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Hydrodynamic limit and large deviations of
reaction-diffusion master equations

Markus Mitthenzweig

Abstract

We derive the hydrodynamic limit of a reaction-diffusion master equation, that combines an
exclusion process with a reversible chemical master equation expression for the reaction rates.
The crucial assumption is that the associated macroscopic reaction network has a detailed bal-
ance equilibrium. The hydrodynamic limit is given by a system of reaction-diffusion equations with
a modified mass action law for the reaction rates. We provide the upper bound for large deviations
of the empirical measure from the hydrodynamic limit.

1 Introduction

Stochastic reaction-diffusion processes are model systems of interacting particles in statistical physics,
for which various aspects, such as hydrodynamic limits [DFL86, DFL85], phase transitions [Tau17], tur-
bulence [CC*08] or stationary non-equilibrium states [BD*07] have been studied. Moreover, stochastic
reaction - diffusion models are widely used for the simulation of biochemical reaction networks in cel-
lular biology, where copy numbers of molecules can be small and concentrations can vary across
different regions of a cell [AnB04, ErC09].

In this work, we consider the reaction-diffusion master equation for multiple species in the diffusive
scaling limit, where particles can react with each other when they find themselves at the same lattice
site. The stochastic reaction rates follow a modified chemical master equation expression [GM*76,
Isa08]. Furthermore, we will only allow a maximal number of M particles per species per lattice point.
Particle jumps between different sites are therefore modeled by an exclusion process. We show that
if the associated reaction network satisfies detailed balance, the hydrodynamic limit of the reaction -
diffusion master equation is given by a reaction-diffusion partial differential equation with mass action
law kinetics. In the second part of this work, we study large deviations from the hydrodynamic limit and
prove rigorously the large-deviation upper bound. Our work is a generalization of [JLLV93], in which
the authors established a dynamic large deviations principle for a scalar reaction-diffusion master
equation. Further results for two species models were obtained in [Per00, BoC07].

The crucial observation in this work is, that if the macroscopic reaction network satisfies detailed
balance with respect to an equilibrium concentration w = (wy, ..., wy), then the generator L of the
reaction - diffusion master equation is as well in detailed balance with respect to a product binomial
distribution. For M = o0, i.e. no restriction on the number of particles per lattice site, the analogous
result for the Poisson distribution is known to hold for chemical reaction networks satisfying a complex
balance condition (which is a weaker condition than the detailed balance condition). As a result of
the detailed balance property for finite M, we can apply the well-developed entropy method of Guo,
Papanicalou and Varadhan [GPV88] to derive the macroscopic hydrodynamic limit of the reaction-
exclusion process. More precisely, we consider I different species with R different reactions

Xy 4 al = BX 4+ B1X (1)
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M. Mittnenzweig 2

between them, where o,., 3, € N/ are the stoichiometric coefficients of the rth reaction. This reaction
network satisfies the (macroscopic) detailed balance condition if

dw € Ri : ﬁ{wwar = /ﬁbwwﬂ Vr=1,...,R, (2)

with w = Hle w?i being the mass action law rate associated to the stoichiometric vector c. The
microscopic model on the discrete torus T4, = Z?/NZ? is a stochastic reaction-exclusion process
n,(-) of particle configurations 17, : T4, — N’ with 0 < n(z) < M for all i. The generator of the
process is given by

= Y N?Dpia) (1=GED) [ £ (n7)— £ ()]

a,le|=1

@)
M Zgﬂ £ () —f ()] + g2 (@) [f (m ) = ()]

where 1) "¢ is the new configuration where one particle of type 7 jumped from x to = + e and ," is

the configuration where reaction " took place at lattice site z, i.e. 2" () = m(x) + -,.. The reaction
rates g™ (n) have the form

I
M i! M—n;)!
o/ (m) = " [ - iy
=1
with the equivalent expression for g®(n) with exchanged indices . and (3,.. The constant C is
some normalization constant, see (16). The rates gfw/bw are modified versions of the chemical master
equation (CME) The standard CME rate for a general reaction of the form (1) would be ¢, (n) =

H.I_ — times a constant prefactor. However, the rate ¢, (n) can lead to more than M particles
=1 (Tl —« )l r

per lattice site and therefore it needs to be adapted accordingly. The modified rate g/ (n) not only
takes into account the number n; of particles available, but also the number of holes M —n; available
for each species 1.

The central object in the study of the hydrodynamic limit is the empirical measure 71'?’ associated to a
stochastic trajectory 17,(-) and defined as

1
) = M N4 Z 7(2)0z/N-

d
z€Tq

We show that if the chemical reaction network satisfies the detailed balance condition (2), then the
empirical measure wiv converges for N — oo in a weak sense to a reaction-diffusion system. More
precisely, we show that for all § > 0 and G € C12([0, T] x T4, R7),

limsup P~ (

N—oo

/0T<7Tt ,G(t,0) — (C(t,~),G(t,-)>dt‘ N 5) _

where c(t, ) is the solution of the reaction-diffusion system

R

¢ =DAc — Z(ar—ﬂr)(/gfwcaru_@ﬁr — khvePr(1—c)r) (@)

r=1

with D = diag (D;,...,D;)and 1 = (1,...,1). Because of the prefactors c® (1—c)Pr, the solu-
tions c(t, ) of (4) are uniformly bounded by 0 < c(¢,z) < 1, which is the macroscopic equivalent of
the microscopic constraint 0 < m(fﬁ') < M.
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Hydrodynamic limit and large deviations of reaction-diffusion master equations 3

In the last part, we study dynamic large deviations from the hydrodynamic limit. Because the reaction-
exclusion process is reversible with respect to the equilibrium product binomial distribution, we can
derive a superexponential estimate and obtain a large-deviation upper bound. Let ./\/li be the space of
positive vector-valued measures on T¢, i.e. ﬂ't € M! andlet D([0, T]; ML) be the corresponding
Skorohod path space for trajectories ¢ — 7rt Then we show that

limsup N~%log PV (" € C) < — ingl(c) VC closed.
ce

N—oo

The rate functional Z consists of a static and dynamic part
Z(c) = Zy(c(0,)) + Zi(c).

7, characterizes large deviations of the initial distribution o of 1y(+) from the stationary product
binomial distribution. It is given by IO de |W dx with the Fermi-Dirac-type entropy

I
i 1—¢
F(clw) = Zci log ;— + (1—¢;) log 1_C

. 1 [
=1

that is typical for simple exclusion processes. The dynamic rate functional Z; (c) has the implicit rep-
resentation

Zi(c) = sup Jin(c, H) — Jre(c, H) — Jox(c, H)

HeC1:2([0,T;T%)

where Jiin(c, H) is linear in the function H and Je«(c, H) and J;.(c, H) are convex in H:

Tl H) :Z/ [ VH (k0 & (t.2)(1=cit.2)) dac
Jre(c, H) Z/ de c(t,z)) (e H(t2) _ )+Rf( (t,z)) (e v HGe) 1)dzdt.

Jex(c, H) is the typical contribution from the exclusion process [KOV89]. The exponential form of the
reaction part J,.(c, H) agrees with the large deviations functional for the chemical master equation
without spatial degrees of freedom [MP*17]. We do not give a rigorous proof of a large deviations
lower bound here. However, it seems reasonable that the lower bound of [JLLV93] for d = 1 and
I = 1 can be generalized to arbitrary d and I. For d = 1 and I = 1, density large deviations where
also extended to joint large deviation principles for the empirical density and empirical current [BoL12]
as well as to static large deviations from non-equilibrium stationary states [LaT18].

It remains an open, if one can relax the detailed balance condition (2). For M = oo, the central Propo-
sition 2.4 holds also true for chemical reaction networks satisfying only the weaker complex balanced
condition [ACK10, HoJ72, Fei72]. This work leaves also open the convergence to hydrodynamic limit
in the case of M = o0, for which particle numbers per lattice site can become arbitrarily large. For the
macroscopic reaction-diffusion PDE, weak solutions do globally exist in time in the case of detailed
balance and arbitrary quadratic reactions [DF*07].

The paper is structured as follows: In Section 2, we introduce the reaction-diffusion models in detail.
In Section 3, we prove the hydrodynamic limit and Section 4 establishes the large deviations upper
bound.
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M. Mittnenzweig 4

Notation

B [ is the number of species, R the number of reactions.
B M € Nis the maximal number of particles per lattice site for each species.

B Bold letters always represent vectors with / components. The bold letters 1 = (1,...,1),
M= (M,...,M) as well as ¢ = (cy,...,cr) for concentrations and h = 1—c for hole
concentrations will be used throughout the paper.

B T¢=R4/[0,1]¢is the d-dimensional torus.
B T¢ = Z?/NZ%is the discrete, N-periodic, d-dimensional torus.

Y =M1IN1 erm nt(x)éx/N is the empirical measure associated to the particle con-
figuration 7, () at time t.

B Ny = {n € N|n < M} is the space of allowed lattice site occupation numbers.

B Xy = {n(-)|n: T4 — Ny} space of allowed particle configurations 7(-).

MU is the space of vector-valued positive probability measures on T¢, i.e. for m € M’ with
m = (my, ..., ), each 7, is a positive measure on T¢.

D([0,T]; M..) is the Skorohod path space for empirical measures 7}’
;Y is the configuration where a particle of species ¢ moved from point z to point y, see (11).

17 is the configuration where 1(z) is replaced by () + -, see (10).

H(plv) = >, w(n)log % is the relative entropy.

P, is the probability measure for empirical measures w¥' € D([0,T]; M) as well as parti-
cle configurations 7, (-).

2 Microscopic and macroscopic reaction-diffusion models

2.1 Chemical reaction networks

We consider I different particle species X1, . . ., X with concentrations ¢ = (ci, . .., ¢;) € R that
can react with each other accordingto r = 1, ..., R different possible reactions
A Xy 4o = B X+ -+ B1X L (5)

where 3", a" € N’ are the corresponding stoichiometric vectors. In the following ¥, = B, — o, will
always denote the difference between the two. The prototypical example is a bimolecular reaction of

the form
A+B=C+D, (6)

for instance Hy + Cly; = 2HCI. When particle numbers are large enough and the whole system is
well-mixed, rate equations of the form
¢=—-T(c)
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Hydrodynamic limit and large deviations of reaction-diffusion master equations 5

are typically used to model the dynamics of the system. For elementary reactions such as (6), the
mass-action law is a good approximation to the kinetics of the reaction. When every reaction (5)
follows the mass action law, the reaction rate T'(c) of the reaction network is given by

R

I
T(c) = Z(Oér_ﬁr)(/i{fwco"“ — /ifiwcﬁr) with ¢ = H o 7)
i=1

r=1

Here x/"“c® is the mass action rate associated to the stoichiometric vector  of the rth forward re-
action. Typically, the number of reactions R is smaller than the number of species I and the stoichio-
metric vectors (ﬁlT—oz,ﬂ)f?:1 do not span the full space R”. In that case, there exist globally conserved
quantities

S=span{B —a’lr=1,....,R} St={{l€-c=0 YccS}

that correspond to atomic species in applications. In the following, we will consider a variation of the
mass action kinetics (7), that incorporates an exclusuion rule and that guarantees that the concentra-
tions ¢; are uniformly bounded by 1, i.e. ¢; < 1 for every ¢. One possibility is to introduce for every
particle type X; a hole species H;.

a - X+88, H=48,-X+a,-H (8)

since for every removed particle X; a corresponding hole H; is created and vice versa. At any time,
the particle and the hole concentrations ¢;(t) and h;(t) satisfy the constraint ¢;(¢) + h;(t) = 1. The
mass action law reaction rate associated to (8) is then given by

R
R(c) = Z(ar—ﬁT)(Hcharhﬁr — kcPrh®), h=1-c.
r=1
This reaction rate clearly preserves the positivity of both ¢ and h. Next, we will introduce the central
notion of a detailed balanced equilibrium of a chemical reaction network.

Definition 2.1. (Detailed balance condition) A chemical reaction network (5) with mass action law
reaction rates (7) satisfies the detailed balance condition if

Jw e Rl kIUwr = wPr W 9)

Proposition 2.2. If the reaction network (5) without hole species H; is in detailed balance forw > 0,

then the reaction network with holes (8) is in detailed balance for w . withw, ; = lfw and vice versa.

Proof. The chemical reaction network with holes is in detailed balance if

dw, e Ry ¢ k"W (1-w,)P = k2wl (1-w,)* vr.

By dividing by (1—w,)” and (1—w.,.)®", we see that this expression is equivalent to
Iw, e RL . kIUwor = glUwWPr vy

with w; = ——. O

1771}*,72

Proposition 2.2 shows that the existence of a detailed balance equilibrium of the chemical reaction
network with holes is equivalent to the existence of a detailed balance equilibrium of the chemical
reaction network without holes. An equivalent characterization of detailed balance uses the matrix

W = ((ﬁr - ar)r:l,...,R)T S ZRXI
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M. Mittnenzweig 6

which is called Wegscheider matrix due its first use in [Weg02], see also [GIM12, MHM15]. The de-
tailed balance condition (9) is then equivalent to

-----

kI .
W log W = <log W) . with 10g W = (logwi)izl

r r=1,...,

By Fredholm’s alternative, this equation is solvable if and only if

goooy

E'(log/ig:) =0 vEest

K

where
S =Ran W' St = kerW.

The last conditions are called Wegscheider conditions [VIR09, ScS89, Weg02] and give polynomial
relations on the rates x/* and 2" if the stoichiometric vectors (3, —c,) are not linearly independent.
See [Fei89] for more details on necessary and sufficient conditions of detailed balancing.

2.2 The reaction-diffusion master equation

The reaction-diffusion master equation is a continuous-time Markov chain, where particles can hop
on a given lattice and two or more particles can react with each other, when they are at the same
lattice position [Isa09, Isa08, WiS16]. In this article, the lattice will always be the discrete torus T =
Z/NZ4. A particle configuration 7(-) is a function

n: T — N,

where the value 7;(x) € N describes the number of particles of species i at the lattice point z. We will
distinguish between the two cases that either particle numbers per lattice site can be arbitrarily large
or that they are uniformly bounded by an integer M, i.e. n;(x) < M. As explained in the previous
section, a reaction is characterized by its stoichiometric vectors ., 3, € NI. If the reaction 7 takes
place at the lattice point x, then the particle configuration n(x) will change to n(z) — n(x)+~,
where v, = 3, —a,.. We will write n." for this new configuration, i.e.

Ly, ity =
n(y) = { T T Ty = (10)
n(y) else.

If a particle of species ¢ jumps from 2 to ¥, the new configuration will be denoted by

n(y) +e ifz=y

;' (z)=qn(x)—e ifz=21 (11)
n(z) else
where e; = (0,...,1,...,0) is the ith unit vector. The generator of the reaction-diffusion master

equation is given by

Lf(m)= Y NDm(z)[f(ni"")—f(n)]

z,lel=1

+ ) Kl e, () [f ()= F ()] + K2t () [f(n, ")~ f(n)]

DOI 10.20347/WIAS.PREPRINT.2521 Berlin 2018



Hydrodynamic limit and large deviations of reaction-diffusion master equations 7

fw/bw

with D; being the diffusion constant of species i, the forward and backward reaction rates and
—nt_ forn > « !

te(n) = { =) » where n! := Hn,' (13)
0 forn % o Py

The above generator contains a diffusion and a reaction part
L= N2Ldiff + Lreact- (14)

Note that because to(n) = 0 for n # a, particle numbers n(z) will always remain non-negative.
Without spatial diffusion, the Kolmogorov forward equation of the above generator is commonly re-
ferred to as chemical master equation in the physical literature [Gil07, Gil92]. The specific form of
(1) relies on the following combinatorial argument. The idea is, that each lattice point represents a
well-mixed volume, in which these particles move rapidly around. Then, the probability that a reaction
occurs must be proportional to the number of possibilities to choose a tuple ¢ out of the n particles.
But this is exactly

n!

Hni(ni—l)-...(ni—@i+1>:

(n—a)!

for distinguishable particles. Next, we introduce a variant of the reaction-diffusion process (12), for
which only a maximum of M particles is allowed per species per lattice site. Let

Ny={neN|[0<n <M Vi=1,...,I}
denote the state of allowed lattice occupations n € N’ and let
Xy = {n()n(z) € Ny Vz € T}

be the space of all allowed particle configurations 1 : 'I[‘ﬁlv — Nyr. Foreach m € X, we define then
the generator L of the reaction-exclusion process through

Lf(n)= Z Nszz'(if)U—%ﬂ)) [f(’?f’ﬁe)—f(’?)]

z,le|]=1

(15)
+ MY gl (@) [f ()] + 62 (n(x)) [f (m,7)— f ()]

with the reaction rates "
gl"'(n) = k[“CM to,(n)tg (M—n)

() = KUCM b (7)1, (M)
where M = (M, ..., M)and CM = [ta, 45, (M)] ! As before, we can write

L= NQLech + Lreact- (17)

Up to a prefactor, the rates gﬂcw/bw are the chemical master equation rate for reactions with holes (8).
The prefactor Cﬂ” is chosen in such a way that the associated macroscopic reaction rates will be of
the form /f{f“’co‘r(l — c)ﬁr, see (4) and Proposition 2.7. The hopping of a particle of species ¢ from

lattice point x to & 4 e can also be written as a reaction

X’i,n + Hi,m = Xi,m + Hi,n- (18)

DOI 10.20347/WIAS.PREPRINT.2521 Berlin 2018



M. Mittnenzweig 8

Note that particle jumps between neighboring lattice sites are by a factor N2 faster than the other
reactions. Depending on the size of M, the reaction-exclusion master equation (12) can either be
viewed as a microscopic description chemical reactions, where only a few particles are allowed on
each site, or as a mesoscopic description, where each lattice site is a well-mixed container with several
particles in it.

Next, we introduce on A\ for some ¢ € [0, 1)/ the binomial distribution

Ve(n) := H (M) Ai(1—c)™ ™ forn € Ny

n.
=1 t

as well as the Poisson distribution
I
. c"
Xe(m) i= e &=t o HXci(”z') (19)
i=1

for some ¢ € R.. We will also write v.(n) and x.(n) for the one-dimensional binomial and Poisson
distributions. Moreover, for particle configurations 1(-) € X'y, we define the product distributions

v (n() == 1] vem@) xFmC) = T xeln(@)): (20)

d d
zeTy, x€T4

They play an important role, because they are the equilibrium distributions of the pure exclusion and
the diffusion processes.

Lemma 2.3. Forevery c € [0, 1]/ the product binomial distribution v\ is an equilibrium distribution
of Lexe and for every ¢ € RL, the product Poisson distribution Xév is an equilibrium of the diffusion
process, i.e.

L vy =0 LZ,-ﬁxiV =0.

excl”c

The next proposition shows that if the chemical reaction network satisfies the detailed balance condi-
tion (9) for some w, € R’ then the distributions v (1(-)) (with w; = 12=—) and x4 _(7(-)) are
equilibria of the reaction-exclusion (15) and the reaction-diffusion master equation (12) respectively.

For the Poisson distribution, this result is contained ini€jTheorem 4.1 of [ACK10].

Proposition 2.4. Suppose the reaction network (5) satisfies the detailed balance condition (9) for the
concentration w, i.e.

kYW = gMwPr v,

Then the reaction-diffusion process (12) is reversible with respect to the product Poisson distribution
Xw. (n(+)) and the reaction-exclusion process (15) is reversible with respect to the product binomial
distribution 1. ((-)) with w; = 1. In particular, both distributions N (n()) and vl (n(-)) are
equilibrium distributions of the respective processes.

Proof. Let us start with the binomial distribution. For a general jump process on a finite state space of

the form
Lf(m)=>Y_rma)(f(n) - f(m),
n'#n

reversibility of L with respect to a distribution 14(n) is defined as

w(m)r(m,n') = pn)r(n’,n) vn,n'"

DOI 10.20347/WIAS.PREPRINT.2521 Berlin 2018



Hydrodynamic limit and large deviations of reaction-diffusion master equations 9

Thus we need to show the two conditions

For the first line, we use that

ve M) v (i) - v, (1))
v () v (ni(@)—1) - v, (0i(y)+1)

where v, (n) is the scalar binomial distribution v, (n) = () w!(1—w;)™~". An explicit calculation
for the binomial distribution shows that

Vw(n) _ M- (n—1) w
Vp(n —1) n 1—w

which proves the first line. For the reaction part we note first that

ve(m) _ vw(n(z))
ve(nz")  vw(n(x)+,)

Thus, using % = w7, we obtain

—Vr
% .

m(m)  (G)wha-w)M _ () (Monoy, )
Vw (D47,) (nffyT)Wner(l_W)M—n—% n!(M—n)!

fw/bw

On the other hand using the definition (16) of the reaction rates g , which contain the function

lo(n) = (nfa)!, it follows that

/<;wa . g,lfw(n +,) B tﬂr(n""h) to,(M—n—7,)

kb gl*(n) ta.(n) -tg (M-n)
(n+ 'r)' (M_ r_n)!
B (n—ZT)! ' (M—gT—n)! (v )!(M—n—~,)!

~ _n _,_(M-n)! n!(M-n)!
(n—a,)!  (M—n-p,)!

bw
Finally, by using the detailed balance condition :;w = w, ', we thus showed 9 (n?’;” = wa(vr”l(f)/ )
which concludes the proof of reversibility for the binomial distribution. The analogous computation for

the Poisson distribution is

KLY Xw.(n)  RWP - (n4,)! tg (n+7,)
K2 Xw, (M +7,.) nbwwnﬂ” ‘! ta, (n)

which shows reversibility of the reaction part with respect to ., . Reversibility of the diffusion part
follows in the same way. O

Remark 2.5. For chemical reaction networks, there also exists the notion of a complex balanced equi-
librium. Every detailed balance equilibrium is also in complex balance, but not vice versa. The authors
of [ACK10] show for the chemical master equation without diffusion, that the Poisson distribution X,
is an equilibrium of the process if w, is a complex balanced equilibrium of the chemical reaction net-
work. It is unclear if a similar statement holds true for the binomial distribution. The notion of complex
balanced equilibria might also be more natural if one introduces only one hole species, see Appendix

DOI 10.20347/WIAS.PREPRINT.2521 Berlin 2018



M. Mittnenzweig 10

C. For chemical reaction networks with mass action kinetics, there exists a well-developed theory for
complex balanced equilibria [Fei87]. We do not know if a similar theory, such as the deficiency zero
theorem, can be developed for reaction rate equations of the form

¢ = Z(al — o )k c® (1—c)™

Tl
for reactions av,, - X — o - X.

Remark 2.6. A variant of the exclusion process considered here puts a bound M on the total number
of particles, i.e. Zfil ni(x) < M. Particles jump between different lattice sites with the rate

{ i (T
r(m, mP) = i) (1 — Z=l)),

If reaction rates are also adapted accordingly, then the whole reaction-diffusion process is reversible
with respect to a multinomial distribution for some parameter w. See Appendix C for further details.

Proposition 2.4 makes it possible to derive the hydrodynamic limit as well as a superexponential es-
timate [KiL98]. The macroscopic reaction rate as a function of ¢ will be given by an average of the
microscopic reaction rates gfw/bw(n) with respect to the binomial distribution v/ (n) with parameter
c. The binomial distribution for general ¢ appears here, because the binomial product distributions
v¥(n(-)) are the equilibrium measures of the exclusion process part Le. The heuristics is that lo-
cally, in the neighborhood of a macroscopic concentration c (), the system is ergodic with respect to
the fast process on small spatial scales, which is the exclusion part Le,. Therefore, the macroscopic
rates are the ergodic averages of the microscopic rates with respect to equilibrium measures of the
fast process. For later usage, we calculate the macroscopic reaction rates E,_[g/*(n)] in the next

proposition.
Proposition 2.7. The average reaction rates follow the mass-action law form
Ey. [ta<n):| =c” E, [ta(n)tﬁ(M_n)} = tatrp(M) - Ca<1_c)ﬁ'

Thus
E,[g" ()] = r["c™ (1-c)®  E,[g"(n)] = nle™ (1-c)*

Proof. The calculation in the Poisson case reads

Ey.[ta(n)] =c%e |C‘Z h_a —c"‘.

n>o
For the binomial distribution, we find
B ffampM-n)] = 3 erepn ML m (M)
ve |t (12 — = c'(l1—c . .
‘ AR s (M—n)n! (n — a)! (M—n—3)!
M-a—-p3
1 o *(1—c)M-P = c*(1—c)Ptaig(M).
¢ (1-¢) 1y 5(M Z ] g (B E Y
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Hydrodynamic limit and large deviations of reaction-diffusion master equations 11

2.3 Entropy bounds

We next introduce the relative entropy and the Dirichlet form of a probability distribution as well as an
entropy-dissipation inequality relating the two. This inequality will give an a priori bound on both quan-
tities, which will be needed in the derivation of the hydrodynamic limit. For two probability measures

N, vV on Xy, the space of all particle configurations 1(-), we define the relative entropy
N
p(n())
AW = 2, W) o8 e oy
neXy n

We will write 18 for the probability distribution of 7, (+), i.e. the initial distribution of the Markov process
n,(+) and pl¥ for the distribution of 7, (), i.e.

,uiv = Pt*ﬂtj)v

where P/ is the generated semigroup of L*. The relative entropy between two states is monotonically
decreasing under the action of P/, i.e.

H(p' v < Hd' |wg))-

In particular, the relative entropy H (ul¥ |vY) to the equilibrium distribution /Y is monotonically de-
creasing and therefore the entropy production is always positive:

=3 @) @) fm) = *‘m e

Because L is reversible with respect to VN D(u) is a symmetric quadratic form as a function of

f(n) = N E"; We define D here as a function of the probability measure ,uN because we will
only need it in this form. Furthermore, we will write

D(/JJ) = NZDeXd(,U) + Dreact(:u)

for the exclusion and reaction process parts. The Dirichlet form of any probability probability distribution
is always bounded from above by the entropy production:

d
D(u™) < T

Thus, the following entropy-dissipation inequality holds true.

H (1 o).

t=0

Proposition 2.8. The relative entropy and the Dirichlet form satisfy the inequality
H ) / () ds < H (b ).
In particular, if H(ud) |vw) < C N4, then

t
Hn ) < ON* [ Datl)yds < ON2 22)
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M. Mittnenzweig 12

3 The Hydrodynamic limit

In this section, we show convergence of the reaction-exclusion process

= Y N?Dapi(a) (1= ZGED) [ £ (n7*H)— £ ()]

7 | ‘ 1

(23)
+ M gl (@) [f ()= fm)] + g2 () [f (0.7 )—f ()]
to the reaction-diffusion equation
¢ = div(DVe) — Z(a ) (kI9er (1—c)Pr — kPcPr(1—c)™r) (24)

r=1

with D = diag(D1,...,D;)and 1 = (1,...,1) using the entropy method of Guo, Papanicolaou
and Varadhan [GPV88]. The central object in this approach is the empirical measure

Nd > n(@)daN (25)

xe'ﬂ‘d
that can be associated to any particle configuration 17(-) € Xy. We will denote by
MY = {m = (m,..., 7} |m is apositive measure on T*},

the space of vector-valued positive measures on T? and write

(n",G) = MNdZZn )G (x/N)

oce’I[‘d 1=1

for the pairing of a measure 7?¥ with a function G € C?(T¢,R!). The central theorem of this section
is the following.

Theorem 3.1. Let G € CH2([0, T] x T4 RT) and let the initial distribution i) satisfy for all § > 0
that
hmsupP (‘(WéV,G(O,» - <C(07)7G(Oa)>‘ > 5) =
N—o00
for some c( -) € C(T%,RL). Furthermore, let the entropy of the initial distribution /i) be bounded
by H(pd |VW) < CN? Then, for every § > 0,
> 5) =

The theorem states that if the initial distribution ,uév satisfies an entropic bound and the empirical
measure 7)) converges to an initial profile ¢, (z), then 7)Y converges in a weak sense to c(t, z). For
a scalar reaction diffusion model, such a hydrodynamic limit was first derived in [DFL85, DFL86] using
the BBGKY hierarchy for correlation functions. Below, we will introduce the main steps of the entropy
method for the derivation of the hydrodynamic limit in the vector-valued case. The proof of Theorem
(3.1) will be given at the end of this section.

limsupPuN(/O (N Gt ) — (e(t, ), G(t, ) dt

N—o0

where c(t, x) solves the reaction-diffusion equation (24).
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Hydrodynamic limit and large deviations of reaction-diffusion master equations 13

The first step consists in showing that the sequence w,{v of empirical measures is compact in a suitable
space. As explained in [KiL98], Chapters 4 and 5, the Skorohod space

D([0,T], M})

of cadlag trajectories 7. : [0, 7] — Mfr equipped with the Skorohod topology, is a possible choice. It
turns D([0, T, Mi) into a complete separable metric space. Let PV be the sequence of probability
measures on D([0, T], M’ ) induced by the empirical measures 7/, i.e. PV (0) = P(w € O).
On that space, the following compactness result holds true.

Proposition 3.2. The sequence of probability measures PV is tight and therefore relatively compact in
the space of probability measures on D([0, T'|; M’ ) (endowed with the weak topology for probability
measures).

We refer to [KiL98, Chapter 4] for a detailed exposition of the proof. Given the existence of a limit
probability measure P, on D([0, T']; MZ), the entropy method proceeds in showing that the proba-
bility measure P, is concentrated on points 7, € D([0, 7], M) that are weak solutions of (24). The
principal idea is to decompose the pairing (v, G(t, -)) into a predictable part and a martingale part
and to show that the martingale part converges to zero, while the predictable part must converge to a
weak solution of (24).

More precisely, to every time-dependent real-valued function f(¢,,) of a Markov process 7, on a
finite state space, one can associate the two martingales Mtf and Ntf defined through

M! = f(tm,) — £(0.m0) — / (0. + L) f(s.m.)ds
0 (26)

N =y [ (L) (sumy) — 2 (m)Lf () ds

0

We will call

(M7, ::/0 (Lf?)(s.m,) —2f(s,m,)Lf(s,m,)ds (27)

the (predictable) quadratic variation of Mtf We prove in Appendix B that the two functions Mtf and
Ntf are indeed martingales, see also [Pro05] for more details on quadratic variations of cadlag mar-
tingales. We us the martingale decomposition for the linear function f(t,n) = (m, G(t,-)) with
G € C12([0, T]xT?; RY). Let Ay denote the discrete Laplacian

=N Y G -Gl
e:le|=1

(ANG)(%) :

Lemma 3.3. The martingale decomposition of (¥, G(t, -)) is given by
t
() Gt ) = (. G(0.)) + [ (7Y.0.G) + Limd, Gds + ME.
0

with L = N?L ey + Lyeaer and

N?Lexal(m), G(s,)) = 1NdZZDms, )ANG(s, N)

Lreact<7r G —d Z ) (gr (T’)_gfw (”7)) :
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The quadratic variation of both terms equals

<MtG>exc/ M2N2d 2/ ZDE 7751 Gl( >I;6)_Gi(5’%))2d5

1‘6’L

(29)
w x 2
< G>react MN2d / Z _I_g7lz (778( ))} (G(Sv N)’Yr) ds.
Proof. We need to calculate (L f)(n) for f(t,n) = (7, G(t,-)). Since
1
T,r+e z+e x
FEm7™) = ftm) = 3750 (Git 59) = Gilt, )
one obtains
Ll G(5.) = 373 > Dinsa) (1= 45 G, )= 1 7))
1 < g;
= W Z Z DZ"T]S,Z(J])ANGZ'(S, N)
=1 =z
In going from the first to second line, it was used that the terms with prefactor ns,i(x)(l—W)

cancel each other. The form of the reaction part Lycact <7r ,G(s, )> follows from

I
fny) = f(tm) =Gt %), =D Gi(t, £)7

i=1

It remains to derive the expressions for the quadratic variation. A general Markov jump process of the

form
Lf ()= _r(n.n)(f(0) = f(n))
always satisfies the identity

2/ (L)) — (L) =S v, 7) (f) = Fm)”.

77/

This proves the form (29) for the quadratic variation. O

The important point about the expression for the quadratic variation is that it vanishes for N — oc.
Since )

(Gils, 59)—Gy(s, &))" < C(G)N 2
for G € CH2([0, T] x T¢; RT) and since all the other terms inside the sums of (29) are of order O(1),
the quadratic variation decays on the order

G G d
<M >t,react + <M >t diff — C N
As a result, by Doob’s martingale inequality, one can conclude that

4C
§2Nd

P~ (sup|MG|>5)< ]E<MG>T_

In summary, the above reasoning shows the following proposition.
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Proposition 3.4. Forevery § > 0 and G € C*2([0, T|xT% RY)

Jm P (sup (. G(0.0) — (. G(0.0) = [ (im20.G)

~ Liaar (Y, G(5,7)) = Lexa(m, G(s,)))ds| > 6) = 0. (30)

The next natural step would be to pass to the limit ﬂ'iv — 7 inside the supremum However, the part

Lyeact (7Y, G (s, +)) cannot be written as a function of the empirical measure 72, since it contains

the functions g/ "/ *(n) which are nonlinear in (). The remedy to this problem is the replacement

lemma. which is the crucial part of the entropy method. In order to state it we need to introduce some
notation. For a microscopic function ¢ : Ny — R, let U(c) denote the average of ¢)(n) with respect
to the binomial distribution v/:

U(c) =K [¢(n)].

Furthermore, let n' () be the block average

!
31
n'(w) = 2l DI 31)
ly—=|<l
of a configuration 7)(-) over a cube of length [. Let 7, denote the shift operator on Xy defined by
(M) (y) == n(y + ).

Theorem 3.5. (Replacement lemma) For every 6 > 0 and every function : Ny — R

lim sup lim supP / Z Ven (Temy)ds > 6} =0 (32)
e—0 xer
where
!
—}QHHZ@D ('(0))].
ly|<l

The replacement lemma says, that one can replace a term of the form

/ 43 R n.(x))ds

xer

by the Block average

/ 45 (s, £)U(n)(2))ds

z€T,

for large NV and [ without making a large error. The replacement lemma states in fact, that this error is
arbitrarily small for [ = e N and N — oo for € small enough. We refer to [Spo91, Lemma 11.3.4] for a
proof of the replacement that also applies to our model or alternatively to [KiL98, Lemma 5.1.10] where
the replacement lemma is shown under more general assumptions. The proof of the replacement
lemma is entirely based on the following entropy bounds that were derived for the reaction-exclusion
-process in Proposition 2.8:

t
H(uN|vY) < ON? and /0 Dear (1Y )ds < ON2, (33)
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The replacement lemma is useful because it replaces the term

/ NS R n.(2))ds

z€TY,

by a term that can be written as a function of the empirical measure. Indeed, let
) —d
LE(') = (26) 1[75,5}d

be the normalized indicator function of the small cube [—¢, £]%. Then the block average () is a
convolution of 7(-) with ¢. and the whole sum can be written as

/N ZF ds—/ /Td (5, )W (7w % 1) (y))dyds + o(1)

z€TY,

for N — oo. Note that the right hand side is now a continuous function of the empirical measure in the
Skorohod topology and one can pass to the limit ﬂ'f * L. — T % L. Let us try to explain heuristically
why the function

¥(c) == E,.[¢(n)]
appears. Remember from Proposition 2.4, that the product binomial distributions with parameter
=[] ve(n)
mET%
are the equilibrium distributions of the pure exclusion process

(Lo f)(m) = Y Dim(w) (1=25F2) [ (n )= f(m)].

z,le|=1

The whole reaction-exclusion process has the generator L = N?Leq + Lieaet. On small scales,
the exclusion process is very fast and the reaction part is only a small perturbation. In particular, on
small spatial scales and averaged over short time O(1), the exclusion process should be ergodic. This
means that if we look at the time-averaged marginal distribution of ufv over a block

then this distribution should be very close to an equilibrium distribution of the exclusion process, i.e.
1 t+At

~ pl (n(x—=0), n(z—141), ..., nle+l=1),n(z+))ds ~ [ ve(n()).

ly—z|<l

In other words, the average of a local function 1/(n,(x)) over small blocks of size [ and small macro-
scopic times At should be equal to

[ 3 v w)ds = ACE )

ly—z|<l

for some parameter c, due to ergodicity of the exclusion process What is the value of the parameter
c? Since the exclusion process is also ergodic in space, at a given time ¢, the value c(z, t) should
approximately be equal to block averages of nt(x) for large enough [. This means

c(t,z) ~ 2l—|— v Z m.(y for large

:):EN
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and therefore the block averages nl(a:) appears. The replacement lemma makes this averaging pro-
cedure rigorous up to macroscopic blocks of size £¢/N. The main idea is that due to the O(Nd_2)
bound and a subadditivity property of the Dirichlet form, it can be shown that the Dirichlet form of the
time-averaged marginal distributions of ,uivon blocks of a fixed size [ disappears for N — oo and re-
mains small for small macroscopic blocks /N. This establishes locally convergence to some product
binomial distribution with parameter ¢, because these are the only distributions for which the Dirichlet
form is equal to zero.

Let us now finish the proof the hydrodynamic limit. Remember from Proposition 2.7 that the macro-
scopic averages of g "/ " (1) are given by

R (c) = ki"c® (1—c)Pr and R™(c) = k"cPr(1—c)*
The difference between the two will be denoted by R,.(c) = RI™(c)—R(c).

Proof. (Proof of Theorem 3.1) Let

Ao, = (2 G(T, ) — (m, G(0, ) — /0<w§,asc; - ZD (AxG)(s,-))ds

— N (G(s, %) - ,) (RI((wl 1) (5))— R (=] *%)(%))).

By a combination of the martingale estimate (30) on ‘Mf" with the replacement lemma Thm. 3.5, it
follows that
lim sup lim sup P~ (|A%| > 6) = 0.
e—0 N—o0
Since G € CY2([0, T|x T4, RY), we can replace in A5 the discrete Laplacian Ay G by AG, i.e.
AnG = AG + on(1), which means limy_,, ox(1) = 0. . Similarly, because R/“(-) < C for
some C and because G € C1%([0, T] xT?, R'), we can replace the discrete sum over z € T4,

> (Gls, %) ) Re((w) +1)(%)) ds

0 xe'ﬂ"]i\,

by the integral
/ /T (5,9) - ¥, B (7 5 12) (y)) dyds

modulo an error oy (1). From Proposition 3.2 we know that the probability measures P" are compact
on D(0, T /\/li) Since all the above integral expressions are continuous in the Skorohod topology,
we can pass to the limit Wiv — 7t inside the probability estimates. Thus, the limit probability measure
P, must be concentrated on trajectories 7r; satisfying

]imsup]P*<‘<7TT, G(T, ")) — (m0, G(0,-)) _/0 (104, 0,G) + (mr,, DAG(s,))ds

- Z/OT /Td (G(s,2) - v,) Ro (s * 1) () dards| > 5) =0.

The only remaining step is the passage ¢ — 0. Let us first remark that every limit measure 7;(dx)
must have a density c(¢, ) with 0 < c(¢t,z) < 1, because 0 < m,(x) < M and every 7, in
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the support of P, must be the limit of some sequence of empirical measures ﬁiv. For any integrable
function f € L'(T?), f*.. converges pointwise to f in L. Thus (%, )(-) with 7, (dz) = c(¢, x)dz
converges pointwise to c(t, z)dz and by Lebesgue’s dominated convergence theorem we know that
the whole integral

Z:/OT /Td (G(s,2) - v,) R (7 % 1) (2)) dads

convergesto 3, [ [1s (G(s,x)-~,) R,(c(s, z))dzds. Thus, we can conclude that the limit prob-
ability measure P, is supported on functions c(t, ) that satisfy

P, (‘ <C(T7 '>’ G(Tv )> - <C(O7 ')7 G(O’ )) - /0 <C(S7 ')7 (asG>(S’ )>d8

T
/ / c(s,z) - DAG(s,z) + (G(s,x) - v,) R, (c(s, z)) dzds| > 5) =0.
o Jrd
This shows that any limit point 7w, (dz) = c(t, z)dx is a weak solution of 24. O

We conclude this section with some remarks on the case M = oo. Heuristically one expects trajec-
tories of the reaction-diffusion process (12) to converge to solutions of the reaction-diffusion equation

R
¢ = div(DVe) — Y (a—B,) (k] c™ — kl"c). (34)

r
r=1

The problem is that concentrations c(z, t) as well as particle numbers 7,(x) can now be arbitrarily
large. Although we do have global conservation laws at hand, locally, particle numbers 7, () can still
become very large. As a consequence, we cannot show compactness of the probability measures
PPV in the Skorohod space D([0, T, ML ). The greater difficulty of the problem is also reflected on
the PDE level. For finite )M, reaction rates R,.(c) are bounded in L> which gives existence and
unigueness of strong solutions globally in time [Pie10]. However, for M = oo , concentrations can
blow up locally in space and time [PiS00]. Nonetheless global existence of weak solutions was estab-
lished in [DF*07] for quadratic reaction-diffusion equations that satisfy the detailed balance condition.
The existence of weak solutions [DF*07] uses an L?([0,77] x T¢) a priori bound that is available
for reaction-diffusion equations with a mass conservation property. A similar stochastic version of the
bound can also be obtained for the reaction-diffusion master equation (12), i.e. one can show that

T I
N~ / > Euxlni(x)’]dt < C.
0 =1 gerd,

However this seems not good enough to establish compactness of the probability measures PV with
respect to a strong enough topology. For general non-quadratic reaction-diffusion equations that sat-
isfy a detailed balance condition, global existence of renormalized solutions was obtained recently in
[Fis15].

4 Large deviations from the hydrodynamic limit

In this section, PV will always denote the probability measure on the Skorohod space D([0, T']; M2)
generated by the empirical measures ﬂiv of the reaction-exclusion process with initial distribution
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£ (mo(+))- In the previous section, we established a law of large numbers for the empirical measures
71'1{\’ and showed that they converge for N — oo to the solution c(¢, =) of a reaction-diffusion PDE.
Thus the probability distribution of P on the Skorohod space D([0, T']; M ) will concentrate around
the solution ¢(¢, z) with initial condition ¢(0, z). If for some closed subset C C D([0,T7; M?), the
hydrodynamic limit c(¢, x) is not an element of C, then

lim PY(C)=0.

N—o00
Large deviation theory has the goal to characterize this decay of PN(C) - which is typically exponential
in some power of NV - in a precise way. A full large deviations principle consists of a large-deviation
upper bound

limsup N~?log PY(C) < —inf Z(c) VC closed
N—o00 ceC

and a large-deviation lower bound

liminf N~%log PN(O) > — inf Z(c) VO open.
ce

N—oc0

Below, we will show a large-deviation upper bound for the probability distributions P¥. We conjecture,
that similar to [JLLV93], a partial large-deviation lower bound of the form

liminf N~%log P¥(O) > — inf Z(c) VO open

N—oo ceONsS

should be true, where S C D([0,T]; MZ) is a subspace containing sufficiently smooth functions
c(t, x) that are bounded away from 0 and 1, e.g. ¢ € C*3([0, T|xT%; R ) withe < ¢;(t,2) < 1—¢
forsome € > 0 and all 7. Before stating the main theorem concerning the upper bound, let us introduce
the rate function Z. Remember that w € Rfr denoted the detailed balance equilibrium of the chemical
reaction network (8). The large deviations principle is typically stated for the process 1, () starting
from the equilibrium distribution. Thus, from now on, we will assume that the initial configuration 77,(+)
is distributed according to the equilibrium distribution V{NV :

1o (mo()) = [ vw(mo(@)). (35)

z€Td
The rate function Z contains a static and a dynamic part
Z(c) = Zo(c) + Zu(c). (36)
The static part is given by
7(c) = [ Fle(w)w)ds
T

with /' being the Fermi-Dirac type entropy

1
C; 1—Ci

F(clw) = ¢;log —+(1-c) log —
i=1 ’ ¢

It depends only on the initial distribution uév. The dynamic part Z; has the form

Zi(c) = sup J(c,H) (37)
HeC1:2([0,T)x Td;T4)
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with 7 (¢, H) = Jiin(c, H) — Jex(c, H) — Jie(c, H) and

«7lin<cv H) = <H(T7 ')7 C(T7 )> - <H<07 ')7 C(0> )> - /0 <8SH(57 ) + DAH<S7 ')7 C<57 )>d5

T R
Jre(c, H) = /0 /]I‘d Z RIv(c) (e”’T'H(S’x)—1> + ng(c)< —YHsw) )d:BdS
r=1

Jex(c, H) = ZDi/O /ﬂ‘d ai(t ) (1—¢(t,z)) IVH,(t,z)]> dzdt

where R/%(c) = k{¥c® (1—c)Pr and R*(c) = Kk2*cPr(1—c) were the forward and backward
reaction rates. The functional Jj;, is linear in H. The terms 7., and 7, are both nonlinear and convex
in H and come from the exclusion and reaction part of the Markov process. In order to get the above
stated form for the static part, it is important that the initial configuration are distributed according to
the equilibrium distribution v/}

= 11 vw(n(=))

z€Td

Theorem 4.1. (Upper bound for large deviations) The probability measures P satisfy for every set
closed C C D([0,T], M™) the large-deviation upper bound

. s N <
hjrvnjolip i log PY(C) < irelgl(c)

with rate function (36).

Let us explain how to obtain the supremum form (37) for the large deviations functional. The main idea
goes back to Donsker and Varadhan and consists in comparing the probability distribution P with the
probability distribution PIQV of a perturbed version of the original Markov process with time-dependent
generator Ly for some H € CH2([0, T|x T¢; RY). The perturbation is chosen in such a way that one

can can calculate explicitly the Radon—Nikodym derivative w of trajectories {nl{V }OStST-
i (1 a (™)

In the following, we will shortly write PN (nN; for the Radon-Nikodym derivative jiﬁ{,mN) , Which is just
the ratio between the two probabilitiy. In fact, as we shall see below, the quotient of the two probabilities
is approximately a function of the empirical measure 7'V, namely

dPéV(nN) ~ NI (=N H)
aPN (V) = |

As a result we can estimate the probability P (O) for some O C D([0,T]; M2) in terms of the
probability PI]{V (O) of the perturbed process:

inf ™ P ™
PY(0) = v [1imreoy] S ¢ V' infrco T(x R N[PNEW 1 exeoy)

38
_ e—N infreo j(ﬂ',H)pI]_}f(O) < e—N infreco J(w,H) (38)
Thus, by taking the infimum over all possible H, we will obtain the following upper bound
limsup N~%log PY(O) < —sup inf J(w, H). (39)
N—o0 g 70

The remaining steps are standard in large deviation theory. By a minimax lemma, one can exchange
supremum and infimum in (39) for compact sets C. The upper bound for compact sets can then be
extended to arbitrary closed sets C, by showing that the family of measures P is exponentially tight.
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4.1 Change-of-measure formula

The main tool for the construction of tilted versions of the original Markov process with generator L
is the following lemma for arbitrary continuous time Markov chains on a finite state space.We give an
elementary proof of the lemma in Appendix A. Please see also [KiL98, Appendix 1], for a proof using
the Feynman-Kac formula.

Lemma4.2. Let Lf (x) = Y r(z,y)(f(y) — f(x)) be the generator of a continuous time Markov
chain X; on a finite state space E with initial distribution vo(x). For a given F' € C*([0, T|x E,R)

let
(Lepf) (@) = r(w,y)et - F00 (fy) — f(x))

Y
be a time-dependent perturbation of L with the initial distribution 1i(x). Then the Radon-Nikodym

—df{?&)((‘g'))) for trajectories X (-) € D([0, T; ) is given by

dPr(X(+)) _ 1(Xo) exp {F(T, X7) — F(0, Xo) — /T 0sF (s, Xs)ds

dP(X(-)) vo(Xo)
_ Z / X, y)(eFen-FexX) 1)d3}.

We will use Lemma 4.2 for the process 7, (-) with

derivative

F(t,n) = MN*(H( ZZH %)) (40)

=1 xETd

for some H € C%2([0, T x T¢; R’) and a perturbed initial distribution characterized by a function
b € C(T4 R! ' ) as explained below. The tilted generator Ly then reads

(Zuf) ()= D NDetrr= iy, () (1-2) [f (7€) = f(n)]

z,i,le|=1

+ MY D gl () [ f (m7) — f ()] (41)

x,Tr

o B 0 () [ f ()~ f ().

The initial distribution of the perturbed Markov process is given by the product binomial distribution

Vi) on T defined through
)= 11 mz)(n(@)) (42)
xET%
where b(-) € C(T% R%) is some continuous function with 0 < b;(x) < 1 for all 4. Finally, we

denote by P}J{b the probability distribution on the path space D([0, 7], X) generated by the initial

PN
ity s

distribution y{,\g) and the tilted process (41). By Lemma 4.2, the Radon-Nikodym derivative
given by

dPI]{V,b(n) ~ex o b()("7 )
TPy~ P { o8 s

T
_/0 (OH(s, ), w7} ds — MNdZ/ r(nm e~ )ds>}' (43)

+ MNd(<H(T, ), 7Ny — (H(0, ), )
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The last term contains the contributions from the exclusion process and the reaction process. The
exclusion process part was first derived in [KOV89]. By a Taylor expansion up to second order of the
exponential, i.e.

eHi(ES’wﬁe)_Hi(S,%)_l = Hi<3> x+e)_Hi(S7 ﬁ) + (Hz(s x_—i_e)_Hi(Sa %))2 + O(N_g)v

one obtains

. / 7 N2 D) (L B0 (1005531 g

xze

/ dZD”“ ;A )}2d5+/OT<7r;V,DAH(s,-)>ds+oN(1).

xze

(44)

where ox (1) only depends on H and other constants and means limsup_,., on(1) = 0. In the
above formula, we also replaced the discrete gradients and the discrete Laplacian by their continuous
counterparts, i.e.

AyH = AH +on(1) and (Hi(s, 52) — Hi(s, £))" = |0.Hi(s, £)* + on(1)

The contribution of the reaction process is
t X X
/ > gl (@) (PN 1) 4 g () (TN V1) ds (45)
0 x,r

Similarly as in the proof of the hydrodynamic limit, both terms (44) and (45) are nonlinear in 1,(+)
and therefore not a function of the empirical measure 7rt Thus, they need to be replaced by block
averages 1" (). The technical tool that allows to do this is the following superexponential estimate.
By a local function 1»(n(+)), we mean a function that only depends on finitely many coordinates 1(z;),
for instance 1(0) and n(e).

Theorem 4.3. (Superexponential estimate) For each G € C([0,T] x ']I‘d), each local function 1) and
eache > 0, let

Vid(tm) =N Gt 2)[b(mn) — U(n(x))].

xer

Then, for any 6 > 0,

T
/ VN,E(ta nt)dt
0

lim sup lim sup N~¢log PV [ > (51 = —00. (46)

e—0 N—oo

The superexponential estimate is a strengthened version of the replacement lemma (32). It says, that
the probability for a large difference VN decays superexponentially fast in N¢. Such a superexpo-
nentially small error is needed, because we want to apply the replacement lemma for events PN(O)
that are exponentially small.

We will give a detailed proof of the superexponential estimate below. It is exactly the same proof as for
the simple exclusion process [KOV89]. It is based on a Feynman-Kac formula, on the reversibility of
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the generator L with respect to the invariant measure uévv and on the replacement lemma in its non-
superexponential form.By L2 (X, vY), we denote the space of real-valued functions f (1) equipped
with the weighted inner product

(f.9) = D Fmgm)vd(n).

Because of the detailed balance condition, the generator L of the reaction-exclusion process is sym-
metric in L?( Xy, V).

Proof. Throughout the proof remember that the state space X is a discrete, finite set of config-
urations 7(+), so all the operators appearing in the proof are finite-dimensional matrices. For any
N, e,G, 1 as indicated in Theorem 4.3 and any a < oo, consider the operator L + aNdVAC{:f’ on

L2(Xy, ), where Vﬁ”f is to be understood as a multiplication operator (V f)(n) = V(n)f(n).

The operator L + a NV is symmetric in L?(Xy, vY). Denote by Ay (a) its largest eigenvalue.
By the Feynman-Kac formula and the spectral theorem for symmetric matrices, we obtain

E, [eaN‘ifJ Vﬁ’ﬁ’(ns)ds] — (PL1,1) , < ePwel@),

Thus, it follows from the exponential Chebychev inequality that

,€

t
P / VG¥(n,) > 8) < evel@-aN's
0

Therefore, in order to prove the superexponential estimate, it suffices to show

lim sup limsup N~y .(a) = 0.

e—0 N—oo

The largest eigenvalue of any symmetric matrix A can be calculated through

Amax(A) = sup ([, Af),v -

<f7f>uv1‘\’7:1
Remember that the Dirichlet form of a probability measure 1 was defined as Dy (p) = — (f, Lf),x
with () = (f(n))2uévv(n). Thus, by using A = L + aNV{" in the above variational formula

for the largest eigenvalue and by using the probability distribution 14(77) instead of f (1), we obtain the
following variational expression for Ay -(a) :

N~""Aye(a) = sup { > aVi¥(m)u(n) — N~Dy(u)}

Il =1 ea

where the supremum is over all probability measures j. on X . Since a - Vﬁgp(’f}) < (' for some C,
we can restrict the supremum to all 4 such that Dy (1) < CN?. Moreover, remember that

DN(,U) = Dreact(,u) + N2Dexcl(ﬂ) Z NQDech(,U)'

Taken together, this means that

lim sup lim sup N\ . (a)
e—0 N—oo

< max {0, lim sup lim sup sup Z aV]\C,':’sw(n)u(n) — CN’d”Dexd(u)}.
e50  N—oo e
Dexc\(#)SCNd72

Finally, by the replacement lemma, the second term within the maximum must be less or equal zero.
O
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4.2 Proof of the upper bound

Vév(.)("lo(‘))
vy (10(+))
measures are product measures and since v.(n) = (1\;1) c®(1—c)M™" we find

We first consider the static large deviations that arise from the term log in (43). Since both

= Z Z no,i(%) log w + (M—ﬂo,i(%)) log Lz(%) = MNdFé\(f-)(Tr(J)V)

w; 1—w;
=1 zE’]I“Ji\,
where Fév(.) denotes the function
I
bi (- 1—b;(- -
Fév(.)(w) = Z (m;,log US)> + (Ay — m;, log l—u(;-)>’ Ay =N"1 Z oz (47)
i=1 ’ ! z€TY,

Here )\ is a discrete approximation of the Lebesgue measure, that converges to the Lebesgue mea-
sure for N — oo. The corresponding functional for N = oo is

I
bl
Foy(m) = Z (m;,log wL)> + (1 —m;,log

=1

1-bi()

].—U)i
For a fixed b(+), the difference between both functionals is of order oy (1), i.e.
Ft])\([)(ﬂ> = Fb()(ﬂ') + ON(l).

Remember that every limit point 7t of an empirical measure 7 has a density, because only a max-
imum of M particles is allowed per species per lattice site. For measures with a density 7 (dz) =
c(x)dx, the above function Fi,(.y can be written as

Fpy(e(r)) = Z /Td c;(z)log bilz) + (1—ci()) log 11_?(33)'

Ww; Wy

In the beginning of this section, we claimed that the static rate function Zy(c(+)) is the Fermi-Dirac
entropy

ci(x) 1—¢;(z)

Zo(c()) = Z/Td ¢i(x) log(—f + (1—¢;(x)) log - dz.

w i

It appears because of the following variational representation of Z.

Lemma 4.4. 1, has the variational representation

Lo(c(-,)) = sup  Fp(e()) (48)
b(-)eC(T4,RL)

Proof. The concave function
f(b) =clogb+ (1 —c)log(l —b)

attains its unique maximum for b = c. O
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Theorem 4.5. For every compact set K C D([0,T], ML),

. L N < _; ‘
h]I\fnjolip i log P (K) < cuellgl(c) (49)

For the proof of the upper bound, we will need the following minimax lemma, the proof of which can
be found in the Appendix 2 of [KiL98].

Lemma 4.6. (Minimax lemma) Consider a polish space £ and a sequence of probability measures
PN oné&. Let {js & >R, s€e S } be a family of upper semi-continuous functions indexed by
some set S. Assume that we are able to prove upper bounds for every open subset O of & :

limsup N~%log PN (O) < inf sup J,(n).

N—oco s€S reo

Then, for every compact set IC,

limsup N~%log P (K) < sup inf J;().

N—o0 e €5
Proof. (Proof of Theorem 4.5) Remember that Ri"/""(c) = K, [¢/"/"" (n)] and
By (o) (1-222)] = ci(1-) = i
Let By 5., be the set
T
BH,&,E,N = {77 € D([Ov TL XN) : / V]\I;{s(t?nt)dt < 6}
0

with

ViLtm) = 30| 3 (o (mylw)) = BRI (@) (1)

r=1 me’]I‘d

P3| S () - R ) )|

r=1 xe'ﬂ'd

£2D ) (1= 2y — e (o) (1= (2)) | (9 ()

where 77{?]1\[(37) = M~'(2eN + 1)—d Z|x7y|S€N nt.i(y) was the block average of length e N of 7, ;.
Define
U(H,6,¢) = limsup N~ log PN (B 5..n)

N—oo

By the superexponential estimate, it follows that

limsup U(H, d,¢e) = —o0.

e—0

For any measurable O € D((0,T"); M. ) we have

PY(0) < PY(ON Bugsen) + PV (Biis.n)-
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Thus

limsup N ~?log PY(0) < max { limsup N~%log PY (O N Bugsen),U(H, 9, 5)}
N—oo N—oo

and we can restrict ourselves to O N By 5. n. On By s v, We can replace functions by their block

averages by making only an error O(9). Remember from the introduction, that the main strategy of

the proof consists in using the following inequality

N~%og PY(O N Busen) < — inf N~%log —Pﬁ”b(nN).
0 wNeONBugsen PN(nN)

Since there is a one-to-one correspondence between empirical measures 7" and configurations nN
we can use the two interchangeably. Next we insert above the precise expression (43) for the Radon-

N N
Nikodym derivative ];T:’))

are replaced by their block averages and therefore an the error term O(4) appears. Thus

1 Pl ()
log
M N4 PN(n)

T x T
sy | 3 R @) (N1 R o) R ds

. The contributions (44) and (45) from the exclusion and reaction process

+ N~ /ZDmm ) (1—n; 7 ())(86H,~(t,%))2d3+0(5)+0N(1).

Next we proceed as in the proof of the hydrodynamic limit. The block average over macroscopic blocks
of length e N can be written as a convolution of the empirical measure with (. = (25)_d1[7€7€]d, i.e.

n (2) = () (F)-
)

Replacing the sums by integrals with respect to (7" . )(+) produces an error oy (1). Moreover we
have

\7lin(7rN7 H) - »7lin(7TN*L67 H) + 0(8)

where o(e) depends only on H and other constants, but not on 7. Thus, in conclusion

N N N
N log PY(ONBagsen) < — w%qefo (T (71, H) + Fy)(13)) + O(6)+0(e)+on(1).
Note that we replaced the infimum over O N By 5. v by a larger infimum over O. Thus, the infimum
does not depend on N anymore and after letting N — oo, and minimizing over H, b, € and ¢, we
obtain

limsup N~%log PN (0) < inf sup Jupse(m)
N—oo Hb,be rco

with
Tr b () = max{—7T (wx., H) — Fy(y (7o) + O(0) + o(e), U(H, §,¢)}.
For each H € C%%([0,7] x T*,R!) and b € C(T¢,R’) and 6, > 0, the function Jr b is

upper semi-continuous. Thus we can apply the minimax lemma 4.6 and obtain for every compact set
K C D([0,T], M) that

limsup N~%log PN (K) < sup _inf Jrrpse(m).

N—oo mek Hib,de
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Since —J () is upper semicontinuous,

lim —J (7%, H) < —J (7, H).

e—0

From this we deduce, using lim._,o U(H, ¢, ), that for fixed 7w, H, b, ¢
liir(l] Japse(m) < =T (mw, H) — Fy()(m0) + O(0).
After taking the limit & — 0, we conclude

1
lim sup —— log PY(K) < — inf su J(m, H) + Fyy(m).
msup - log (K) < inf sup (7, H) + Fy( ()

By Lemma 4.4, we can perform the supremum over b(-) explicitly and obtain the static rate functional
Ty. This finishes the proof of the theorem. O

The last step consists in extending the upper bound from compact sets to closed sets. This is typically
done by showing that the family of probability measures P is exponentially tight.

Lemma 4.7. (Exponential tightness) The family PY of probability measures on the Skorohod space
D([0,T]; M) is exponentially tight, i.e. for every a < oo there exists a compact set K, C
D([0,T); ML) such that

lim sup N ~%log un (KS) < —av. (50)

N—oo

Exponential tightness of the simple exclusion process is shown in Theorem 4.1 of [KOV89] or [KiL98,
page 271 ff.]. Since the proof of exponential tightness the reaction-diffusion process is exactly the
same, we do not reproduce it here but refer to the above sources. We conclude this section by showing
how to extend the upper bound for compact sets to arbitrary closed sets C using exponential tightness.

Proof. (Large-deviation upper bound for general closed sets C). Let C C D((0,T); M’) be a closed
set and let /C,, be a compact set satisfying (50). Then

PYN(@C) < PY(CnK,) + PYN(KE).

Thus
lim sup N~%log P (C) < max(limsup N~?log PN (C N K,), —a)
N—o00 N—o00
< — —Q).
< max(—_ g, Te)h =)

A Radon-Nikodym formula

Lemma A1, Let Lf (z) =3_, r(,y) (f(y) — f(x)) be the generator of a continuous time Markov
chain X; on a finite state space E with initial distribution v,(x). For a given F € C'([0, T|x E,R)

let
(Louf) (2) = r(a,y)e - F0D (f(y) — f(x))

Y
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be a time-dependent perturbation of L with the initial distribution (). Then the Radon-Nikodym
derivative d{:f;g—)(()((.g'))) for trajectories X () € D([0,T]; E) is given by
dPr,(X()) _ p(Xy)

dP(X(")) vo(Xo)

T
exp {F(T, Xr) — F(0, Xo) —/ O, F (s, X,)ds
0
T
— Z/ r(Xs,y) (eF(S’y)_F(S’XS) — 1) ds}.
0
Yy

Proof. Any trajectory X (+) of a continuous time Markov chain is characterized by a sequence
A
X(4) = (o, t1, 21, ..« by, Tp)
which means that X (¢) jumps from the point z;_; to the point z; at time ¢;. If transition rates r(z, y)

between two states do not depend on time, then the probability for the trajectory X (-) is given by

n

P(X()) = (o) [T iy, aie™ Zortoimaltction)

i=1

Let us explain this expression. For every transition x — y, we have an independent exponential clock
with rate r(x, ). For any exponential random variable 7" with rate \, we have

P(T=t)=Xe P(T>t)=e".

If z;—1 jumps to the point x; at time ¢;, then this means that T,, = t; and T}, > t; for all y # x;. The
probability density of that event is given by

P(T, =t ATy >ty #y) = r(z,_y,y)e” v "@i-18)t,

This explains the above expression for P(X(+)). In the case of an exponential clock with time-
dependent rate A(t), the probability distribution follows the law

P(T>t)=e" Jy As)ds,
Thus, in the case of many time-dependent exponential clocks 7; with rates \;(), we obtain the prob-

ability
P(Ty =t AT, > tVj # ) = \i(t)e™ 2i=1Jo 2i(9)ds

Let us now look at the specific time-dependent generator Lz given by

Lef () =) r(ay)e™ D FED(f(y) - f(2))

Y

with initial distribution £(-). Then the quotient of the probabibility densities dPrp(X0) of 4 trajectory

dP(X(-))
X (-) is given by

dPy(X () _ pl0) T (Ftteo-Ftom
PXC) e L

_ ,
- exp { — / Z r(zi_1,y) (eF(S’y)_F(S”“‘l) — 1) ds}.
ti—1 y
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By using that X (s) = z; for s € [t;, ;1) and introducing the times ty = 0 and ty1 = 7", we can
rewrite Hz]il eF(tivxi)—F(ti,xi—l) as

N
ZF(%J%)—F(U, zi—1) = F(tyi1, on)—F(to, zo) Z F(tig1,x)—F(t;, x;)

i=1

= P(T, X(T))—F /anX ))ds.

In the last step we use Thus we managed to bring the Radon-Nikodym derivative into a form that does
not depend on the jump times ¢;. In summary it equals

dPpu(X()) _ plzo) - T S
dP(X(-))  wolo) p{F(T’XT) F(0, Xo) /OasF(,Xs)d

_Z/ (Xpry) (F 7 FX0) — 1) s}

which proves the lemma. O

B Martingale Decomposition

Lemma B.1. Let X, be a Markov process on finite state space S with generator L and f(t, X;) be a
time-dependent function of the process. Then the functions

MY = 56X = £0.50) — [ 0.+ 1) (s X,
N = (Mm])* - /t (Lf?) (s, X,) — 2f(Xo) (Lf) (s, X,)ds

0

are martingales. We write
(MF), = /0 (L) (s, X,) — 27 (X.) (LF) (5, X.)ds

for the predictable quadratic variation of Mtf .
Proof. Without loss of generality, we assume f(Xy) = 0 in the following. In the following, the partial
derivatives O, f (r, X,.) or Os f (s, X) will always be with respect to the first variable of f(u, X}). Let

P, be the semigroup of the generator L. By definition of a martingale, we have to show [E [Mtf | Fs

M. This is equivalent to

Eumxa—ﬂaxgugzjka+Lvmxnm. 1)

For any parametric function f(u, X;), the conditional expectation with respect to F equals

E[f(qut)"FS] = Pt,sf(’U/, XS):

DOI 10.20347/WIAS.PREPRINT.2521 Berlin 2018



M. Mittnenzweig 30

where the semigroup P, acts only on the second value. More precisely, let p,(x, y) be the Markov
transition kernel of .. Then

Prflua) =3 flu,a)ps(a,y).

Thus, the left hand side of (51) equals
E [f(ta Xt) - f(sa XS)|‘FS] - Pt—sf(tu XS) - f(S, XS)
The right hand side equals
t t
2| [ @+ it x)aim| = [ P+ D)o xar
S St d
= / E [(Pr—sf) (7’, Xs)} dr = (]Dt—sf)(ta Xs) - f(S, Xs)
which shows that Mtf is a martingale. Regarding the martingale property of Nf, we first observe that
t t 2
(M)* =F2(t, X0) = 2 (¢, X)) / (0, + L)f (s, X,)ds + / (0, + L)f (s, X,)ds)
0 0
t t
=) = 20] [0+ D)(s X )ds = ( [ 00+ D5, X))’
0 0
The next crucial step is a martingale integration by parts which gives
t t s t
Mtf/ (05 + L) f(s,X,)ds = / / (0, + L) f(r, X, )dM7 + / M1 (0, + L) f(s, X,)ds.
0 0 Jo 0
The martingale integration by parts can be avoided by working with conditional expectations instead.
Though more elementary, it makes the calculations lengthier. The first term on the right hand side

is a martingale since it is an Ito integral with respect to the martingale Mtf By reinserting the full
expression for M in the second term and using

(/Ot(as + L)f(s,Xs)ds)2 = 2/; /Os(as + L)f(s, X,) - (0, + L) f(r, X, ) drds
we obtain
(Mtf)2 = 3t X;) — 2/; f(s,Xs)(0s + L) f(s, Xs)ds + martingale
where martingale stands for some remaining martingale terms. Finally, by using
£, X) = M + /t(as + L) f*(s, X,)ds
0
we see that the time derivatives cancel and obtain

(Mtf)2 = /Ot Lf?*(s, X,) — 2f(s, X)L f(s, X,)ds + martingale.
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C Exclusion process with a multinomial equilibrium distribution

A variant of the exclusion process used in this paper puts a bound on the sum of all particles 7;(x)
per lattice site, i.e.

In this model, there is only one hole species X defined by 79(z) = M — S0, n;(x). The rate

r(n,ny""¢) for particle jumps is modified to

r(n,m;") = N2Dyi(x) (M —no(x + €)).
A reaction must be complemented by the hole species

in such a way that the number of all particles including the holes is conserved by every reaction. This
means that the stoichiometric vectors have to satisfy Zf:o ap = Zfzo BI. The generator of the
corresponding reaction-exclusion process is

Lf(n)= Y N?Dipi(z)(1— 255 [f(ni™) - f(n)]

z,le|=1

+ >l Carta, (n(@) [f (027) ()] (53)

+ 10 Coty, (0(2)) [ f (0,77)—f ()]

There exist similar statements to Propositions 2.4 and 2.2, but with the binomial distribution replaced
by the multinomial distribution. More precisely, for ¢ < 1 with Zz'[:o ¢; = 1 we define the multinomial

distribution ,
M e M M
wen) = 3 (H)Hci (n);—m!.....m!

n:|n|; =M 1=0

and the product multinomial distribution w’ (n(+)) = erﬂr;iv we(M(x)) on configurations n(-) € Xy.
Then the analogue of Proposition (2.4) for the reaction-exclusion process (53) holds true with respect
to the multinomial distribution.

Proposition C.1. If the chemical reaction network (52) satisfies detailed balance with respect tow &
Rt je.
bw o

fweaor
R, €7 =K, C".

Then the product multinomial distribution wév is a reversible equilibrium of the reaction-exclusion pro-
cess (53).

The hydrodynamic limit of (53) should be of the form
R
¢ = div(D(c)Ve) + Y (B, — a)(k["c* — Kl¥c) (54)
r=1

with a nonlinear diffusion tensor ID(c) involving crossdiffusion terms. Similar to [Qua92], see also
[KiL98, Chapter 7], it might be possible to prove the hydrodynamic limit (54) and to obtain a variational
formula for D(c).
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