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Abstract

This paper deals with the study of a three-dimensional model of thermomechanical coupling for
viscous solids exhibiting hysteresis effects. This model is written in accordance with the formalism
of generalized standard materials. It is composed by the momentum equilibrium equation combined
with the flow rule, which describes some stress-strain dependance, and the heat-transfer equation.
An existence result for this thermodynamically consistent problem is obtained by using a fixed-point
argument and some qualitative properties of the solutions are established.

1 Description of the problem

Motivated by the study of visco-elasto-plastic materials and Shape-Memory Alloys (SMA), we consider in
this paper a thermomechanical coupling for a class of Generalized Standard Materials (GSM) exhibiting
hysteresis effects. More precisely, in the framework of GSM due to Halphen and Nguyen (see [HaN75])
the mechanical behavior of the material is described by the momentum equilibrium equation combined
with a constitutive law (flow rule) and the unknowns are the displacement « and an internal variable z
which allows to take into account some dissipation at the microscopic level. Indeed, plasticity and phase
transitions are inelastic processes which involve some loss of energy, transformed into heat. Thus it is
necessary to take into account the thermal process in the description of the problem.

The model considered here is based on the Helmholtz free energy W (e, z, 6), depending on the in-
finitesimal strain tensor € = &(u) = %(Vu—I—VuT) for the displacement u, the internal variable z and
the temperature 6. Here ()T denotes the transpose of a tensor. We assume that W can be decomposed
as follows

Wie, z,0) Z WMN (e 2) — W0(0) + WO (g, 2), (1.1)
which ensures that entropy separates the thermal and mechanical variables (see (1.3)). Let us emphasize
that the last term in the right hand side of (1.1) allows for coupling effects between the temperature and
both the displacement and the internal variable. We make the assumption of small deformations. The
momentum equilibrium equation and the flow rule are given by

—div(c®+Aé) = f, (1.2a)
OV(2)+Bi+o™ 30, (1.2b)
where f is a given loading, o® = 0:W (e, 2,0), o™ = 0, W (g, z,0), A and B are two viscosity
tensors and WV is the dissipation potential. As it is common in modeling hysteresis effects in mechanics,

we assume that W is convex, positively homogeneous of degree 1 and 0 € 9W(0) which ensures that
o 2 <0.

Then the specific entropy is defined by the Gibb's relation
s = W (e, z,0) = dgW?(0) — WO(g, 2), (1.3)

and the entropy equation
0s — div(kVO) = Ae:e + B2.2 + U(2), (1.4)



gives some balance between the heat flux j = —kV6, where k is the heat conductivity, and the
dissipation rate & £ Aéé+Bii+ U(2) > 0. If the system is thermally isolated and 6 > 0, we have

/de:/wdx—F/gdw:/de—k/%dsz,
Q Q Q Q Q

which guarantees that the second law of thermodynamics is satisfied. Furthermore, let
WiN(e, z,0) £ W(e,z0) +0s

be the internal energy. By using the chain rule and (1.2)—(1.4), we obtain

/Wi”(e,z,H)dm:/f~udw+/ xVé-ndz,
Q Q o0

which gives the total energy balance in terms of the internal energy, the power of external load and heat.
Hence the model considered here is thermodynamically consistent.

We assume in the sequel that

W (e 2) £ LE(e—e™):(e—e™) + 2|Vz|> + Hi(2), €™ = Qz, (1.5a)
W0 = ¢(Aln(0)—0), (1.5b)
WP (e, 2) = Blie + Ho(2), (1.5¢c)

where c is the heat capacity, G > 0 is the isotropic thermal expansion coefficient, I is the identity matrix,
«a > 0 is a coefficient that measures some non local interaction effects for the internal variable z, E is
the elasticity tensor, H;, 7 = 1, 2, are two hardening functionals and Q is an affine mapping from a finite

dimensional real vector space Z to Rg’yﬁ?’. More precisely, Q is decomposed as follows

VzeZ: Q2 Qz+Q,

with Q € L(Z,R3%3) and Q € R3*3. we observe that by inserting on the one hand (1.5a) and (1.5¢)

sym sym

into (1.2) and by carrying on the other hand (1.5b), (1.5c) and (1.3) into (1.4), we obtain
— div(E(e(u)—Qz)+8014+Ae(w)) = f, (1.6a)
OU(2) + Bz — Q E(e(u)—Qz) + 0. Hy(2) + 00 Ha(z) — alz 5 0, (1.6b)
c— div(kV0) = Ae(u):e(t) + 0(BL:e()+0, Ho(2).2) + Bi.2 + U(2), (1.6¢)
together with boundary conditions
u=0, aVzn=0, kVfn=0 on 00 x[0,7), 1.7
and initial conditions
u(-,0) =u®, 2(-,0)=2° 6(,00=6" in Q. (1.8)

Here QO C R3 is a reference configuration and n denotes the outward normal to the boundary 0€) of
Q). As usual, () 8; and O denote the time derivative %, the ¢-th derivative with respect to z and the
subdifferential in the sense of convex analysis (see [Bre73]), respectively. Moreover €1:€9 and 27.22
denote the inner product of £1 and &5 in the space of symmetric 3x 3 tensors ngff and z1 and 29 in
the finite dimensional real vector space Z.



The increasing interest in smart materials for industrial applications has deeply stimulated the study of
such models in engineering as well as in mathematical literature during the last decade. If the coupling
with heat equation (1.6c) is ignored (for instance, if the characteristic dimension of the material is small in
at least one direction, the temperature can be considered as a data), the problem (1.6a)—(1.6b) together
with (1.7)—(1.8) is nowadays quite well understood; existence results can be obtained either by using
classical methods for maximal monotone operators (see [AIC04]) or more specific techniques for rate-
independent processes when the viscosity tensors vanish (see [MiT04, Mie05, FrM06, MiR07, Mie07,
MiP07, MRS08]). On the contrary, if the temperature is considered as an unknown, the coupling with the
thermal process, which is not rate-independent, does not allow to use the previous techniques and the
problem becomes much more difficult. Indeed, the natural functional framework for the right-hand side
of (1.6¢) seems at a first glance to be L' (0, 7; L'(£2)) since we usually expect the displacements to
be in W1’2(0, T Wl’z(Q)). This difficulty has been overcome in a serie of recent papers by using the
so-called enthalpy transformation. More precisely, assuming that the heat conductivity is a continuous
function of 6 such that

Fy>1,3c>0,¥0>0: ¢(f) > c(14+0) 71, (1.9)

a new unknown, the enthalpy, is defined by

0
9E [ c(s)ds,
0

and the heat equation is replaced by the enthalpy equation:

0 — div (i VI) = Ae(i):e(i) + ((9)(BL:e() +0. Ha(2).2) + B2 + W(2),

with [0=((9)| < (;Y_c max (1, 0)) % Roughly speaking, this change of unknown weakens the coupling
effects (the greater is -, the weaker is the coupling effects) and allows to build a solution either by using
a time-discretization ([BaR08, Roul0, BaR11]) or by using a fixed-point argument ([PaP1la, PaP11b,
PaP11c]). Unfortunately, assumption (1.9) on the heat conductivity is not always satisfied and we will
consider in this paper the more standard case where c is a function of z. In such a case, the enthalpy is
simply ¢ = ¢(x)0 and does not provide any help in the mathematical analysis of the system (1.6)—(1.8).
In other words, we have to manage directly with the original coupling (1.6a), (1.6b) and (1.6c). For this
problem, we will prove an existence result by using a fixed-point argument. Since the right-hand side of
(1.6¢) behaves as a quadratic term with respect to £, we can not expect a global existence result without

some smallness assumptions on the coupling parameters 3 and 0, Ho.

The paper is organized as follows. In Section 2, we introduce the assumptions on the data, and we
present the main result (local existence result). Then Section 3 is devoted to its proof. In Section 4,
we establish some further properties of the solution, namely we prove that the temperature remains
positive and thus is physically admissible and that u, z and 6 satisfy some global energy estimate.
Furthermore we investigate sufficient conditions to get a global solution. Finally, in Section 5, we present
some examples which fit our modelization.

2 Statement of the result

We consider a reference configuration 2 C R3, which is a bounded domain such that 9 € C2tr
with p > 0. Let us begin this section by introducing some assumptions on the data as well as obvious
consequences following from these assumptions used later on in this work.



(A-1) The dissipation potential W is positively homogeneous of degree 1, satisfies the triangle inequality
and remains bounded on the unit ball of Z, i.e., we have

Vy >0,Vze Z: U(yz) =~¥(z2), (2.1a)
Vz1,20 € 20 W(z1422) < W(z1) + U(22), (2.1b)
IOV >0,V2z€ Z: 0<U(2) <Yzl (2.1c)

It is clear that (2.1) implies that W is convex and continuous. With (2.1c), we can also check
immediately that 0 € 9¥(0).

(A-2) The hardening functionals H;, i = 1,2, belong to C?(Z;R) and satisfy the following inequalities
3t & >0, V2 e 2 Hi(z) > cH1]2\2 —eth (2.2a)
cHi > 0, vz e 2 |92Hy(2)| < CHi. (2.2b)

Note that (2.2b) leads to

SCH >0, V2 € 21 |0.Hi(2)| < CH(1+|2]), [Hi(2) < CH14%). 3)

(A-3) The elasticity tensor E :  — E(R?’X?" ]R?’X?’) is a symmetric positive definite operator such

sym 7 S sym
that
IE > 0, Ve € L2(Q;R§y>r<n3) : CEHEHEQ(Q) < /QEEZEdl’, (2.4a)
Vi,jk=1,2,3: B(), 52 e Lo(Q). (2.4b)

(A—4) The viscosity tensors A and B are symmetric positive definite such that

A, CA >0, Ve € ngf,? : Pel? < Aeie < CAel?, (2.5a)
IB,.CB>0,Vze Z2: Bz <Bz.z < CB2% (2.5b)

(A-5) The inelastic strain is given by €™ £ Qz = Qz + Q with

Qe L(Z,R¥3) and Qe RS (2.6)

sym sym

(A-6) The external loading f satisfies

feHY0,T;L2(Q)) with T > 0. 2.7)

(A=7) The heat capacity ¢ : 2 — R and the conductivity xk¢ : Q — Rg’;ﬁ satisfy the following
inequalities

AC e >0: “<c(z) <C° ae. z€Q, (2.8a)

3¢ >0, Yo e R : k(z)v.w > v]? ae z€Q, (2.8b)

AC" > 0: |k(z)] < C" ae. x €. (2.8¢)



Finally, we assume that « > 0 and either & > 0 and ¢ > 0oraw = 0and 9,Hy = 0. Note that
the boundary condition aVz-n = 0 on 92 x [0, 7) will disappear if & = 0. We use later the following

notations; WE () £ {¢€ € W™ (Q) : € =0 on 9Q} and WL (Q) = {€ € W™ (Q) :
Vén =0 on 00} withm > 1 and r > 2 are two integers.

As usual Korn's inequality will play a role in the mathematical analysis developed in the next sections.
We have assumed that 9% is of class C217, so we have

S0 > 0, Yu € WEQ) ¢ [lew) a0y > Clulldiay 29

for further details on Korn'’s inequality, the reader is referred to [KoO88, DuL76].

As a starting point in the study of the problem (1.6)—(1.8), let us consider the heat equation
cd — div(kV0) = fg, (2.10)
with initial and boundary conditions
6(,00=6° in Q, kKVOn=0 on 9N x[0,7). (2.11)
If fg € L2(0,7;L2(Q)) and 0° € W,li’,zNeu(Q) E {6 e WH2(Q) : kVEN =0 on N}, this
problem admits a unique solution 6 € L>°(0, 7; W,l\lgu(Q)) (see [Eval0]).

Now we recall existence and uniqueness results for the system composed by the momentum equilibrium
equation and the flow rule (1.6a)—(1.6b) when the temperature is a given data. More precisely, let 6 be
given in L4(0, 7; LP(£2)). We consider the following problem: Find u : [0, 7] — R3and z : [0,7] — Z
such that

— div(E(e(u)—Qz)+301+Ac(i)) = f, (2.12a)
OU(2) + B2 — Q E(e(u)—Qz) + 8. Hy(2) + 60, Ha(2) — aAz 3 0, (2.12b)
with boundary conditions
u=0, aVzn=0 on 092 x[0,7), (2.13)
and initial conditions
u(-,0) =u’, z(-,00=2" in Q. (2.14)

Proposition 2.1 Let 7 € (0,7] and 6 be given in L4(0, 7; LP(Q)) with p € [4,6]. Assume that
(2.1), (2.2), (2.4), (25), (2.6), 2.7), u® € WEL(Q) and 20 € WL (Q) ifa > 0or 20 € LP(Q) if
a = 0 hold. Then the problem (2.12)—(2.14) admits a unique solution v € W14(0, 7; Wlljﬁ(Q)) and
z € L92(0,7; WRE () N CO([0, 7]; Wy, () N Wh9/2(0, 75 LP () N Whe(0, 73 LP/2(€2)) if
o> 0andz € Wh4(0, 73 LP(2)) if o = Ofor any ¢ > 8. Furthermore 8 — (u, z) maps any bounded
subset of LI(0, 7; LP(Q)) into a bounded subset of W4(0, 7; Wé’f:(Q))x(Lq/z(O, T3 Wﬁgu(Q)) N
CO([o, 7]; W,l\lgu(Q)) N WL4/2(0, 7; LP () N WH4(0, 7; LP/2(£2))) when a > 0 or into a bounded
subset of W14(0, 7; Wéfr’(Q)) x WH4(0, 7; LP(2)) when a = 0.

The key tool to prove existence, uniqueness and boundedness results for (2.12)—(2.14) consists in inter-
preting this system of partial differential equations as an ordinary differential equation in an appropriate
Banach space. For the detailed proof, the reader is referred to [PaP11a, Thm. 4.1, Prop. 4.2, Lem. 4.4—
4.5] and [PaP1lc, Thm. 3.1, Prop. 3.2, Lem. 3.4-3.5] when o > 0 and to [PaP11b, Thm. 4.1] when
a=0.



So we may prove the existence of a solution for the coupled problem (1.6)—(1.8) by combining via a

fixed-point argument the results of Proposition 2.1 with the existence results for the heat equation with
19 given by

F7 % Ae(u)e(i) + 0(ALe(i)+0. Hy(2).5) + B2z + U(2).

We will obtain

Theorem 2.2 Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), 0° € WL (), u® € Wit ()
and 20 € Wﬁ:u(ﬂ) if o > 0and z° € L4() if a = 0 hold. Then there exists 7 € (0, T'] such that the
problem (1.6)—(1.8) admits a solution on [0, 7] such that € L>°(0, 7; Wi’?Neu(Q)) NCo(0, 73 LA(Q)),
6 € 12(0,7;L2(Q)), u € WH1(0, 75 Wi (), 2 € LY/2(0, 75 Wiigy(2)) NCO([0, 7); Wyia, () N
Wa/2(0, 7; L4(2)) NWH4(0, 7; L2(2)) when o > 0, z € WH4(0, 7; L4(Q)) when a = 0, for any

q > 8.

Next, reminding that the problem is thermodynamically consistentif & > 0, we establish at Proposition 4.1
that the solution obtained in the previous theorem is physically admissible, i.e. remains positive whenever
69 > § almost everywhere in €, with 6 > 0. Finally, a global energy estimate is obtained in Proposition
4.2 and sufficient conditions on 3 and 0, Hs are proposed to get a global solution (u, z, #) defined on
[0, 7).

3 Proof of Theorem 2.2

This section is dedicated to the proof of Theorem 2.2 by using a fixed-point argument. More precisely, for
any given 8 € CO([0, 7]; L4(Q)) with € (0,T), let % £ Ae():e(it) + 0(BL:e () +0. Hy(2).2) +
Bz.Z 4+ W(2) where (u, z) is the unique solution of (2.12)—(2.14). Using Proposition 2.1, we obtain
fg € L2(0,7;L2(£2)) and thus the heat-transfer equation (2.10)—(2.11) possesses a unique solution
6 € L>=(0, ; W&;(Q)) such that § € L2(0, 7; L2(2)). This allows us to define a mapping

o2 . CO([0,7);L4(Q)) — CO((0, 7] LA(Q))
§|—> 0.

Our aim consists in proving that this mapping satisfies the assumptions of Schauder’s fixed point theorem
for some positive 7 € (0, 7.

Let us define the set Q, = ) x (0,7) with 7 € (0,T7]. In the sequel, the notations for the constants

introduced in the proofs are valid only in the proof.

Proposition 3.1 Let 7 belongs to (0, 7). Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), #° €
W), w0 € Whi(Q) and 20 € Wiy,(Q) if o > 0and 2% € LYQ) if a = 0 hold.
Then ®2° maps any bounded subset of CO([0, 7]; L*(Q2)) into a bounded relatively compact subset

of CO([0, 7); L4(2)).

Proof. We recall first existence, uniqueness and regularity results for the heat-transfer equation. More
precisely, let consider the system (2.10)—(2.11). We assume that (2.8) holds and that the initial temper-

ature 60 € Wi’zNeu(Q) and f% € L2(0,7;L2(f2)). By using Galerkin’s method (see for instance



[Eval0]), we may prove that this problem admits a unique solution ¢ € LOO(O,T;Whgu(Q)) with
6 € L2(0,7;L2(Q)).

Moreover we have the following a priori estimates
. 0
16C, )12 () + 2 IVOIIE20,r120y) < 2 (CNO° T2y HI 0 20, r120y) €xP(F)  (BD)

and _
01F20,r1209) + IVOC DE2() < CXIVEIEa0y + 1/ 1F 20 120y (B2)

for almost every t € [0, 7]. Therefore we add (3.1) and (3.2), we have
CCHé”i%o,ﬂw(Q)) + min(LCH)”H(Ht)H%vL?(Q) + %HVHH?ﬁ(o,T;m(Q)) 33
< max (G exp(F), C) 63120 + o (exp(F)+) 112 0,120

for aimost every ¢ € [0, 7]. We introduce now the following functional space
V((11,72)xQ) Z {0 € L= (11, 79; WH(Q)) 0 c L (1, m; L2 ()}, 0< 1 < < T,
endowed with the norm

V0 € V((71,72)X) ¢ 101lv((rr,ma)x9) = 10150 (ry w2y + 10112 (m moir2(02))-

Then it follows from (3.3) that there exists a generic constant Cy > 0, independent of 7, such that the
solution of problem (2.10)—(2.11) satisfies

16]lv (0,7 %) < Coexp(Z) (18° w2+ 20, 12(0)) - (3.4)

With Proposition 2.1, it is plain to see that for any 5belonging to a bounded subset of CO([O, 7l; L4(Q)),
O = Ae(u):e(w) + 0(BL:e(u)+0,Hy(2).2) + B2.2 + U(%) belongs to a bounded subset of
Lq/4(0, 7;L2(2)) for any ¢ > 8. Furthermore Hélder's inequality gives

_ s -
102 0,m20)) < 7 2 10 MlLaraorr2(e)):

We insert (3.4) into (3.3), we find
-8 =
191lv(0,7)x0) < Cy eXp(%) (|’90”w1»2(9)+7 2a Hfg”LfI/‘l(O,T;LQ(Q)))'

Thus it is clear that ®%¥ maps any bounded subset of CO([0, 7]; L*(€2)) into a bounded subset of
V((0,7)x€). However V((0,7)x€) is compactly embedded into C°([0, 7]; L*(2)) (see [Sim87]),
which allows us to conclude. n

Proposition 3.2 Let 7 belongs to € (0,77]. Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8),
00 ¢ Wi (Q), w0 € W,lj’i?(Q) and 2¥ € Wﬁéu(ﬂ) if & > 0and 2° € L*(Q) if « = 0 hold. Then

~, Neu

the mapping ®2'% is continuous from C([0, 7]; L4(2)) into C°([0, 7]; L4(2)).



Proof. Let us consider a converging sequence (6, )nen € (CO(]0,7]); L*(2)))N and let 6, be its limit.
def

We denote by (uy, z,) the solution of (2.12)—(2.14) with 0 =0, and 0, = @?-’0(5”) forall n > 0.

Similarly, let (w., z.) be the solution of (2.12)—(2.14) with =6, andh, = (132’6(5*). Since (5n)neN is
a bounded family of C°([0, 7]; L*(£2)), we infer that (6, )< is bounded in V((0, 7)x£2). It follows that
(0 )nen is relatively compact in CO([0, 7]; L*(Q2)) (see [Sim87]). Hence, there exists a subsequence,
still denoted by (6, ),en, such that

0, — 6 in C°([0,7];L*()),
0, — 0 in L2(0,7; WH3(Q)) weak,
0, — 6 in L2(0,7;L%(Q)) weak,

and for all n > 0, we have 6,,(-,0) = 6° and

/ c(w)én(x,t)g(w)w(t)dwdt+/ K(x)VOp, (2, t)VE(x)w(t) de dt
T g (3.5)
_ / (2, )€ (2)w(t) dedt

T

for all ¢ € WH2(Q) and w € D(0, 7). We observe that since (6,,),en converges strongly to @ in
CO([O, 7l; L4(Q)), we have immediately 6(-,0) = 6°. In order to pass to the limit in (3.5), it remains to
study the convergence of (f%),,cn. We begin with the study of the convergence of (t,, 2, )neN.

It is convenient to introduce the following functional space X(Q2) = W&lezu(Q) if @ > 0and X*(2) =
L2(Q)ifa = 0.

Lemma3.3 Let 7 € (0,T)]. Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), u’ € Wllj’iﬂ;(Q) and
PANS Wﬁlé‘u(Q) if o > 0 and 20 € L4(Q) if o = 0 hold. Then the mapping § — (u, z), where (u, z) is
the unique solution of (2.12)—(2.14), is continuous from C%([0, 7]; L*(£2)) into W2(0, 7; WEI%(Q) X
L2(€2)) N L0, 7; WE2 () x X*()).

Proof. We consider 6; € C°([0,7]); L*(€2)) and for i = 1,2, we denote by (u, z;) the solution of the
following system:

— div(B(e(u;)—Qzi)+50;1+Ae (i) = . (3.68)
OU(3) + Bs — Q E(e(ui)—Qz) + 8, Hy (2) + 0;0: Ha(2;) — alAz; 3 0, (3.6b)
with boundary conditions
u; =0, aVzn=0 on 002 x][0,7), (3.7
and initial conditions
ui(-,0) =u’, z(,0)=2" in Q. (3.8)

On the one hand, with the definition of the subdifferential 0¥ (2;) (see [Bre73]), we have
/ —E(e(u,)—Qzl)(QZg,_Z—Qz,)dx + / BZZ(Zg_Z—ZZ)dI'
Q Q
— Oé/ Azi.(ég_i—éi)dl’ + / azHl(Zi).(Zg_i—Zi)dx (3.9
Q Q

+/@@Hg(zi).(,ég_i—zi)dw—i—/ \If(ég_i)d$—/ \If(zl)dmzo
Q Q Q

8



for almost every t € [0, 7]. On the other hand, we multiply (3.6a) by t3—;—1;, we integrate this expres-
sion over {2 and we add it to to (3.9). We obtain

/ E(e(u:)—Qzi):((e(tiz—i)—Qis—i) —(e(i) —Qz)) du

—1—6/91 (tg—)—e(1y) dac—i—/Ae 0;):(e(tg—;)—e(0;)) dx
+/QBZ"Z‘.(Zg_Z'—ZZ')dI'—Oé/QAZi.(Zg_Z‘—ZZ')dI'—i—/QaZHl(ZZ’).(Zg_Z‘—ZZ’)dx (3.10)
+/QeiazH2(Zi)-(Z.3—i—Z.i)dl'—/Qf‘(aii—i_ui)dx

for aimost every t € [0, 7|. Therefore, we take i = 1, 2 in (3.10), and thus we add these two inequalities,
we obtain

E(e(2)—Qz):(e(ii)— Q%) dw—i—/Ae dx—i—/Bzzdx
—a/ Az.z"dac—k/(8ZH1(z1)—82H1(22)).z"dx
Q Q
<3 /Q Ale(il)do — /Q (010 Hy(21)—ads Ho(29)) 5

with @ = uU1—ug, 2 = 21—%92 and 6= 51—52. Let C1 > ( and define
Sa(t) & %/ E(e(2)—Qz):(e(a)—Qz)dx — %/ Azzdr + S / 1z da (3.11)
Q Q Q

forall t € [0, 7]. By using assumptions (2.4) and (2.6) combined with Korn's inequality, we find that there
exists ¢® > 0 such that

Vt € [0,7] 1 dalt) > 05(”@('7t)H%sz(Q)"‘Hg(‘at)|’i2(g))+%HV5(‘at)”iz(g)- (3.12)

Furthermore Proposition 2.1 implies that the mapping d,,(+) is continuous on [0, 7] and its derivative in
the sense of distributions belongs to L' (0, 7). Then §,(-) is absolutely continuous on [0, 7] and with
(2.2b), (2.5) and (3.11), we get

Balt) + cMle(@)|2q) + BlIE 22y < (CH+CMY) / 12113 da

B (3.13)

—ﬁ/HIZE(ﬂ)dI'—/(QlazHg(2’1)—928ZH2(2’2)).7;dx
Q Q

for almost every ¢ € [0, 7].
Let us distinguish now the cases « = 0 and o > 0.

If & = 0, then 0, Hy = 0 and (3.13) reduces to

do(®) + Al Fagay + Ny < (€™ [[ellilde 5 [ de(iya



for almost every t € [0, 7]. The two terms of the right hand side can be estimated by using Cauchy-
Schwarz’s inequality, it comes that

b CB = sz CH 2 =
Bo(t) + S le ()22 gy + D22 < La 101220 + S 2] e

Ct+CH
< 21022 0 + S5, ).

Therefore we integrate over (0, t) and we use Gronwall's lemma, we find
B . 2
do(t) + 5 HE( )||L2(0,t,L2(Q)) + %Hznm(o,t;L?(Q))
982 4117112 (Cz+CH1)?
< 20_At|’6HCO([O,—r};L2(Q)) exp (s 7)
forall t € [0, 7].

If o« # 0, the following decomposition is used to estimate the last term in (3.13), namely
(610, Ho(21)—020, Ha(22)).7 = (00, Ho(21)+02(0. Ha(21)—0. Ho(22))).5.

Then it follows that

n (CycHy2, o
CB

Sa(t) ”5( )HLZ(Q +32 HZ”L2 QCA”9”L2(Q HZHLZ(Q)

_ . _ (3.14)
+/Q(|9||8ZH2(z1)||Z|—|—|92||82H2(z1)—8ZH2(z2)||Z|)da:.

Observe that (2.2b), (2.3) and Young’s inequality give

/(Iéllasz(Z1)llfl+|52|Iasz(zl)—8ZH2(Z2)llfl)dﬂc
Q

< C,f?/(1+!21\)!9Hé\dw+052/!52\!2!\2"!01% < 0271 1611F2 )

+72)+C%2
+ G2 (101 de + G2 [ BaPlef do+ SR gz,

with v; > 0,4 = 1,2,3. We notice that z; € Lq/z(O,T;Wﬁ,ﬁu(Q)) and Wﬁéu(Q) — L(Q) with
continuous embedding, thus we have

/Q(!9“3ZH2(21)H5!+\92\lazﬂz(zl)—azﬂz(zz)\lé\)dx< o =612

(3.15)
052 7] > sz + +sz2 3=
G B 1122 ) + G Bl g |2 B g+ C 021 C 22,
We insert (3.15) in (3.14) and we choose 71 = v = 401?{2 and y3 = 25—]22. Using the continuous
embedding W12(2) < L*() and (3.12), we obtain
. L2 C _
a0+ S 1@ )+ 12 30 < (2 + 2L+ 2O 2y e ) 1) 216

CB((CﬂUrCHl) +C1(CH2)?)6a1F 1) 9 ()

for almost every ¢ € [0, 7‘], where (1 is the generic constant involved in the continuous embedding of
W2(Q) into L*(Q) and ¢, = min(c?, ). Let us define

6(92) = cgch

((CHr+C™)24Cy (CH2)216a][ 20 (0.1 () -
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By using Gronwall’'s lemma, we get

A = Bz
da(t) + THE(U)H?J? 0.412(2) T T”Zu?ﬁ(o,t;w(n))
2 Hpyo Hoy2 _ ~ ~
< (3%7'4—2(%3 ) T+2(C;ZB ) ||Zl‘|1%2(o,T;Loo(Q)))||9H2CO([O,T};L2(Q))(1‘1‘70(92)eXP(C(92)7))

forall ¢t € [0, 7]. O
As a corollary, it is possible to prove that

Lemma3.4 Let 7 € (0,T]. Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), u’ € Wllj’iﬂ;(Q) and
P Wﬁ:u(Q) if « > 0and 2’ € L*(Q) if @ = 0 hold. Then the mapping 0 19 with f0 =

Ae(u):e(t)+0(0L:e(u)+0,Ha(2).2) +Bz.24+ ¥ (2), where (u, z) is the unique solution of (2.12)—
(2.14), is continuous from C([0, 7]; L*(Q)) into L™ (0, 7; L*/3(£2)), with 1= % + 1.

Proof. We consider once again 6; € C°([0,7];L4(€2)) and for i = 1,2, we denote by (u;, z;) the

solution of the system (3.6)—(3.8). With the definition of f9 we have

FO 02— Ae (i tin):e (i1 —is) + (81—02)(BLie(in)+0, Ha(21).51)
+ 52(61:6(&1—@2)+82H2(21).7;1—aZHQ(22).22)+B(21+22).(21—732)4-\1’(7;1)—\1’(22).
Thus it comes that
|FO =122 < [|A|l|e(ia+i2)||e(@)] + 0] (38e(tin ) |[+CL (14|21 ])|41])
+ 102/ (36 (w)|+10. Ho(21).21—0. Ha(22) . 22) + ||B||[21+22| 2] + |¥(21)—W(22)].
But (2.1c) and (2.1b) lead to
[W(1) =W (2)| < C¥|z1—2| = CV[Z|
and (2.3) and (2.2b) give
|62H2(Z1).21—8ZH2(22).22| S |8ZH2(21)||2| + |8ZH2(Z1)—62H2(Z2)||22|
< CH2(1+|z1))|2] 4+ C22|2] 2]

Then, reminding that 9, H, = 0 whenever o= 0, the boundedness properties of (u, z) stated at
Proposition 2.1 and the continuity property of 8 — (u, z) proved in Lemma 3.3 allow us to conclude by
using Young's inequality. O

Now we may conclude the proof of Proposition 3.2. Indeed, since (6,,)nen converges strongly to 5* in
C0([0, 7]; L*(Q2)), we infer from Lemma 3.4 that

lim | (e, )e(@w)dedt = [ O (@, 0)€(@)w(t) dzdt
ot Jo, Q,

forall ¢ € WH2(Q) and w € D(0, 7). Therefore we may pass to the limit in all the terms of (3.5) to get
/ o), O)E (2 w(t) dz dt + / (@) V0 (@, 1) VE (2 w(t) dz dt

T (3.17)

= / fg* (x,t)¢(z)w(t)dadt

T
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for all ¢ € WH2(Q) and w € D(0, 7). It follows that 6 is solution of problem (2.10)—(2.11) with the

data f%+. Besides by uniqueness of the solution, it comes that # = 6, and the whole sequence (6, )nen
converges to 0, in C°([0, 7]; L4(2)). O

Corollary 3.5 Let 7 € (0, 7). Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), 6° € WH Neu(Q)
u’ € WDw(Q) and 20 € WNeu(Q) if « > 0and 2Y € L*(Q) if @ = 0 hold. Then there exists
€ (0, T) such that ®2¢ admits a fixed point in C°([0, 7]; L4(£2)).

Proof. We have already proved in the previous propositions that CIDO;’G is a continuous mapping from
CO([0, 7]; LA(Q)) into C°([0, 7); L(£2)) and maps any bounded subset C C C°([0, 7]; L4(£2)) into
a bounded relatively compact subset. Hence we will be able to conclude by using Schauder’s fixed point
theorem (see [Eval0]) if we can find a closed convex bounded subset C of C%([0, 7]; L4(£2)) such that

%) cc.
Let C1 > 0 be the generic constant involved in the continuous embedding of W12(Q) into L4(£2)
and let RY > C1Cyexp(L£)[|60°] w12 2(q), Where Cy is the constant defined in Proposition 3.1. For any

7€ (0,T]andf e C ¥ BCO([O’T];LAL(Q))(O, R?), we denote 0 = @fﬂ(é) and we have (see (3.4))

16]1v (0, x) < Caexp(Z) (10° w2+ lz0.12())
and 6 € C°([0, 7]; L*(92)). Thus we have

101l cojo,m:n4@)) = 101lLee (0,51402))

s - (3.18)
< C1Cyexp(Z) (16°wr2@)+7 2 [1flLaraor12()))

78 ~
for any ¢ > 8. Since lim,_.q T = 0, we only need to prove that |]f9HLq/4(O #L2(Q)) remains

bounded independently of 7. Let us emphasize that Proposition 2.1 implies that f9 remains in a bounded
subset of Lq/4(0 7; L2(£2)) but this does not allow us to conclude since we don’t know if the diameter of
this bounded subset depends on 7 or not. In order to cope with this difficulty, we consider the extension
of 0 to [0, T by zero on (7, T]. We denote by fex this extension. Of course, for any 6 € C, we have
feq € L1(0,T; L4(Q2)) for any ¢ > 8 and

~ ~ 1~ 1
He@(tHLq(O,T;L‘l(Q)) = ||0HL61(0’7—;L4(Q)) =T4 ||0||CO([0’T];L4(Q)) <Ta RY.

Then we define (Uext, zext) as the unigue solution of problem (2.12)—(2.14) with 7 replaced by 1" and 7]
replaced by Hm Since He remains in the closed ball BLq(07T’L4( ))(0 T /qRe) Proposition 2.1 im-

plies that (uext, Zext) remains in a bounded subset of W14(0, 7; Wéﬁ(ﬂ)) (L9/%(0, 7; Wﬁéu(Q)) N
CO([0, 7); Wiz, ()NWL/2 (0, 75 LAQ)) NWH4(0, 7, L2())) if e > 0 or WH(0, 75 Wt (2)) x
W40, 7: L4(2)) if a = 0. It follows that

fea(‘ &t Ae(ﬂext):e(ﬂext) =+ aat(ﬂIZE(ﬂ@(t)+azH2(Zed)-zext) + Bzext-éext + \I’('éeXt)

remains in a bounded subset of Lq/4(0 T;12(9)), i.e. there exists a constant C'(RY), , depending only
on RY and the data, such that || f° “araorr2(0) < C(R?). But f9 coincide with fef” on [0, 7] and

||f0||LQ/4(077—;L2(Q)) = Hfam]-[O,T]HLQ/4((],T;L2(Q)) < ermHLq/‘l(O,T;L?(Q)) <C(R’). (319
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Then by introducing (3.19) into (3.18) and by choosing 7 € (0, T'] such that

C1Cpexp(Z) (10°lwrz@+7 7 C(RY) < RY,

we may conclude. ]

We can consider 7 € (0, T such that 2% admits a fixed point 8 in CO([0, 7]; L*(£2)) and we define
(u, z) as the unique solution of problem (2.12)—(2.14) with 0=0. By definition of 20, (u, z,0)is asolu-
tion of the coupled problem (1.6)—(1.8) and by combining the regularity results for (u, z) given at Proposi-
tion 2.1 with the regularity results for the heat-transfer equation recalled in the proof of Proposition 3.1, we
get§ € L0, 73 Wh () N CO(0, 73 L4(R)), 6 € L2(0,7;L2()), u € WH9(0,7; Wi (),
2 € L92(0, 7 Wiy (€2)) N CO([0, 7); Wigg, () WH/2(0, 75 L4(€2)) A W9(0, 75 L2(2)) when
a >0,z € Whi(0,7;L*(Q)) when a = 0, for any ¢ > 8. Hence the proof of Theorem 2.2 is
complete.

4 Further properties of the solution

Let us recall that system (1.6)—(1.8) is thermodynamically consistent if the temperature remains posi-
tive (see Section 1). So we begin this section by proving that the solutions (u, z, ) of (1.6)—(1.8) are
physically admissible, i.e. 8(z,t) > 0 almost everywhere in Q. To this aim we introduce the following
assumption for the initial temperature:

(A-8) There exists > 0 such that
0°(x) >0>0 ae. zcQ. (4.1)

Proposition 4.1 Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), 0° € Whpe (), u® €

Wllj’i%(Q) and 20 € Wﬁéu(Q) if « > 0and 2z’ € L*(Q) if @ = 0 hold. Assume also that condi-
tion (4.1) is satisfied and x € C!(Q). Then, any solution (u, z,6) of problem (1.6)-(1.8) defined on
[0, 7], 7 € (0,T], is thermodynamically admissible, i.e. #(x, t) > 0 for almost every (z,t) € Q.

Proof. The key tool of the proof is the classical Stampacchia’s truncation method (see [Bre83]). So we
consider a function G € C*(R; R) such that
() 3CY9 >0,Yo eR: |G (0)] <CY,
(if) G is strictly increasing on (0, 00),
(i) Yo <0: G(o) =0,
and we define I'(0) = Jy G(s)ds forall o € R. Now let (u, z, ) be a solution of (1.6)-(1.8) on [0, 7].

We will prove that @ is positive almost everywhere in Q. in two steps: first we will establish that 6 is non
negative, then that 6 remains bounded from below by a positive quantity.

Since we have assumed that & € C1(Q), we can infer that § € L2(0, 7, W>2((Q2)). Indeed,  is a fixed

point of <I>§79, thus .
—div(k(z)V0) = f7 — c(x)6
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with f = Ae():e(w) + 0(0L:e(1)+0, Ho(2).2) + B2.2 + W(2) € L2(0,7;L3(Q)) and ¢(z)f €
L2(0,7; L2(Q)). It follows that — div(x(z)V8) € L2(0,7;L?(Q)). We can consider the time vari-
able as a parameter and the linearity of the operator — div(x(x)V+) combined with classical regularity
properties (see [Bre83]) yield the announced result.

Then we introduce the mapping ¢ : [0, 7] — R given by

o) Zxp(~4 [ 351069l ) @2)

forall ¢t € [0, 7] if « = 0 and by

t 2
o) 2 exp(~4 [ G5+ G (a9 @) 6 )y ds) @

forall t € [0,7] if @« > 0. Reminding that z € Lq/2(O,T;W§’:u(Q)) forany ¢ > 8if & > 0 and
W22(Q) «— L®°(€), we can deduce that gp 6 Wl’l(O,T) and 0 < ¢(t) < 1 for almost every
t € [0, 7]. Next we define Oy, ( = = [l x,t)) dz with 0,(z,t) = —0(z, t)¢(t) for almost
every (x,t) € Q;.Since § € V((O T)XQ)OLZ(O 7, W22(Q)), we get 0, € L>(0,7; Wh2(2)) N
W0, 7:1.2(Q2)) and

Op(w,t)=(—0(z, t)+ 22D 55|10, t >Hm> (t)ifa =0,
0p(, )= (— 0, )+ 22 (955 4 o (12, D)l ) 100, ) 1.0 () )0 (2) i @ > 0

for almost every (z,t) € Q. Thus Oy, is absolutely continuous on [0, 7] and we have

(;)gv(t) / c(2)G(0,)0,dx = — /g )(div(kVE)+Ae(d):e(u)
+0(PL:e(0)+0,Ha(2).2 ')+B2.73+\I/(7L))<pdx—/Qc(x)g(ﬁp)&pdw

. / G (0,)kV0,:V 0, da — / G(0,)(Ae(it):e (i)
Q Q

FO(ALe ()40 Ha(2).2)+ B2 54 0(2) o dz — /Q ()G (0,)0pda

(4.4)

for almost every t € [0, 7|. We evaluate now the second term of the right hand side of (4.4). By using
(2.3), (2.5) and Cauchy-Schwarz’s inequality, we get

Ae(i):e(i) + BOL:e(i) > A |e(w))? — 38|60 |e(w)| > %] e(u)* - QCA\HP (4.5)
andifa > 0
Bz.2 + 00, Ha(2).2 > cB|2)? — |0]]0, Ha (2 )Hz\
(4.6)
> PP — IR0 (1+2]) 2] > FI2P - g (1) 02,
We insert (4.5) and (4.6) into (4.4), then reminding that Q’( 30) > O almost everywhere, we obtain

/ G(0,) L5 (1052 0] () 0) p o

if « = 0 and

(0% [ 600 (&+ e (1l ) (0P + L2 0 ) i
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if a > 0, for almost every ¢ € [0, 7]. Now we observe that g(@(,w) vanishes whenever @ is non negative
and

101242160 L ()0 = 18] (18] =<2 10]| 100 (01y) < 16] (18]~ 18] c2)) < O

Whenever 0 is non positive. Hence @9 (t) < 0for almost every ¢ € [0, T]. Since we have Oy, (0) =
Jo el (z))dz = 0, we infer that Oy, (t) < O forallt € [0, 7]. It follows that I'(6,(z,t)) = 0
for almost every (z,t) € Q; implying that 0, o(x,t) = —0(x,t)p(t) < 0ie. O(x,t) > 0 for aimost
every (z,t) € Q.

Let us establish now that the temperature 6(zx,t) remains positive for almost every (z,t) € Q.. To this
def

aim, we define @ = = [oelx x,t)) dx with ap(ac, t) = —0(z,t) + Op(t) for aimost every

(x,t) € Q. Slnce 9 cwWh 2(0, 5 LQ(Q)), we infer that égw is absolutely continuous on [0, 7] and we
have

65, (1) = / o(2)G(8,)0, da = — /g (div(kV0)+Ae(@):e(t)
O(BLie (i) +0. Ho(2).2)+ B2 54 0(2)—c(2)F5) darm— /Q G(0,)nV0,: Vo de @)
/Q () +0(BLie(t)+0, Ho(2).2)+B2.24+V () —c(x)0p) dx

for almostevery t € [0, 7]. We estimate the right hand side of (4.7) by using the same tricks as previously,
we obtain

- (1) < / G(B,) (22210 +c(2)f5) da
Q
if o = 0 and

/ G(0,) (Lt S (14]2[2)) |02+ e(2)8p) dae

if « > 0, for aimost every ¢ € [0, 7]. It follows from (4.2) and (4.3) that

2 c(x
/ G(B) 222 (16229 (i)

if « = 0 and

(0% [ 00 (& (1l ) (0200 )

if « > 0, for aimost every ¢ € [0, 7]. Then we observe that Q(gsp) vanishes whenever 6 > 0, and
0 = <210l fp < 1Fllsqey (161 200) <0

whenever 0 < 6 < égq. Since we have already proved that 6 is non negative almost everywhere in
Q., we may infer that (:)~ (t) < 0 for almost every t € [0, 7]. Therefore (:)5 (t) < (:)g 0) =
® ©

Jo c(@)T(=6°+0) dz = O forallt € [0, 7]. It follows that F(H (x,t)) = 0 for almost every (z,t) €
Q. WhICh implies that

0,(x,t) = —0(x,t) + Gp < 0
for almost every (z,t) € Q. O

Furthermore the solutions of problem (1.6)—(1.8) satisfy the following global estimate:
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Proposition 4.2 Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), §° ¢ WH Neu(Q), u’ €

Wéﬁ(Q) and 20 € WNeu(Q) if « > 0and 2% € L*Q) if @ = 0 hold. Assume also that condi-
tion (4.1) is satisfied, & € C*(Q) and ¢//1 > 0. Then, there exists a constant Cy > 0, depending only
the data such that for any solution (u, z, #) of problem (1.6)—(1.8) defined on [0, 7], 7 € (0, T, we have

vt e [0,7] ¢ [lul Oz + 120 D120 + all V2Ol + 10C, 1)) < Co.
Proof. First we choose 1 as a test-function in (1.6a) and the constant function equal to 1 in (1.6c). We get

/ (E(e(u)—Qz)+p01+Ae(t)):e(u)dads = fudxds (4.8)
Q¢ Q¢

and

= [ ¢()0°dz u):e(u)drds z.zdxds
/Qc(-)H(-,t)dx—/Q (0% dz + QtAf-:( ):e (i) dad +/QtB dzd
/ 0(pL:e(t)+0,Ha(z). ')dmds+/ U(z)dxds.
o

Qs

Then we use the definition of the subdifferential OW; for almost every s € [0, 7] and all Z € L2(Q2, Z),
we have

/ 5, 8)-Q B(e(u(-, 5)—Qz(-5))-(G—4( 8)) da— /Q aAz(,5).(F-5( 5)) da
/6H1 N40(, )0 Ha(2(-,9)).(F—3(-, 5)) da

+/Q\y<z)dx—/ﬂxy(2(-,s))dxzo.

But W is positively homogeneous of degree 1, so by choosing successively z = 0 and z = 22(+, s) and
integrating over [0, t] C [0, 7], we obtain

(4.9)

/ (B:—Q E(e(u)—Q2)+0. Hy (2)+0(-, 5)0. Hy(2)—aArz).2 dads
. (4.10)

+/ U(z)dzds = 0.
Now we add (4.8), (4.9) and (4.10), we get
! / E(e(u(. 1))~ Qz(£)):((u(- 1)~ Qz(- 1) dz + / Hy(o(- t
Q Q
+§IVEC Dl + [ e(0C0de = § [ Ble)-Q:i(e)-Qe") o (aan
Q Q
—i—%HVzOHiz(Q)—i—/QHl(zO)dw—k/Qc(~)90dx+/Qt fradzds.

We estimate from below the two first terms of the left hand side by using (2.2a), (2.4a) and (2.6). Indeed,
forany A € (0, 1), we find

%/E(E(U(',t))—QZ(»t)):(E(U(',t))—Qz(wt))d:E+/Hl(Z( t))da
Q Q

> 5(1=N)ePlle(ul ) IE2 @) + (13 1Bl @) (1QIP12C, D220y HQIQN)
+ e l2( )12 ) — Q-
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We may choose A € (0, 1) such that

(1= [E[le o QI + ¢ > 0,

l.e.
Ellpoo(n 2
L>A> ||E||‘\Ll<m(||él|‘|?ﬂcffl‘

Then

%/ E(s(u(-,t))—Qz(»t)):(s(u(-,t))—Qz(-,t))d:v+/ Hy(z(-,t))dx

Q Q

> C(|[ul- 1) 312 @ H12C 12 () — C

with

C = min(§(1-A)cPC*™, (1-3) [E [l o) | Q[*+c™),
C = (+-1)|E|L=0)|QPIQ + ™0
Now we integrate by parts the last term of the right hand side of (4.11) to get

%|’u('7t)H%vL2(Q) +Cll2(, 1) [F2(q) + §1IV2C )2 + /QC(')Q(‘J) dz
<} [ B0 - Q1) Q) dr + 519
+ /Q Hy(2%)dz + /Q ()69 + G+ || flloo o 212200 el ey

¢
+ %HfH%O([o,T];Lz(Q)) + %Hf“iz(o,:r;m(g)) + %/0 HuHi?(Q) ds.

Then, reminding that & remains non negative, Gronwall’s lemma allows us to conclude. O

Let us find now some sufficient conditions on the data which will lead to a global existence result, i.e.
existence of a solution of problem (1.6)—(1.8) defined on the whole interval [0, 7. First we observe that
the heat-transfer equation (1.6c) and the system composed of the momentum equilibrium equation and
the flow rule (1.6a)—(1.6b) are totally decoupled if 3 = 0 and 9, Hs = 0. In such a case, we may obtain
a solution of (1.6)—(1.8) by applying Proposition 2.1 to solve (2.12)—(2.14) with & = 0 and 7 = T, then
by finding the solution 6 of (2.10)—(2.11) with

£ = Ac(u)e(a) + Bz + (%)

Hence we will consider only the case of non vanishing coupling parameters 3 # 0 or 0, H> # 0. By
using more detailed estimates for the mapping 6 — (u, z), we can obtain more precise estimates for f9

which will allow us to prove that the mapping <I>?F’€ possesses a fixed point in C°([0, T]; L*(£2)).

Let us begin with the case a@ = 0. Then we have

Lemma 4.3 ([PaP11b, Thm. 4.1]). Let 7 € (0, T]. Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7) hold.
Let § € LI(0,7;LP()), with ¢ > 8 and p € [4,6], u® € Wéﬁ(Q) and 20 € LP(Q2) be given
and denote by (u, z) the unique solution of (2.12)-(2.14). Then, there exists a non decreasing positive
mapping 7 +— C,, (), independent of the initial data, such that

[ullcoqo,mswre) + 12llcoqo,riLe@)) + 1ellnao,rwre@)) + I12llLaorLr@)
< CL(T) (I lwro @) +12° e () +B110lLao,rLe@)) +1) -
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0 1,4 0 4 0 1,2
Let us assume from now on that u° € Wi (2), 2 € L*(Q), 0° € W Rq

CO([0, 7]; L4(Q2)) with 7 € (0, T]. From Lemma 4.3 we can estimate fg as follows

(Q) and let § €

1P harsomaieny < AN aoraian + 3808lnt0m syl @llinorii@y
+ |’B”H2H%¢Z(O,T;L4(Q)) + C‘Ij”'é”Lq/Q(O,T;Lz(Q))
~ 2
< (IAI+IBIN(CL () (e’ lwra@y+12° lLa) +810la0,rws ) +1)
+ (3810l La(0,r13(0) +CT 1921379) CE (1) (I lwra ) +12° @)+ Bl10llLao,r1a ) +1)
< 0% (s 127 o) (82101 )
where C;a (7, 1w’ lwragy, [12°]lLa(q) ) is given by
C;g(Ty [u® gy, 12 la(ey) = max(2(A[+BI) (CE.(7)*+3CE . (r)+1,
2 11 2
2(|A[l+B]+3) (CL . (1) (lu° lwra@) 12 sy +1) “+5 (CYIQ[iTa CF (7))
11
+CY|Q[ima O () (1 lwra @) HI2° @) +1))

for any ¢ > 8. It follows that § = @é’e(H) can be estimated as
0]/ (0. wi2(y) < Coexp(Z) (10°lwrz )+ L2 0.r12(0))
T 0 N
< Coexp(Z) (10°lwr2@y+7 2 || f HLq/Z(o,T;L?(Q)))

where Cy is the constant, independent of 7 and of the initial data, introduced in Proposition 3.1 (see
(3.4)). Since 0 € C°([0, 7]; L4(2)) and W12(Q) — L*(Q), we obtain

16]lco(o,r:140)) < C1Coexp(Z) (16° w2 ()
75 Ol ([ sy, 12 o) (142100 o, en)
< CUr, [16° w2 (), 1’ lwragy: 12°lLagey) (1+5275 ||§\|%0([0,T};L4(Q)))
where C is the generic constant involved in the continuous embedding of W12(£2) into L*(£2) and
CU(7, 16° w20 14’ wragay: [12°] )

. . g1
Z C1Cyexp(Z) (/16°lwr(qy + 7 2 0;5(7_, u® lwra e, 112°lLa@)) ) -

We can not expect to get a global existence result without further assumptions on (. This is not very
surprising since fe behaves as a quadratic coupling term if 3 > 0. But the mapping

2
v R Cq(T7 HHOHWLZ(Q)a HUOHWL‘*(Q)a ”ZOHL‘l(Q)) (1+52T" (R9)2) ~- R’

admits a minimum for RY = RZ min = ! 7 and
’ 2Cq(Tv||00”w1,2(Q)v”uO”wlA(Q)v”ZO||L4(Q))52Tq
V(R min) = CU(T. 116" w2 (), [’ llwagoys [12° i) — —Rgémi"-
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Hence ’Yq(Rz,min) <0if Rimin > 2C(T, 10°||wr2(q), 1ulllwraqy, 12%0age) ). ie.

0<B< L . (4.12)
2Cq(T7||90”W1,2(Q)7”“0”\)\/1,4(9)7||ZO||L4(Q))TQ

0

Let us fix now ¢ > 8 and assume that this condition on 3 holds. We choose RV = Rq min:

observe that, since (3 satisfies condition (4.12), we have

We may

6 _ 1
in — 2
B 20 (1189 gy 1.2 0y 10 . gy 120 ) )P T
> 20(T, |10° w2 (o, [14° wragey, 12° @)

> C1Cy exp(czc) HQOHWLZ(Q)'

Thus we can apply the results of Corollary 3.5: there exists 7 € (0, T'] such that @2’0 possesses a fixed
pointin CO([0, 7]; L*(£2)). But the previous estimate implies also that

1929 (8) | co o) = 18llcoqo,miice)

< O 160w, I s 12”1 ey) (14827418120 g0 1102
< CUT, 16 w2, e lwna ey 12° o) (1482T0 (RY in)?)

= YR win) + R

0

q.min)- Hence we can consider 7 = 7' and
K

forany 7 € (0,7] and any 8 € Beo(jo,73;14(0)) (0, R
the closed convex bounded set C = BCO([QT};EA(Q))(O, Rg,min)' We have @%Q(C) C C, and using
Schauder’s fixed point theorem, we infer that CID?F’Q admits a fixed point 0 in C°([0,7]; L*(92)). Then

we define (u, z) as the unique solution of (2.12)—(2.14) with 0 =0andr =T. By definition of q)gle,
(u, z, 0) is a global solution of the coupled problem (1.6)—(1.8) on [0, T'].

Now let us consider the case o > 0.

Lemma 4.4 ([PaPlla, Lemma 4.4] and [PaP11lc, Lemma 3.4]). Let 7 € (0, T]. Assume that (2.1), (2.2),
(2.4), (2.5), (2.6), (2.7) hold. Let § € L4(0,7; LP(2)), with ¢ > 8 and p € [4,6], u® € W5E(Q2) and
e Wﬁlé’u(Q) be given and denote by (u, z) the unique solution of (2.12)—(2.14). Then, there exists a
non-decreasing positive mapping 7 — CE(T), independent of the initial data, such that

[l coo,rwrr) + lllLao,rwir@))
< CUT) (|I2llna 0,rwr2 (2 HB10 I La (0,71 () Hu e () +1) -

Let u € Wllj’iﬁ;(Q), 2 e Wﬁ:u(Q) and 00 € W3, (Q) and let § € CO([0,7]; L4(Q)) with

~, Neu
7 € (0,T]. with similar computations as in Lemma 3.3 and Proposition 4.2, we can obtain

Lemma4.5 Let 7 € (0,7]. Assume that (2.1), (2.2), (2.4), (2.5), (2.6), (2.7), u® € Wllj’iﬂ;(Q) and
e Wﬁlé‘u(Q) hold. Let § € C°([0, 7]; L4(Q2)) be given and denote by (u, z) the unique solution of
(2.12)~(2.14). Then

elEoe 0,2y + 12 1Eoe 0 msw12 )
< O ([l w2, 112°lwi2(9)) (X +1) exp(co (X +1)7),
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where X & (824 (CH=)? )||9HCO( 0.7:L4())- €0 > 0is a constant independent of the initial data and

7, and C ([[u®[lwr2(q), [12° w12 Q)) is a non decreasing positive function of each of its arguments.

Proof. Let C1 > () and define

5(t) g%/QE(E(U)—QZ):(E(U)—QZ)dx—%/QAZ.Zdw—i-C;H /QIZFdw

for all ¢ € [0, 7]. As in Proposition 4.2 we can check that, for any A € (0, 1), we have

%AE(E(U)—Qz)i(E(U)—Qz)dw+ o /912\26196 > 5(1-2)clle(w)lIF2 o
~ H
+ (1=3) 1Bl @) (1QIPI1217 2 o) HIQPIN) + 5= l12lF2 ey
Thus we may choose A € (0, 1) such that

E(1,00 )| QII?
B0 o) 1QI2+<

Hy»

and we obtain _
6(t) = CJ(HU(‘at)”%vw(g)ﬂ\z(‘at)”%vlﬂ(ﬂ)) —Cs
forall t € [0, 7], with

def . orn ~ Hy o def
Cs = mm(%(l—)\)cECK , (1—%)”E”LOO(Q)”Q”2+021 , 5) and Cs & (%—1)](@]2\9].
Moreover 4 is absolutely continuous on [0, 7] and, by similar computations as in Lemma 3.3, we get
(1) +cA (@)l 2y +P 2172 ) < C™ / z.zdw—ﬂ/ OL:e (i) da
Q Q
—/ 8ZH1(Z).z'd:E—/ gﬁzHg(z).z'dm—l—/ fadzx
Q Q Q

for almost every ¢t € [0, 7]. We estimate the right hand side of this last inequality by using (2.3), we
obtain

O(t) + cAlle(@)lIf2 () + P l2lT2 ) < (CH1+C§{1)/Q\ZH2’\dw+th/Q\Z"\dw

~ . Ho ~ . .
+36/Q\9He(u)]dx+02 /Q\H\(l—l—]z\)\z]dx—i—/Q\fHu\dw.

Then, with Cauchy-Schwarz’s inequality

. CB .
5(t) + 5 le(a W)f2) + T2 IE20)
u _
< ((Clc+7130”+c—131(cf2)2|’9”%0(07}-144 DGR g

Hyyo 2
T (CZ—B)‘Q’ + (g?ﬁrkﬂii)’m H9”00 (0,7)L4) T 2 CKorn ”f”iOO(O,T;LQ(Q))

for almost every t € [0, 7], where we recall that C is the generic constant involved in the continuous
embedding of W12(Q) into L4(12). Since

o
2, ) B,z ) < 2
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forall ¢ € [0, 7], we may define co and C ([|u°|lw1.2(q), [[2° [wr2()) by

H 2
def 1 (CH4-C;'1)2 2073
€0 =C; max(77 B )7

0 0 det §(0)+C, Q ?
O (Ilullwrzays [12°lwi.2(0)) £ )c S+ (CBC QT + (X+%) ‘CL
+ ey Tl 1020
and the conclusion follows with Gronwall’'s lemma. O
Now we rewrite (2.12b) as follows
2 —aB Az =Bl

with 7 = QTE(E(U)—Qz) — 0,Hi(2) — 00,Hy(z) — 1 and ¢ € OW(2). With assumption (2.1c)
we infer that ¢ € L>°(0, 73 L (€2)) with [[¢)(-, ) ||, () < C¥ almostevery ¢ € (0, 7). Furthermore,
we can estimate f* as

117 < IQUIEI(le()+IQll|=+]Ql)+(CI+CI=10]) (1+]2]) + C.
Thus, using Lemma 4.5, we infer first an estimate of £ in L°°(0, 7; L2(£2)) given by
1%L 0,120 < C(C (Il lwrz@)s [12° w2 ) (X+1) exp(co(X+1)7)+X+1), (4.13)
where C is a constant independent of the initial data and 7. Hence, for any ¢ > 8, we have
2l (0,rw22(0)) < CUT) (17 Lo 0,m1.200) F 1120 w22 () (4.14)
with a non decreasing positive mapping 7 +— Cg(T) (see [HIR08, Prso01)). It follows that
HfZHLqu Li(@) < |QIIE|L~@ (HE( w)|La(0,7514(0))
+Cr 7 |Q 2l oo 0,1 2 +77 [€2121Q)
+ ¢y (ClHZHLOO(O,T;WLZ(Q))HQ!Z)

- 1 1 1
+ CH210)l 0o 0,114y (T +C2ll 2l La (0, w22(a))) + CVTalQ|4,

(4.15)

where C and Cs are the two generic constants involved in the continuous embeddings of W12 (€2) into
L4(©2) and W22(Q) into L>°(2), respectively. By combining Lemma 4.4 and Lemma 4.5, we have

lullco (o, :wra)) + 1tllLao,-wra@))
< ) (O (0 llwn ey 12 vnaey) (K1) expleo(X+1)7) 4 5 X [ s +2).
and gathering (4.13), (4.14) and (4.15), we infer that
12 e o,rmi) < CF- (7 1w lwraqys [12° w22 @) ) (X+1)? exp(co (X +1)7),

where C’?Z (7, 1u® [ wraq), [12°[lw22(q)) is @ non decreasing positive function of each of its argu-
ments.

Using classical maximal regularity results for parabolic equations ([HiR08, PrS01]), we obtain an anal-
ogous estimate for [|Z[|4(,7;1.4(c2))- More precisely, there exists Ci - (7, [[u® lwra(a), [[12° lw24()),
which is a non decreasing positive function of each of its arguments, such that

2llaqor1a0)) < O (7 1l lwragay, [12°lwaae)) (X +1)? exp(eo(X+1)7),
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and

le(@)lILaorra) < CL. (7 Wl lwray, [12°lwaago) ) (X+1) exp(co(X+1)7).

Finally, we have

1% sz oy < IANE@ a0 .rray) + IBIIEI 00010
~ 1 .
+ 110l co (0,714 (02)) (3877 e (@) e 0,714 (02))

Ho( % . N} 11
+C12 (1140 2llLa (o, rw22(0))) |1llLa(o.r020))) + C¥ Q17712 Lao,r14 )
< C}]g(ﬂ u° [l o) 112°lw2a () (X+1)* exp(deo (X +1)7),

. q 0 0 . . . .
where once again Cf5 (7, [[u®llwra(qy, [|2°]lw24()) is a non decreasing positive function of each of
its arguments. It follows that

101lco o,y = 1297 (0) | coo,miLay)

< C1Cyexp(3) (16° w2+ 2 0,m12(0)) < CrCoexp () (10°lwr 2y
q—4

+C (T, [u” w122 w2, [10°llwrz@) T 20 (X+1) exp(deo(X+1)7))

< CU(m [l lwragay, 112wy 10°lwrz o)) (X +1)* exp(4e (X +1)7),

(4.16)

where 0 0 0
O, [[u[[wraqy, [12° [w2a), 10° lwiza)

= C1Cpexp(Z) (16°lwrz@) + 7%0;5(77 16 lwra @), 12°lw2a))-
Let us fix now ¢ > 8 and define the mapping 7 by
71 RO s gi((B2+(CH2)2) (RY)?) — RY,
with
91 (X) = CUT, [|u’[lwraqys 112° w2 @), 100wz )) (X +1)* exp(4eo (X +1)T),

for all X > 0. Observing that X — ¢7(X) is a continuous function, we can check that for any R’ >
g4(0), there exists &, > 0 such that v4(RY) < 0 if

0 < 3% +(C") < 7y

Then, assuming that this condition holds, (4.16) shows thgt C = BCO([O7T];L4(Q))(07 Re) is a closed

convex bounded subset of C°([0, T]; L*(£2)) such that <I>349 (C) C C. By using once again Schauder’s
fixed point theorem we may conclude that problem (1.6)—(1.8) admits a global solution (u, z, #) on [0, T].

5 Examples

In this concluding section, we present two classes of materials which fit our modelization, namely visco-
elasto-plastic materials and SMA undergoing thermal expansion.
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Indeed, in the both cases, an internal variable z belonging to a finite dimensional real vector space is
introduced to describe the inelastic strain due to plasticity or to phase transitions via the relation

|neI QZ

where z — Qz is an affine mapping. The Helmholtz free energy is given by
W(e(u), 2,0) = IE(e(u)—Qz):(e(u)—Qz) + $|V2|* + H(z,0) — c(61n(0)—0) + BL:e(u),

where H(z,0) is a hardening functional that may depend on the temperature, 51, with 5 > 0, is
the isotropic thermal expansion tensor and o > 0 is a coefficient that measures non local interaction
effects for the internal variable. As usual E denotes the elasticity tensor, £(u) = %(Vu—FVuT) is the
infinitesimal strain tensor, and c and  are the heat capacity and conductivity.

For visco-elasto-plastic models Q is linear, H does not depend on & and & = 0 while Q may be
linear or affine as well, « > 0 and H depends on 6 for SMA. Thus, by replacing H(z, 0) by an affine
approximation Hy(z) + 0 Ha(z), we may split W (e(u), z, 6) as

W (e (u), 2) — WO (0) + OWPP(g(u), 2)

with
W (e(u), 2) £ LE(e(u)—Qz):(e(u)—Qz) + Hi(z) + $|Vz|?,
WP (0) £ ¢(01n(h)—0),
WP (e(u), z) £ BL:e(u) + Ho(2).

Let us illustrate this general setting with more precise modelizations. In the case of thermo-visco-elasto-
plasticity, we can consider the Melan-Prager model corresponding to a linear kinematic hardening, i.e.
we have

H(z,0) 2 Hi(2) = iLz.z and Ha(z) =0,

with a symmetric positive definite tensor L € £(Z, Z), or the Prandtl-Reuss model for which H (z,0) =
0 = Hi(z) = Ha(z) (see [Mau92]).

In the case of SMA, we can consider the 3D macroscopic phenomenological model introduced by Souza,
Auricchio et al. ([SMZ98, AuP02, AuP04], or so-called mixture models (see [MiT99, Mie00, HaG02,
GMH02, MTLO2, GHHO7]). In the former case, 2 € Z = R = {z € R33 : L.z = 0} and
e = Qz = z. Moreover the hardening functional is given by

2
sa(z,0) = c1(0)]2] + c2(0)|2” + x(2),
where  is the indicator function of the ball {z € R3X3 : |z| < ¢3(6)}. This coefficient c3(6) corre-
sponds to the maximum modulus of transformation strain that can be obtained by alignment of martensitic
variants while ¢1(6) > 0 is an activation threshold for initiation of martensitic phase transformations and
c2(6) measures the occurrence of hardening with respect to the internal variable z.

In order to fit our regularity assumptions for the hardening functionals, which were assumed to be of class
C?2, we consider the regularization of Hga given by

HSA(ZH fcl \/W"‘CZ ’Z‘Z"F%’

with 0 < § < 1, (see also [MiP07] for another regularization of Hga).
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In the latter case, i.e. in so called mixture models, z € Z ERN-1 where N > 2 is the total number of

phases and €™ = Qz is the effective transformation strain of the mixture, given by

N-1 N-1
Qz « Z ZLEL T+ <1— Z Zk)EN,
k=1 k=1
where g, is the transformation strain of the phase k. Then z1,...,zxy_1 and zn = - Zév:_ll 2k can

be interpreted as phase fractions and
Hpixt(2,0) = w(z,0) + x(2)

where x is the indicator function of the set [0, 1]N_1. Once again we may consider a regularization of
Hpixt given by

N-1
Hi(2,0) = w(z,0) + Y (bt G,
k=1

with 0 < § < 1.
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