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Abstract

In this paper we consider the Anderson Hamiltonian with white noise potential on the
box [0, L]? with Dirichlet boundary conditions. We show that all the eigenvalues divided by
log L converge as L — oo almost surely to the same deterministic constant, which is given

by a variational formula.
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1 Introduction

We consider the Anderson Hamiltonian (also called random Schrédinger operator), formally
defined by 2# = A+¢, under Dirichlet boundary conditions on the two-dimensional box [0, L]?,
where £ is considered to be white noise. We are interested in the behaviour of this operator as
the size of the box, L, tends to infinity. In this paper we prove the following asymptotics of
the eigenvalues. Let A(L) = A (L) > Ao(L) > A3(L)--- be the eigenvalues of the Anderson
Hamiltonian on [0, L]2. For all n € N, almost surely

. (L
im 2270 —4 s - [ 1VeR=x,

=2 log L YECE (R2)
o0
Il2 =1

where x is the smallest C > 0 such that || f||7, < C|[V f||2.]|f||3, for all f € H*(R?) (this is
Ladyzhenskaya’s inequality).

1.1 Main challenge and literature

In the one dimensional setting, i.e., on the box [0, L], the Anderson Hamiltonian can be defined
using the associated Dirichlet form as the white noise is sufficiently regular, see Fukushima
and Nakao [15] (see [41] for the regularity of white noise). In dimension two the regularity of
white noise is too small to allow for the same approach. A naive way to tackle the problem
of the construction is to take a smooth approximation of the white noise &. so that the operator
HC = A+ & is well-defined as an unbounded self-adjoint operator, and then take the limit
e | 0. However, % does not converge, but J# — c. does converge to an operator ¢ for
certain renormalisation constants c. .o oo. This has been shown by Allez and Chouk [ 1] for
periodic boundary conditions, using the techniques of paracontrolled distributions introduced by
Gubinelli, Imkeller and Perkowski [17] in order to study singular stochastic partial differential
equations. In this paper we extend this to Dirichlet boundary conditions.

Recently, also Labbé [24] constructed the Anderson Hamiltonian with both periodic and
Dirichlet boundary conditions, using the tools of regularity structures. Gubinelli, Ugurcan and
Zachhuber [ 18] extend the work of Allez and Chouk to define the Anderson Hamiltonian with
periodic boundary conditions also for dimension 3.

One of the main interests in the study of this operator is due to its universal property, more
precisely, it was proved by Chouk, Gairing and Perkowski [8, Theorem 6.1] that under peri-
odic boundary conditions the operator J# is the limit under a suitable
renormalisation of the discrete Anderson Hamiltonian 7y = Ay + %77 n~ defined on the peri-
odic lattice (-Z/NZ)* where Ay is discrete Laplacian and (ny (i), i € Z?) are centred LLD.
random variables with normalised variance and finite p-th moment, for some p > 6.

Recently, Dumaz and Labbé [13] proved the Anderson localization for the one dimensional
case for the largest eigenvalues and they obtain the exact fluctuation of the eigenvalue and the



exact behaviour of the eigenfunctions near their maxima. Unfortunately, their approach used
to tackle the Anderson localization in the one dimensional setting is strongly attached to the
SDE obtained by the so-called Riccati transform and cannot be adapted to the two dimensional
setting. Also Chen [7] considers the one dimensional setting for the white noise (and shows
ML) = (log L)%), but also a higher dimensional setting for the more regular fractional white
noise (where A\(L) ~ (log L)? for some 3 € (,1) (and B € (},2) for d = 1), where 3 is a
function of the degree of singularity of the covariance at zero). The techniques in his work do
not allow for an extension to a higher dimensional setting with a white noise potential. In [7,
Lemmas 2.3 and 4.1] the almost sure convergence of the principal eigenvalue is stated.

The asymptotics of the principal eigenvalue is of particular interest for the asymptotics of the
total mass of the solution to the parabolic Anderson model: d;u = Au + {u = FZu. Chen [7]
shows that with U (¢) the total mass of u(t, -), one has log U (¢) ~ tA(L;) for some almost linear
L4, so that the asymptotics of A(L) leads to asymptotics of log U(t): In d = 1 with £ white noise,
logU(t) =~ t(log t)%; for d > 1 with ¢ a fractional white noise log U (t) =~ t(logt)?, with /3 as
above. For smooth Gaussian fields £, Carmona and Molchanov [5] show log U (t) ~ t(logt) 2. In
a future work by Konig, Perkowski and van Zuijlen, the following asymptotics of the total mass
of the solution to the parabolic Anderson model with white noise potential in two dimensions
will be shown: log U(t) ~ tlogt.

For a general overview about the parabolic Anderson model and the Anderson Hamiltonian
we refer to the book by Konig [23].

Let us mention that our main result is already applied in [3 1] to prove that the super Brownian
motion in static random environment is almost surely super-exponentially persistent.

Remark 1.1. About defining the operator using Dirichlet forms. [33, Theorem VIII.15] states
that every closed semi-bounded quadratic form is the form of a unique self-adjoint operator

1

Considering one dimension, white noise is of regularity a little less than —7 in the sense that

§ € B;%; for all ¢ > 0. For u,v € H} one has uv € B, (by Cauchy-Schwarz). Therefore
the pairing with ¢ is (almost surely) well-defined and continuous by [2, Theorem 2.76] and so
q(u,v) :== (Vu, Vo) + (£, uv) defines a semi-bounded quadratic form on H{. Note that q(u, u)
is equivalent to ||u[|7,, by Poincaré’s inequality, so that ¢ is also closed and hence is the form of
a unique self-adjoint gperator.

In two dimensions, this does not work as the product uv is still in Bj ; but £ does not have
values in B! (the dual of B{ ;) butin Bl forall € > 0.

Theorem 1.2. [5, Theorem 5.1] Let V' be a mean zero stationary Gaussian field on R? with

covariance function v, i.e., V(x) is a mean zero Gaussian random variable and E[V (z)V (0)] =
v(x). With u the solution to the parabolic Anderson model, Oyu = Au + Vu, for all v € R?

log u(t, x)
————= = +/2dv(0) a.s.
tiogt V20
Remark 1.3. This then leads to the asymptotics of the total mass, as mentioned in the introduc-
tion. In their paper they need not mention the asymptotics of the principal eigenvalue, as their
approach does not use the eigenvalue expansion. However, by using the heuristics mentioned



1.2 Outline

In Section 2 we state the main results of this paper. In Section 3 we give a proof of the tail
bounds of the eigenvalues using the other ingredients presented in Section 2, and use this to
prove the main theorem. The definitions of our Dirichlet and Neumann (Besov) spaces and para-
and resonance products between those spaces are given in Section 4. With the definitions given
we can properly define the Anderson Hamiltonian on its Dirichlet domain and state the spectral
properties in Section 5. In Section 6 we prove the convergence to enhanced white noise, that will
be used to extend properties for smooth potentials to analogue properties where enhanced white
noise is taken. In Section 7 we prove scaling and translation properties. In Section 8 we compare
eigenvalues on boxes of different size. In Section 9 we prove the large deviation principle of
the enhanced white noise. This leads to the large deviation principle for the eigenvalues. In
Section 10 we study infima over the large deviation rate function, which are used to express the
limit of the eigenvalues. The more cumbersome calculations needed to prove convergence to
enhanced white noise are postponed to Section 11 and Section 12.

Acknowledgements. The authors are grateful to G. Cannizzaro, P. Gaudreau Lamarre, C.
Labbé, W. Konig, A. Martini, T. Orenshtein, N. Perkowski, A.C.M. van Rooij, T. Rosati and R.S.
dos Santos for discussions and valuable feedback. KC contributed to this paper when he was em-
ployed at the Technische Universitét Berlin and was supported by the European Research Coun-
cil through Consolidator Grant 683164. WvZ is supported by the German Science Foundation
(DFG) via the Forschergruppe FOR2402 “Rough paths, stochastic partial differential equations
and related topics”.



1.3 Notation

N={1,2,...}, No = {0} UN, N_y = {—1} UNy. 6, is the Kronecker delta, i.e., 0 ; = 1
and 6;; = O for k # I. i = /—1. For f,g € L*(D), for some domain D C R? we write
([ 920y = Jp fg. We write T4 for the d-dimensional torus of length L > 0, i.e., RY/LZ.
(Q, P) will be our underlying complete probability space. In order to avoid cumbersome admin-
istration of constants, for families (a;);er and (b;);er in R, we also write a; < b; to denote that

~

there exists a C' > 0 such that a; < Cb; for all ¢ € T and a; =~ b; to denote that both a; < b;

and a; 2 b; (ie., b; < a;). We write C2°(A) for those functions in C°°(A) that have compact
support in A°.

2 Main results

In this section we give the main results of this paper without the technical details and definitions;
the main theorem is Theorem 2.8.

We build on the methods on the construction of the Anderson Hamiltonian in [1]. In that
paper the operator is considered on the torus or differently said, on a box with periodic boundary
conditions. In order to consider Dirichlet boundary conditions we will consider the domain to be
a subset of H, 6. The construction in [1] relies on Bony estimates for para- and resonance products.
We therefore have to find the right space in which we take ¢ in order to be able to take para- and
resonance products of ¢ with elements in the domain. For this reason we construct the framework
of Dirichlet, By’q, and Neumann Besov spaces, Bp'g in Section 4. We will show that H agrees
with ng and show that the Bony estimates extend to products between elements of Dirichlet
and Neumann spaces. Basically the idea is as follows, for d = 1 and L = 1. Instead of the basis
for the periodic Besov space L2, given by = — e>™** we build the Dirichlet Besov space by
the basis of L? given by x + sin(rkz) and the Neumann Besov space by = + cos(mkx). The
elements of the Dirichlet/Neumann Besov space on [0, L] then extend oddly/evenly to elements
of the periodic Besov space on Tor. We show that the extension of a product is the same as
the product of the respective extensions, which allows us to obtain the Bony estimates from the
periodic spaces. Moreover, this also allows us to extend the main theorem in [1] to Dirichlet
boundary conditions on @, = [0, L]?, as we present in the following theorem. We will consider
¢ in 6 and its enhancement in X}, which are the Neumann analogues of ' and X“.

Theorem 2.1 (Summary of Theorem 5.4). Let o € (—%, —1). Lety € R2 L > 0 and
I' = y + Q. For an enhanced Neumann distribution £ = (§,2) € X3(I') we construct a
stongly paracontrolled Dirichlet domain QZ(F), such that the Anderson Hamiltonian on QZ(F)
maps in L*(T) and is self-adjoint as an operator on L?(T) with a countable spectrum given by
eigenvalues A\(I',€) = A (T',€) > Xao(T', &) > --- (counting multiplicities). For all n € N the
map & — M\, (L, &) is locally Lipschitz. Moreover, a Courant-Fischer formula is given for A\,

(see (47)).
In Section 6 we show that there exists a canonical enhanced white noise in Xy:

Theorem 2.2 (See Theorem 6.4 and 6.5). Let o € (—%, —1). Forally € R?> and L > 0 there

exists a canonical §1 = (§7,Z7) € Xy (y + Q1) such that & is a white noise (in the sense that



is described in that theorem).

We will write £, = €%, ¢, = €Y, 2, ==Y and for 8 > 0

An(y +Qr, B8) = Muly + Qr, (667, B°EL)),  Aaly+Qr) = Xy + Q1. 1).

Now we have the framework set and can get to the key ingredients, of which two are given
in Section 7, the scaling and translation properties:

23. (a) (Lemma7.3)For L,S3,e > 0, A, (Qy, 5) 4 s%An(Qg,eﬁ) + %loge.

(b) (Lemma 7.4) For y € R? and L,3 > 0, A,(Qr, B) 4 A (y + Qr, B). Moreover, if
y+ Q7 NQ =10, then X\, (Qr,B) and A\, (y + Qr, B) are independent.

In [16, Proposition 1] and [3, Lemma 4.6] the principal eigenvalue on a large box is bounded
by maxima of principal eigenvalues on smaller boxes. We extend these results from smooth
potentials to enhanced potentials:

Theorem 2.4 (Consequence of Theorem 8.7'). There exists a K > 0 such that for all ¢ > 0 and
L > r > 1, the following inequalities hold almost surely

max ATk+Qr,e) < A(QrL,e) < max Ark+Qs,, ) + %{.
keNZ,|k|oo<L—1 RENZ [kloo<L+1 2

Moreover, forn € Nand L > r > 1; ifx,y € RZand z + Q, C y+ Qp, then Ap(x + Qp,€) <
My +Qr,e); ify, y1, - - -, yn € R? are such that (y; + Q,)™_, are pairwise disjoint subsets of
y + Qr, then almost surely Ap(y + Qr,€) > min;egy . ny Ay + Qr, €).

Another important tool that we prove is the large deviations of the eigenvalues, which —by
the contraction principle and continuity of the eigenvalues in terms of its enhanced distribution—
is a consequence of the large deviations of (/e£y,eZ ), proven in Section 9.

Theorem 2.5 (See Corollary 9.3). A\, (Qr,ve) = M(QrL, (Ve€r, eEL)) satisfies the large de-
viation principle with rate ¢ and rate function Ir, , : R — [0, 00| given by
Ina(z)= inf  3|V|7..
VEL2(Qp)
)\n (QL 7‘/):5’:
In Section 10 we study infima over the large deviation rate function over half-lines, in terms
of which the almost sure limit of the eigenvalues will be described:

Theorem 2.6. There exists a C' > 0 such that for all n € N, p, = infr¢inf I ,[1,00) =
limy, o0 inf I, ,[1,00) > C and
2 _ : r—" 2
=4 sup sup inf |V|* + V. €))
R2

On veoge®2) Froe ®2) | USE
V|2, <1 dimF=n [VI72=1

'In this statement we have choosen a = %r.



Moreover,

2
~ =4 sup |!w|r%4—/ VY| = x, )
01 R2

YECE (R2)
I¥l2 ,=1

where x is the smallest C > 0 such that || f||14 < C|V f|[2:|| fI|32 for all f € H*(R?) (this is
Ladyzhenskaya’s inequality).

Using the scaling and translation properties of 2.3, the comparison of the eigenvalue with
maxima of eigenvalues of smaller boxes in Theorem 2.4 and the large deviations in Theorem 2.5
we obtain the following tail bounds in Section 3.

Theorem 2.7. Let K > 0 be as in Theorem 8.7. Let r, 3 > 0. We will abbreviate I, 1 by I,.. For

all p > inf I,.(1,00) and k < inf Is [1 — 17(?2[() there exists an M > 0 such that for all L, x > 0
2

with Ly/x > M

2r2

2log L— Ly
e B x
P(A(QL)/B) S .’17) S €Xp <_ ) ) (3)

P(AQrL,B) > ) < T%%?logL—ﬁ—gx. o

Using the tail bounds and the limit in Theorem 2.6 we obtain our main result by a Borel-
Cantelli argument and the ‘moreover’ part of Theorem 2.4. For the details see Section 3.

Theorem 2.8. Let I C (1,00) be an unbounded countable set, and let 5 > 0. For L € 1 let
yr, € R? be such that y, + Q. C yr + Qr forr, L € Twith L > r. Then forn € N

2
lim )\n(yL + QL»B) _ % _ /B2X
Lel log L 01

L—o0

3 Proof of Theorem 2.7 and Theorem 2.8

In this section we prove Theorem 2.7 and Theorem 2.8 by using 2.1-2.6.

3.1. Let K > 0 be as in Theorem 2.4. To simplify notation we take 5 = 1. By consecutively ap-
plying the scaling in 2.3(a), the bounds in Theorem 2.4 and then the independence and translation
properties in 2.3(b), we get for L, r,e > 0 with % >r>1

P(=2A(Qr) < 1) =P (A(Qr,2) + s log= < 1)

gIP( max Ark+Qr,e) < 1—;72Tlog5>

keN,|kloo<L —1

; &)

#{keNZ:|k|oo< L —1}
:P(A(Qr,€) < 1—%logs) ’



and similarly

IP’(£2)\(QL) > 1) =P (A(Qg,e) + %logs > 1)

<P max Ark+ Qs ¢ +ﬁ+ilog521
<k6N37k|w<€€‘+1 ( 5T ) 2 2

<#{keNZ: koo < L+ 1}P (A(Q%T,e) 21—%—51%5). ©)

Observe that there exists an M > 0 such that for all L, r,& > 0 with % > M
TEY <#{keNy: |kl < L £1} <2(L)2

er

By combining the above observations we have obtained the following.
Lemma 3.2. Let K > 0 be as in Theorem 8.7. Let 5 > 0. There exists an M > 1 such that for
all L,r,e > Owithg >Mr>r2>1

P(2A(QL8) < 1) <B(A(Qref) < 1- £loge) 7 )

P(2A(Qr.5) > 1) <2(£)°P (A(Q;T,sm >1- 42 logs) : ®)

3.3. Let r > 0. Let us now use the large deviation principle in Corollary 9.3. First, observe
2 2

that as lim, o 5 loge = 0, also A(Q;, ef3) + 5 log ¢ satisfies the large deviation principle with

the rate function 5*21}7” (by exponential equivalence, see [10, Theorem 4.2.13]). Hence for all

p>inf I.,(1,00) and kK < inf Is,_ [1 — %(, 00) there exists a €g such that for ¢ € (0,g9) we
2 k)

have the following bound on the probability appearing in (7) (using that 1 —z < e~* for x > 0):

__p
]P’(A(Qr,eﬂ) §1—%loga) gl—e_ﬁ <e € W, 9)
P (A(ngfﬁ) >1- %( — %10{;5) < e rel (10)

Proof of Theorem 2.7. This now follows by Lemma 3.2 and the bounds (9) and (10).



First we prove the convergence of the eigenvalues along the set {2 : m € N}, before
proving Theorem 2.8. Observe that in Theorem 3.4, contrary to Theorem 2.8, we do not impose
a condition on the sequence (Y )men-

Theorem 3.4. Let n € N and 3 > 0. For any sequence (i )men in R2.

lim )\n(ym+Q2m7/3) — Lﬁz
meN,m—o0 log 2m 01

=462 sup sup /—|V¢|2+V¢2 a.s.

Veoge (B2) veoe (r2) JR2
IVI32<1 ll9l17,=1
Proof. Without loss of generality we may assume y,,, = 0 for all m € N and take 5 = 1.
e First we prove the convergence of the principal eigenvalue, i.e., we consider n = 1. Let
P, q € R be such that p < g% < q. We show that

o A(Qom) . A(Q2m)
I}rgoréf og 27 >p as., hrrr?j;lop log 2 <q as.
By the lemma of Borel-Cantelli it is sufficient to show that
o0 o0
A m A m
E P (Q2)<p < 00, P (Q2)>q < 00.
log 2™ log 2™
m=1 m=1

By Lemma 10.1

Tli_}rroloinflr(l,oo) = rh_gloian%T[l - 1EQK,OO) = 01.

Let r > 0 be large enough such that

16K )

2

pinf I.(1,00) < 2 < ginf I3 |
2

Let 11 > inf I,.(1, 00) be such that pu < 2 and k < inf I3, [1 — 195 00) be such that g > 2. By
2

Theorem 2.7 for M € N large enough

(2 pu)m
mb2=

> P [l <r] = 3 o <

m=M
which is finite because ’)2(87 > 1 for large m, as 2 — py > 0. Also
A(Qam) > 2mlog2
P < T2 t9(2ram
S p[Al .|y 2 ,

which is finite as 2 — kg < 0 (and because 27“"m — 0 for a > 0).

eLetn € N. Let us first observe that as A, (Qam ) < A(Q2m ), we have lim sup,,,_, }‘fo(g%%;") <

%. Let z1,...,2, € Qo be such that (x; + Q1);; are disjoint. By Theorem 2.4 we obtain
almost surely

lim inf M > min lim (2" + Qam) = —.
m—oo  log 2ntm ie{l,...n} m—oo log 2™ + log 2™ g




Proof of Theorem 2.8. The condition on yr, is assumed in order to have the monotonicity of
L — A, (yr) on L. Therefore and for convenience, we assume yz, = 0 for all L € 1. Also we
take 3 = 1. Write s = g%. Let ¢ € (0,s). By Theorem 3.4 there exists an M such that for all
m> M

(log2™)(s — &) < Ap(Qam) < (log2™)(s +¢) a.s.
Let a € [1, 2], then almost surely, as L — A, (Qp) is an increasing function

(log 2™ 1)(s — £) < Au(Qom) < An(Quzm) < An(Quist) < (loga2™ ) (s + ),

and
log 2 log 2
1— —e)<1— ——— —
(1= retry) =9 = (1~ gz ) 09
An(Qazm) log 2
<|1
log(a2m) — * log(2™) (s+¢)
From this it follows that almost surely limyer 7,00 %?LL)) = s. O

4 Dirichlet and Neumann Besov spaces, para- and resonance prod-
ucts

Letd € N. Let L > 0. We will first introduce Dirichlet and Neumann spaces on Q;, = [0, L]%.
In order to do this we use 3 different bases of L?([0, L]¢), one standard (the e;’s), one as an
underlying basis for Dirichlet spaces (the d;’s) and one as an underlying basis for Neumann
spaces (the ng’s). After defining these spaces (in Definition 4.9) we prove a few results that
compare Besov and Sobolev spaces. Later, in Definition 4.20 we show how to generalize this to
spaces on general boxes of the form H;‘i:1 [a;, b;]. Then we present bounds on Fourier multipliers
(Theorem 4.21) and define para- and resonance products (Definition 4.25) and state their Bony
estimates (Theorem 4.27).

In the following we will introduce some notation. For q € {—1,1}? and 2 € R? we use the
following short hand notation (q o = is known as the Hadamard product)

d
(JIo=]]a aoz=(q=1,...,daza).
=1

We call a function f : [~L, L] — C odd if f(x) = (I][q)f(qo x) forall g € {—1,1}¢, and
similarly we call f even if f(x) = f(qoz) forall ¢ € {—1,1}%. Forany f : [0, L]? — C we
write f : [~ L, L]¢ — C for its odd extension (the ~ notation is taken as it looks like the graph of
an odd function) and f : [~L, L]¢ — C for its even extension (similarly, the notation — is taken
as it looks like the graph of an even function), i.e., for the functions that satisfy

f(gox) Hq ), f(qgox)=f(x) forallzec[0,L]% qe {-1,1}"

10



If a function f : [~L,L]* — C is periodic, which means that f(y,L) = f(y,—L) and
f(L,y) = f(~=L,y) forall y € [~L, L], then it can be extended periodically on R (with period
2L) we will also consider it to be a function on the domain Tg - Note that if f is periodic and
odd, then f = 0 on 90, L]%.

For k = (k1,...,kq) € Ng let v, = 9= 3#{iki=0} apd write 0,7, and ny, 7, or simply 9, and
ny, for the functions [0, L]? — C and ex,21, or simply ey, for the function [—L, L]¢ — C given by

d
O (2) = 0p(x) = (2)2 [ [ sin(F ki), (13)
=1
. d
() = ng(z) = v(%)2 HCOS(%I%'%), (14)
=1
eror(@) = ep(z) = (5)2eT o), (15)

Note that 0 () equals the right-hand side of (13) and ;(z) equals the right-hand side of (14)
forz € [-L, L]d, so that 95 and T, are elements of COO(’]I‘gL). We can also write 9, and T, as
follows

B ) a d 6%1]621'2 _ e*%kiwi d
or(z) = (£)* ] o =" > (JToeqer(a). (16)
i=1 qge{—1,1}d
d sl e s § AP
o Q eL 1 _|_ e I it
e (z) = v (3)2 H 5 = U Z eqok (T)- (17)
=1 qG{—l,l}d

For an integrable function f : Tg 1 — Cits k-th Fourier coefficient is defined by

Ffk)=(f,er) = ! S / fx)e TR 4 (ke z%).
2 J1d

(2L)= /14,

11



4.1. Tt is not difficult to see that for ¢, € L?([0, L]%), the following equalities hold:

F (@) (k) = ([[a)Z(@)(qok) forall k € Z%,q € {-1,1}", (18)
Z(p)(k) = 0 for all k € Z% with k; = 0 for some 4, (19)
T (@) (k) = Z(@)(qok) forall k € Z% q € {-1,1}4, (20)
<</~771;>L2[ r,0)e = 2%, ¢>L2[0 1d = (B, 0) 21,0 21)
1 -
(gp,b@zﬁ((ﬁ,bk):( ) Z Hq @)(qok) =127 (p)(k) forall k € N, (22)
qe{-1,1}4
1 1
(pom) = 7@ W) =7 D F@(aok) = F(@)(k) forall k € NG, (23)
qE{—l,l}d

4.2. By partial integration one obtains that Z (0° f) (k) = (3 k)*.Z (f)(k). So that Z (A f)(k) =
Tk (f)(K). Consequently (Af,0) = —|Zk[2(f,0) and (Af,ng) = —[FkP(f, ).

This will be used later to define (a — A)~! fora € R\ {0}.

Moreover, from this one obtains that the spectrum of —A is given by {j{—z k|2 : k € Z4} and

that every ey, is an eigenvector.

Lemma 4.3. {0 : k € N%} and {ny, : k € N&} form orthonormal bases for L*([0, L]?).

Proof. We leave it to the reader to check that those sets are orthonormal. Let ¢ € L2([0, L]¢).
By expressing ¢ and @ in terms of the basis {e; : k € Z%} and using 4.1 one obtains p =

> kena(P: 0) 1201120k and B = 374 cna {0, ) 200, £)2 k-
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Definition 4.4. We define the set of test functions on [0, L]¢ that oddly and evenly extend to
smooth functions on T, (here . (T4, ) = C>°(T¢,)):

([0, L)) == {p € C>([0, L]%) : ¢ € 7 (T3,)},
Za((0, L)) = {p € ([0, L]%) : g € 7 (T3,)}-

We equip .75 ([0, L]%), ([0, L]?) and .# (T4, ) with the Schwarz-seminorms.

Note that” C2°([0, L]?) is a subset of both .#,([0, L]%) and .%, ([0, L]%).

In the following theorem we state how one can represent elements of .7, . and .#;, and of
', S} and .7 in terms of series in terms of ey, 9 and ny.

Theorem 4.5. (a) Everyw € . (T%,), ¢ € ([0, L]%) and 1 € S,([0, L]?) can be repre-
sented by

w= Y ager, o=y bdk, Y=Y oy, (25)

kezd keNd keNg

where (ai)ezd, (bk)pend and (Ck)keNg in C are such that

Vn € N: sup (1+ |k])"|ar] < oo, sup (1 + |k])"|bk| < oo, sup (1 + |k|)"|ck| < oo,
kezd keNd keNg

(26)
and aj, = (w, ex), by = (p, ) and ¢, = (P, ng).

Conversely, if (ai)pezd, (bi)rene and (Ck)keNg satisfy (26) then ) ;. .74 arer, Y pend OkOk
and ZkeNg crny, converge in . (T2,), #([0, L1%) and #,([0, L]9), respectively.

For the notation see Section 1.3.
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(b) Everyw € .'(T4,), u € Z4([0, L)) and v € 7.([0, L]%) can be represented by

w = Z aglr, U= Z bpop, v= Z CpNk, 27

kezd keNd keNg

where (ay) eza: (br)rena and (ck)peng in C are such that

b
dneN: sup il < 00, sup 10| < 00, sup o]

— —— —— < 00, (28)
keza (1+[K|)" kene (1+ [k[)" keng (14 (k)"

and aj, = (w, eg), b, = (u,dx) and c, = (v, ny).

Conversely, if (ar)pczd, (bk)pene and (Ck)k:eNg satisfy (28) then ) ;. c7a arer, Y pena OkOk
and ZkeNg cxny, converge in ' (T4,), Z4([0, L1%) and Z1([0, L]%), respectively.

Proof. Letw € #(T4,). As one has the relation .# (A"w)(k) = (—%zlk\Q)"ﬁ(w)(k) for

all n € No, we have (26) and >y cza. <y F (w)(k)er A% W in S(T4,), see also [38,

Corollary 2.2.4].
Let ¢ € .#(]0, L]?). Using the shown convergence above for w = ¢, by (16), (18), (19) and
(22)

Yo F@Ker= > > F@)aokleqr= Y (%)
kezd keNd qe{—1,1}4 keNd
|k|<N |k|<N |k|<N
Hence 3 ca. < v (%, 0k) 0k converges to ¢ in .#([0, L)%).
Let ¢ € (][0, L]d). Using the shown convergence above for ), by (17), (20) and (23)

Z F @) (k)ex = Z o~ #{iki=0} Z F (V) (qok)egor = Z CL M-
kezd keNg ge{—1,1}4 keNg
|k|<N |k|<N |k|<N

Hence j cna. i< v (15 )y, converges to 1) in 4 ([0, L)9).
(b) follows from (a).

28 O

For ¢ € #([0, L]?), note that 3 = >_, _ya{p, 0k)0k. Moreover, note that w € . (T4, ) is
odd if and only if (w, eqor) = ([T q)(w, ex) for all k € Z? and q € {—1,1}%. This motivates the
following definition.

Definition 4.6. For u € .74([0, L]?) we write 1 for the distribution in .7/ (T4, ) given by @ =
> pena (U, 9)0k. For v € ([0, L]%) we write ¥ for the distribution in .#/(T4, ) given by
T =3 e (us ). Aw € S 4 ) is called odd if (w, eqor) = ([]q)(w, ex) for all k € Z4
and q € {—1,1}4. If instead (w, eqor) = (w,ex) forall k € Z% and q € {—1,1}%, then w is
called even.

Note that u is odd and v is even.

14



By (21) and Theorem 4.5, for u € #}([0,L]%), ¢ € F([0,L]%) and v € ([0, L]%),
¥ e Z([0,L]9)
(w, ) =27%a, @),  (v,9) =27, 9). (29)
Theorem 4.7. (a) We have

Fo(T3r) = {2 : v € ([0, L))} = { € #(T5y) : ¢ is odd},
Fa(Th) = {7 :p € L0, L]} = {v € #(TE,) : ¢ is even},

and So(T¢, ) and 7 (TS, ) are closed in . (Tar).
(b) Z(T4,), #([0, L]%) and #,([0, L|%) are complete.
(c) We have

Fo(Td) = {a:ue A(0,L)4)} = {w e S (T,) : wis odd},
F(Td,) == {v:ve.Z(0,L])} = {w e . (T¢,) : wis even},

and .7}(T%, ) and ?;(Tg,:) are closed in " (T%,).
(d) 7'(T4,), Z5([0, L]1?) and .#.([0, L]?) are (weak*) sequentially complete.
Proof. (a) follows as convergence in . implies pointwise convergence and therefore the limit
of odd and even functions is again odd and even, respectively. (b) follows from (a) as ./ (’]Tgl )
is complete (see [12, Page 134]). (c) If a net (w,),¢r in 5”6 converges in .’ to some w, then

(w,,ex) — (w,ex) for all k, so that w is odd. (d) follows from (c) as Y’(TgL) is weak*
sequentially complete (see [12, Page 137]). Ul

As we index the basis eg, 0;, and ng by elements k in Z% and not in %Zd, in the next definition
of a Fourier multiplier we have an additional % factor in the argument of the functions 7 and o.

Definition 4.8. Let 7 : R? — R, 0 : [0,00) — R, w € (T4,), u € ([0, L]?) and
v € Z/([0, L]?). We define (at least formally) the so-called Fourier multipliers by

T(Dyw = > (%) {w, ex)er,

keZd
oD)u= Y o(£){u,0%)r, D= o(£)v,n)n (30)
keNd keNg

Let (pj)jen_, form a dyadic partition of unity, i.e., p_1 and py are C* radial functions on
R?, where p_; is supported in a ball and py is supported in an annulus, pj = p(279.) for j € Ny,
and

1
Y.hw=1 5< > KWt (weRY, (31)
jEN_1 jEN_1
|j — k| > 2= supppj Nsupp pr =0 (4, k € Np). (32)

15



Letw € '(T4;), u € #4([0,L]%) and v € .#/([0, L]?). We define the Littlewood-Paley
blocks Ajw, Aju and Ajv for j € N_y by Ajw = pj(D)w, Aju = p;(D)u, Ajuv = pi(D)v,
ie.,

Ajw =Y " (w,e)pi(B)ew, Dju= > (u,0)p;(£)or,  Aju= > (v,m)p; ().
kezd keNd keNg

Let @ : R? — R be the even extension of o, i.e., 5(q o ) = o(z) for all z € [0,00)? and
q € {—1,1}% As o(D)o = o(£)d; and 7(D)dy, = o(£)dy, by Theorem 4.5 we obtain that for
allu € #4([0, L)) and v € .Z.([0, L]%),

o(D)u =7(D)a, o(D)v =37(D)v. (33)
d
Moreover, with a4, = 2" » for p < oo and a4 = 1 we have for all p € [1, o]

lo(D)ullze(o,z1a) = aapllo(D)ullpp(re, ) = aapllo(D)ill Lo (ra ),

(DYl o 0,030) = aapllo D)ol pora. ) = @ [FDYT] oera, -

Therefore, by applying the above to o = pj;, with || - || go  the standard Besov norm,

aapllil g, = 12| Al r)ien_slles,  aaplTlsg, = 12N Awllze)ien lles-

This motivates the following definition.

Definition 4.9. Let o € R, p, ¢ € [1, 00]. We define the Dirichlet Besov space Bp'g (0, L]%) to
be the space of u € .7}([0, L]%) for which ”UHB;:((; 1= aqpl|t||Bg, < oco. Similarly, we define
the Neumann Besov space By ([0, L]?) as the space of v € .#.(]0, L]¢) for which o]l gro =

ad,PHWHBﬁq < 0.
We will abbreviate € = B, HY = B’ In Theorem 4.15 we show HS = BJS.
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As B2 (T4, ) is a Banach space, is a norm on By ([0, L]?) under which it is a

° H 0,
Bqu

Banach space. Similarly, || - || o is anorm on By ([0, L)) under which it is a Banach space.

Theorem 4.11. C°([0, L]?) is dense in By:5 ([0, L]%) for all a € R, p,q € [1,00).
Proof. The proof follows the same strategy as the proof of [2, Proposition 2.74]. OJ

Theorem 4.12. For a > 0, H(R?) = B%Q(Rd) = A%z(Rd) and their norms are equivalent
(for the definitions see [10, p. 36]).

Proof. For H*(R%) = FQ‘)fQ(Rd) see [40, p.88], for FgQ(Rd) _ BgQ(Rd) see [40. p.47] and for
By (RY) = Ag 5 (R?) see [40, p.90]. .

Lemma 4.13. For a € R the spaces B%Q(TgL) and H®(T4,) (see [36, p. 168]) are equal with

equivalent norms. Here H*(T2, ) is the space of distributions in . (T4, ) for which ||u||ge <
00, where

lullge = | > L+ 1F2)u, er)?.

keNZ

Proof. Observe that by the properties of the dyadic partition: for all & € R there exist c,, Cy, > 0
such that

o (L)< D0 299p(5)° < Ca (L 1E)" (34
jeN_
Therefore the equivalence of the norms follows by Plancherel’s formula. O

The following is a consequence of the fact that the norms of H a(TgL) (see [36, p. 168]) and
BgQ(Tg ;) are equivalent.
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Theorem 4.14. For all a € R we have for u € .7.([0, L]%) and v € #}([0, L]¢)

lullpgs = [0+ 52 w2 olgs =[S0+ 1£2) 0,002
keN2 ’ keN2

Theorem 4.15. For o > 0 the spaces ng‘ ([0, L]%) and H§ ([0, L]%) are equal with equivalent
norms, where H$([0, L]?) is the closure of C°([0, L]¢) in H*(R?).

Proof. As C°([0, L]?) is dense in ng ([0, L]?) (Theorem 4.11) it is sufficient to prove the

equivalence of the norms on C2°([0, L]%). Let f € C°([0, L]%). By definition of the AS 5 norm,
;T3 z d

||Ji||Ag,2(1rdL) = ||J;||Ag’2(Rd)~ As DPf = DA f we have 1 llag,cng,) = 220 fllag ,(re)- Because

Hf”B%(TgQ) = 22| fHngg([O,L]d) (by definition), the proof follows by Theorem 4.12.

O

Theorem 4.16. Let p,q € [1,00] and B,y € R, v < [B. Then ng(TgL) is compactly em-
bedded in Bp,(T4,), i.e., every bounded set in ng(TgL) is compact in Bp4(T4,). The anal-
ogous statement holds for Bf,:g ([0, L)%) and B;jg ([0, L)) spaces. In particular; the injection
J: Hg([(), L)% — HJ ([0, L]?) is a compact operator.

Proof. We consider the underlying space to be ’]I‘g 1» 1.€., periodic boundary conditions; the other
cases follow by Theorem 4.7. Suppose that u, € Bg g and [[up|zs < 1foralln € N. We
p,q

prove that there is a subsequence of (uy, ), that converges in By 4. By [2, Theorem 2.72] there

exists a subsequence of (uy,)ncn, Which we assume to be the sequence itself, such that u,, — u

in.7" and [[ul| p5 < 1. As (un,ex) — (u,ep) forall k € Z4, we have || Aj(u, — u)|[Lr — 0
D,q

forall j € N_;. Lete > 0. Choose .J € N large enough such that 20~/ < ¢, 5o that for all
neN

121 (un — W)l sanller < 207D @A (un — 0|2 g4 e
<20 (]l g+ lul ) < 2.

Then, by choosing N € N large enough such that ||(277||A; (u,, — u)HLp)j:_lﬂeq < ¢ for all
n > N, one has with the above bound that [|u, — ul|gy < 3¢ foralln > N. O

4.17. Observe that by Lemma 4.3 Hg ([0, L]?) = H([0,L]%) = L*([0,L]?) and || - || ~
I e = 1 [l 2.

4.18. By 4.2 we have (a — A)~Lf = o(D)f for o(z) = (a + 72|z|*) "L
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4.19. For any function ¢ and A € R we write )¢ for the function x — ¢ (Az). For a distribution
u we write [yu for the distribution given by (Iyu,¢) = A% u,l1p). As Ixepor = )\_%ek 21,
A (DN

and (l\u, e, %) = )F%(u, er.21), we have for u € 7/(T4,)
I\[o(AD)u] = o(D)[lxu]. (35)

Similarly, (35) holds for u € .7}([0, L]?) and u € .Z/([0, L]%) (use e.g. 4.1).

Definition 4.20. Lety € R% s € (0,00)? and T' = y+ [[%, [0, s:]. Let I : [T%,[0, s:] — [0, 1]¢
be given by l(z) = (&,..., ﬁ—j) For a function ¢ we define new functions l¢ and .7,¢ by
lo(x) = pol(z) and Fp(z) = ¢(z — y) and for a distribution u we define the distributions (u
and Fyu by (lu, ) = |det 1|~ (u, " ) and (Fyu, o) = (u, I ¢). We define

() = Zl[([0,19)],  A(T) = FUF((0,1]%),

o(D)u := Fl[(1o)(D)((F,1) )] for u € . (T). (36)

Note that the definition of o(D)u is consistent with (30) by 4.19.

Moreover, we define A; = p;(D) (as in (36)) and
lull s (T) 5= 12| Avull o Yicres o
Similarly, we define .%,(T"), .%/(T"), Bpg (T') and || - | B (-

The following theorem gives a bound on Fourier multipliers, similar as in [2, Theorem 2.78].
However, considering the particular choice H(T§,) = BJ ,(T4) allows us to reduce condition
to control all derivatives of o to a condition that only controls the growth of o itself.

Theorem 4.21. Let v,m € R and M > 0. There exists a C > 0 such that the following
statements hold.

(a) For all bounded o : R? — R such that |o(x)| < M (1 + |z|)~™ for all x € RY,
loD)wlgrem < Clwlm (w e S"(T4y))- (37)

By (33), one may replace “H” and “.#'(T4,)” by “Hy” and “.73([0, L|%)” or “H,” and
“Z!([0,L)%)” in (37).
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(b) Forall o : R — R which are C*° on R%\ {0}, such that |0%c ()| < M|z|~™1 for all
r € R4\ {0} and o € NZ with |a| < 2|1 + %J,
lo(D)w ¢ (we .S (o). (38)
By (33), one may replace “€” and “.'(T4,)” by “€,” and “€.([0, L]?)” in (38).
Proof. Let a > 0 be such that p(k) = 0if |k| < a. Then for j > 0 one has |p;(k)o(k)| <

M1+ %j)_mpj(k) < ML™a=™m279mp (k) for all k € Z%. As o is bounded on the support of
p—1, there exists a C' > 0 such that for all j € N_;

|o(D)Ajw||z2 = \/Z [w(ew)Plo(F)2lpi (k)2 < C277™ [ Ajw| 2
kezd

grvrm < Cllw

(38) follows from [2, Lemma 2.2]. O

4.22. Using the multivariate chain rule (Faa di Bruno’s formula) one can prove that o(z) =
(1 4 72|z|?)~" satisfies the conditions in Theorem 4.21 (those needed for (38)).

One other bound that we will refer to is a special case of [2, Proposition 2.71]:
Theorem 4.23. For all o € R there exists a C > 0 such that |w||¢e < Cllwl|| arg Jor all
H,
w e ([0, L)),

Now we consider (para- and resonance-) products between elements of .7([0, L]?) and
Z!([0, L]?), and between elements of .7/ ([0, L]%).

4.24. Let wy,wy € '(T4,) be represented by w1 = Y cya axex and wy = >, cza bye;. Then

26

28

Of course this series is not always convergent (e.g. take ay = by = |k|™ for some n € N and see
(28)). But if it does, then due to the identities

d~ _ . -

L2y = (D)% > (J[@eqomseoy =1 D Vktpols (39)
q,pe{—l,l}d pe{_l)l}d

QN ~ — —

(2L) 2040, = (—1)* Z (H P)eqokrpor) = (—1)7 Z Vkipol(H P)etpor, (40)
qpe{-1,1}4 pe{-1,1}4

d_ Vel _

(2L) 2y = vy Z €qo(k-+pol) = Z > L M tpol (41)
q.pe{—1,1}4 pe{—11}a P!
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the product obeys the following rules
even x even = even, odd x even = odd, odd x odd = even.

For example, if u € ./ and v € ., and uw exists in a proper sense, then uv € .7{.

Definition 4.25. For u € .74([0, L]%) U Z/([0,L]¢) and v € .Z/([0, L]%) we write (at least
formally)

UuUQU=v0u= Z Ajuljuv, Uu@QU= Z Ajuljuv. (42)
3,JEN_1 3,J€EN_1
i<j-1 li—jl<1

4.26. As kat\l,/n = 057, and Tign,, = NyM,,, we have (at least formally)

WOUV=u0UT, wOv=u0T, UOUV=00T, (43)
uQU=uU, UV =ud, UOQUV=u®7. (44)

With this one can extend the Bony estimates on the (para-/resonance) products on the torus to
Bony estimates between elements of By ([0, L]%) and ngq’g ([0, L]%) and between elements of
B2 ([0, L]%). We list some Bony estimates in Theorem 4.27.

Theorem 4.27. (Bony estimates)
(a) Forall a <0, v € R, there exists a C' > 0 such that for all L > 0

1f © €l yar < Cllflmgli€lle (f € ([0, L1%),€ € A0, L]).

(b) Forall§ >0,y > —§ and 8 € R there exists a C > 0 such that for all L > 0

If © €llga-s < Cllfllug i€ (f € Z([0,L]7), € € Z ([0, L]7)).

7
(c) Forall o,y € Rwith o+~ > 0, there exists a C' > 0 such that for all L > 0

If @ &ll o < CllfllmgliEllee (F € ([0, L1, € € ([0, LI),
If ©&llgatn < Cliflgpliélley  (f.€ € F(10,L]%).

(d) Forall o,y € Rwitha +~ > 0and ¢ > 0 there exists a C' > 0 such that for all L > 0

1F€ll fana-s < CliFlmgliéllee (f € 750, L1, € € ([0, L)

The above statements also hold by simultaneously replacing “Hy” and “y” by “H,” and

“« !
S,

Proof. By 4.26 it is sufficient to consider the analogue statements with periodic boundary con-
ditions, that is, considering the underlying space ']I‘gL. For (a) and (b) see [32, Lemma 2.1] and
[2, Proposition 2.82] where the underlying space is R? rather than the torus. For (c) see [2,
Proposition 2.85]. (d) follows from the rest. O

21



The last observation we make is that one can also define Besov spaces with mixed boundary
conditions, to which we refer in Definition 5.2.

4.28 (Besov spaces with mixed boundary conditions). Beside the Dirichlet and Neumann Besov
spaces one can define Besov spaces with mixed boundary conditions as follows. First observe
that for k& € N¢, the function 0,1, is the product of the one dimensional functions 0y, 1, in the
sense that 0y, 1, () = H;‘i:1 0, (x;). Similarly, ny, 1(z) = Hle ng, r.(2;). One could interpret
this as taking Dirichlet (or Neumann) boundary conditions in every direction. Instead one could
for example for d = 2 take the function f; 1 (z) = 0, r(21), (22) and analogously to
Definition 4.9 define a Besov space with mixed boundary conditions. Moreover, analogous to
Definition 4.25 one can define the para- and resonance products as in (42) and obtain the Bony
estimates as in Theorem 4.27 for elements with “opposite boundary conditions”.

5 The operator A + £ with Dirichlet boundary conditions

We define the Anderson Hamiltonian with Dirichlet boundary conditions and study its spectral
properties that will be used in the rest of the paper. In this section we assume d = 2,y € R? and
s € (0,00)% and write T' = y + [[7_,[0, s;]. Moreover, we let o € (—3,—1)and ¢ € G(I).
We abbreviate €2 (I") by €, HJ (T') by H_, etc. We write o : R? — (0, 0o) for the function
given by

B 1

T 14 72z)?

o(x)

Additional assumptions are given in 5.10. Remember, see 4.18, that o(D) = (1 — A)~L,

Definition 5.1. For 8 € R, we define the space of enhanced Neumann distributions, written .’{5 s
to be the closure in ‘gf X ‘5,12 PF2 of the set

{(¢,COa(D){ —c): ¢ €, ceR}.

We equip Z{f with the relative topology with respect to ‘ia”f X 55,12 2,

We will now define the Dirichlet domain of the Anderson Hamiltonian analogously to [1] did
on the torus.
Definition 5.2. Let £ = (£,E) € X{. Fory € (0,c + 2) we define 207 = {f € Hy : f¥ €
Hg”}, where % := f — f @ o(D)£. Moreover, we define an inner product on 92 7, written
<'7 '>@§’7’ by <f7 g>@g*7 = <fa g)Hg + (fﬁgv gﬁ§>Hg’Y

For v € (—§, a + 2) we define the space of strongly paracontrolled distributions by CDZ
[f € HY : f€ € HE}, where f€ := % — B(f,€) and B(f,€) = o(D)(f2+ f £ — (A —
1)f)eo(D)§ —2 Zle Oz, | © 05,0(D)&) (for the paraproducts under the sum, see 4.28). We
define an inner product on 92’7, written (-, -) go.v, by (f,g>92,7 = (f, 9>Hg + <fb€,gb§>H§. As

¢

7’Y:

in the periodic setting, one has ’}32’7 C HG'? forall v € (—%,a + 2). We write D =1{f¢
H§T? . ¢ e H3Y.
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We will define the Anderson Hamiltonian on the Dirichlet domain in a similar sense as is
done on the periodic domain, however we choose to change the sign in front of the Laplacian as
this is more common in literature on the parabolic Anderson model.

Definition 5.3. Lety € (—5,a +2),§ € X;. We define’ the operator % : 92’“’ — Hg_Q by
Hef =Af+ [of,

where fo€ = f@&+ X0+ Z(f,o(D)EE + fE+ fofand Z(f,g,h) == (f©9) O
h— f(g®h).

We state the main results about the spectrum of the Anderson Hamiltonian, on its Dirichlet
domain. These results are analogous to the Anderson Hamiltonian on the torus [1] (one can just
read the theorem below without the Dirichlet and Neumann notations, i.e., the sub- or superscripts
“0,0,n”, and with the spaces interpreted to be defined on a torus). Moreover, they are similar to
the results of [24], which proof is based on the theory of regularity structures.

Theorem 5.4. For y € (=5, a + 2) there exists a C > 0 such that
1 f 1l g2 < Cllfll o (1 + I€lx)®  (fe 2" & exy). (45)

%%(332) Cc L? and H CDZ — L2 is closed and self-adjoint as an operator on L?, and ”}32 is
dense in L?. There exist \1(I', &) > \o(I',€) > A3(I,€) > --- such that lim,, oo My (T, €) =
—00, 0(Hz) = op(z) = {M(T',€) :n € N} and #{n € N : X\, (I',§) = A\} = dimker(\ —
M) < oo forall X € o(Hz). One has

’Dg = @ ker(\ — J%).
Ao ()

There exists an M > 0 such that for alln € Nand €,0 € X{
A(T,€) = AT, 0)] < M€ = 0l (1+ [|€]lg + 110]1x5)™ - (46)

With the notation  for “is a linear subspace of”,

M(l,6) = sup  inf (H), )2 (47)
D ] 2 =1

In particular, A\ (T, §) = sup¢€®2:||¢”L2:1<%w, V).

Remark 5.5. Let us mention that in an analogous way one can state (and prove) the same state-
ment for the operator with Neumann boundary conditions by replacing “9” by “n” and “Hy” by
“Hn,7‘

3The definition needs of course justification to show HY 2is really the codomain, this is shown in Theorem 5.4.
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Remark 5.6. In [1] it is pointed out that in (47) one may replace @2 by @g forvy € (%, a+2),

and (J), )2 by - (g, )y, where y— () gy + Hy ' x Hy — R is the continuous
0 0
bilinear map (see [2, Theorem 2.76]) given by

[{7W<fag>H(’)Y = Z <Alf7AJg>L2
1,JEN_1
li—j]<1
This is done for the periodic setting, but the arguments can easily be adapted to our setting.

4.15
(e

45

5.7. Letn € L? (which equals H?, see 4.17). By Theorem 4.21 o(D)n € H2, which is included
in 4! by Theorem 4.23. Then by Theorem 4.27, n ® o(D)n € H}. Moreover, if . — 7 in L?,

then . ® o(D)n. — n ® o(D)n in H} (by the same theorems). Hence, by Theorem 4.23 we
obtain the following convergence in Xy for all « < —1

(Me, e © a(D)ne) — (n,m © a(D)n).

We write A\, (', n) = Au (I, (0,17 © a(D)n)).

By 5.7 and the continuity of & — A, (T, £), see (46) in Theorem 5.4, we obtain the following
lemma.

Lemma 5.8. The map L*(T') — R, + A\, (T, n) is continuous.

59. Let ¢ € .. Then ¢ := ((,{ © o(D)C) € Xh, f @ o(D)¢ € Hf forall 8 € R and
B(f,¢) € HZ and f € H{ with v € (0,1) (use Theorems 4.21, 4.22 and 4.27).
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Therefore, for all v € (0, 1), 92’7 = HY and
’}32’7 = Hg and for f € H], f © ¢ = f* 0 (+2(f,0(D)(,¢) + f(( © a(D)(), so that

Hf = Af + fC= Hf. (48)

Now suppose ( € L>® C €. Then ¢ := ((,{ ® a(D)¢) € XU, but the Bony estimates give
fea(D)¢ € HE™ (and not € HZ). Nevertheless, by the Kato-Rellich theorem [33, Theorem
X.12] on the domain H the operator ¢ defined as in (48) is self-adjoint. As the injection map
Hg — L? is compact (see Theorem 4.16), every resolvent is compact. Hence by the Riesz-
Schauder theorem [33, Theorem VI.15] and the Hilbert-Schmidt theorem [33, Theorem VI.16]
there exist A1 (I", () > Xo(T',¢) > --- such that 0() = op(HZ) = {\(T',¢) : n € N} and

#{n € N: \,(I',() = A} = dimker(A — %) < oo forall A € o (). Moreover, by Fischer’s
principle [26, Section 28, Theorem 4, p. 318]* and Lemma A.2

An (F7 C) = SU-p2 1}}2% <=%ﬂ§¢]7 111>L2
diljnzﬁzon 9]l 2=1

= sup inf / —| V|2 + ¢y (49)
FeCeee YeF
dim F=n ||1/’HL2:1

The proof of Theorem 5.4 follows from the results of the Anderson Hamiltonian on the torus
with the help of Lemma 5.12. The proof is written below Lemma 5.12. We may restrict ourselves
tothecaseI' = Q.

5.10. For the rest of this section y = 0 and b; = L for all i,i.e., ' = Qr = [0, L]

5.11. For q € {-1,1}¢ and w € .¥’ we write lqw for the element in .’ given by (lqw, p) =
(w, p(qo-)) for p € .. Then w is odd if and only if w = (][] q)lqw forall g € {—1,1}% and w
is even if and only if w = lqw for all ¢ € {1, 1}

Lemma 5.12. Ler £ € X§. Let% <y <a+2 Write€ = (£Z), @g = @g(TgL), @g =
22T,

“In this reference the operator is actually assumed to be compact and symmetric, whereas we apply it to Hz. But
the compactness is only assumed to guarantee that the spectrum is countable and ordered, so that the arguments still
hold.

25



(a) .@2’7 ={we .@g tw is odd}, @2’7 ={we D% :w is odd}, %f = f%%fand ||f|]@27 ~

|/l uniformiy for all f € ¢ and | || g+ = ||llny uniformiy for all f € D",
(b) H(207) C H) 2, Ae(Dg7) C L2,
(c) Jfg(qu) = lgHgf forall f € .@g and q € {—1,1}>

(d) o(HAg) C o(Hg) (for the operators either on the 9 or D domains) and for all a €
C\ o(H) the inverse of a — He @2 — L2 is self-adjoint and compact.

(e) @2 is dense in 92 7 and 92 7 is dense in L2

Proof. (a) follows from the identities (43), f% = f%, B(f,€) = B(J,€), f*¢ = € and
because [|gllmv = ||gllgy forally € Rand g € H{ ([0, L]%) (indeed, ||gHBg,; = ||§||B;2 by
definition and || - ||y ~ || - [| goy and || - [y, = || - ||+ by Theorems 4.12 and 4.15).
2,2 )

(b) follows from (a) as %%(@g) C H" 2 and Hz(Dg) C HY (see [1]).

(c) follows by a straightforward calculation; use that 7 (Iq f) = 47 (f), lqpi = pi, i€ =¢
and [ = Eforq € {-1,1}>

(d) Let @ € C be such that a — jfg has a bounded inverse %,. By (¢) (a — %%) fis odd
if and only if f is odd, indeed, if (a — ) [ is odd, then (a — H#Z)[f — ([Ta)lqf] = O (see
5.11) and thus f = (] q)lqf . Hence a — 7 has a bounded inverse %2 such that 3h = %, h.

From the fact that %, is self-adjoint and compact it follows that Z? is too.

% and thus L? is dense in Ha’ -2 (see [2, Theorem 2.74] and Theorem 4.15), therefore for
a¢o(H)and Y, = (a— )71, Dp = ¢,L? is dense in 950,7 — &, H) >, That @2’7 is dense
in L? follows from the periodic counterpart, which is proven in [, Lemma 4.12]. This proves
(e). O

Proof of Theorem 5.4. By Lemma 5.12 it follows that .7 is a closed densely defined symmetric

operator and that o (/) C o(/) so that #z is indeed self-adjoint (see [9, Theorem X.2.9]).

As the resolvents are compact, the statements in Theorem 5.4 up to (46) follow by the Riesz-
Schauder theorem [33, Theorem VI.15] and the Hilbert-Schmidt theorem [33, Theorem VI.16]
because of the following identity, where %, = (u — %)L,

o(He) = op(He) = {p — % 1A € op(Zu) \ {0}},

this means that A\ — %, is boundedly invertible (or injective) if and only if y — % — ¢ is, and in
turn follows from the identity

AMp =5 =) = Mu— ) = 1= (XA = B,) (0 — H)
= (n—HIN— 1= (n— Hg) (A — Ry).

As every eigenvalue of J7 is an eigenvalue of e%% which is locally lipschitz in the analogues
sense of (46), also (46) holds by the equivalences of norms in Lemma 5.12(a). (47) follows from
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Fischer’s principle [26, Section 28, Theorem 4, p. 318]. See also Theorem C.1.  That A\; > Ao,
or in other words, that the first eigenvalue is simple, follows from [34, Theorem XIII.44]. The
only condition to prove for that theorem is that the semigroup e'”% is positivity improving,
or differently called the strong maximum principle for e/”’&. The strategy to obtain this we
borrow from [4, Theorem 5.1]. With u; := e, the map (¢,2) — uy(z) is the solution
to the parabolic Anderson model dyu = Au + u o &, hence satisfies sup,¢( 4 ||us|| By <

oo for all wuy € ng{;f and € > 0 (see [17], the extension to Dirichlet boundary conditions

follows similar as the extension of the operator) and u; = Piug + fot Pi_s(us © &) ds, where
|z |2

Piug(z) = p * up(x) and p; the standard heat kernel p;(z) = (27rt)_%e_Tt. First let us
observe that !¢ is positivity preserving for all ¢ > 0. For all ¢ > 0, the operator et M —ce) g
positivity preserving; this because the solution to the regular parabolic Anderson model O,u =
Au + u - (§ — ¢) can not only be represented by et (e =<y but also by the Feynman-Kac
formula IE:?}T[cxp(f(;f £e(Bs) ds — tec)uo(Bi)1ip, ,cq, | where Boy = {Bs : s € [0,7]} and
(Bt)te[0,00) 18 @ Brownian motion with By = = almost surely under the measure E* (see for
example [14, 21, 39]): From this it follows that if uy € L? and up > 0 almost surely, then
et Hec=c<)yy > 0 almost surely. Therefore, e!(#—¢) is positivity preserving for all t > 0.
Consequently, see [34, Proposition on p.204] the resolvents (a — % — c.)~! are positivity
preserving for all @ > sup o (%, — cc). As . — c. converges to JZZ in the resolvent sense
(see for example [1, Lemma 4.15]), it follows that (a — ji”{luo = lim.o(a — 4. — c=) tug
in L? and thus that (a — jf{l is positivity preserving for all a > sup (7). Again by [34,
Proposition on p.204] then follows that ' is positivity preserving for all ¢ > 0. Now we
show that it is even positivity improving. Let ug € L?, ug > 0 almost everywhere and uy # 0.
Then there exists a ¢ € C°, ¢ > 0, ¢ # 0 such that uyp — ¢ > 0 almost everywhere. As
et (ug — ) > 0 almost everywhere, it is sufficient to show that e’y is strictly positive
almost everywhere. Or differently said, we may as well assume that ug € L’n Bg&,%;f; and thus
that supepo g ||t o1« < oo. The next step is to prove that Prug is larger than the supremum

norm of fg Py_s(us © §)ds. In [4] it is shown that for all p > 0 there exists a ¢, such that
Pt]lB(x,a) > 411]]-B(x,6+pt) fort € (O,tp]. First observe that Pf]l,;u_(;)(ﬂ = ./}3(,1’_6) pe(z—y)dy =
~/‘B(:f;7n()“) p+(y) dy, and thus (with e the unit vector with 1 at the first coordinate)

inf  P(lgs)z)= inf P(lgps)(z
L (1B (z,5))(2) B ) t(15(0,5))(2)

- P,(Il,;(“!()-))((d + z‘)(al)

. tlo [ ) 1
- L piy)dy — pi(y)dy = 5.
: /)’(%"" v ) J(0,00) xR 2

NG

because B(’Sviﬁ/’m %) T (0,00) x Rast | 0. On the other hand, one can prove that for

e € (0,1) there exists a C' > 0 such that || fg Pi_s(us 0 &) ds| go.. < Ct'7. Indeed, with [17.,

27



Hence we can
choose tg € (0,t,) such that Oty ¢ < %. This implies that u; > %
on B(z,d + pto). Let T, p > 0, by choosing n such that % < tg, by repeating the argument
we have up > ( %)" on B(x,0 + pT). As this holds for arbitrary p > 0, this implies that Ur is

strictly positive everywhere. Ul

6 Enhanced white noise

In this section we prove Theorem 6.4; we first recall a definition and introduce notation.

Definition 6.1. A white noise on R? is a random variable W : Q — .#/(R% R) such that for
all f € (R% R) the random variable (W, f) is a centered Gaussian random variable with
E[(W, [)(W, g)] = (f,9) 2 for f,g € #(R%R).

6.2. Because ||(W, f) z2(op) = I/l L2(ra), the function f — (W, f) extends to a bounded linear
operator # : L*(RY) — L*(Q,P) such that for all f € L*(RY), # f is a complex Gaussian
random variable, # f = # f and E[# f# g] = (f, )2 forall f,g € L*(R%).

6.3. Let W be a white noise on R? and # be as in 6.2. For the rest of this section we fix
L > 0. Unless mentioned otherwise 7 € C2°(IR%, [0, 1]) is an even function that is equal to 1 on
a neighbourhood of 0. Define &1, . € #4([0, L]¢) by (for (# ,ny. 1), we interpret ny, 1, to be the
function in L?(R?) being equal to ng, 7, on [0, L]¢ and equal to 0 elsewhere)

fLe = Z (R (W i, p) 0k L (50)

keNg
For k € N¢ define Zy, := (# ,ny. 1). Then Zj is a (real) normal random variable with
E[Zx] =0, E[ZyZ)] = Ok 1 (&2))

Before we state the convergence to the enhanced white noise, let us discuss our choice of
regularization (50). We use the regularisation by means of a Fourier multiplier, as in [1]. This
basically means we ‘project’ the white noise on the Neumann space on the box and then take
the regularisation corresponding to a Fourier multiplier. Another option is to consider mollified
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white noise on the full space by convolution and then project the white noise on the Neumann
space. In a future work by Konig, Perkowski and van Zuijlen, it will be shown that both choices
lead to the same limiting object (up to a constant, by using techniques from Section 11). This also
confirms that our construction of the Anderson Hamiltonian with enhanced white noise agrees
with the construction of the Anderson Hamiltonian in [24], where the Anderson Hamiltonian is
considered a limit of the operators with mollified white noise as potentials.

Theorem 6.4. Let d = 2. For all o < —1 there exists a §&; € X such that the following
convergence holds almost surely in X%, i.e., on a measurable set Q0 with P(Qr) = 1

E\LO,EGI(.I@I]r}(O,oo)(fL76’ {L,s @ O-(D)gL,S — CE) et EL? (52)

where c. = % log(%) + ¢ € R and c; only depends on 1. &, does not depend on the choice
of 7. &, is a white noise in the sense that for o, € S (Qr), £L(v) and £1.(v)) are Gaussian
random variables with

El€e(o)] =0,  E[L(0)L(¥)] = (@, ¥) 20,014 (53)

Moreover, for p € C°(Qr) one has almost surely (i.e., on §1,)

(o) =lim(Eres ) = D O mendln s 9) = (W),
kend

Hence, for every L > 0 the W viewed as an element of 9'(Q1) extends almost surely uniquely
toalr in 6.

Instead of taking )1, as an underlying space, we can also take a shift of the box, i.e., y + Qr:

6.5. For y € R? we define

.= gy[ Z T($R)NT W )i |-
keNd

If d = 2, by Theorem 6.4 there exists a &7 = ((7,2Y) € X3 (y + Q) such that almost surely

1 Yooy DY — Lloo(l)) = &Y 54
ool (€l 0o (DI, — 5 loa(2) = &), 54

and such that 5% is a white noise in the sense described in Theorem 6.4 (i.e. ﬁ,yfj‘% satisfies

(533)).

For the rest of this section we fix . > 0 and drop the subindex L; we write {. = {7,
and ng =ny 1.

Definition 6.6. Define =. € ., (Q1) by
Ee(2) = & © 0(D)&e(2) — E[¢: © 0(D)&(2)]. (55)
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The strategy of the proof of the following theorem is rather similar to the proof on the torus
in [1], but due to the differences of the Dirichlet setting and for the sake of self-containedness we
provide the proof.

Theorem 6.7. For all o < —%, & converges almost surely as € | 0 in €, to the white noise &,
(as in Theorem 6.4). Moreover, for d = 2 and all o < —1, E. converges almost surely as € | 0
in €2°%2; the limit is independent of the choice of T.

Proof. The proof relies on the Kolmogorov-Chentsov theorem (Theorem 6.8). Lemma 6.10(a)
shows that the required bound for this theorem can be reduced to bounds on the second moments
of A; (& —&5)(x) and A (E. — Es)(x), given in 6.11 (the proofs of these bounds are lengthy and
therefore postponed to Section 11). (53) follows from

E[(&, ) (& )] = D 7(ek) (o, i) (v, 1) B D (o) () = (i, 9).

keNg keNG
That the limit of =, is independent of the choice of 7, follows from Theorem 11.2 (a). O

Theorem 6.8 (Kolmogorov-Chentsov theorem). Let (. be a random variable with values in a
Banach space X for all € > 0. Suppose there exist a, b, C > 0 such that for all €,6 > 0,

E[|¢: — ¢llg] < Cle — 6]

Then there exists a random variable ¢ with values in X such that in L*(§2, X) and almost surely
lim, 0 ccn(0,00) Ge = G-

Proof. This follows from the proof of [20, Theorem 2.23].

O

In Lemma 6.10(a) we show how we obtain L? bounds on the %, norm from bounds on squares
of the Littlewood-Paley blocks. Lemma 6.10(b) follows from (a) and will be used in Section 8 to
prove Theorem 8.8.

To prove Lemma 6.10 we use the following auxiliary lemma. It is generally known that the
p-th moment of a centered Gaussian random variable Z can be bounded by its second moment,
as E[|Z|P] = (p — DE[|Z|%]% (see [30, p.110]). We will use the generalisation of this bound,
which is a consequence of the so-called hypercontractivity.

Lemma 6.9. [29, Theorem 1.4.1 and equation (1.71)] Suppose that Z,, for n € N are inde-
pendent standard Gaussian random variables. If Z is a random variable in the first or second
Wiener chaos, which means it is of the form ), . anZy or En,meN anm(ZnZm — B2y Zy,])
with ay, anm € C, then forp > 1

E[|Z|] < p"E[|Z|*)%.
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Lemma 6.10. Let A > 0 and a € R.

(a) Suppose C is a random variable with values in .. ([0, L]?) such that A;((x) is a random
variable of the form as Z is, as in Lemma 6.9 for alli € N_y and x € [0, L] Suppose
that for all i € N_y, x € [0, L]*

E[|lAi(2)]"] < A2 (56)
Then for all k > 0 there exists a C > 0 independent of ¢ such that for all p > 1

[IICH” 2] < CpPLAAS. (57)

(b) Suppose that ((:)e>0 is a family of such random variables for which (56) holds for all
i € N_j and z € [0, L)% and that for all k € N&

E[|(Ce. n.) ] = 0. (58)
Then forall kK > 0 andp > 1

[I!Call”

Consequently, we have (. Lo (convergence in probability) in 6, " ([0, L)%).
Proof. (a) For k > 0, by Lemma 6.9, with C), = >~ | Qi

Efl¢I?, - = Z 25 =PI [ AyCI?,] <ppLd< Z 2 p'")Aa < CpPLAS.

i=—1 i=—1

Using the embedding property of Besov spaces [2, Proposition 2.71], which implies the existence
of a C' > 0 such that || - || <C|- || w,— & x, ONE obtains (57).

p p
(b) By Lemma 6.9 (and Fub1n1)
E[| A7)

<p [ElIAGEPEde S L 3 pilh B ml)

(SIS

keNg
and so
E[HCEHP n,—%fku]
Bp,p
b
I 2
<prL [ Y2 LN T (RGP + AR D 2
i=—1 keENG i>I1+1

The latter becomes arbitrarily small by choosing I large and subsequently ¢ small. O
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6.11. The following two statements are proved in Section 11.

(a) (Lemma 11.4) For all v € (0, 1) there exists a C' > 0 such that forall i € N_j,£,0 > 0,
z€[0,L)?

E[|Ai(& — &)(@)P] < C219F e — g1

(b) (Lemma 11.11)Letd = 2. Forall v € (0, 1) there exists a C' > 0 such that forall s € N_;,
£,0>0,z€ Qg

E[|A;(Ee — Zs)(z) ] < €227 — 4.

Definition 6.12. Define c. ;, € R by

Cet, = 4 73 Z \kl2 (59)

keW

In the periodic setting one has that with & defined as in [1], E[(. © o(D)é(2)] = ¢ 1.
Observe that it is independent of z. In our setting, the Dirichlet setting, we have (remember (51)

and use that Zi,jENfl,”*j‘Sl Pz(%)ﬂj(%) =1

E[¢ @ o(D)é(2)] = Z | W ng ()%,
keN2

(60)

By (41), as np(z) = %V@ = % and vop, = 13,

nk(x)z
1 1 1/,% 1 1/,% y,%
= EVW%( r) + ﬁﬁ Nak,,0)(T) + ﬁ@n(oﬂkg)(x) + 72 (61)
Note that
B T(%k)2 vi 1
Ce,L = Z Wﬁ = ZE[& © o(D)&(0)]. (62)

keNZ

Lemma 6.15 deals with this  dependence of E[{. ® o(D)&.(z)].
The following observations will be used multiple times.
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6.13. As0 < p; < 1 and thereis ab > 1 such that p; is supported in a ball of radius 2p for all
i € N_1,onehasforalli € N_j,z € R?and vy > 0

2i Y
pi(z) < (2()1 n m) . (63)

Theorem 6.14. Let 7 : R? — [0, 1] be a compactly supported even function that equals 1 on a
neighbourhood of 0. There exists a C > 0 such that forall v € R, L > 0 and h € H(Qr) we
have ||h — 7(eD)h|| g7 — 0 and for 8 < v

Ih = 7(eD)hll o < O IRl -
Proof. By assumption on 7 there exists an @ > 0 such that 7 = 1 on B(0, a). Then

1-7(5k) =0 k| < Lo
L+ 5P S 2070 k| > L2,

By the following bounds the theorem is proved; by Theorem 4.14

[h = 7(eD)hll s S S A +IER)A = 7(£8)2(hy k) S 7P| Ay
keNd

O

Lemma 6.15. Let 7 : R? — [0, 1] be a compactly supported even function that equals 1 on a
neighbourhood of 0. Then x + E[¢. ® 0(D)&(z)] — ce,1, converges in €, | to a limit that is
independent of T as € | 0 for all v > 0.

Proof. Lety > 0. As there are only finitely many k& € N2 for which 7(5k) # 0, z — E[{. ©
o(D)&:(z)] — c. 1, is smooth. We can rewrite (61) and find uniformly bounded ay, by, such that

2
ng(x)? — % = ﬁ[nk + agn(g, 0) + bkn(07k2)](2x). By (62) this means that E[¢. © o(D)&. ()]
(see (60)) can be decomposed into three sums.
For the first sum (by taking the part with “n;”), as 6p € H,, ! and (5o, ng) = % for all k£ € Ng

57 3 1o Lraml20) = H{r(eDPo(D)d] 20).

kEN2 |k;|2
By Theorem 4.21 0(D)dy € H., so that by Theorem 6.14 7(¢D)25(D)dy — o(D)dy in Hy

and thus in 6, 7 (by [2, Theorem 2.71]). This convergence is ‘stable’ under ‘multiplying the
argument by 2’ (see also 4.19).
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Now let us show the convergence of the other sums. We only consider the sum with “agn, 0)”
in it, as the sum with “bgn g 1,)” follows similarly. Let us write h. for

T(£k)? £(1.m))?
he(z) = Z i KMy ,0)(T) = Z (£ (m)) 5 a1,m)n1,0)(T)-

AR o T B+ m?)

Then

(£ (l,m))?
Ajh, = Z pi(%,()) Z WLQ mQ)a(l,m)n(z,o).

1€No mary L+ (1 +
With (63) [| Aol < [pi(L,0)] S 279(1 + £5)~7. Hence

‘7’ (I,m)) —1|

sup 277 Ai(he — ho)llze S 1+ 7 :
p 2R Rl £ D (4 ()7 T

€Ny 1,meNg

By Lebesgue’s dominated convergence theorem and the next bound it follows that hg € 4, '
and he — hoin 6, 7. By using that 1 + 12 + m2 > (1 +1)'"2(1 +m)'*2,

1
Z (+ <Z 1 <

1+3
Lmen LT Lz(lz +m?) lmeNO (I+0)"2(1+m)

By these convergences and by plugging in the factor 2 also here the convergence is proved. [
Before we give the proof of Theorem 6.4, we study the behaviour of ¢ ..

Lemma 6.16. Let 7 : R? — [0, 1] be almost everywhere continuous, be equal to 1 on B(0,a)

and zero outside B(0, b) for some a,bwith 0 < a < b. There exist a ¢; € R that only depends on

. . 0
7, and (C,) >1 in R that do not depend on T with C1, L2000 such that Cel— % log % —cr =40,

Cr forall L > 1.
Proof. We define |y| = (Lylj ly2]) and hp(y) = (L? + 7%|y|?) ! for y € R2. Then 4c. [,

= fRQ (£ y)) Y2hr(|ly]) dy. We first show that 4c€’L—fR2 T(%y)QhL(y) dy —
0. Write A(s,t) for the annulus {y € R?: s < |y| < t}. To shorten notation, we write § = <.

Aslly] -yl < V2
s [ G = [ b)) ko) d

'8

+ /. #(31)Pho(ly)) = 7(0)*has) .
A($-v2,5+V2)

As hi(ly)) = he(y) = ho(lyDhe@)(y® = [ly]1*). he(ly)) < hro(y) and (jyI* = [ly]*) <

1+ |y, wehave hr(ly]) —hr(y) < (1+|y|)hr(y)?. As the latter function is integrable over R2,
it follows by Lebesgue’s dominated convergence theorem that | B0,2—v3) L(ly]) = hr(y)dy
'8
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. . L .
converges in R to a Cp, for which C'p, =72 0. On the other hand, the integral over the annulus

can be written as

FYEA 2 2

[ i L o
Ala—v/26,p+v/25) 02L2 + m202| [ 5|> 0202 + 72[x|?

Again by a domination argument (note that ﬁ is integrable over annuli), using that |%\2
<4425 <42 +[[511),

we conclude that (64) converges to 0. Observe that
2 2
/ TSI 27'(93) D) dzx M> / 77—2(@ 5 dz.
Ala—v/36b+v25) 02L% + 72| Afap) T2z

By some substitutions (remember § = %), fore < a

1
2T B(O’Q,ﬁ)

é

hr(y) dy

/1 ®_d +/‘; S _d / SE
= [ ——=ds ————ds — - ds.
0 1+7TQSQ 1 1+7T282 a_% €2+7r2$2

The last integral converges as ¢ | 0 to zero. For the second integral we consider

: s 1 c ~1 =1 1 a
S as= s, —ds = — log(2).
/1 1+ 7252 725 > /1 m2s(1 + 72s2) s /1 x5 0T 72 Og(e)

Observe that if @ < 1 then fA(a N ﬁ dx = —% loga and if a > 1 then fA(l o) ﬁw‘g de =

™
oo

% log a. Therefore, with

2 1 b2 oo 2
CT:/ Tg(x)zdl"—/ 22dx+/ mzzds—/ ppr L
Alantp) T2 Afant1) T2zl o 1+m?s 1 ws(1+7w2s?)

. 0 .
we obtain that ¢, j, — Liogl —Cp —ec, i> 0. Observe that ¢, does not depend on the choice
) 2 g 5 p

of a, b (such that 7 = 1 on B(0, a) and 7 = 0 outside B(0, b)). O
Proof of Theorem 6.4. This is a consequence of Theorem 6.7 and Lemmas 6.15 and 6.16.
6.7
6.15
6.16
O
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7 Scaling and translation

In this section we prove the scaling properties of the eigenvalues, by scaling the size of the box
and the noise. In this section we fix L > 0 and n € N.

Lemma 7.1. Suppose that V € L>°([0, L]%). Forall 3 > 0
An([0, L)%, V) = ([0, 517, 82V (8-)).

Proof. Fixn € N and write A = \,,([0, L], V). Suppose that g € H? (see 5.9) is an eigenfunc-
tion for A of A 4+ V. With gg(z) := g(8x) we have for almost all =

Agg(z) + B2V (Bx) = B*(Ag)(Bx) + B2V (Bx) = B*Agp ().
So that 32 is an eigenvalue of A + 32V (3-) on [0, %}d. As the multiplicities of the eigenvalues
on [0, L] and [0, %}d are the same, 32\ = \,([0, %]d, B2V (B-)). O
7.2. Fory € R?, L > 0 and 3 € R we write
)\n(y + QL7 ﬁ) = An(y + QLa (/85%7 BQE%))a An(y + QL) = )\n(y + QLa ]-)7
where £ = (¢Y,EY ) isasin 6.5.

Lemma 7.3. For o, 3 >0
d
)‘n (QL?ﬁ) = ﬁAn(Qéya,@) + % IOg .

Proof. For simplicity we take 5 = 1. «al,&y, is a white noise on Q L, so that (aln&r, ng) 4

(¢x,m) forall k € N and thus 1¢. L 1ol By 419 afr e = T(ED)[latr] < L¢L <. So that
by Lemma 7.1
A (Qrs (€L, €0, ©0(D)épe — 5-1og(2))) = A (Qr,ELe) — 5= log(1)
£ (Qurate ) - 2 log(d)
4 i)‘” (Qﬁ’ (afgi,oﬁ [§§§ ©) J(D)f%}i - %log(%)])) + = log a.
Now we can subtract ¢, from both sides and take the limit £ | 0. O

Lemma 7.4. Fory € R2and B > 0

4

An(Qr, B) = Anly + Qr, B).
Moreover, if y + Q9 N QS = 0, then X\,,(Qr, B) and X\, (y + Q1. 5) are independent.
Proof. As (see also Definition 4.20, in particular (36)) gy f = ﬂy(%f%y&%(y_yf)), it is
sufficient to show & 4 T &Y. As T W 2 . we have Ty&] 4 &1 - and hence obtain

£ L .7 ,¢Y by (52) and (54).
For the “moreover”; note that ((%‘17/,%7,;»%1\% and ((¥, “k,L>)keN3 are independent
when Y+ Q% N QOL = @ (as EKCZ;lW, nk,L><W7 nm7L>] = <Z;nk,L7 l‘lkyL> = 0). O
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8 Comparing eigenvalues on boxes of different size

8.1 Bounded potentials

In this section we prove the bounds comparing eigenvalues on large boxes with eigenvalues on
smaller boxes for bounded potentials, see Lemma 8.1, Theorem 8.4 and Theorem 8.6. In Section
8.2, Theorem 8.7, we extend this for white noise potentials. We fix d € N and use the notation
kloo = maxX;e{1,...,d} | K.

Lemma8.1. Let L > r > 0and ¢ € L>=([0, L]%). For ally € R? such that y+[0,7]% C [0, L]%,
we have

Ay +10,71%¢) < An([0, L], €).

Proof. This follows from (49) as one can identify a finite dimensional F' = HZ(y + [0,7]¢) with
a linear subspace of HZ([0, L]%) with the same dimension. O

We will now prove an upper bound for A, (@1, ¢) in terms of a maximum over smaller boxes.
For this we cover (), by smaller boxes that overlap and correct the potential with a function that
takes into account the overlaps. We use the following lemma.

Lemma 8.2. Let v > a > 0. There exists a smooth function 1 : RY — [0,1] withn = 1 on
[0,7 — a]? and suppn C [—a, r]? such that | Vn]|eo < %for some K > 0 that does not depend
onr and a, and

Z n(z—rk)? =1 (z € RY). (65)
kezd

Proof. We adapt the proof of [16, Proposition 1] and [3, Lemma 4.6]. Let ¢ : R — [0, 1] be
smooth, ¢ = 0 on (—oo, —1] and ¢ = 1 on [1,00) forall z € R.

Let

(@) = o2 + 1)1 - o2 4 1))
Then ¢ = 0 outside [—a,7], ( =1on [0, —a]and Y, ., ((z — rk)* = 1.
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Moreover, [|('loc < 2[[|/& lloo + [[VT— @ |loo]- Hence with i : R? — [0,1] defined by
n(x) = Hfl:l ¢(;) we have (65) and || V1]|o < < for some C' > 0. O

8.3 (IMS formula). Write ny(x) = n(x — rk). Then

MRAY + A(niab) — 20k A ()

= |V, |%.

Consequently,

with 74,4 = np 7 () (Where S = ) and © = >, 4 |Vne|?

%—@:Z%. (66)

kezd

(66) is also called the IMS-formula, see also [37, Lemma 3.1] with references to first works in
which it appears. The technique to prove [16, Proposition 1], which we slightly generalize, is
basically the IMS-formula.

Theorem 8.4. For all v > a > 0 there is a smooth function ® ;. : R? — [0, 00) whose support
is contained in the a-neighbourhood of the grid 7% + a[o, r]d, is periodic in each coordinate
with period 1, with || @ 1 |lec < a% for some K > 0 that does not depend on a and r, such that
e L*RYand L > r

MO, L1 Q) = & < M0, L1, ¢ = @ap) < max Ak +[-a,7]%0). (67

keENE |kloo<L+1
Proof. Let 1) be as in Lemma 8.2, n(z) = n(z — rk) and @4, = ® = >, 7 |Vni|*. By
Lemma 8.2 it follows that ||®||c < % for some K > 0 that does not depend on @ and r.
Observe that ZkeNg:‘k‘w<£+1 n? equals 1 on [0, L]%. With 7%, as in 8.3, 7, is self-adjoint

and % < A(rk + [—a,7]9)n? for all k € Z9. Hence we have by the IMS-formula (66) on
Hg ([0, L])

H— < > Ark + [—a, 7)Yt < max  A(rk + [—a,r]?).
. RENG, |k|oo< L 41
keNZ, [kloo<L+1 "
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67 49
66

67 49
Theorem 8.6. Let ¢ € L°(R?). Let z,y1,. .., yn € RY, L > r > 0 be such that (y; + 0, r]d)?zl
are pairwise disjoint subsets of x + [0, L]%. Then

An(z+10,L]4,¢) > min Ay + [0,7]%,0). (69)

i€{1,...,n}

Proof. By (49) (see also (114))

An(z + 10, L], ¢)

> sup _uin [ VP02,
fl?"'7fn7 16{17"'7’”}
Fi€C (it 0], || fill 2=1
which proves (69) by (49) with n = 1. O

8.2 White noise as potential

In this section we prove analogous bounds to those in Lemma 8.1, Theorem 8.4 and Theorem 8.6
by replacing the bounded potential ( by white noise, i.e., we prove Theorem 8.7.

Theorem 8.7. Let L > r > 1.
(@) Forall k > 0and x,y € R? such thaty + Q, C v + Qr,

Ay +Qr k) < An(z+Qr, k) as. (70)
(b) There exists a K > 0 such that for all k > 0, x € R? and a € (0,7),

Az +Qr, k) < max XNz +rk+ Qria, k) + % a.s. (71
KENZ |kloo<Z+1

(c) Fork > 0and x,y1,...,Yn € R? such that (y; + Qr)I_, are pairwise disjoint subsets of
x4+ Qr

A+ QL, k) > {lelin }A(yi +Qr, k) as. (72)
1€1,...,n
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Let us describe how the proof of Theorem 8.7 follows from the following theorem. Let
L >r > 1,k > 0. By performing a translation over x we may assume x = 0.

It is sufficient to show that for all y € R? and > 0 such that y + Q,, C Qr, one has the
following convergences in probability (and thus almost surely along a sequence (¢, )pen in (0, 1)
that converges to 0)

My + Qry w(EL . — ) = Aaly + Qr, R), (73)

for the right choices &7 . and c.. Indeed, for (70) and (72) this is clearly sufficient. For (71) this
is sufficient by “replaciilg L” in (73) by “3L” and “replacing r”* by either “L” or “r 4 a”.

In this case, we choose 5;:,5 like {7, - in (50) but with 7/ = 1(_1,1)> instead of 7 and o =
% log % + ¢, (the choice of 7/ = 1(_1,1)2 is convenient for calculations in Section 12). Observe
that

My + Qry KEL ) = Ay + Qr, k0Y) = Mn(y + Qr, (k0Y, K70Y © 0(D)OY)),

for 6 (which equals £, |40, in L*(y + Q)) given by

0Y = > (lrer Tytrd 12(y+00) Tytkr
keNZ

= Z Z L1 2 (Em) (W 0 L) (W Ly TyWkr) 12 (y+Q,) Ty (74)

keNZ meNg
Therefore the following theorem resembles the missing part of the proof. Observe that Y ®
oD € H} C 60 as 02 € L? = H? (see also 5.7).
Theorem 8.8. Let L > r > 1 and x,y € R? be such that y + Q, C x + Qr. Let 6% be as in
(74). Then (&7, ., & . © o(D)EL . — L) 5 € inX3(Qr) and (02,67 ® o(D)6Y — L) 5 &Vin
X3 (y + Q)

We prove Theorem 8.8 in Section 11: it follows from Theorem 11.3.

9 Large deviation principle of the enhancement of white noise

In this section we assume L > 0 and write £ = (£, E) for the limit £, as in Theorem 6.4. We
prove the following theorem.

Theorem 9.1. (\/2¢,e2) satisfies the large deviation principle with rate £ and rate function
Xy = [0,00], (¢1,¢2) = gllvn 7.

Remark 9.2. Analogously, by some lines of the proof in a straightforward way, the statement
in Theorem 9.1 holds with underlying space the torus and (£, =) being the analogue limit as in
Theorem 6.4 as is considered in [1].

As a direct consequence of this large deviation principle and the continuity of the eigenvalues
in the (enhanced) noise (see (46)), we obtain the following by an application of the contraction
principle (see [10, Theorem 4.2.1]).
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Corollary 9.3. X\,,(Qr,¢) = M(Qr, (e€1,e%Z1)) satisfies the large deviation principle with
rate €% and rate function I, , : R — [0, 00] given by

In(z)= inf V3. (75)
VeL2(Qy,
An (QL:V):I
Theorem 9.1 is an extension of the following theorem. A proof can be given by using [11,
Theorem 3.4.5], but as our proof is rather simple and — to our knowledge — different from proofs
in literature, we include it.

Theorem 9.4. /¢ satisfies the large deviation principle with rate function €2([0, L]?) —
[0, 0] given by 1) +— %H?/)H%Q

Proof. We use the Dawson-Gértner projective limit theorem [10, Theorem 4.6.1] and the inverse
contraction principle [10, Theorem 4.2.4]. Let J = N with its natural ordering. Let %; = R’ for
all i € J. Let p;; be the projection %; — %; on the first i-coordinates. Let %" be the projective
limit lim, % (see [10, above Theorem 4.6.1], it is a subset of [[ .. ; %}). Letp; : # — %; be
the canonical projection.

Let s : N — N{ be a bijection. Write d], = 04(,,). Let ® : 62([0,L]) — % be given by

jeJ

D(u) = ((u,0)),..., (u, 0 ))nen. This @ is continuous and injective. We first prove that ® o &
satisfies the large deviation principle.
For every n € N the vector ((£,9}),...,(£,0})) is an n-dimensional standard normal vari-

able, whence /£((£,0}),...,(,0))) = ((VE&, D)), ..., (VEE, D)) satisfies a large deviation
principle on R™ with rate function given by I,,(y) := %|y[2 = % >, 2. By the Dawson-Girt-
ner projective limit theorem the sequence /2((§,0}), ..., (£, 0)))nen satisfies the large devia-
tion principle on ¢ with rate function

1
I s gnnen) =S Ly, ) = sup = > 2.
neN neN ¢ . —

The image of 4" under ® is measurable, which follows from the following identity

q’(cff):{(ah---, Jnen @ Sup szT)anDnoo<oo}.

1€EN_1

AsP(D(1/e€) € D(€)) = 1, and the
domain on which 7 is finite is contained in ®(%), ie., {y € # : I(y) < oo} C ®(68), b
[10, Theorem 4.1.5] ®(,/€) satisfies the large deviation principle on ®(%,*) with rate functlon
I (restricted to ®(€)).
Now we apply the inverse contraction principle. ¢ : €& — (%) is a continuous bijection.
Also I o ®(¢)) = %HwH%Q (by Parseval’s identity). Hence the proof is finished by showing that
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V& is exponentially tight in €. Let m > 0 and K., := {¢p € €2 : [ o ®(¢p) < m}. As L? is
compactly embedded in H3"! by Theorem 4.16, which is continuously embedded in € (by |2,
Theorem 2.71], K, is relatively compact in €. By the large deviation principle of ®(,/2£) on
®(€2), and because K,,,” C K¢, it follows that

lim sup € log P(v/2€ € Kimc)

el0
=limsupelogP(®(vel) e {y € # : I <m}°) < —m.
el0
This proves the exponential tightness of /£ in €, which finishes the proof. O

To prove Theorem 9.1 we use Theorem 9.4 and the extension of the contraction principle:

Theorem 9.5. [/0, Theorem 4.2.23] Let 2" be a Hausdor{f space and (%, d) be a metric space.
Suppose that (n:)e>0 are random variables with values in 2 that satisfy the large deviation
principle with (rate € and) rate function I : 2" — [0, 00|. Suppose furthermore that Fs5 : & —
% is a continuous map forall 6 > 0, F : 2~ — % is measurable and that for all q € [0, c0)

lim sup d(Fs(z), F(x)) =0, (76)
640 e :1(x)<q

and that Fs(ne) are exponential good approximations for F(n.), i.e., if for all Kk > 0

limlim sup e log P(d(Fs(n:), F'(n:)) > k) = —o0. (77)
510 10

Then F(n.) satisfies the large deviation principle with rate function % — [0, 0c| given by

— inf I(x).
y xeﬁ}:g‘(z):y (:U)

Lemma 9.6. Let o € (—%, —1). Let 7 : R? — [0,1] be a compactly supported function that
equals 1 on a neighbourhood of 0. Write hs = 7(6D)h. There exists a C > 0 such that for all
§>0and h € L?

Ihs © 0(D)hs — h ® o(D)hl|y2at2 < CO~7 A7z (78)

Proof. This follows by Theorem 4.27 (note 2a + 4 > 0), Theorem 4.23 (also using ||hs|| o+ S
[[7]] a1 < [|R]| 2; see also 4.17) and Theorem 6.14:

|hs © o(D)hs — h ® o(D)h||42a+2
< ||(h — hs) © U(D)thHEa-HL + ||lh©o(D)(hs — h)HHEa+4
S b= holl gecst | hll o S 6747 H|A] 22
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Proof of Theorem 9.1. For 6 > 0 we write hs = 7(0D)h for 7 as in 6.3 and define Fj :
G (QL) = X3(Qr) by

Fs(h) = (h,hs © o(D)hs).

We define F' : €2(Qr) — X5(Qr) as follows. If for h € €*(Qr) the function hs © o(D)hs
converges in 62%*2, then F'(h) = limg|o(h, hs © o(D)hs); if hs ® o(D)hs does not converge,
but hs © o(D)hs — cs does (where c¢5 = % log(%) + ¢;), then define F'(h) = lims|o(h, hs ©
o(D)hs — ¢5); whereas if hs © o(D)hs — ¢5 also does not converge, then F'(h) = 0.

With 2" = €(Qr) and ¥ = X3(Qr) and 1. = /&, by Theorem 9.4 and Theorem 9.5 it
is sufficient to prove that (76) and (77) hold because when F'(¢) = (11, 12) # 0 then ¢ = 1.

e First we check (76). By Lemma 9.6 we have (F'(h) = (h,h ® o(D)h) and)

sup |F5(h) — F(h)||lxe <612,
hed X (QL):|Ih 2<q

forall ¢ > 0, i.e., (76) holds.
e Now we check (77). Let £ > 0. We have that = := lims o & © o(D)&s — ¢s exists almost
surely by Theorem 6.4. Hence, for p > 1

p
P (IF5(v/2€) ~ F(Ve)lxg > ) < SE[16 © (D)5 — = a0e]
< eh2pP > — (P
< (B +E 6 © 0D — &5 —E[ i)

Let n = —(2a + 2). By Lemmas 6.10, 6.15, 6.16 and 11.11 there exists a C' > 0 such that for
allp > 1

E [l1¢ © 0(D)és — c5 = EI susa] < CPPPO™.

Therefore (using that a? + bP < (a + b)P)

P (IFA(V38) ~ F(VEQllag > ) < | Zes + o]
1

Hence with p = - we obtain

limisoupalog]P’ (IF5(v/e€) — F(VEd)|xe > k) < limisoup log [2(ecs + CO™)]
s e
< log(%0").
So that
lgiglinglfoupelogp (1F5(Ve€) = F(Vel)|lxg > k) = —o0,

i.e., (77) holds. [l
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10 Infima over the large deviation rate function

In this section we consider infima over sets of the rate function Iy, ,, as in (75). We prove the
results summarized in Theorem 2.6.

Lemma 10.1. Fora,b € Randall § > 0

(1—68)inf Ir,,[b,00) + (1 — })L?a® < inf I7,,[b+ a, 00)
< (14 0)inf I ,[b,00) + 2(1 + %)LQaQ.

Consequently, for (ar)r>o in R withlimy_,o, Lar, = 0,

lim inf Iy, ,[b,00) = lim inf I}, ,[b+ ar,00)
L—oo L—oo

= lim inf I} ,(b+ ar,00) = lim inf Iy, , (b, c0).
L—o0 L—o0

Proof. As A\, (Qr,V)+a = M\ (Qr,V+alg,),|lalg,| 2 = al,and 2(V,alg,) < 6||VH%2+
%CLQLQ for all 6 > 0;

inf I7, ,[b + a, 00)

= if 3V +alg,llizg,)

VeL2(Qr)
An(QrL,V)>b
<(U+6) il AVIag, + B+ HaL?.
VeL2(Qy)
>\7L(QL7V)Zb
The lower bound can be proven similarly. OJ
We define
prpn = inf I, ,[1, 00), O 1= Ilgf(') WL (79)

We prove that g,, is bounded away from 0 uniformly in 7 (Lemma 10.4) and give an alternative
variational formula for g,, (Lemma 10.5) from which we conclude Theorem 2.6.

Lemma 10.2. 117, = inf I1 ,(1,00) = inf ycoxio,) 3V %
An(Qr, V)21

Proof. The first equality follows by Lemma 10.1. The second follows by Lemma 5.8. O

We will use Ladyzhenskaya’s inequality [25], which is a special case of the Gagliardo— Niren-
berg interpolation inequality [28].

Lemma 10.3 (Ladyzhenskaya’s inequality). There exists a C > 0 such that for f € H*(R?),

1174 < CIV 72N FII7 2 (80)
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Lemma 10.4. Let C' > 0 be as in Lemma 10.3. Then g, > %for alln € N.

Proof. Letn € N. Let L > O0and e > 0. Let V € C°(Qp) be such that \,,(Qr,V) > 1 and
V2, < prn +e By (49) thereis a ¢y € C°(Qr) with [|¢)]| ;2 = 1 such that (by integration
by parts)

L= e < 9l + [ V2 < IVl + IV s 1

Hence by using Ladyzhenskaya’s inequality (80), which implies || V¢[|2, > L[[v]1.,

1—e+ VYl
91174 - ||¢||

Vi = H%Z)Hm

As a? + b? > 2ab we have

“rn+e> %HVH%Q > 2%. As this holds for all € > 0 we conclude that pf, ,, > %
for all L > 0. Hence o, > 2. O
Lemma 10.5. Foralln € N, a > 0,
. . 1 2 1
15 iy, 2Wleen = o6, 0, @y &)
A(QL.V)>a Vi2,<1

Moreover, |if,,, is decreasing in L, and one could replace “infr~o” in (81) by “limy_,.". In
particular, 0, = limp,_,o0 (1, -

Proof. With W = L?V(L-) we have W € C(Q1). W72, = L*IVIZ:(,) and by
Theorem 7.1 A\, (Qr, V) = M\(Q1L, ﬁW(%)) = %)\n(Ql,W). Therefore

; 1 2 _ : 11 2
ot sVl = nf 2z Wiiae), (82)
)\n(Qva)Za )\’VL(Q17 )>aL2
inf oy = inf g 83
vece(Qy) 2 An(QL,V) WeCs (Qy) 22 (Q1,W) (83)
VIg2<% w2 ,<L2

With this, (81) follows directly from Lemma 10.6. That fuf, ,, and the left-hand side of (83) are
decreasing in L follows from Lemma 8.1. OJ

Lemma 10.6. Let % be a topological space and f,qg : % — R be continuous functions. Let
a > 0 and suppose that ¢ := inf >0 infy,ew. f(w)>aL ( ) > 0. Then

inf inf M = inf inf
L>0 wew L L>0 wew f( )
f(w)>al g(w)<f
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Proof. By definition we have VL > 0Vw € % : 2g(w) < o => f(w) < aL, by continuity of
f and g we obtain (by taking K = Loa)

K 1
VK>OVw€@:g(w)§—:>M§f.
a K 0
Let ¢ > 0. Then there exists an L > 0 and wy, € ¢ such that f(wr) > aL and Lg(wL) < o+e.
Then with K = La(p + ¢) we have for w = wy, that L;;“) < 1 and % > ﬁ. So that
SUPgsoSUp yew L =1 O
glw)<X

Proof of Theorem 2.6. By (49) and Lemma 10.5 (for a = 1) we have
2

On

=4sup sup sup mf —|Vy[? + V2,
L>0vecs Q) Free ) . “§F JQr
IVI2,<1 dimF=n WH

from which (1) follows. By Cauchy-Schwarz, for ¢ € C2°(R?), the supremum of [ V1)? with

respect to V' € C°(R?) with L? norm equal to 1 is attained at V = ; therefore this

¢2
1431l 2
supremum equals [|¢[|7, and hence we derive the first equality in (2). In Lemma 10.4 we have
already seen that % < x. For the other inequality, we refer to [6, Theorem C.1] (basically
the trick is to replace “»” by “Af(\-)” and optimise over A\ > 0 first, then over f € L? with

I fll2 = 1).
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11 Convergence of Gaussians

In this section we prove the convergence of Gaussians mentioned in Section 6 and Section 8. We

bundle the proofs together in a general setting as they rely on similar techniques.

For r > 1 we let X and Y}] be centered Gaussian variables for k € NZ, & > 0 such that
every finite subset of {Y,? : k € Nd e > 0} U{X: :k e N& e > 0} is jointly Gaussian for all

r > 1. We write

57”,& = Z Y/irnk,ra 97”,& = Z Xli,rnk,r-

keNg keNg
Also, we introduce the notation

PP RIXRI SR, pOy) = > pila)psly),
4,jEN_1
li—7|<1

er,a = 97’,5 © U<D)9r,€ - E[er,s O] U(D)Hr,e]a
E'r’,s = gr,a © U(D>§'r,€ - E[&",E © O—(D)&‘,E]'

Lemma 11.1. Let d = 2. Write F,..(k,l) = E[X}  X[,]. Let I C [1,00). Suppose that

V6 >03C >0VreIVklcNivVe>0:

d
|[Fre(k, Dl < C T+ [k = 1)°
i=1

For all v € (0, 1) there exists a € > 0 such that forallr € I,i € N_j,e > 0,z € Q,
E[| A |(z)?] < €r?72@H00 E[|A0,.|(z)?] < €212,
Proof. This follows from Lemma 11.5 and Lemma 11.12.

Observe that

Ok 1
p (77 7)
97",5 O] U(D)er,s - gr,z—: O U(D)gT,s = E ;2 - an,rnl,r[X]ierE,r - Y]j,erlin]
k,1eN2 L+ 5zl
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Theorem 11.2. Let d = 2, I C [1,00). We write R = {(k,l) € N3 x N2 : ky # Iy, ko # lo}.
Let Gy (k1) = E[X} X}, — Y, Y ]. Consider the following conditions.

VkeN2Vre I, E[Xf, - Y, 2o, (88)
Vr € IV6 >03C >03e > 0Ve € (0,0) Vk,l € N3 :
I ey + ey (kD) e,
Ge(k,D)| < C - L[k —Z)T=0 T 14— Z[)T-9 (89)

= Ty e (R D) €N X NG AR

(a) Suppose that (88) holds and that (85) holds for F, . (k, 1) being eitherIE[X,iTXir} , E[X;TYI‘;]
or B[Y? YF.|. Then forr € I, < —1, in X, we have
- \ P
(97“,5 - gr,sa @7“,5 - :r,s) — 0.

(b) Suppose (89) holds. Then E[f,.. ® 0(D)b,. — & ©® 0(D)&c] — 0in 6, " forall v > 0
andr € 1.

Consequently, if the above assumptions in (a) and (b) hold, then withc = 0, forr € I, a < —1,

in Xy
P

(07’,6 - 51",57 er,s ®© U(D)er,s - fr,s O] U(D)gr,e) — (07 C)' (90)

Proof. (a) We use Lemma 6.10(b). By Lemma 11.1 we obtain (56) for ( = 6,. — .. with

a=2+~vandfor ( = ©,. — =, witha = 2y for vy € (0,1). (88) implies that E[|(f,.. —

&resi ) 2] — 0, ice., (58) holds for (. = 60, — & . In Lemma 11.13 we show that (58) holds

for Ca = @r,a - Er,a-
(b) is shown in Lemma 11.14. O

Theorem 11.3. Let 7 € C°(R2,[0,1]) and 7' : R? — [0, 1] be compactly supported functions.
Suppose T and 7' are equal to 1 on a neighbourhood of 0.

(a) Forallr > 1(90) holds with ¢ = c;/ — ¢y in case Xj,, = 7' (5k) Zy and Yy, = T(2k) Zy,.
(b) Let L > r > 1andy € R? be such that y + Q, C Qr. With # as in 6.2, for
D@Fm = <W7nm,L>, Zk = <W7 %nk,r> = Z me<nm,L7 %nk,r>L2(Qr)a
mENg
Xi,= > L i2(3m) Zn(tmn, Tyter) 2@,y Yir = Yei2(5k) Zg.
meNg
(90) holds with ¢ = 0.
Proof. (a) That (88) holds is clear. As |[E[X} X7 [V [E[X} Y]l VIEY;, Y] < 20k,
also (85) holds for each of those expectations and thus the conditions of Theorem 11.2(a) hold.

Therefore it is sufficient to show that E[f,. . ® (D)6, — &, - ©@ 0(D)&,. (] L ¢ —crin6, ! for
all ¥ > 0. This follows by Lemma 6.15 and Lemma 6.16 as they show that E[f, . ©® o(D)#,..] —
ce — ¢ and E[, . ® 0(D)&, ] — ¢ — ¢, converge to the same limit in 6, .

(b) We prove this in Theorem 12.1. O
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11.1 Terms in the first Wiener chaos

Lemma 11.4. Consider the setting of 6.3, i.e., Y}, . = T(%k) Z} for i.i.d. standard normal random

variables (Zk)keNg and T € C*(R2,[0,1]). For all y € (0,1) there exists a C > 0 such that
forallr > 1,ieN_1,¢,6§ >0, x € Q,

E[|Ai(&e — &) (@)} < C20Fije — §]7, 1)

Proof. Lety € (0,1). As Aij(&re — & p)(x) = ZkeNg pi(E) (T (k) — 7(6%)) Zyng » (2), and
g l2e < (2)%,

r

by (63) we have
2
(r 2 < —do(d+27)i (1(ek) — 7(6K))
E[’Az(fms €T,5)(x)| ] S T2 K Z (1 + ‘k‘)d'i'QW
ke lnNd
As |T(ek) — 7(6k)| < ||VT|loole — d]|k| and ||7||cc = 1,
(T(ek) = 7(K))* S IV7II% e — o [k[. (92)

Therefore, as Zke%zd r‘d$ < oo, we obtain (91).

O

Lemma 11.5. Suppose that (85) holds for F,.(k,l) = E[X} X | Forally € (0,1) there
exists a C > 0 (independent of r) such that for alli e N_1, ¢ > 0, x € Q,

E[|Aib, ()} < Crdrldsi, (93)

Proof. By (63) 2% Amgplliee S 72 (1+|5)~ < r 8 [19, (2 + 5)"9. Let§ > 0 be
. . d _

such that § < <y (so that in particular § < 7). As BIXE,XF )| S TTimy (1 + ki — L))t =
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1%, ro il 4 |% — %|)5_1, we have by using Lemma 11.7

g~ (drdig [ | Aier,e (x) |%°°]

<( Z 1 1 rd—2 )d
e L R R

6—1

r 1 d s 1snd - g
’S ( Z 1+y m_(;) 5 (T (%) 7) 57“ v,

veln, G HE) 2 (G +k)
O

In the following two lemmas we present tools to bound sums by integrals, which will be
frequently used.

Lemma 11.6. Let M e Nand f : [0 M] — R be a decreasing measurable function. Then
Zm 1 flim) < fo z)dr < Z (m). If f instead is increasing, then E%:_Ol (m) <
fO dl’ < Zm 1 f( )

Lemma 11.7. Let v, > 0 be such that § < v < 1. There exists a C > 0 such that for all r > 1,
b>0andu,v € R,

1 1 1
' < O+ fu—v)™. ©4)
kgm;or(bJF!ff—u\)V (b+ & —v[)1-s (b+] )

and for all | € R?

1 p9(k,1) 9

T < C(1+|I))*. 95

D mayhogy S et (95)
keiNZ

Proof. We can bound both sums by “their corresponding integral” by observing the following.

For k € Z%and z € R? with |z — | < o and thus |z — £| < Yd foru € RY

2r >
o —ul < [ —ul 4o £ < |5 -l + 4 (96)
So that
! byl by

G+ IE—ul) = e |k - G le—u)

Then (94) follows by Lemma B.1 and by Lemma 11.9 we have ), - 1Nz r%(lffwgiliﬁ)v S 1+

cll| _
27 fl\” (I—H;v DK dz < (1+1])*77. 0
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11.2 Terms in the second Wiener chaos

In order to bound terms in the second Wiener chaos, i.e., Z, ., ©, . and E[f, . ©c (D)8, . — &, . ©
o(D)&, ], we start by presenting auxiliary lemma’s and observations.

Theorem 11.8 (Wick’s theorem). [/9, Theorem 1.28] Let A, B, C, D be jointly Gaussian ran-
dom variables. Then

E[ABCD] = E[ABJE[CD] + E[AC|E[BD] + E[AD]E[BC].
Lemma 11.9. There exist b > 0 and ¢ > 1 such that

supp p° C B(0,b)* U{(z,y) € R? x R?: Lja| < |y| < clz[}
Consequently, uniformly in z,y € R?

POz, y) _ p9(z,y)
)~ T+ P o7

Proof. Let 0 < a < bbe such that supp pp C {x € R%: a < |z| < b} and supp p_1 C B(0,b).
Leti,j € N_j and 2,y € R? be such that p;(x)p;(y) # 0. If i, 5 € {—1,0}, then z,y € B(0,b).
Suppose 4,7 > 0 and |i — j| < 1. Then |x| € [2%a, 2] and |y| € [27a,27b] C [2¢"ta, 20 1).
This in turn implies

sl < 20 =2"la < |y| <27'b < 22a < Dlg.

O

11.10. Let k,1,z € Ng. We write ny, = ny,, here. By (41) (and using (29)) and as ngo, = 1y, for
allq € {—1,1}4,

(neny, nz>L2(QT)

_d 1434
= (2r)"2 (Mk-tpols N2) L2(Q,)
d Vitpol
pe{_lvl}
-4 Vgl
= (QT) 2 U 5qok+pol,z- (98)

_d
2

By combining this with (63), using that |ny(z)| < (2)~2, we have for z € (0,7)% and v > 0

; gqok+pol 27

A < i '
r A () ()| S ) i ( r )<1 +E— L) >
pvqe{_Ll} ' '

Lemma 11.11. Ler d = 2. Consider the setting of 6.3 as we did in Lemma 11.4. Forall v € (0,1)
there exists a C' > 0 (independent of r) such that for alli € N_1,¢,§ > 0, x € Q,

E[|A;(Ere — Ers)(2)]?] < Cle — 6]72%7, (100)
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Eyr(ek
Proof. First observe =, = >, 1enz P (r, T)%QT'(;;)[Z;@ZZ — Ok |ngn;. By Theorem 11.8
2

and (99) (as both contributions 6y, ,,,9; ,, and 6k7n5m; can be bounded by the same expression by
Lemma 11.9)

27VE[|Ai(Ere — Erg) (@)]]
1 or
rd

< Z (k l) [ (5]6‘)7‘(5[) — T(5]€)T((Sl>]2
Y T AP L = 1)

As2(ab—cd) =(a—c)(b+d)+ (a+c)(b—d)

similar to (92) as in the proof of Lemma 11.4 we obtain
|7 (ek)(el) — T(6k)T (O[> < 4|V T|1%le = 8 (k[ + 1)
Using Lemma 11.9 and (95) we obtain
. —4 O(k l)2
2R AH (B — Ep5)|2e] < | — 8] _ __ PPk D"
2 [H z( T,€ r,6)||L ]N |E ‘ 21: (1+|l‘)4—'y 21: (1+‘k}—l|)27
le N2 ke N2

-2

T
LT 1
~ 112+
2, (T

O

Lemma 11.12. Suppose that (85) holds for F..(k,1) = E[X} X | Forall v € (0,00) there
exists a C' > 0 (independent of r) such that for alli € N_1, ¢ > 0

E[|A;0,.¢(2)]] < Cr¥127". (101)

l
Proof. First note that ©,, = > 1eN2 H(wnk o[ X5, X7, — E[XE X7, ]]. By Theorem
11.8

E (X5, Xi, — BIXL, X X5 X5, — BIXE, X5 )
= E[X}, X5, JEIXF, X2 ] + EIXG, XC, JE[XF, X5, ).
By exploiting symmetries using Lemma 11.9 and by (99) we have

; 409 (k,1)p® (m,n)|E[ X5, X5, JE[XEXE, ]|
—27i . 21 < TP ( b)p ) rk*>rm ri“*rn
2E[AO ()] S D (L4 [k =17 (14 fm = a7+ 1)1+ [m[?)’

k,l,m,ne N2
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We will bound the p© function by 1, use the bound (85) for some § > 0 (will be chosen small
enough later) and we ‘separate the dimensions’ by using that 1 4 |k|? > (1 + k;)(1 + k») and
41k —=1)7" 2 (2 4 k1 — 1])2 (X + |k2 — I5])? and obtain
26—4(1 s—1(1 5—1 2
r (G E=m) T (G 4+ = n]) >
X al
(y + k=12 (7 +[m—n))2(; +1)(; +m)

2O, (P S Y

k,l,mneiNg
(102)
For § < 3 we have by Lemma 11.7
Z r L 4 [l —nl)°t y Z r L+ |k —m|)° ! < 1
X X ~ J_457
e Gam—ndE S k- E T )
and for § < 7 the square root of the right-hand side of (102) can be bounded by
26—2 26—1
Z . T l’yzall lllg 17‘[73611[,-57’72657,7‘
m,le LN (o fm =l 7 bm 7+ lelNg CRA
Hence we obtain (101). O

Lemma 11.13. Suppose that (88) holds and that (85) holds for F,. . (k,1) being either E[ X} X} |,
E[X}, Y or E[YE, Yy Then E[[(©c — Erc,n2)[?] — 0 forall z € NG,

Proof. Fix z € N2. Given a function H : (N3)* — R let us use the following (formal) notation

Ok, 1 O(m,n
SH) = > 1/) (Wz z)2 1/) (WQ )2 ST OcokrpolsOsomrqons H (K, 1, m, ).
k,l,m,neNg P+ il prase{—1,1}2

By (98),as 1 <, < 1forall k € N3,
E[[(Ore — Ere, nz>‘2] S 6(Ee),
where

E€(k7 l? m, TL) =K ([Xli,rXir - Yka,rYfrHXriz,rXfL,r =Y., Y ])

m,rtn,r
- E[Xli,erE,r - Yka,rY;,Er]E[Xﬁn,rXfL,r - Y5, Y }

m,r—n,r

We decompose E. using Wick’s theorem (Theorem 11.8). Let us for a few lines write Ay, = X ko
and By, = Y;7, then we obtain

E ([ApAr — BuBi|[AmAn — BpBy]) — E[AxA; — ByBlE[Am Ay — By By
— E[Ap A A Av] — E[Ag Ay By By] — E[BiBiAmAn] + E[By BBy By
— (E[AxA)] — E[BB)])(E[Am Ap] — E[Bp By))
— E[A An]E[AA,] — E[Ag B E[A By] — E[By An]E[BiAy] + E[By B E[Bi Bl
+ E[ARALE[ A AY] — E[Ag Bo]E[Bu Al] — E[BrAn|E[Ay B + E[ByBo]E[By By,
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Observe that

E[A An]E[A;An] — E[A B |E[A, B]

= E[Ar An]E[A1(An — Bn)] — E[Ap(Bm — Ap)|E[A1(Bn — Ay)]
— E[Ap (B — Am)E[A;Ay).

Hence, as E[|A, — Bi|’] = E[| X}, — Y ,[*] — 0Dy (88), we have E.(k,l,m,n) — 0 for all
k,l,m,n € Ng. We show that &(E.) converges to zero by a dominated convergence argument.
Let us write

2
J(k7 la m?“) = H(l + ‘k’b - mi|)671(1 + ‘l’b - ni‘)5717

i=1

and J(k,l,m,n) = J(k, l,n,m). Then by (85) we have E. < J + J and by the symmetries
obtained by Lemma 11.9 &(J) < &(J). Moreover, by “merging the p,q,t,s and k,[,m,n
variables” (in the sense of summing over k € Z? instead of q o k with q € {—1,1}? and k € N3)
we have

&(J)

2

1 1
,S Z 2 2 H(l + |ll - ni‘)%_Q
1,n€z? 1+ P 1+ il 2

which is finite by Lemma 11.7. O

Lemma 11.14. If (89) holds, then E[f,.. ® 0(D)0yc — &0 © 0(D)&rc] — 0in 6, " for all
v > 0.

Proof. Letus abbreviate G, (k,1) = E[X; X[ — Y7 Y7 ] By (87)and (99)

pO(k,1) |Gre(k,D)]
(L4 1P) (L + [k = 1)

sup 27 AE0re © (D) — e ©0(D)rellon S D
i€N—y ke lEN2

We use (89) and consider the sums over R and N2 x N2 \ 9 as in Theorem 11.2 separately.
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o [Sum over 1] By exploiting symmetries using Lemma 11.9

©
pP(kD) [Gra(h D] _
> ’ S+ o,
(T TR) (Lt [k —1ly7 ~ 7t T e

(k,l)eR
©)
p® (k,1) 1 1 1

1 =

! 22 (L) Ak =17 (L2 =L A+ |2 —1o)t°
k,leNZ

O(k,1 1 1 1

g = Z p®(k,1)

K lEN2 (L) (L [k =17 (L2 =L (T |2 = ko)t

By (95), by using that (1 + [I|2) > (1 4 I1)(1 + [2) and by using (94) with § <
2

1 1
T S SA+L)°7 <
2\ aprae o ) SOrRTEs

For .7, » by Lemma 11.9 there exist b > 0, ¢ > 1 such that (using that |k — | > |k — [1])

p®(k,1) 1
2 (L4 [k =) (L +]Z = k)10

keNZ

< n o ‘
kgg (1+ ]g — kg|)1-9 kIEZNO (1 + |k — I1])” kgo (1+ |£ — kg|)1-0
|k|§g k1 <cll| ko<cll]

We will bound the second sum on the right-hand side by its corresponding integrals (see Lemma
11.6) and will bound these to get a bound on the sum over k. Straightforward calculations show

cll] 1
I RN Ll
/ Tz =y @~ G

On the other hand, for > 0 and z > 0

z
1
| e S tos1+ 5204 2) S (14 5201+ 2)
0 1+’g—$’ € €
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Hence for all 6 > 0 (we use (94) for the last inequality)

1 1
4 1 1 1 1—’7+51 1126
72 S 2 T A+ g PR T
lN2
1 1
1+ 1)26
NZZN:? (L4l +0) =0 (L4 |2 = L)' si+e)

1

1\50—
2

1 1
1 1 26< 1
~ Z 1_|_12)1+5 Z (14+1)7~ 26 (1+|r |)1—6( +5) S+

12€Np

Therefore, by choosing § < ¢ we obtain also .77 o — 0.

o [Sum over N2 x N2\ %] Observe that N2 x N2\ R = {(k,1) € N3 x N2 : Ji € {1,2}:
k; = l;}. Therefore, again by exploiting symmetries using Lemma 11.9 (we bound the sum over
N3 x N3 \ 2R by the sum over all | € N, ks € Ny and take k1 = [1), using (94) for § < %

Z pP (k1) |Gre(k, 1) Z Z 1 1
2 _ ~ _ ¥ r _
e L IR TR =1~ 22 T & WAL 1512 Rl
1 1 1
< 1_|_ 26 ’Y
Z 1—|—l1)1+5 (1+12)1 5(14“%—[2’)7_ ( )

leN3

12 Proof of Theorem 11.3(b)

In this section we consider d = 2, L > r > 1 and y € R? such that y + Q,, C Q. We write
7 = 1(_y,1)2. We consider X} | and Y7, as in Theorem 11.3(b). Form, [ € Ny and z € [0, L—r]
we write

it = (Mm,Ly TeMr) 12(j0,0)- (103)
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Then we have
Xip= D, m(gm)Zm Hbmzk’ Vi, =1(ch Z?Hbmz,z
m€N2 m€N2

And so with G, (k,1) = E[X} X} — Yy Y/ ]asin Theorem 11.2

Crelb,) = Y (Hbm“k b ) [T(Em)? = T (ER)ak. (104)

m6N2 =1
Theorem 12.1. (88), (85) and (89) hold (for I = [1, L])
Proof. For (88), we have

E[[{0r.e — &resni) ] = BIXE, — Y1 S Y (r(gm) —7(5R)? [T 00 17

meNg i=1

By Lebesgue’s dominated convergence theorem this converges to zero. (85) follows by The-
orem 12.4 by observing that E[X} Y| = 7(Sk)E[X} X}, ], E[Y; Y/ ] < 20k, and that
BIXE, X5 <TI0 (Cmen 102 4, 0% 1 1) (89) follows by Lemma 12.7. O

12.2. The estimates (85) and (89) will rely on bounds on b7, ; for m,l € Ny and z € [0,L — r].

Let us calculate b? , here. For notational convenience we put Singcm) and I_CO;(M) forz = 0
equal to 1 here. By using some trigonometric rules, one can compute that

fml = \/%%le/l[fm,l cos(Tmz) + gmy sin(Fmz)], (105)
where
sin(m(Fm + pl)) 1 — cos(m(Fm + pl))
fm,l: Z (T’IijLpl ) gm, = Z ﬁmipl .
pe{-11}y L pe{-1,1} L

Let us demonstrate (105) in the easier case z = 0. Due to the identities 2 cos(a) cos(b) =
2 pef—1,1} cos(a + pb) and sin(m(a £ 1)) = (—1)!sin(7a) for a,b € R and | € Z, we obtain

2 T
(Mo, L, W) L2 (j0,0]) = rl/ml/l cos(Tma) cos(Tlx) dx
: mr o
T ey £ P
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For general z € [0, L — r|. First observe that
<u7n,fu <J7zn[,7'>[,2(]?!{) — / n)rz,l(ll')nl,r'(il' - Z) dx
2410,7]N[0,L]
= / N (2 + 2)0y () de.
Jo

Using the trigonometric identities for cos(a + b) and sin(a + b) we have

2cos(a + d) cos(b) = cos(a+d — b) + cos(a + d +b)
= cos(a — b) cos(d) — sin(a — b) sin(d) + cos(a + b) cos(d) — sin(a + b) sin(d)

= Z cos(d) cos(a + pb) — sin(d) sin(a + pb),
pe{-1,1}

Hence

/ 2cos(Fmx + FTmz)cos(Tlx) dx
0

B Z sin(m (7 + p%)r)
(% +py)

(:os(%mz)
pe{—1,1}
(1ol e
(% +p)

sin(7mz),
pe{-1,1}

from which we deduce (105).
As a consequence we obtain the following.

Lemma 12.3. There exists a C' > 0 (independent of r and L) such that for all z € [0, L — r| and
m,l € Ny,

biual < O\ b (107)

Proof This follows from the expression (105) by usmg that |sm (rz) | <1 Jrllx| and 1_0(’;(7””) <

1+| T3}z The bounds “M’l) < i and IC(+(“‘1) < 1+ hold for x > 1, whereas for z € (0,1)
T

we can use that sin(7: ) < mx and that 1 — cos( ) < 1 — cos(wz)? = sin(rz)? < sin(rz
O

Theorem 12.4. For all § > 0 there exists a C' > 0 (independent of L and r) such that for all
k,l € Npand z € [0, L — r]

>z bl < COA+ k= 1) (108)

meENy
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Proof. This follows by Lemma 12.3 and by (94) as 1 + |fm —u| > (1 + |fm — u])“% for
d > 0. 12.3

94 O

12.5. Let C' > 0 be as in Lemma 12.3.
(a) Forall z € [0, L —r] and M, k,l € Ng such that M <1 < k, by Lemma 11.6

M-1

|67 kb7
m=0

<02/M1dx<021
- 0 (1+l—%x)2 - 1+\l—%M"

(b) Similarly, for all z € [0, L — r] and M, k,l € Ng such that | < k < 7 M,

oo
> bl
m=M

1

<(C?4+1)—— .
=D

As a consequence of the above and » | b?, b7, ; = 0k, we obtain the following lemma.

meENy
Lemma 12.6. There exists a C > 0 such that for all z € [0,L —r], M € [0,00) and k,l € Ny:
If either k # lor k =1 < 7 M, then

1 1

1
= b ki < . + . . (109)
0l s = T A * G g

and if either k #lork =1> t M
1 1 1
= b2, b7 ‘ < . 110
A E TR T v e

meNog,m<M

59



Proof. By (107) we may assume M € Nj. The statements for £ = [ follow immediately by
the bounds in 12.5. For k # [ we have > no o onr On b 1 = D 0e N a1 Ui k07 8O that

the rest follows by 12.5 and by observing that if | < zM < kthat |2, n s O ibiil S

W by Theorem 12.4, which is less than the right-hand side of both (109) and (110). [

Lemma 12.7. Write G, .(k,l) = E[X} X[, — Y Y[ | There exists a C > 0 such that for all
e>0andk,l € N

H3:1 (1+\k;§\)1—5 + (H“Fl,,l)l_é if fori € {1,2} either k; # ;
orki=1;>1%,

L1Greth ) < T+ T if either k; # L ork; = 1; > (111)

and ks—; = l3—; < %,

Q

Proof. Let (k,1) € N§ x N be such that k = [ with |k|o < L. Then (see (104))

|Gre(k, 1)

- X O P B DR C PN R D SR G

mENgz\m\wzg i=1 mGNo,ng mGNo,mE%

If £ and [ are not like that, then

Gre(k, 1) = ( Z b%,klb%,h)( Z bfﬁ,@bﬁb)-

mENO,m<§ meNo,m<§

So that the bound (111) follows from Lemma 12.6. O

A The min-max formula for smooth potentials

Lemma A.1. Let f1,..., f, be pairwise orthogonal in Hg. There exist pairwise orthogonal
Jiks-o s fug in CF for k € N such that for all i

fir 222 in HE. (112)
Proof. Let g; 1, € CZ2° be suchthat g; , — f;in Hg for all ¢. By doing a Gram-Schmidt procedure
on gi k, - - -, gn,k We can give the proof by induction. We prove the induction step, assuming that
fik =01k -+ fn—1k = gn—1, are pairwise independent. We define
P —Z (gt fir)
" M (S i)
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Then f, ; is pairwise independent from f1 y, ..., fn—1 % Asfori € {1,...,n — 1} we have
<gn,]€7 fl,k) — <fn7 f’L> = 07
it follows that f, . — f,. O

Lemma A.2. Let ( € L°°, n € Nand L > 0. Then (for notation see 5.4)

M(Qr,¢)= sup inf (S, 0) = sup  inf (S, 4). (113)
FCHZ | YEF FCCe  YeF
dim F= nHwHL2 =1 dim F=n |9l 2=1

Proof. First observe that

An(Qr, sup inf S, ).
(Qr,¢) = P (Hb, )

<f27f]>H2 6” 0426[0 1] Zz laz_l

Let f1,..., fn € HZ with (f;, fj>H§ = 0;;. By Lemma A.1 there exist fi k, ..., fnr in CZ° with
(fiks fik) H2 = d;j (by renormalising) such that (112) holds. Then

inf TGP, Py — inf FEY,
d):E" a; fi < <¢ ¢> —En a;f i,k < Cw ¢>
aiG[O,l},Zl 1a2=1 a;€[0,1], Zl a2=1
< sup |<c%ﬂd/}7¢>L2 - <%§07§0>L2|
Y= ZZ 1 o fip= Z-L 1 azfi,k
[0 1} Zz 1 ¢ ? 1
g sup Zazfz Zazfzk < Z”fz‘—fi,k”Hg — 0.
This proves
M(Qr,¢) = sup inf <<%”<¢M/1>7 (114)
fronfn€C® =301 1 ifi
{fifi) pg=0ij i€ €[0,1], Zz L=
and therefore (113). O

B Useful bound on an integral

Lemma B.1. Lerv,0 € (0,1) and v + 6 > 1. There exists a C' > 0 such that for all b > 0 and
u € R

> 1 1 1—~v—0
/0 T 4 < O ) (115)
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Consequently, there exists a C > 0 such that for all b > 0 and u,v € R

L 1 1—y—0
< _ o1 )
/R(b+|:cu)v b+ |z — v|)? dz < Cb+u —v]) (116)

Proof. By a simple substitution argument we may assume b = 1.
115

We have uniformly in a € (0, 1)

X —7 A — A a .
o (a+z)y(1+x)0f = — ) at? o (a+x)y =~ ~

Hence forall w > 0

/°° 1 1 d:):—/oo 1 1 du
w A+z—uw)r(1+2)? " Jy Q+2)(1+utaz)
> 1 1
= 1+u179/ de < (1 +u)770. 117
( ) 0 (1+u+$) (1+(L’)9 ( ) ( )

On the other hand we have

3 1 1 u 71
dr<(1+ 97 [7 2 _de<(1+4u)?
/0 (1+u—2) (L+2) r<(1+3) /0 1+a) v 3 (14 u) )

and similarly f

W a +$)9 dz < (14 u)'=77. In case u is negative, the bound is already
proved in (1 17) (by interchanging 6 and 7).
For (116) it is sufficient to observe that

> 1 > 1
= dz,
/U (1+ |z —ul) (H!w—v\ /0 1+Ix+v—u\ (1+=)?

v 1 o0 1
dz.
/_oo<1+|x—u\> <1+rw—v\ /0 1+|x+u—v\> (Ita)f "
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C Spectrum of an operator with compact resolvents

Let H be a Hilbert space. Let A : 2 — H be a linear operator, where ¥ is a linear subspace of
H. p(A) denotes the resolvent set of A, o(A) the spectrum and o,,(A) the point spectrum, i.e.,
the set of eigenvalues.

Theorem C.1. Suppose H is infinite dimensional. Let o > 0. Suppose i € (—oo,a] C p(A)
and write R, = (pn — A)~L. Suppose that R, is a self-adjoint compact operator as a map
H — H. Then

o(A) = o(A) = {u— L : A € oy(R,) \ {0}}. (118)

Suppose moreover that A is a closed symmetric (densely defined) operator. Then A is self-
adjoint and has an (at most) countable spectrum without accumulation points. For all \ € o(A),
ker(A — A) is finite dimensional and

7= P ker()-A), (119)
Aeo(A)

Let \y < Ay < -+ be such that o(A) = {\, : n € N} and such that #{n € N : \,, = \} =
dimker(A — A) for all X € o(A). Then with the notation T for “is a linear subspace of "

A= inf  sup (Av,v), (120)
rcy
AmE=1 o] =1
1
= sup inf (R,v,v). (121)
:u*)‘n FCH < . >

ve
dim F=n [[v[|lz=1

Theorem C.2. [22, Theorem 6.29] Let A be a closed operator and 1 € p(A). If R, is compact,
then o(A) consists of countably many eigenvalues with finite multiplicities and has no accumu-
lation points. Moreover Ry is compact for all X € p(A).

Theorem C.3 (F. Riesz). [35, Theorem 4.25] [9, Theorem VI.7.1] Let R : H — H be a compact
operator. Then o(R) \ {0} = 0,(R), o(R) is countable and has at most one limit point, namely
0. If dim(H) = oo, then 0 € o(R).

Theorem C.4 (Riesz-Schauder theorem). [33, Theorem VI.15] Let A be a compact operator
on H. Then o(A) is countable with no accumulation point except possibly 0. Further, every
A € 0(A)\ {0} is an eigenvalue of finite multiplicity.

Theorem C.5. [35, Theorem 12.29] If T : H — H is a normal operator and o (T)) is countable,
then H = €\, (1) ker(A = T).
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Lemma C.6 (Fischer’s principle). [26, Section 28, Theorem 4, p. 318]° Suppose that o,(A) =
{A\n:n € N}and #{n € N: A\, = A\} =dimker(\ — A) forall A\ € o(A). If \y < A\p41 for
alln € N, then

Ap = inf 3 A .
n=jnf  sup (Av,v)

dim F'=n vl =1

If Ay > Mpg1 foralln € N, then

Ap = sup inf (Awv,v).
Fcg  VEF
dim F=n |lv[lg=1

These theorems can be used to give a short proof of Theorem C.1.

Proof of Theorem C.1. For the most statements one can combine Theorems C.2 and C.3. (118)
follows from

Mp—5—A)=Ap—A)—1= (A~ Ry)(u—A)
=(p—AA=-1=(p— A\ - Ry),

as this implies that A — R, is boundedly invertible (or injective) if and only if ;1 — % — Ais. If
@ is an inverse for p — % — A then

1 1
SQO = Ry = A4) = (A= R)(u— A)3@ =T
Therefore § (11 — A)Q is an inverse of A — R, as

(1= A)QA ~ Ru) = 5 (1~ A)QUA ~ Ru) (s — AR,

= (= A)YA = R)(n = A) QR = (0 — A)IR, = 1.

> =

Vice versa if () is an inverse A — R, then AQ)R,, is an inverse for p — % — A, Moreover,
ker(pu — % — A) = ker(A — R,). Then (119) follows by applying Theorem C.5 to R, and
observing that 0 € o(R,,) because dim(H) = oo and (ker R,)* = ran(R,) = 2. (120) and

(121) follow from Lemma C.6. 0

Definition C.7. Let A : Z(A) — H and B : Z(B) — H be densely defined operators. We say
that B is A-bounded when

(@) 2(A) C Z(B),
(b) There exist a, b > 0 such that for all p € Z(A)

[Bell < allAgll + blj]- (122)

5In this reference the operator is actually assumed to be compact and symmetric, but this is only done to guarantee
that the spectrum is countable and ordered.
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The infimum of such a is called the relative bound of B with respect to A. If the relative bound
equals 0, we say that B is infinitesimally small with respect to A.

Theorem C.8 (Hilbert-Schmidt theorem). [33, Theorem VI.16] Let A be a self-adjoint compact
operator on H. Then there is a complete orthonormal basis (¢p)nen for H such that Ap,, =
A @ and X\, — 0.

Theorem C.9 (The Kato-Rellich theorem). [33, Theorem X.12] Suppose A is self-adjoint, B is
symmetric and B is A-bounded with relative bound a < 1. Then A+ B is self-adjoint on Z(A).
Furthermore, if 5(A) C [M,00), then (A + B) C [M — max{;2-, a| M|+ b}, 00) (where a,b
are as in (122)).

D Errata

* Immanuel Zachhuber pointed out that the proof Theorem 5.4 where we prove that the
principal eigenvalue is simple, needs further clarification about the positivity improving.
We clarify this by first showing that the semigroup is positivity preserving, see the text in
red.

* Franz Haniel pointed out a few mistakes:
In Definition 6.1 the covariance of the white noise was missing.
In Theorem 8.4 twice % should be a%
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