A1)-A3) are fulfilled. Then the state system (1.2)—(1.6) has for every
u € L*(0,T; H) a unique solution triple (ip, i1, w) satisfying

© € W0, T; V)N H' (0, T; V)N L>*(0,T; W) N C°(Q), (2.17)
p€ HY0,T; VYN LX0,T; V)N L*(0,T; W N H*(Q)), (2.18)
we HY0,T; H). (2.19)

In addition, there is a constant Ky > 0, which depends only on ||u|| .20,y and the data of the state
system, such that

HQOHW1v°°(O,T;V*)mHl(O,T;V)OLOO(O,T;W)OCO(Q)
+ ||#||Hl(O,T;v*)mLoo(0,T;V)mL2(0,T;WmH3(Q)) + ||w||H1(0,T;H) < K;j (2.20)

whenever (i, 11, w) is the solution to the state system associated with .
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Optimality conditions with sparsity for the Cahn—Hilliard system 7

Proof. Although the proof of the above result seems to be pretty standard by now, we carry it out for
the reader’s convenience. We argue by a Faedo—Galerkin approximation. To this end, consider the
eigenvalues {\,;};en of the eigenvalue problem

—Av=Xv in €, Ohv =0 on T,

and let {e;};en C W be the associated eigenfunctions, normalized by ||e; ||z = 1. Then

0= <X<..., lim \; = +o0,
Jj—00
/ejek:/Vej-Vekzo for j # k.
Q Q
We then define the n-dimensional spaces V,, := span{ey, ..., e,} for n € N, where we observe

that V7 is just the space of constant functions on €. It is well known that the union of these spaces is
dense in both H and V. Notice also that

Nv eV, foreverywv €V, with v = 0. (2.21)

Indeed, if v € V,, and 7 = 0then v = 77, cje; with suitable ¢; € R, j = 1,...7n, and

=300 X leje; € V, satisfies 7 = 0 and —Az = v, thatis, z = No.

The approximating n-dimensional problem then reads as follows: find functions

t) = Z%j(t)ej(f% fin(, ) ZNW Jej(z), wp(z,t) = anj(t)ej(fﬂ)

(2.22)
such that

(Oypn, V) / Vi, - Vo=0 forall v € V,,,a.e.in (0,7, (2.23)

/ Vo Vo+ (f'(en),v) = (Wn,v) = (pn,v)  forall veV,,ae.in(0,7), (2.24)
Q

v (Opwn, v) + (wy,v) = (u,v) forall v eV,,ae in(0,7), (2.25)
©n(0) = Po(p0), w,(0) = P,(wy), a.e.in Q, (2.26)

where P, denotes the H-orthogonal projection onto V,,. Then P,(v) = > 7 (v, e;)e; for every
v € H, and we have (see [11] formula (3.14)]), with a constant C, > 0 depending only on {2,

|1P.(v)|ly < Cqllv|ly forevery v € Y,where Y € {H,V,W}. (2.27)

Next, we insert v = e, in all of the equations (2.23)—(2.26), for kK = 1, ..., n, obtaining the system

%Qpnk + A pin, =0 a.e.in (0,7, (2.28)
Pk = Meonk + (f (0n), €x) — Wak a.e.in(0,7), (2.29)

jtwnk + wpr, = (u, e) a.e.in (0,7, (2.30)
©nk(0) = (w0, ex),  wnk(0) = (wo, ex).- (2.31)
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Now insert for 1, in (2.28), using (2.29). We then arrive at an initial value problem for an explicit ODE
system in the 2n unknowns (@1, ..., ©nn, Wn, -, Wny) With locally Lipschitz continuous nonlinear-
ities and coefficient functions in LQ(O, T'). By Carathéodory’s theorem, this ODE system has a unique
maximal solution belonging to H'(0, T},; R?") for some T, € (0,T]. This solution in turn uniquely

determines via (2.29) and (2.22) a triple (¢, fin, wy) € (H'(0,Ty; V;))? that solves (2.23)—(2-28)
on € x [0, T},], with the regularity of 1, following from (2.29) and (A1). We show that one can take

T,, = T'. We do this by deriving a series of a priori estimates for the finite-dimensional approximations.
In the following, C' > 0 denotes constants that may depend on ||u|| z2(o,,#) and the data of the state
system, but notonn € N.

First estimate. Testing (2.25) by 0,w,,, with the help of (2.7) we immediately get the estimate
|lwn || 20,101 < C' (2.32)

Then, we test (2.23) by ¢, € V,, and (2.24) by —A¢y,, € V,,, add, and integrate over [0, t] where
t € (0,T,]. After a cancellation and reorganisation of terms, we obtain that

el + [ 1aat+ [ v

1 !
< Sl = [ wgus [[ fense.

By the convexity of f, the last term on the left-hand side is nonnegative. Moreover, owing to (A1), we
have |f5(¢n)| < C(1+ |p,]) ae.in x (0,7},). In view of (2:32) and Young’s inequality, the sum
of the last two terms on the right-hand side is therefore bounded by

1
3 /] e ve [ el

t
0
Consequently, by Gronwall’s lemma, and using the estimate (2.9), we infer that

HSOn\’LOO(O,Tn;H)mLZ(o,Tn;W) <C. (2.33)

We can draw an important consequence from (2.32) and (2.33): indeed, by a standard argument
it follows from these bounds that the local solution (gonl, ooy Onny, Wily ey wm) to the ODE system
resulting from (2.28)—(2.31) is uniformly bounded and thus, by its maximality, global. Therefore, it must
exist on the whole interval [0, T'], that is, we have T,, = T'. We will exploit this fact in the following
estimates.

Second estimate. Next, we recall that the constant function v = 1 belongs to V;. Inserting it in
yields that J;,, = 0 a.e. in (0,T'), which entails that N(9;,,) is well defined and belongs
to V},. We now insert v = N(0,,,) in and v = Oy, in ([2.24), add, and integrate over [0, t]
where t € (0,7]. Using and (2.14), and noting the cancellation of two terms, we obtain the
identity

[ 1oazds+ 5 [ 9ol + [ Atento)
= 5IVPGlF+ [ A + [ wade— [[ it

DOI 10.20347/WIAS.PREPRINT.3114 Berlin 2024



Optimality conditions with sparsity for the Cahn—Hilliard system 9

By (A1), the third term on the left-hand side is nonnegative. Moreover, by (2.27), the first summand
on the right-hand side is bounded, and we have, using the continuity of the embedding HQ(Q) C
C(9Q), that ||P (o)l co@ P.(0)llw < (]||g00||W This obV|oust|mpI|es that the sequence
{Jo [1(Pu(g0))} is bounded Moreover, we obtain from (2.32), (2.33), and Young’s inequality, that

/ / twnatwn: /Q W (t)pn(t) — /Q P, (wo) P (00) — / / tw”atw” <.

Finally, we infer from (2.6), (2.33), and Young’s inequality, that

—/ ﬁwmwnso/nw%ﬂum@anmw
b/m% W@+qﬁ"m¢u%|<%WW%ﬂ

3 [ loga@izas +c,
0

| /\

IN

since, owing to (A1), we have |f5(¢,)| < C(1 + |pn|) and |f5(pn)| < C a.e. in . Combining
the above estimates, we have therefore shown that

llnll 0,0y orvy + [ f1(on)llzeorri@)y < C. (2.34)

Third estimate. At this point, we recall that 0,0, = 0 a.e. in (0, T"), which implies that (cf. (2.7))

1
oal® = Pilieo) = 77 /Q(goo,el)el _ T llesllt = mo forall £ € [0,T]. (2.35)

For almost every t € (0,7"), we now insert v = N(p,,(t) — mp) in (2:23) and v = p,,(t) — mg in
(2.24), and add the results. We obtain

/QIV(son(lf)—v”no)!2 +/Qf{(90n(t))(<ﬂn(t)—mo)

—(Oron(t), N(ion(t) — mo)) + /Q (wn(t) = f5(n(t))(@n(t) = mao)

< Cllowen (@)l [N(pn(t) = mo)llv
+ (lwn Ol + 11f5(en@)ler) (lon(t) — moll ) - (2.36)

Owing to (2.34) and to the bounds for N (¢, (t) — my implied by (2:33) and (2:35), it follows that
the first summand on the right-hand side is bounded in L?(0,T"). Moreover, the second summand is
already known to be bounded in L>(0,T").

Now recall that f] is monotone increasing and that (2.35) holds. Then there exist constants §y > 0
and Cy > 0 such that

f1(r)(r — mg) > 0| f1(r)] — Cy forevery r € R. (2.37)

For this estimate we refer to [43], Appendix, Prop. A.1] (see also the detailed proof given in [30, p. 908]).
Applying (2.37), we therefore can infer from (2.36) that

1f1 ()20 @) < C. (2.38)
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Next, we insert the constant function 1 € V; in (2.24). We obtain, for a.e. t € (0, 7)),

/Q Fi(oult)) + / (f2(n(t)) — wa()) = 2 1 (0). 239)

By (2.38) and previous estimates, both summands on the left-hand side are bounded in LQ(O, T).
Then we conclude that
||WHL2(O,T) < C. (2.40)

At this point, we test (2.:23) by v = p,,(t) — (), which has zero mean value. It then follows from
Young’s inequality and (2.34) that

S 19 = = [ @nt®) u(0) ~ i@
Q 0
< ¢ [ 10Ol om0t < €+ 5[] v,

whence, invoking also (2.40) and the Poincaré inequality (2.8), we arrive at

ltenll 201y < C. (2.41)

Fourth estimate. We now differentiate both the equations (2.23) and (2.24) with respect to ¢, then
test the first of the resulting equations by v = N(9;p,(t)) and the second by v = Oy, (t). Addition
and integration over (0,t), where t € (0, T, and use of the properties of the operator N, lead after
the cancellation of two terms to the identity

laient)]2 + // Vorpnl? + // £ (o) Bronl?
= _Hatson // Son ’at‘pnl / atUJn atson . (2-42)
t Qt

By the convexity of fi, the third term on the left-hand side is nonnegative. Moreover, the sum of the
last two terms on the right-hand side, which we denote by I, can be estimated as follows:

1 t
I<C+0 / ool <+ / Vorpul? + C / 10kon(s)]? ds
Q¢ 0

Qt
1

S C + _/ |V8t(,0n|2
2./ Jg.

Here we have used (2.32), (2.34), (A1), Young'’s inequality, and the compactness inequality with
p=2.
For the initial value we have
10 (012 = — /Q 11 (0) Orpn(0) = — /Q(—A(son(())) + /'(a(0)) — wn(0)) 9100 (0)
< Clowpn (0}« | = Alen(0)) + f/(2n(0)) — wa(0)]v -

We claim that the second factor on the right-hand side in bounded. Indeed, by (2.27), we have
lw,(0)|lvy = ||Powolly < Cllwo|ly < +oo, since (see (A2)) wy € V. Moreover, we have
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already shown above in the second estimate that the sequence {P, (o)} is bounded in C°(€).
Therefore, as ¢y € V' and again by (2.27),

1 (en (O = If (Puleo)) Iy = /(If( w(po))[* + [f"(Palo)) P [V Pa(20) )

< C + C||Pu(e)lli < C + Cligolly < +o0.

Finally, we have

n n

AP, (po) = Z(‘Po,@g )Ae; = Z)\ (¢o,€5)ej, VAP, (pg) = _Z/\j(@mej)veja

j=1 7=1

whence

n

1A (o)l = D (X5 + A [(wo ) < D (F + X9 (o, ¢5)” < +o0,
j=1

j=1
since, by (A2), ¢ € H3(Q) N W. In conclusion, we have shown that
Hgon||W11°°(0,T;V*)QH1(0,T;V) <C. (2.43)
In particular, we now see that the right-hand side of is even bounded in L>°(0,T), so that
I f1(en)llzeeorini)y < C,

and it follows from (2.39) that
[l Loy < C (2.44)

At this point, we test (2.24) by v = (i, — 11, )(t), without integrating over time. As at the end of the
third estimate, it then follows from (2.44) and Poincaré’s inequality (2.8) that

lttnllL=0,mv) < C. (2.45)

Next, we test (2.24) for a.e. t € (0,7) by v = —Ap,(t) € V,, without integrating over time. We
obtain

L 186,0F + [ HenITen®F = = [ (walt) 4 m(®) = flent) Anlt)

whence, using Young’s inequality, (2.32), (2.34), (2.45), and elliptic regularity,

lonlle@rmw) < C. (2.46)

Existence. By virtue of the uniform estimates shown in the previous steps, there exists a triple
(¢, pt, w) such that (possibly only on a suitable subsequence which is again labeled by n € N)

On = P weakly starin W5(0,T;V*)n H*(0,T; V) N L>(0,T; W), (2.47)
[ —> [ weakly starin L>°(0,7;V), (2.48)
Wy, = W weakly in H*(0,T; H). (2.49)
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Since, owing to the compactness of the embedding W C Co(ﬁ),ifollows from [47, Sect. 8, Cor. 4]
that H1(0,T; V) N L>(0,T; W) is compactly embedded in C°(Q), we may also assume that

©n — @ stronglyin C°(Q), (2.50)
whence, by the local Lipschitz continuity of [,

f'(en) = f'(p) stronglyin C°(Q) . (2.51)

With these strong convergence properties at hand, it follows from a standard argument (which needs
no repetition here) that (i, 11, w) is in fact a solution to the state system (T.2)—(7.6). Moreover, we
can infer from the semicontinuity properties of norms and the estimates shown above that there is a
constant Ky > 0, which depends only on |[u|| .20,y and the data of the state system, such that

lellwrco(veynmornnreorwinco@ + lellzeoryy + wllmorm < Ko.

In addition, we conclude from and elliptic regularity that 1« € L?(0,T; H3(2) N W) and

el 20,13y < C

Besides, taking the time derivative in (.3), we can infer from comparison thatalso € H'(0,T; V™)
and

el o,y < C

With this, the existence of a solution (¢, i, w) and of a constant K7; > 0 with the asserted properties
is shown. It remains to prove its uniqueness. This will be done below in Theorem[2.7]in the continuous
dependence estimate. O

An immediate consequence of the uniform bound established for [||[cog, and of the uniqueness
still to be proved below is the following.

Corollary 2.2. Assume that (A1)—A3) are fulfilled. Then there is a constant Ko > 0 depending only
on the data of the system and R such that

0) N (i) B
max (J.Hgtfg 1£57 (M co@y + I1f (sO)Hco@)) < Ky, (2.52)

whenever (i, 11, w) is the solution to the state system (1.2)—(1.6) in the sense of Theorem|2.1| asso-
ciated with some u € Ug.

Remark 2.3. It is worth noting that for the proof of Theorem [2.1]it was not necessary to assume that
f1(r) has a sufficiently strong (e.g., at least quadratic) growth as || — +00. Such an assumption
has been made in many papers dealing with regular potentials. The reason for this is that in our
approach we avoid to test by 0,0, before sufficiently strong estimates for ¢ (here derived in
the first estimate) are available to handle the term — fot 13 (on) Orp,, that arises on the right-hand
side. It is well possible that a corresponding line of argumentation works also in many other cases,
thus avoiding the growth assumption.
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Remark 2.4. Our approach in the proof of Theorem consisted in approximating all equations
including (T.4), despite the fact that we had the explicit solution (2.16) (in terms of w) at our disposal.
On the other hand, the approximation turns out to be a convenient approach especially if would be
replaced by a more complicated and possibly coupled PDE, still with the control on the right-hand side.
In particular, we point out that in the paper [22], concerned with the viscous Cahn—Hilliard equation,
the coefficient v in the analog of is allowed to depend on the space variable x € (2, being
however bounded from below by a positive constant. This setting can be considered also here without
major modifications: of course, then the approximation of is no longer valid and should be
replaced by

/yﬁtwnv + (wy,v) = (u,v) forall veV,,ae in(0,T),
Q

with the consequence that the resulting ODE system (2.30) changes into

Z(/vejek) 0w = (er) aein (0,7), k=1,....n.
o dt

Nonetheless, note that (fQ vejek)j & 7,k =1,... n, are the coefficients of a symmetric and pos-
itive definite (and thus invertible) matrix, so that the resulting modified ODE system (2.28)—(@.31) is
still easily solvable with a time-dependent maximal solution.

2.3 An auxiliary lemma

In this section, we show the following preparatory lemma which will prove useful in numerous estima-
tions in the following.

Lemma 2.5. Suppose that functions

ac L*0,T;W'(Q)), ¢ge€ L*0,T;V), he L*0,T;H) (2.53)

are given. Then there is a unique triple (o, i1, w) such that
o€ HY0,T; V)N L>®(0,T; V)N L*0,T; W), (2.54)
e L0, T;V), (2.55)
we HY(0,T; H), (2.56)

as well as
(Opp,v) + / Vu-Vo=0 forall v € V and a.e.in (0,T), (2.57)
Q

—Ap—p—w=ap+g a.e.in Q, (2.58)
YOw 4+ w = h a.e. in (2.59)
Onp =0 a.e.on X, (2.60)
©(0) =0, w(0)=0, a.e.in ). (2.61)

Moreover, there is some constant K3 > 0, which increases monotonically with respect to the value of
the norm ||a|| L2 (0,rw1.4(q)), Such that

||90||H1(o,T;v*)mLoo(o,T;V)mLQ(o,T;W) + ||,U||L2(0,T;V) + ||w||H1(O,T;H)

< Ks(llgllzoray + IRlzomn ) - (2:62)
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Proof. The existence proof is again performed via a Faedo—Galerkin approximation using the same
finite-dimensional spaces as in the proof of Theorem For the sake of brevity, we avoid writing
the system explicitly here and just provide the relevant formal a priori estimate for the con-
tinuous system, which in the rigorous argument has to be performed for the finite-dimensional ap-
proximations. With this a priori estimate at hand, the standard limit process using weak and
weak-star compactness can be carried out to prove the existence of a solution (, 1, w) having the
regularity - (2.56). Notice that also the uniqueness of the solution immediately follows: indeed, if

(i, phis W), 1 2 are two solutlons then (o, u, w) = (p1 — Yo, i1 — o, w1 — wy) satisfies
the system (2.57)—(2.61) with g = h = 0, and (2.62) yields that ¢ = 1t = w = 0.

To begin with, we first note that (2.57) implies that @ = 0 a.e. in (0,7) which, thanks to the
initial condition ¢(0) = 0, yields that ¢(¢) = 0 for all t € [0,7T]. We thus may test (2.57) by
IN(Ow) + 1+ ¢, @58) by Oy — Ap — p, and @59) by K dyw, where the constant K > 0 is
yet to be determined. Addition of the resulting equations and integration over (0, t), where ¢t € (0,77,
then leads to the cancellation of some terms, and upon rearraging the terms, we arrive at the identity

/||atso Wds + 3 el + o (o) + / VP
4 / / (180 + [P + K|dw])

_ //QtV(p-v,u —i—//tw@tgo—//twﬁgp—//tﬂw +//ta90(—A90—M)
+//ta<p0t90 +//t9(—As@—u) +//t90t90+K//th3tw = ilja (2.63)

with obvious meaning. Five of the terms on the right-hand side can be easily estimated using Young’s
inequality (2.7). Namely, we have

1
|11|§;l/ !W\2+/ Vel (2.64)
Qt Q+
1
nh< g [ el s [ (265
L <t / P+ // wl?, 2.66)
Q¢
L <t // (AP + ) + 2 / 9P, 2.67)
t Qt

K
|Iy| < —/ |Oyw|* + —/ |n|? . (2.68)
4 Q¢ Y Q¢

The remaining four terms, which involve 0, and/or a, require more attention. At first, we use (2.6)
and Young’s inequality to see that

t 1 t
1< 0 [ ol o ds < 5 [ 1oeelEds + Claliaoe - @69
Next, we have I, = [, w(t)p(t) — fot ¢ Oyw, so that, by Young’s inequality (2.7),

1 Kr K
Bl < Lol + ol + 5[] owk + 2 [ of. @
Qq g Q:
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Now observe that we have the continuous embedding TV 1(Q2) C L>(2). Hence,

lallz20,r; ) < CllallL20,mwr2@)) -

Therefore, by Young’s inequality,

L] < / la(s) o o)l (120() 11 + le(s)]1) ds
<7 // (I8¢l +1uP) + € / la(s)llyacay llo(s) I ds @71)

Finally, we estimate I. Using (2.6), as well as the Young and Holder inequalities, we infer that

L < © / 1000(3) |- lla(s)o(s) v ds

1 t
< 5 [ 1oezas +C [[ el 196 + 0 [[ 9l jor
< ¢ [10Gzas + 0 [ eI Il ds + ¢ [ 1al)E lots) i ds
< 5 [10cGzds + 0 [ ool o . 272)

At this point, we choose K = 4. It then follows from (2.63)—(2.72), that there are constants C; > 0,
C5 > 0, which do not depend on a, h and ¢, such that

t
I + )l + / 1o (s)|? ds + / /Q (180 + [l + [Vl + |0ywl?)
t

< / (lg()[2 + 1A(s)[%) ds + Cs / (1 + Na()Bre) (1) + ()% ds

Since the real-valued function s — Chy(1 + Ha(s)||%v1,4(m) belongs to L'(0,T"), we can apply
Gronwall’s lemma, whence the inequality (2.62) follows. In addition, the standard form of the Gronwall
inequality ensures that the constant K5 can be chosen to be monotonically increasing with respect

to ||a||L2(O,T;W174(Q))- O

Remark 2.6. We point out that the assumption a € L*(0,7; W14(Q)) in (253) is set for con-
venience, to be used in the following, but it can be replaced by the more general assumption a €
L*(0,T; Whr(Q)) with p > 3. Indeed, the above estimates in the proof can be repeated without
major changes. In particular, the estimate of I can be arranged as follows:

il < § [ 1aete)lzds + ¢ [l el ds + ¢ [ IFaeE o)l s
< 5 [10c@zds + ¢ [ oo o) .

as p is greater than the space dimension 3 and ¢ := 2p/(p — 2) < 6, so that V' C L%(2) with
continuous embedding.
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2.4 Continuous dependence and uniqueness
Next, we state a continuous dependence result that, in particular, guarantees the uniqueness of the
solution provided by Theorem[2.7]

Theorem 2.7. Suppose that the conditions (A1)—(A3) are fulfilled. Then there exists a constant K, >
0 such that the following holds true: wheneveru; € Ug, i = 1,2, are given and (p;, i, w;), 1 = 1,2,
are corresponding solutions to (1.2)—(1.6) in the sense of Theorem|[2.1], then

1 = wallm v )ncoqorvynczorw) + Il — pellzzoryv) + llwr — wallmorm
< Kyfjur — U2HL2(0,T;H)- (2.73)

Proof. Let us set, for convenience,

Ui=Up — Uz, P=@1— P2, Hi=MU1— M2, W:I=wW —W.

Then »(0) = 0 and w(0) = 0 ae.in £, as well as dp = 0 a.e. on 3. In addition, writing
({-2)-({-4) for (i, i, w;), i = 1,2, and taking the differences, we obtain that

(Oppv) + / Vu-Vo=0 foreveryv € V and a.e.in (0,7, (2.74)
Q

—Ap—p—w=—(f(¢1) = ['(p2)) aein@, (2.75)

yow + w=u ae.in(@Q. (2.76)

Now observe that

—(f'(p1) = f(p2)) = —/0 %f’(soz +8(01 —p2))ds = ap,

where .
a:= —/ (2 + s(p1 — @2)) ds . (2.77)
0

With this choice of a, we see that the triple (¢, i1, w) satisfies a system of the form (2.57)—(2.61) with
g = 0 and h = wu. By virtue of Lemma the assertion will thus be proved if we can show that
there exists some constant C' > (, which depends only on the data of the system and R, such that

HGHL2(0,T;W1A(Q)) < C. (2.78)

Now recall that 11, us € Ug. Since the constant K; from (2.20) depends for controls belonging to
Ur only on the data and R, it follows that

lo2 + (1 = @2)llcog) < K1 forall s € [0,1].

By the continuity of f”, it then follows that HaHCO@) is bounded by a constant that only depends on
the data and R. The same then holds for ||a||.2(o.1,14(x))- Finally, we obviously have that |Va| <
C ([V1]| +|Vsa|) ae.in Q. Butthisimplies that || Val| Lo (o,7:6(0)2) is bounded, which then also
holds for ||a||L2(07T;W1,4(Q)).

With this, the assertion is proved: note that the space L*°(0,7;V) in is replaced by
C°([0,T]; V) in since (1, 2 are known to be continuous from [0, 7] to V' (cf. (2.20)). In

particular, from (2.73), in the case when u; = wus, it follows that ¢ = © = w = 0, which proves the
uniqueness of the solution. O
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3 Differentiability of the control-to-state operator

Let us introduce the Banach spaces
X = (H'(0,T;V*)NL=(0,T; V)N L*(0,T; W)) x L*(0,T;V) x H'(0,T; H), (3.1)

Y = (W0, T; V)N HY(0,T;V)NL®0,T; W) N C°(Q))
x (H'(0,T;V*) N L>(0,T; V) N L*(0, T; W N H*(Q))) x H'(0,T; H) . (3.2)

From Theorem [2.1]and Theorem [2.7|we know that the control-to-state operator

81w 8(u) = (81(u), 83(u), 85(u)) := (¢, u, w)

is well defined as a mapping from U = L?(0,T; H) into Y and Lipschitz continuous as a mapping
from Ug into X for every R > 0. In this section, we study the differentiability properties of this
operator. More precisely, we want to show that under the assumptions (A1)—(A3) the operator S is
twice continuously Fréchet differentiable on U as a mapping from U into X. We first show the following
result.

Theorem 3.1. Suppose that the conditions (A1)—(A3) are fulfilled. Then the control-to-state operator
S is for any R > 0 Fréchet differentiable in U as a mapping from U into X. Moreover, for every
u* € Ug and every increment h € L*(0,T; H), the triple (£,m,v) = 8 (u*)[h] € X is the unique
solution to the linearized system

(0&,v) + [ Vn-Vu=0 forall v eV anda.e.in (0,T), (3.3)
Q

— AL —n—v=—f"(¢")§ a.e.in @, (3.4)

yOww +v =nh a.e. in Q, (8.5)

O =0 a.e.on X, (3.6)

£0)=0, v(0)=0 a.e.in Q. (3.7)

Proof. The existence of a unique solution (£,7,v) € X to the system (3.3)—(3.7) follows directly from
Lemmal2.5} indeed, the system (3-3)—(3.7) is of the form 257)—@26T) with g = 0 and a = — f"'(¢"),

and, in view of (2.20), it is easily verified that

I = ") 20mmrae) < C,
with a constant C' > 0 which depends only on the data of the state system and R. Moreover, it follows
from (2.62) that the linear mapping h — (&,n,v) is continuous from W into X.

To show the asserted Fréchet differentiability, we consider increments h € U with u*+h € Ur and
denote by C' > 0 constants that may depend on the data and R, but not on the special choice of such
increments. We also set (", u, wh) := §(u* + h), (p*, pu*, w*) := 8(u*), and

yh::wh_gp*_f’ Zh::#h_u*_n’ Ch::wh_w*_v‘
We then have to show that

IS(u* + 1) = 8(u*) = 8'(w)[A)lx = (", 2", ¢")lx = o(llh]l r20z:e1)
as ”h”LQ(O,T;H) — 0. (3.8)
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Observe that (2.73) implies that

" = &l orvane=orvnczoerw) + 16" = 1 llzonyy + lw" = wllmorm
< C|hll 201 - (3.9)

Moreover, the triple (", 2", (") € X is obviously a solution to the system

(0", v) + / V' Vo=0 forallv € V anda.e.in(0,7), (3.10)
Q

— Ay =2 === (") = [ = [(¢7)E) aein Q, (3.11)

YO, 4 ¢ =0 a.e.in Q, (3.12)

Oy =0 a.e.on 3, (3.13)

y"(0) =0, ¢"0)=0, a.e.in Q, (3.14)

whence it immediately follows that (" = 0 a.e. in Q. Moreover, we infer from Taylor's theorem with
integral remainder that

") = Fe") = [1(@)E = (") + A" — ") ae.inQ, (3.15)
with the remainder .
Al = /0 (1—s) f"(¢" + s(¢" — ")) ds. (3.16)

From this we conclude that the system (3:10)—(3.74) is of the form (2.57)—(2.61) with a := — f"(¢*)
and g := —AMp" — ¢*)2

In view of 2:20), we have ||al[z20,rwia) = || — f/(¢*) |20 mwra0) < C. It thus follows
from (2.62) in Lemmal2.5|that (3.8), and thus the assertion the theorem, is valid provided we can show
that

”g”%Q(O,T;V) = || — AMe" - 90*)2”%2(0,T;V) <C HhH4L2(o,T;H)- (3.17)

Now observe that, a.e. in (),
AM <O, (VAN < O (Ve + V) (3.18)
V(A" = ¢")?) = VA" = 9")? + 24" =)V (¢" =) (3.19)
Therefore, we have that

I = A" = oV IIZ2 070

<o//|go 90|4+C/ (Ve P + [V P) " — o
w0 [[ 1o =PIV = P = hi ot
Q

with obvious meaning. Now, owing to (2.20), (3.9), Hoélder’s inequality, and the continuity of the em-
beddings V C L°(Q) c L*(Q),

T
< [t - @l < Cllet = i < C o
0
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as well as

T
Jy < C / 16" = )OI V(" — 97 (02 dt

<C H%Oh - SD*H%OO(O,T;V) HSOh - SO*H%Q(O,T;W) <C ”hHiQ(O,T;H) .

Finally, we infer that

T
Jo < 0/ (Vo™ O 7s iy + 1V" O)ll70pe) (" = ") ()5 dt
0

IN

Cllg" = ¢ Moy (19" 220zary + 16" o))

< OHhHi?(O,T;H)?
which concludes the proof of the assertion. O
As the next step, we show that the mapping 8" : L?(0,T; H) — L(L?(0,T; H); X), u + 8'(u), is
locally Lipschitz continuous. We have the following result.

Theorem 3.2. Suppose that (A1)—A3) are fulfilled. Then there is a constant K5 > 0, which depends
only on the data of the state system and on R, such that the following holds: whenever u; € Ug,
i = 1,2, are given, then it holds for every h € L*(0,T; H) that

1(8"(ur) = &' (ua))[lllx < Ks lJua = wall 2y 1Pl L2y - (3.20)

Proof. Let h € L?(0,T; H) be fixed. We set (¢;, pi, w;) := 8(u;) and (&, mi,v;) == 8 (uy)[h],
fori =1, 2, and put

U=Up — U2, Q=1 — P2, MU= U — M2, W:I= W1 — Wy,

§:=86—&, ni=n—12, V:i=Uv—U.

It then easily follows that (£, 7, v) € X is a solution to the system

(0, p) +/ VE-Vp=0 forallp € Vandae. t € (0,7), (3.21)
Q

—Aé—n—v=a€+g a.e.in Q, (3.22)

yOw +v =0 a.e.in Q, (3.23)

O =0 a.e.on X, (3.24)

£(0) =0, v(0)=0, a.ein €, (3.25)

where we have put
a=—f"e1), g=—(f"(p1) = I"(¢2))x- (3.26)

Again, this is a system of the form (2.57)-(2.67), and it is easily shown that ||a||z2(07w14()) is
bounded. Hence, by Lemma|2.5] the result will be proved once we can show that

gllz20.mvy < Cllullp20,m:m) 1P| 220, m) - (3.27)

Now observe that, by Taylor’'s formula,

(1) = f(2) = / (s + s(p1 — @2)) dsp — Bl
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which in view of (2.52) implies that, a.e. in @,

|B"]&] ¢l < Cléal gl
C (16l el (IVerl + [Veal) + &l Vel + [Vé| o) -

g

| <
Vgl <

Next, we recall that

(& misvi)llx = (18" (ug)[B]|lx < C||hl| 20,00y, for i =1,2.

We therefore can conclude as follows:

T
91220, < C//Q |2 Jof* < C/O €2 (0113 e ()13 at

< CH&H%M(O,T;V) ||90||%oo(o,T;V) < C||u||2L?(0,T;H) ||h||2L2(0,T;H)7

where we also have used (2.73). Moreover, by similar reasoning, and using the embedding V' C
L*(€2) once more,

/ZJVM?S‘j/L“MQWF“V%P+WV%V>+<2KLMﬂ%V¢F
v [[ 1veior

< CH&H%OO(O,T;V) HSDH%M(O,T;V) (H%H%%O,T;W) + HSOZH%Q(O,T;W))
+ C H52H2Loo(o,T;V) HSOH%%O,T;W) + C H@HzLoo(o,T;V) HgZH%?(O,T;W)
< Clléalleorvynrzorwy 1912 0 rw)n2omm)

<C HUH%Q(O,T;H) ”h“%Q(O,T;H) .

The assertion is thus proved. O

Having shown this continuous dependence estimate, we can now proceed to prove that the control-to-
state operator has a second Fréchet derivative. We have the following result:

Theorem 3.3. Suppose that the conditions (A1)—A3) are fulfilled. Then the control-to-state operator
8 is forany R > ( twice Fréchet differentiable in U g as a mapping from U into X.. Moreover, for every
u* € Ug and all increments h,k € L*(0,T; H), the triple (1, v, 2) = 8"(u*)[h, k] € X is the
unique solution to the bilinearized system

(Op),v) + / Vv-Vu=0 forallv € V andae.in (0,T),  (3.28)
Q

—AYp —v—z=—f(g) — f()E"E" aein @, (3.29)

YOz + 2 =0 a.e. in (), (3.30)

Ontp =0 a.e.on X, (3.31)

»(0)=0, z(0)=0 a.e. in €, (3.32)

where (€' nh, o) := 8'(u*)[h] and (£, 1%, v%) .= §'(u*)[k].
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Proof. By virtue of Lemma we first establish the existence of a unique solution (¢, v, z) € X
to the system (3.28)—(3:32), where we immediately note that z = 0 a.e. in (), due to and
(3-32). Indeed, the system (3.28)—(3.32) is of the form (2.57)—(2.61), where in this case we have that
a:=—f"(¢*) and g := — f"(¢*)E"E". Since, again, ||a|| 20 7w1a)) < C, it suffices to show
that ||g[|z20,r;v) < C. We achieve this by proving an estimate of the form

lgllz20,rv) < CP|lL20,1:m) 1Kl 220,70 (3.33)

which in view of (2.62) then also implies that the mapping (h, k) — (¢, v, z) is continuous from
L*(0,T; H) x L*(0,T; H) into X. To this end, recall that

1€ | 5. 0.mvynp 0. vynr2 .y < I8 (W) [A]lx < C |l r2o7m)

and a corresponding estimate holds true for £*. Therefore, using (2.52), we have that

T
gl 220 < C//@ €M7 16" < C/O I3 11" (1)113 dt

< ClIE Loy 165 1T 0wy < ClRNL2 0,y ol 22 02:) -

Moreover, in view of (2.52), we have a.e. in () that

Vgl < C (Ve 18" [€" + IVEIEF] + 18" [VEr)
so that

[ 19 < [[ (vePIer i + (96 P 1 + e 194
Q Q
! k()12
< C/O IV ) Zsaps 1€ @G 1€ @)IIE at

T
+C / (IVE ) s IO + 1" O3 1V O3 aiaye ) .

Hence, it results that
/[ 1968 < €1 imran 1 iy W

+ C (1€ Bagoran 1€ oy + 1€ Bz I Baoiran)

< ClAZ2 0z 151220001y »
which concludes the existence and uniqueness proof.

We now show the differentiability result. For this, we have to show that

" sup 18" (u* + k)[h] — 8 (u*)[h] — (¥, v, 2)|lx = o (|[kl|r20,7:m)
L2(0,T;H) ™

as HkHLQ(O,T;H) —0. (3.34)

Tothis end, let h, k € L*(0,T; H) be given with |2l 20,70y = 1 and w* + k € Ug. Next, we put
(&M nh, o) = 8'(u*)[h] and (Eh,ﬁh,ﬂh) = 8'(u* 4 k)[h] . We have, since ||h|| 20,0 = 1,

1Em 7 o) e + 1E 7)) < C. (3.35)
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Moreover, it follows from (3.20} m 0) that
IE" =7 =0 0" — oM)lx < C Kl 2o - (3.36)
Next, we consider the functions

@;:Eh_gh—zp, p::ﬁh—nh—y, wi=1"—o"— 2.

A little calculation then shows that the triple (®, p,w) € X solves the system

(0,@,v) + / Vo V=0 forall v € V andae. t € (0,7), (3.37)
Q

—ADP—p—w=—f"NP+yg a.e.in Q, (3.38)

YOw + w =0 a.e.in Q, (3.39)

0a® =0 a.e.on X, (3.40)

®(0) =0, w(0)=0, a.e.in €, (3.41)

where
g = —(f"(") = () E" =€) = (F(&") = (") — F"(0")EM) "
= 01+ 92, (3.42)

with obvious notation. Clearly, (3.37)—(3.41) is again of the form (2.57)—(2.61), and since we have
| = f"(@)z2(0,rwr4(0)) < C, the assertion will be proved once we can show that

2 4
l9llz20rv) < Clklz200.780 - (3.43)
At first, similar estimates as above, using (2.20), (2.52), (3.35) and (3.36), yield that

Hng%?(OTV)

<c//|f" — PR -

h

e / / (" (NI — ) + [V 1F" () — f7()R) B — €h?
n o/ (o SIEIVE" - ).
which leads to
”91”%2(0,111/)
T
<cC / I — B2 NE = €)@ dt
0
g * <h h 2
e / IV(6* = &) (0) 22 | E" — €M)(0)12 it
OT .
e / IV (0o (6 — ) DI IE" — € (1) dt
r —h
e / 16" — YD [TE" — €)1 2 dt
< C k2000 (3.44)
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Next, observe that
g = =& (/") (¢" =" =) + Q" (¢ = ¢7)?)
where )
Q"= [ (=90 sl - ) ds
satisfies, by virtue of (2.52),
Q| < C, |VQ" < C(IVe'|+|Vet]), aein Q. (3.45)

We therefore have
loasary < © [ (16 =" =€ + 16t =)
+ C//Q IVEM? (lp" — " — €7 + |o* — ¢™[")
v [ (VePlet - o - 4 1V - - )
+C [[ 1€ (V@RI — o1+ 1M I — o196 — ).
Based on this, we can infer that

H92H%2(0,T;V)

T T
<c [ I@RIC - ¢ - @I+ C [ IO I - el
0 0
T
+cérw&mmmwm%—w—ﬁwwwt
T
+cArW@wmmmmw—www%ﬁ
T
+CAH@@WW¢@MWMMﬁ—¢—ﬁWWﬁ
T
+céuéwmwwhwhfwwmQMt
T
~+CAIWWWMV@WM%@AMf—wxm%mw—wﬂwﬁﬂt
T
+CAH@®%MJ—wWMWW@“wﬂ@%ﬁ

8
= Z M;, (3.46)

Jj=1

with obvious notation. It remains to show that M; < C HkH4L2(O 7.1y, for 1 < j < 8. In order not to
overload the exposition, we restrict ourselves to show this for only two of the terms, leaving the check
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of the others to the interested reader. To this end, recall that in the proof of Theorem [3.1] we have
shown (with & replaced by £ ) that

||<P]C 2 §k||H1(o,T;v*)mLoo(0,T;V)mL2(0,T;W)
< |I8(u* + k) = 8(u") — §'(w)Mllx < C Ikl - (3.47)
By virtue of (3.35) and the continuity of the embedding V' C L*(£2), we therefore conclude that
|Ms| < CllEMF w0 19" = ¢ = 20wy < C L2000 -

Moreover, invoking (3.35), (3.45), (2.20), (2.73), and the continutity of the embeddings V' C L%(Q)
and W C L*>(€2), we also have that

M| < C (€ lierw) + 19" 70 0mm)) 1" — @ 1oy 1" — €1 2200w
<C ||k||i2(o,T;H)-

With this, the assertion is proved. O

Finally, we show that the mapping u +— 8”(u) is locally Lipschitz continuous. We have the following
result.

Theorem 3.4. The mapping 8" : L*(0,T;H) — L(L*(0,T;H),L(L*(0,T;H),X)), u
8" (u), is Lipschitz continuous in the following sense: there exists a constant K¢ > 0, which depends
only on R and the data, such that, for all controls u,, uy € Ug and allincrements h, k € L*(0,T; H),
it holds that

1(8"(u1) = 8" (u2)) [h kllx < Ko l[ur — wllz20,m5m) Wl c2omim) 1l 2oy - (3.48)

Proof. Letuy,uy € Ug and h, k € L*(0,T; H) be given. We put
(901‘7 i, wi) = S(“l)? ( zhv 77?7 vzh) = S/(UZ)[h]’ (51167 7]57 Uf) = S,(uz)[k]a
(1/11', Vi, Zi) = S"(ui)[h, k], for 1 = 1, 2,
where we recall (2.73), and the fact that ||8'(u;)[h]|lx < Clh|l 2070y, ¢ = 1,2, and

that an analogous estimate holds true for 8'(u;)[k]. Moreover, a little calculation shows that the triple
(1, v, z) € X solves the system

(O, y) + / Vi -Vy=0 forall y € V anda.e.in @, (3.49)
Q

AYp—v—z=ap+g a.e.in (), (3.50)

YO0z +2=0 a.e.in @, (8.51)

Onp =0 a.e.on X, (3.52)

»(0) =0, =z(0)=0, a.e.in Q, (3.53)

where a := — f"(y9) is bounded in L2(0,T; W4(2)) and

9= =("(1) = ["(e))tr = (f"(p1) = f"(2))E1 &F
= ["(p2) (& = &) & — ["(2) &(& — &)

4
=) g5, (3.54)
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with obvious notation. In view of in Lemma|[2.5] it suffices to show that
19512200y < Cllullzzozsm 10l 2o,zm |kl 2rm) for § =1,2,3,4. (3.55)

We demonstrate this only for the second and third terms. The other two terms can be treated similarly
and, in order to keep the paper at a reasonable length, are left to the reader. We have, using (2.20),
2.52), (2.73), (3.20), Hdlder’s inequality, and the continuity of the embeddings V' C L%(Q) c L*(Q)
and W C L>(Q),

||92 ||%2(0,T;V)

< ¢ [ o= e O IEEOIR Ik 01
+ [ o= )OI 90O lEHOIR k1
+ [ 196~ e lar IO IO
+ [ e - e ORIVE Ol lEEOI

T
+ C/O 1p1 = w2) I3 1€ (O1IE 1IVET ()10 dt,
so that
HQQH%Q(QT;V)
< Cllpr — 902”%00(0,71&/) ||f?||%°°(0,T;V) ||§]f||%oo(o,T;v)
+ C ||901||%°°(0,T;W) ||§{l||ioo(o,:r;v> ||§f||%°°(O,T;V) HSOI - 902||%2(0,T;W)
+ C ||ff||ioo(o,T;v) ||5f||%oo(o,T;v) 1 — 902”%2(0,T;W)
+ Cler — 902HQL°<>(0,T;V) HﬁLH%?(O,T;W) Hng%OO(O,T;V)
+ C o1 — 902H%°<>(0,T;V) Hé?”%“’(o,T;V) Hff”%?(o,T;W)
< O118(ur) — S(us) 3 18 Cun) [ 3 18 Can K113

< Cllur — uQH?ﬂ(O,T;H) HhH%%o,T;H) HkH%Q(O,T;H) .

Similarly, it holds that

T
|@mmmqsclu

(& — &) NF I @115 dt
T

+ C/O V2l 2o (67 — &)@ lI€r ()15 dt
T

+ C/O IV = &) Ol 7ap lIET D13 dt

T
+CAIM%fWMWW$Mﬁ

< Cllus — u2||2L2(O,T;H) ||h||%2(O,T;H) Hk”%z(O,T;H) :

With this, the assertion is proved. O
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Remark 3.5. With Theorem we have shown that the control-to-state operator & is twice continu-
ously Fréchet differentiable as a mapping from U = LQ(O, T; H) into X. This result paves the way
to prove first-order necessary and second-order sufficient optimality conditions for the optimal control
problem (CP) in the following section.

4 The optimal control problem

In this section, we study the optimal control problem (CP) with the cost functional (1.1). Besides the
general conditions (A1)—(A3), we make the following assumptions:

(A4) Iltholds by > 0,by > 0,b5 > 0,and k > 0.

(A5) The thresholds u,uw € L*>(Q) satisfy u < u almost everywhere in (), and the target func-
tions satisfy oo € L*(Q) and pq € V.

We assume « > 0 to include the effects of sparsity. By an obvious modification, the theory of second-
order conditions remains valid also for Kk = 0.

Remark 4.1. The assumption ¢ € V is useful in order to have more regular solutions to the as-
sociated adjoint system (see below). It is not overly restrictive in view of the continuous embedding

(HY(0,T; H)n L*(0,T; W)) C C°J0,T7]; V') which implies that o(T") € V.

The following existence result can be shown with a standard argument.

Theorem 4.2. Let (A1)«(A5) hold and suppose that G : L*(0,T; H) — R is nonnegative, convex
and continuous. Then the optimal control problem (CP) admits a solution u* € U,g4.

4.1 The adjoint system

In the following, let u* € Upg be fixed and (¢*, u*, w*) = 8(u*) be the associated state. The
corresponding adjoint state system is formally given by:

— O — Aq + f(¢")qg = bi(¢" — ¥q) in @, (4.1)
—Ap—q=0 in Q, (4.2)
—yor+r—q=20 in Q, (4.3)
Onp = 0ng =0 on X, (4.4)
p(T) = bao("(T) — ), r(T) =0 in €. (4.5)

We immediately observe that the system is decoupled in the sense that r can be directly recovered
from with the terminal condition r(7") = 0 once ¢ is determined. We point out that has
to be rewritten in a weak (variational) form. We now show a well-posedness result for a slightly more
general system.

Theorem 4.3. Suppose that (A1)—(A3) are fulfilled, and assume that u* € Ug with (p*, p*, w*) =
S(u*), g1 € L*(0,T; H) and g, € V are given. Then the system
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(—Oyp,v) + / Vg -Vo+ | (" )qv = / g1 v forallv € V,ae.in (0,T), (4.6)
Q Q

Q
—Ap—q= a.e.in Q, (4.7)
—vOr+r—q=0 a.e.in Q, (4.8)
Oap =0 a.e.on, (4.9)
p(T)=g2, r(T)=0, a.e.in €, (4.10)
has a unique solution triple (p, q, r) with the regularity
p€ HY0,T; V)N C%[0,T]; V)N L*0,T; W N H3(Q)), (4.11)
q € L*(0,T;V), (4.12)
re HY(0,T;V). (4.13)

Moreover, there is a constant K7 > 0, which depends only on R and the data, such that the two
inequalities below hold:

Ipllcoqommnrzorw) + llallczormy + Irllaomrm
< K7 (o1l ez, + lg2llar) (4.14)

HpHCO([O,T};V)mLQ(O,T;WQH3(Q)) + HQHLZ(O,T;V) + H7’||H1(0,T;V)
< Ky (“91HL2(0,T;H) + ||92HV) . (4.15)

Proof. The linear initial-boundary value problem given by (4.6), (4.7), (4.9), together with the first
terminal condition in (4.5), is again solved via a Faedo—Galerkin approximation using the same eigen-
values, eigenfunctions and n-dimensional approximating spaces V/,, as in the proof of Theorem [2.1

For the sake of shortness, we avoid to write the approximating n-dimensional analogues of (4.6)—(4.7)
explicitly here and just provide the relevant a priori estimates formally for the continuous problem.
Having these estimates for the n-dimensional approximations, one can apply the standard weak and
weak-star compactness arguments to pass to the limit as n — oo, thereby showing the existence of
the sought solution. Uniqueness then follows immediately from the linearity and the estimate (4.14).

To this end, we insert v = p in (4.6) and test (4.7) by —gq. Then we add the resultants, noting that a
cancellation of two terms occurs, and integrate over (¢,7"), where t € [0,T") is arbitrary. Introducing
the notation Q* := Q x (¢,T') for t € [0,T), we then obtain, after rearranging terms and invoking

(2.52) and Young’s inequality,

1 1 .
W@+ [[ e = Sl = [[ rears [[ o
Q! Qt Qt
1 1
< 5 (loBeran + o) +5 [[ 1aP + ¢ [[ P,
2 Qt Qt

Gronwall’s lemma then yields that

P10y + lalEoany < € (Noalaoran + N2l ) - (4.16)

In addition, we conclude from (4.7) and (4.9), invoking standard elliptic estimates, that

P20 2wy < € (lotlzizaen + llgalll) (@17
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and comparison in (4.8) immediately shows that also

Il 0z < € (I91 I + g2l - 419

The validity of the inequality (4.14) is thus shown.

Next, we insert v = ¢ in (#.6) and test (4.7) (formally) by —0,p. Addition and integration over (¢,T")
then yields

1 1 .
5 [1vsor+ ([ vap =5 [0k + [[ (00 ree)
Q ot Q ot
< g2l + llgrllZaom + C lal* < C (llg1l1Z20,:m) + 92l
> |[921lv 91llL2(0,1;H) o ql = 91llL2(0,1;H) ally |

by virtue of Young'’s inequality, and invoking the assumption go € V' along with (2.52) and (4.16).
Then, we deduce that

Ipllz=ory + lalzzoy < € (loslEsoan + sl ) (.19)

whence, using and elliptic regularity,
el rwoms@y < € (gl + loal?) (4.20
In addition, using and the endpoint condition 7(7") = 0, we obtain directly from that also
Iz < € (lor12 0z + o2l ) 4.21)

Moreover, comparison in yields that

Iplm o < C (ol + g2l )

Finally, as the embedding (H*(0,T; V*)NL?(0,T; H3(£2))) C C°([0,T1; V) is continuous,

follows, and the inequality (4.15) results from (4.19)—(4.21). This concludes the proof of the assertion.
[

Remark 4.4. This remark collects three different comments.

1. From the proof of Theorem the reader may realize that a weaker existence and uniqueness
result holds if g; € L?(0,7T; H) and g, is just in H, with a solution (p, q,r) having the regularity
expressed in (4.14). In fact, if we consider a weaker formulation of (4.6), namely,

we{ =0, V)W — / qu+/f”(g0*)qv = / giv forallve W,ae.in (0,7),
Q Q Q
then we deduce from (4.16)—(4.18) and a comparison of terms in the above equation that

10l z0rw) < C (larllEarn + loallF)

which, along with (#17), implies that p € C°([0,T]; H) and gives a meaning to the first terminal
condition in (4.70). Of course, uniqueness then follows from inequality (4.14).

2. In the case of the adjoint system (4.1)—(4.5), the one of interest for our theory, we have
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g1 = bi(¢* —@g) € L*0,T;H) and go = by(¢*(T) — ¢q) € V, so that Theorem

ensures that for every u* € L2(0,T; H) there is a unique solution (p*,¢*,*) with the regularity

(4.71)—(4.13) that satisfies (4.15).

3. If, fori = 1,2, u; € Ug is given with the associated state (;, i, w;) = 8(u;) and adjoint

state (p;, qi,7:), then the triple (p1 — P2, 1 — o, 71 — 72) solves the system (4.6)—(@-10) with
1= bi(pr — @) € L*(0,T; H) and gz := ba(¢1(T) — p2(T)) € V. In view of @2.73), it

therefore follows from the estimate

Ip1 — P2l coqo,rvync20mwoms @) + lan — @ll2omrvy + lIre — rellar o)
< Clor = 2lleoqorvy < Cllur — ual|L20.1;8) - (4.22)

4.2 First-order necessary optimality conditions

In this section, we derive first-order necessary optimality conditions for local minima of the optimal
control problem (CP). We assume that (A1)—(A5) are fulfiled and that G : L?(0,T; H) — R is
a general nonnegative, convex and continuous functional. We define the reduced cost functionals
associated with the functionals .J and J introduced in by

J(u) = J(81(u),u), J(u)=3(81(u),u). (4.23)
Since 8 = (81, 82, 83) is twice continuously Fréchet differentiable from U = L*(0,T; H) into the
space C°([0,T); H) x L*(0,T; V) x H' (0, T; H) (which contains X), it follows from the chain rule
that the smooth part J of the reduced objective functional is a twice continuously Fréchet differentiable
mapping from W into R, where, for every u* € L*(0,T; H) and every h € L?(0,T; H), it holds with
(p*, 1, w*) = §(u*) that

j’ //5 0" — o) +bz/§h — ) +b3//u*h, (4.24)
Q

where (&% nh v") = 8'(u*)[h] € Z is the unique solution to the linearized system (3.3)-(3.7)
associated with h.

In the following, we assume that u* € U,q is a locally optimal control for (CP) in the sense of
L>(Q). In this connection, recall that a control u* € W,q is called locally optimal in the sense of
LP(Q) for some p € [1, 400 if and only if there is some £ > 0 such that

é\(u) > g(u*) for all u € U,q satisfying ||u — u”||zrg) < €. (4.25)

It is easily seen that any locally optimal control in the sense of L?(Q) with 1 < p < oo is also locally
optimal in the sense of L>°(()). Therefore, a result proved for locally optimal controls in the sense of
L>(Q) is also valid for locally optimal controls in the sense of L?(Q) for 1 < p < oo. In particular, it
is true for (globally) optimal controls.

A standard argument (for details, see, e.g., [22,48,49]) then shows that there is some A* € 0G(u*) C
L?(0,T; H) such that

j’(u*)[u—u*]jt/i// AMu—u") >0 Vu € Uug. (4.26)
Q
As usual, we simplify the expression j’(u*)[u — u*] in (4:26) by means of the adjoint state variables

defined in (4.1)—(4.5). A standard calculation using the linearized system (3.3)—(3.7) then leads to the
following result.
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Theorem 4.5. (Necessary optimality condition) Suppose that (A1)—«A5) are fulfilled and that G
L?*(0,T; H) — R is nonnegative, convex and continuous. Moreover, let u* € U,q be a locally
optimal control of (CP) in the sense of L*°(()) with associated state (p*, u*, w*) = 8(u*) and
adjoint state (p*, q*,r*). Then there exists some \* € OG(u*) such that, for all u € U,g,

// (r* 4+ kA" + bgu™) (u —u*) > 0. (4.27)
Q

4.3 Sparsity of controls

The convex function G in the objective functional accounts for the sparsity of optimal controls, i.e.,
the possibility that any locally optimal control may vanish in some subset of the space-time cylinder ().
The form of this region depends on the particular choice of the functional (5. The sparsity properties
can be deduced from the variational inequality and the particular form of the subdifferential
O0G. Here, we restrict ourselves to the case of full sparsity which is connected to the Ll(Q)—norm
functional G introduced in (1.9). Its subdifferential is given by (see [40])

{1} if u(z,t) >0
0G(u) = A€ L*(Q) : Ma,t) € { [-1,1] ifu(z,t) =0 forae. (z,t)€Q p. (4.28)
{—-1} ifu(z,t) <0

With exactly the same argument as in the proof of the corresponding result [22, Thm. 4.7], we obtain
the following result.

Theorem 4.6. (Full sparsity) Suppose that the assumptions (A1)—A5) are fulfilled, and assume that
u and u are constants such thatu < 0 < wu. Letu* € U,q be a locally optimal control in the sense
of L*>(Q) for the problem (CP) with the functional G defined in (1.9), and with associated state

(p*, p*, w*) = 8(u*) solving (1-2)—(1-6) and adjoint state (p*, ¢*, r*) solving F1)—@#35). Then there
exists a function \* € 0G (u*) satisfying (#.27), and it holds

u(z,t) =0 <= |r'(z,t)| <k, forae (z,t)€ Q. (4.29)
Moreover, if r* and \* are given, then u* is obtained from the projection formula

u*(z,t) = max{u,min{u, —b;" (r* + &) (z,t)}} forae (z,t) € Q.

4.4 Second-order sufficient optimality conditions

We conclude this paper with the derivation of second-order sufficient optimality conditions for functions
u* obeying the first-order necessary optimality conditions of Theorem Second-order sufficient
optimality conditions are based on a condition of coercivity that is required to hold for the smooth part
J of J in a certain critical cone. The nonsmooth part G contributes to sufficiency by its convexity. In
the following, we generally assume that the conditions (A1)—(A5) are fulfilled. Our analysis will follow
closely the lines of [22], which in turn is an adaptation of the technique used in the proof of [5, Thm. 3.4]
for the sparse control of the FitzHugh—Nagumo system.

To this end, we fix a control u* satisfying the first-order necessary optimality conditions, and we set
(p*, p*, w*) = §(u*). Then the cone

C(u*) = {v € L*(0,T; H) satisfying the sign conditions (#30) a.e. in Q},
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where

7 (4.30)

v(x,t){ > 0 if u'(z,1) =

<0 if u*(z,t) =

SIS

is called the cone of feasible directions, which is a convex and closed subset of L?(0, T'; H). We also
need the directional derivative of G atu € L?*(0,T’; H) in the direction v € L?*(0,T’; H), which is
given by

1
/ . _ —
G'(u,v) = llt{% t(G(u +tv) — G(u)). (4.31)
Following the definition of the critical cone in [5] Sect. 3.1], we define
Cyp = {v e Cw) : T[] + kG (u*,v) = 0}, (4.32)

which is also a closed and convex subset of L?(0,T'; H). According to [5, Sect. 3.1], it consists of all
v € C(u*) satisfying

=0 if |r*(z,t) + bgu*(z,t)| # K
v(z,t) ¢ >0 if u*(x, )—u or (r*(xz,t) = —k and u*(z,t) =0) . (4.33)
<0 if u*(x,t)=1u or (r*(z,t) =k and u*(z,t) =0)

At this point, we provide an explicit expression for j”(u)[h, k] for arbitrary u, h,k € L*(0,T; H).
Arguing exactly as in the derivation of the corresponding formula [22, Eq. (4.52)], we obtain that

J"(u*)[h, k] // (b — q )& ¢ +b/§ +b3//Qhk;, (4.34)

where (" nh o") = 8/ (u*)[h] and (&5, 0", o%) = &' (u*)[K].

For the proof of the second-order sufficient optimality condition, we will need the following preparatory
result.

Lemma 4.7. Assume that (A1)—(A5) are satisfied and that u* € U,q is given with associated state

(¢*, u*, w*) and adjoint state (p*, ¢*, 7*). Suppose that {ii;} C Uaq converges strongly in L*(0,T; H)
to u*, andthat{h;} C L*(0,T; H) converges weakly in L*(0,T; H) to h. In addition, let (¢;, [1;, W;) =
8(u;), and let (pj,q;,7;) be the associated adjoint state, for j € N. Moreover, let, for arbitrary
he LX0,T; H), (6" n", ") = 8'(u*)[h], as well as (€', 7, 7"7) = 8/ (1;)[h;], forj € N. Then

lim J'(;)[h;] = J(u)[h], (4.35)

j—o0

tn (f / (b~ FOGT)[E ] + b / |E"j<T> :
/ / (b — 5h + by / (T (4.36)

Proof. At first, notice that (4.22) yields that ||7"; — 7*|| g1 (o, r;y — 0 a@s j — oo, which implies that

lim J'(@;)[h;] = lim // T + bsu;)h // 4+ bsu*)h = J'(u*)[h],
j—00 j—oo

i.e., (4.35) is valid. Next, in order to prove (4.36), we observe that
(€M, 7,79) — (&M " o) = (8'(@;) — 8'(u")) [hy] + 8'(u") [y — B
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By virtue of (3.20) and the boundedness of {h;} in L?*(0,T; H), the first summand on the right
converges to zero strongly in X. The second converges to zero weakly star in (cf. (3.7))

(H'(0,T;V*) N L®(0,T; V)N L*0,T;W)) x L*(0,T; V) x H'(0,T; H).

Thanks to the compact embedding V' C LP(Q2) for 1 < p < 6, the compactness result stated
in [47, Sect. 8, Cor. 4]) then ensures that

¢hi — ¢" strongly in C°([0,T7]; L*(Q2)). (4.37)

In particular, we have that

tim (b //Q\ghjf + bz/Q\ghj(T)f) — b, //QM? + bg/Q‘gh(T)‘Q. (4.38)

Moreover, we obtain from (2.73) that ||©; — ¢*||m1(0,7;v)nLer;v) — 0a@s j — 00, so that we
can conclude from [47, Sect. 8, Cor. 4], the global estimate (2.52), and (4.22), that, as j — oo,

1F9(F) = D)l eoqoaszsiey = 0, (4.39)
13 — @[l 200y — 0 (4.40)

Combining this with (4.37), we readily verify that

lim //f (@)@]"]" = //f &, (4.41)
J—00
which concludes the proof. O

With Lemmal4.7]shown, the road is paved for the proof of second-order sufficient optimality conditions.
To this end, we will employ the following coercivity condition:

J"(u)v,v] >0 Yo e Cyp\{0}. (4.42)

Condition (4.42) is a direct extension of associated conditions that are standard in finite-dimensional
nonlinear optimization. In the optimal control of partial differential equation, it was first used in [6]]. We
have the following result.

Theorem 4.8. (Second-order sufficient condition) Suppose that (A1)—(A5) are fulfilled. Moreover, let
u* € WUaq, together with the associated state (p*, 1*, w*) = §(u*) and the adjoint state (p*, ¢*, %),
fulfill the first-order necessary optimality conditions of Theorem If, in addition, u* satisfies the
coercivity condition (4.42), then there exist constants ¢ > 0 and ( > 0 such that the quadratic
growth condition R N

3(w) = 3(w) + ¢ llu = v 220 2,00 (4.43)

*

holds for all u € U,q with ||u — u*|| r2(0,1;1) < €. Consequently, u* is a locally optimal control in

the sense of L*(0,T; H).

Proof. The proof is exactly the same as that of the corresponding [22, Thm. 4.8]. In order not to seem
repetitive, we therefore only sketch the argument, pointing out the places in the proof where the results
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of Lemmaf4.7|are used. We argue by contradiction, assuming that the claim of the theorem is not true.
Then there exists a sequence of controls {u]} C WU,q such that, forall j € N,

luj = v llz20.mim < % while  J(u;) < (u*) + %Huj = [[F 0, - (4.44)
Noting that u; # u* for all j € N, we define
7 = |lu; — w20y @nd by o= T—J(uj —u”).
Then || 7| 20,y = 1 and, possibly after selecting a subsequence, we can assume that
hj — h weaklyin L*(0,T; H)

for some h € L?(0,T'; H). The proof is now split into three parts.

(i) h € C,=: Here, one has to show that (cf. (4.32)) j’(u*)[h] + kG’ (u*, h) = 0, in particular. This
follows exactly as in the corresponding step (i) in [22], where in the proof of the inequality .J'(u*)[h] 4+
kG (u*, h) < 0 the identity (4.35) is used.

(i) h = 0: The proof of this claim is again exactly the same as in the corresponding step (ii)
in the proof of [22, Thm. 4.8]. It uses the identity (4.36) in order to show that (4.44) implies that
J"(u*)[h, h] < 0, whence h = 0 follows using (4.42).

(iii) Contradiction: Again, the argumentation is exactly the same as the corresponding step (iii) in the
proof of [22, Thm. 4.8]: we know from the previous step that /; — 0 weakly in L?(0,T; H). Now,

(4.34) yields that
T hsotl = [ (1= 10NN+ [P+ o [P, s
Q Q Q

where we have set (£, v"i) = 8/(u*)[hy], for j € N. Since h; — 0 weakly in L?(0,T’; H),
we find from (4.36) in Lemma[4.7|that the sum of the first two integrals on the right-hand side of (4.45)
converges to zero. On the other hand, ||h;||120,r,m) = 1 forall j € N, by construction. Therefore,

lim inf j"(u*)[hj,hj] > lijrginf bs // |hj|> = b3 > 0. (4.46)
o Q

j—00
On the other hand, the condition (4.44) leads, using (4.36) again, to the conclusion that

liminf J”(u*)[hj, h;] < 0,

J—00

which contradicts (4.46). The assertion of the theorem is thus proved. O
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