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Classical Wick polynomials

Let X be a r.v. with EX" < oo for all n > 0.
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Recursive definition:
W,(x) = 'Wao1(x),  EW,(X) = 0.
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Classical Wick polynomials

Let X be a r.v. with EX" < oo for all n > 0.

Recursive definition:
W,(x) = 'Wao1(x),  EW,(X) = 0.

For example:

Wilx) = x —EX, Wa(x)=x?—-2xEX +2(EX)?> —EX?,...
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Classical Wick polynomials

Let X be a r.v. with EX" < oo for all n > 0.

Recursive definition:
W,(x) = 'Wao1(x),  EW,(X) = 0.

For example:
Wilx) = x —EX, Wa(x)=x?—-2xEX +2(EX)?> —EX?,...
Multivariate generalization:

0
0X,'
EW,(X1,..., X,) =0.

Wh(x1,....xn) = Wooi(X1, .o, Xiz1, Xis1s - - o Xn),
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Classical Wick polynomials Hopf-algebraic approach

Definition
A noncommutative probability space is a tuple (A, @) where A is an associative
algebra and ¢ : A — k is unital, i.e. o(14) =1.
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Classical Wick polynomials Hopf-algebraic approach

Definition
A noncommutative probability space is a tuple (A, @) where A is an associative
algebra and ¢ : A — k is unital, i.e. o(14) =1.

On T(A) = P,.,A®" define A: T(A) — T(A) ® T(A) by

A“J(a1 cee a,,) = Z as ® appps-
Sc(n]
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Classical Wick polynomials Hopf-algebraic approach

Definition
A noncommutative probability space is a tuple (A, @) where A is an associative
algebra and ¢ : A — k is unital, i.e. o(14) =1.

On T(A) = P,.,A®" define A: T(A) — T(A) ® T(A) by

A“J(a1 cee a,,) = Z as ® appps-
Sc(n]

This induces a product on T(A)*:

pliy = (u®v)A™r.
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Classical Wick polynomials Hopf-algebraic approach

Define ¢: T(A) — k by ¢(a1---a,) = ¢@(ar-a----a ap) and extend to
T(A) = k1@ T(A) by ¢(1) = 1.
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Classical Wick polynomials Hopf-algebraic approach

Define ¢: T(A) — k by ¢(a1---a,) = ¢@(ar-a----a ap) and extend to
T(A) = k1@ T(A) by ¢(1) = 1.

There is ¢: T(A) — k with ¢(1) = 0 such that ¢ = exp"’(c). In particular

par--a)= > | ]cas).

neP(n) Ben
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Classical Wick polynomials Hopf-algebraic approach

Since ¢ is invertible, we set W = (id ® ¢~ ")A™.
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Classical Wick polynomials Hopf-algebraic approach

Since ¢ is invertible, we set W = (id ® ¢~ ")A™.

Theorem

The map W : T(A) — T(A) is the unique linear map such that 0,0 W = W o 0, and
¢ oW =eg. Its inverse is given by W™ = (id ® ¢)A™.
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Classical Wick polynomials Hopf-algebraic approach

Since ¢ is invertible, we set W = (id ® ¢~ ")A™.

Theorem

The map W : T(A) — T(A) is the unique linear map such that 0, o W = W o 9, and
¢ oW =eg. Its inverse is given by W™ = (id ® ¢)A™.

Example:
W(a)=a—qp(a), W(a%)=2a%%—2ap(a)+2¢(a) —p(a-,a),...

W(ab) = ab — ap(b) — bp(a) + 2¢(a)p(b) — ¢p(a -4 b).
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Moments and cumulants

In the noncommutative case, we have several notions of independence: freeness,
boolean idependence, monotone independence, etc. ..
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Moments and cumulants

In the noncommutative case, we have several notions of independence: freeness,
boolean idependence, monotone independence, etc. ..

Each is characterised by a set of cumulants: «, B, p resp.

On the double tensor algebra T (T (A)) consider

Alay---ap) = Z a5®aj1s|---|ajf.
Scn]
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Moments and cumulants

In the noncommutative case, we have several notions of independence: freeness,
boolean idependence, monotone independence, etc. ..

Each is characterised by a set of cumulants: «, B, p resp.

On the double tensor algebra T (T (A)) consider

Alay---ap) = Z a5®aj1s|---|ajf.

Sc(n]
This splits as
A(ar---ap) = Z as®ays|---|ays,
1eSC(n]
A.(ay---ap) = Z as®aj1s|-~-|ajg.
1¢Sc[n]
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Moments and cumulants

Therefore, the convolution product p *v = (u ® v)A also splits:

U<vi=EeVA., pu>v=ERV)A,.
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Moments and cumulants

Therefore, the convolution product p * v := (u ® v)A also splits:

U<vi=EeVA., pu>v=ERV)A,.

Consider ®: T(T(A)) — k the unique character extension of ¢.
Theorem (Ebrahimi-Fard,Patras; 2014, 2017)

The cumulants k, B, p are the unique infinitesimal characters of T(T(A)) such that

P=c+k <P
=e+d>p

and @ = exp,(p).
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Moments and cumulants

Theorem (Speicher; 1997)

@(ar-a--aap) = Z 1—[ k(ap).

neNC(n) Ber

Theorem (Speicher, Woroudi; 1997)

(@i -a - -aan) = Z nﬁ(ag)

nelnt(n) Ber

Theorem (Hasebe, Saigo; 2011)
1
p(ara---aan) = Z Tl np(as)

(m,A)eM(n) Bern
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Moments and cumulants

We write
® = E.(k) = €.(B) = exp.(p).
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Moments and cumulants

We write
® = E.(k) = €.(B) = exp.(p).

Every character has an inverse for . For & we have

&1 = 6, (k) = G(=B) = exp.(~p).
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Moments and cumulants

We write
® = E.(k) = €.(B) = exp.(p).

Every character has an inverse for . For & we have

&~ =B, (—k) = B(—p) = exp.(-p).
In fact, characters on T(T(A)) form a group denoted by G.

Observe that A: T(A) — T(A) ® T(T(A)), i.e. we have a coaction.
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Moments and cumulants

We write
® = E.(k) = €.(B) = exp.(p).

Every character has an inverse for . For & we have

&' = B, (~k) = B(=B) = exp.(~p).
In fact, characters on T(T(A)) form a group denoted by G.
Observe that A: T(A) — T(A) ® T(T(A)), i.e. we have a coaction.

Thus, the character group G acts on End(T (A)).
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Wick polynomials

By analogy, define W: T(A) — T(A) by

W= (id® d A,
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Wick polynomials

By analogy, define W: T(A) — T(A) by
W= (id® d A,
Examples:

W(a) = a - ¢(a)l
W(ab) = ab — ag(b) — bp(a) + (2¢(a)p(b) — ¢(a - b))1
W (abc) = abc — ¢(c)ab — @(b)ac — ¢(a)bc
—[¢(b - c) - 2¢(b)p(c)la + p(a)p(c)b — [p(a - b) — 2¢(a)p(b)]c
—[¢(a-b-c)—2¢(a)p(b - c) - 2¢(c)p(a - b) — p(b)p(a - c)
+5¢(a)p(b)p(c)]

N. Tapia (NTNU) Noncommutative Wick polynomials May. 8th, 2019 @ Trondheim, Norway 15/32



Wick polynomials

By definition
PoW=(Pod HA=¢

that is, P(W(a;...a,)) =0 for any ay,...,a, € A.
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Wick polynomials

By definition
PoW=(Pod HA=¢

that is, P(W(a;...a,)) =0 for any ay,...,a, € A.

It's easy to check that W is invertible with W~ = (id ® ®)A
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Wick polynomials

By definition
PoW=(Pod HA=¢

that is, P(W(a;...a,)) =0 for any ay,...,a, € A.
It's easy to check that W is invertible with W= = (id ® ®)A.

In particular

avan= ) W(a)®(ays) - blays).
Sc[n]
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Wick polynomials

But also W = (id ® €. (—«))A, so
Theorem (Anshelevich, 2004)

Wa -an= > as > (D" ]xs).

Sc[n] welnt([n]\S) Bern
rUSeNC(n)

N. Tapia (NTNU) Noncommutative Wick polynomials May. 8th, 2019 @ Trondheim, Norway 17 /32



Wick polynomials

The Wick polynomials satisfy the recursion

n—1
W(ai---a,) = a1VV(az---an)-:E: W(aj1---ap)k(ar - aj).
j=0

N. Tapia (NTNU)

w

(id® ™A
id<od'+id> !
id<®' —id > (@7 > k)
id<®™ ' - W >«

Noncommutative Wick polynomials
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Wick polynomials

Theorem

The Wick polynomials can be expressed in terms of boolean cumulants
W=(Gd-id>pB) <o

Proof.
Previous theorem plus the fact that k = ® > g < d~ 1.
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Wick polynomials

The Boolean Wick map is defined by

W’I:id—id>ﬁ.
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Definition

Wick polynomials

The Boolean Wick map is defined by

Therefore

N. Tapia (NTNU)

W’(a1

W' = id —id > B.
n
ap) = a ---an—Zam ~--apPB(ar---aj).
J=1
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Definition

Wick polynomials

The Boolean Wick map is defined by

Therefore

N. Tapia (NTNU)

W’(a1

W' = id —id > B.
n
ap) = a ---an—Zam ~--apPB(ar---aj).
J=1
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Wick polynomials

Theorem
Boolean Wick polynomials are centered

Proof.
PoW =b-P>fp=c¢ O

Theorem
We have

n—1
ai---ap=Wiar--a,+ Z P(ar---a)W(ajs1-- - an).
j=1
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Wick polynomials

From a previous computation
W =W <o,

that is

Wiar--an)= ), W(as)d(as) -

1eSc[n]
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Wick polynomials ~ Two-state cumulants

Assume we have a second state y : A — k.

Definition
Two-state cumulants are defined implicitly by

@(ar-a--aan) = Z 1_[ R%Y(ap) l_[ «¥(ap).
meNC(n) BeOuter(r) Belnner(r)

Theorem (Ebrahimi-Fard, Patras; 2018)

R®¥ is the unique infinitesimal character of T(T (A)) such that

d=c+d> Y >R < V).
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Directly,

RV =¥ > B2 <y



Wick polynomials ~ Two-state cumulants

Directly,
’ R¥YV =¥ > g% <y,

In particular,

R#% = > g% <7 =,
R¥€ = B%.
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Wick polynomials ~ Two-state cumulants

The conditionally-free Wick polynomials are defined as

We=W < (dxV¥).
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Wick polynomials ~ Two-state cumulants

Definition
The conditionally-free Wick polynomials are defined as

We=W < (dxV¥).
This means
we = (id—id > @y(R?¥)) < ¥~

where Oy(u) =¥ > u < V.
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Wick polynomials Modification of products

Since W is invertible, one can induce a product on T(A) by

xey=WW ' x)W(y)
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Wick polynomials Modification of products

Since W is invertible, one can induce a product on T(A) by

xey=WW ' x)W(y)

Proposition
The o product admits the closed-form expression: for x = ay---a,, ¥ = @n+1 " an+m

xey= > as®(as)- ay0).

Sc[n+m]
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Power series

The relations between moments and cumulants can also be encoded by power series.
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Power series

The relations between moments and cumulants can also be encoded by power series.

In the classical case, one uses exponential generating functions:

Sim el Y AH

n>0 ) k>0
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Power series

In the noncommutative setting, these are replaced by ordinary generating functions.
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Power series

In the noncommutative setting, these are replaced by ordinary generating functions.

Let

Mw) =1+ @(aa)Wa, RW) = > K(aa)War N(W) = > Blaa)Wa.

a
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Power series

In the noncommutative setting, these are replaced by ordinary generating functions.

Let

M(w) =1+ Zgo(aa)wa, R(w) = Zk(aa)wa, n(w) = Z,B(aa)wa.

a

Considering a new set of variables z; = w;M(w) we have

M(w)=1+R(z), M(w)=1+nw)M(w).
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Power series

It turns out that the Hopf-algebraic language above describes two operations on power
series.
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Power series

It turns out that the Hopf-algebraic language above describes two operations on power
series.

Let G” and G° denote the group of invertible power series and formal
diffeomorphisms, resp.
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Power series

It turns out that the Hopf-algebraic language above describes two operations on power
series.

Let G” and G° denote the group of invertible power series and formal
diffeomorphisms, resp.

For f, g € GP define
fé&(w) = gw)f(z), zi=wigw).

Also let
(Ff ~g)w) =1(2), zi=wgw).
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Power series

Given F : T(A) — k let A(F) € k[[w]] be given by

A(F)(w) = F(1)+ ) F(az)Wa.
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Power series

Given F : T(A) — k let A(F) € k[[w]] be given by

AF)w) = F(1) + > F(ag)Wa.

Theorem

A(F % G) = AN(F)MO)

N. Tapia (NTNU) Noncommutative Wick polynomials

May. 8th, 2019 @ Trondheim, Norway

31/32



Power series

Given F : T(A) — k let A(F) € k[[w]] be given by

AF)w) = F(1) + > F(ag)Wa.

Theorem

A(F % G) = AN(F)MO)

Theorem

A(F < G) = A(F) ~ A(G).
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Power series

Thank you!
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