PROOF OF OFF-DIAGONAL LONG-RANGE ORDER
IN A MEAN-FIELD TRAPPED BOSE GAS
VIA THE FEYNMAN-KAC FORMULA

TIANYI BAI', WOLFGANG KONIG??, AND QUIRIN VOGEL*

4 August 2024

LChinese Academy of Sciences, Beijing, China
2 Weierstrafs-Institut fiir Angewandte Analysis und Stochastik, Berlin, Germany
3 Institut fiir Mathematik, Technische Universitit Berlin, Berlin, Germany
4 Ludwig-Mazimilians- Universitit Miinchen, Mathematisches Institut, Miinchen, Germany

ABSTRACT. We consider the non-interacting Bose gas of N bosons in dimension d > 3 in a trap
in a mean-field setting with a vanishing factor anx in front of the kinetic energy. The choice any =
N~%/? is the semi-classical setting and was analysed in great detail in a special, interacting case
in [DS21]. Using a version of the well-known Feynman—Kac representation and a further representation
in terms of a Poisson point process, we derive precise asymptotics for the reduced one-particle density
matrix, implying off-diagonal long-range order (ODLRO, a well-known criterion for Bose-Einstein
condensation) for ay above a certain threshold and non-occurrence of ODLRO for any below that
threshold. In particular, we relate the condensate and its total mass to the amount of particles in
long loops in the Feynman—Kac formula, the order parameter that Feynman suggested in [Feb3|]. For
any K N72/d, we prove that all loops have the minimal length one, and for an > N~/ we prove 100
percent condensation and identify the distribution of the long-loop lengths as the Poisson—Dirichlet
distribution.
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1. INTRODUCTION AND MAIN RESULTS

This work is a contribution to the condensation theory of the Bose gas. Our main objectives are the
following.

e Derive new and physically relevant results on Bose condensation for a particular mean-field
version,

e rigorously give evidence for the strong relation between the condensate and the long loops in
the famous Feynman—Kac representation of the gas,

e provide new, probabilistic proofs and use the language and toolbox of probability, in order to
attract also this community to this fascinating subject.

Since the vague suggestion of Feynman [Feb3] that the number of particles in long loops might
be a relevant order parameter for describing the famous phenomenon of Bose—Einstein condensation,
the Bose gas became popular also in the probability world as a mathematically interesting object
to study. However, there are not many probabilistic investigations yet with real physical relevance,
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but the tendencies often went to creations of new probabilistic models and new questions. Here
we concentrate on physically relevant questions, yet establishing and further pushing a probabilistic
toolbox.

For the study of the condensation phase transition in the Bose gas, the most acknowledged, crucial
object to study is the reduced one-particle density matriz, and the most important goal here is to prove
that it shows off-diagonal long-range order (ODLRO), which is generally acknowledged as a signal of
Bose-FEinstein condensation (BEC). This is what we are going to do in this work for a particular
version of the Bose gas.

In our recent work [KVZ23], we did this for the standard free (i.e., non-interacting) Bose gas in the
thermodynamic regime. The precise model that we consider here is a mean-field model in a fixed trap
with a vanishing factor ay in front of the kinetic energy. For the particular value ay = N~2/¢, we are
in the semi-classical setting, and this model is particularly interesting since it shows a condensation
phase transition at a fixed positive temperature. This has been shown in [DS21] in a special case and
is under work in [BK24+| in more generality (but, however, without proof of ODLRO). The present
paper shows the existence and absence of ODLRO for many other choices of ay. Furthermore, we also
give a description of the condensate as the total mass of particles in long loops in the Feynman—Kac
formula, and an explicit identification of the limiting distribution of the lengths of the long loops.

1.1. A mean-field Bose gas. We consider a canonical bosonic non-interacting system of NV particles
in a confining potential in R%. The corresponding Hamilton operator is given as

N N
Hé],vu);:—azﬁi+ZW(wi), z1,...,xN € RY (1.1)
i—1 i—1

the N-particle operator with kinetic energy given by a € (0,00) times the standard Laplace operator
in a confining (or trapping) potential w: R¢ — [0,00). The quantity 1/a is interpreted as the mass of
the particles. We are under the usual assumptions that w is bounded from below and, for simplicity,
is continuous and explodes quickly enough to oo far out. Our precise assumptions are formulated at
the beginning of Section [L.3]

We are interested in bosons and introduce a symmetrisation, i.e., we project on the set of symmetric,
i.e., permutation invariant, wave functions. Furthermore, we consider the particle system at positive
temperature 1/5 € (0,00). That is, we consider the following trace:

(N)
Zn(B,a,w) = Try (e M) = Zy(Ba, 1, Lw), (1.2)

where the index + denotes the symmetrisation, i.e., the application of the projection operator on the
set of all permutation invariant functions. The quantity Zn (8, a,w) is called the partition function of
the system. In this paper, we study a mean-field regime, where we do not introduce any N-dependence
in w. Instead, we pick the parameter a = ay depending on N. Indeed, we will assume that (ay)yen
is bounded, and
X = lim Na%2 € [0, oo] exists. (1.3)
N—o00

We will investigate the limiting free energy,

e (8,X) = L log Zw (B, an . w), (1.4)

BN |
3 NS N
and the one-particle reduced density matrix 'y]({}): R?¢ x R — [0,00) of the state

T — 1 o BHE)

ZN(,B,(IN,’LU) ’
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that is,

’7](\{?(%',?/):]\7 F%)(I’,ZL‘Q,...,Z’N,y,l'g,...,.iUN)de"'dx]\/‘, $,yERd, (15)
(R4)N-1

where we used the symbol FX‘}) for both the operator and its kernel.

The principal L?(R%)-eigenvalue of Fx}) is defined as

oy = sup — (foy ) (1.6)
feL?(RY): | flla=1
We say that the Bose gas exhibits off-diagonal long-range order (ODLRO) if aX}) is of order N as
N — oo. The occurrence of ODLRO is generally acknowledged (see [LSSY05]) as a criterion for the
occurrence of Bose-Einstein condensation (BEC).

The case a = N~2/% is particularly interesting and is called the semi-classical limit setting, see [DS21]
and [BK24+4]. On this scale, the famous condensation phase transition is observed at a critical value
Be € (0,00) of B. This has been first explored in [DS21] and has been explicitly worked out in the
special case d = 3, w(r) = w|r|?> and under the assumption that the Hessian matrix of v satisfies
a particular upper bound that depends on w. In this case, the condensation effect was proved to
hold both on the level of a non-analyticity of the limiting free energy and in terms of ODLRO at a
particular value of 3. [DS21] followed an approach that is very common in mathematical physics, via
an energy-entropy description and a transition to the Fourier world, while [BK24-|, like the present
paper, applies the Feynman—Kac formula, a Poisson-point process description and large-deviations
techniques, to express and analyse a variational expression for the limiting free energy.

The goal of the present paper is two-fold: (1) we handle also the two cases of sub- and super-
semiclassical regime (that is, ay < N~2/? and ay > N~%/¢ respectively) and prove that ODLRO
does not hold, respectively does hold, and (2) we follow a probabilistic route that relies on the well-
known Feynman—Kac formula and a representation in terms of a Poisson point process, like in our
recent paper [KVZ23]|. However, in this paper we handle only the non-interacting case and leave the
general case to future work.

Let us remark that the special case ay = 1 has been considered already in [AKOS8|, where the
Feynman—Kac formula and a combinatorial large-deviations principle was applied to find a variational
formula for the limiting free energy; they also provide evidence on 100 percent condensation, but this
was not anymore deepened.

1.2. Representation via a Poisson point process. It is the starting point of this paper that
the partition function and density matrix can be written in terms of a crucial Poisson point process
(PPP). This process was introduced to the study of the Bose gas in [ACK11], but was already used for
the study of other phenomena in statistical mechanics (e.g., conformal invariance in dimension two)
in [LWO04] under the name Brownian loop soup. Here we rely on the recent adaptation in [KVZ23] and
refer proofs to Appendix A there.

The canonical Brownian bridge measure from = € R? to y € R? with time horizon 3 € (0, 00) is

defined by
) (4) = P.(B € A;Bg € dy)7
T,y dy

where Cg denotes the set of all continuous functions [0, 3] — R?. Here, B = (Bt)iejo,p) is a Brownian

A C Cg measurable, (1.7)

motion in R? with generator A, starting from z under P,. We introduce an integrated and weighted



4 BAI, KONIG, VOGEL

version on loops of Cg,

g0 (df) = e~ Jo w NS/ dxgggf;(df):/ dzrE,[e —fgw (Ba)ds1{B € df}1{Bgs € da}]/dx.
R4 R4
(1.8)

Now we introduce the Poisson process called the Brownian loop soup, the natural reference measure
for the Feynman—Kac representation of the Bose gas. We write P%NZ) for the probability measure of a

Poisson point process (PPP) 7 =3_,d; with intensity measure

N
R =3 1 mag,  fe =0 (19)
k=1 keN
If f € Cip is an element of 7, we say it is a loop of length ¢(f) = k. Then Xj, = #{f € n: {(f) =k} is
the number of loops with length k. Then (Xy)re[n) is a collection of independent Poisson-distributed
random variables X, with parameter 1£7**)(Cgi). (We write [N] for {1,...,N}.) We write 0(n) =
> fen Uf) = Xpein kX for the number of all particles in the process 7).

The following is a variant of [KVZ23| Lem. 1.2 and Cor. 1.4].

Lemma 1.1 (PPP-representation of the reduced density matrix). For any a, 8 € (0,00) and N € N
and for all z,y € RY,

P M=N—r)

(a) (Bar, w/a) Ba w/a
W (@) Zﬁw,y Car) ChNC (1.10)

We refer to [KVZ23| Appendix A] for the proof of Lemma Indeed, the proof consists of a series
of reformulations of the symmetrized trace: first in terms of N Brownian bridges with time-interval
[0, B] and a symmetrization, then (using the Markov property, respectively the Chapman—Kolmogorov
equations) in terms of a collection of Brownian bridges with various lengths with total sum equal to
N and equal initial and terminal sites, and finally a translation into the language of Poisson point
processes. The first two reformulations are due to |G70], the last one to [ACK11].

The representation is the starting point of our analysis. It also gives a frame for the description
of the mean-field Bose gas that is explicitly built on an ensemble of loops, which we will be using as
order parameters.

1.3. Our main results: Long loops and ODLRO in the mean-field Bose gas. Let us formulate
our precise assumption on the trap potential w. For our purposes, it will be important to control the
behaviour of w at its minimum. We write {w = 0} for { € R?: w(x) = 0}; similarly for {w < oo}
and other sets like that.

Assumption (W). We assume that w: R® — [0,00] is continuous in {w < oo}, and there is a
parameter o € (0, 00] together with a family of functions W, W.: R? — [0, 00], such that

o We define

d .
= L xeR% e e (0,1];

W) e~ w(xe) in the case a < 00,
) =
: ew(z)  in the case o = 00,

o [z e~ PAinfec W= 4y < oo for any B € (0,00);
e for any f € L'(RY),
(We, f) = (W, f) as €] 0;
o W is continuous in {W < oo} and satisfies inf W = 0;
o W has a unique minimum at x = 0 if o < 00;
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e W =0 in a neighborhood of t =0 if « = oo

In particular, under Assumption (W), w > 0 and w(zr) = Wi(z) > inf.cq1 We(r) and
limpy| oo w(z) = oo so fast that all negative moments Jga e (@) dg are finite for ¢+ > 0. Hence
the L? operator —A +w has a discrete spectrum with spectral gap, i.e. it has an L?-orthonormal basis

(gbém)ieN of eigenfunctions with associated eigenvalues
0< )\1(’[1)) < )\2(’11}) < )\3(’11}) <... (1.11)

and we take the sign of ¢{"’ such that it is positive everywhere in {w < co}. See [BHL11, Theorem
4.72, Theorem 4.125] for details. Same property holds for —A + W and —A + W-..

We remark that o = oo implies W € {0, 00}. One possible choice is w = W = ool for a centered
box @ in the case @ = oo or the harmonic trap potential w(z) = W(x) |z|? in the case a = 2.
Furthermore, in the case a < 0o, we have W(x) = |z|* W (| ‘) for z € RY; this includes the case W (z) =
c¢|z|®, in particular the case of a harmonic trap. Certainly, lots of generahsatlons of Assumption (W)
will admit our results, but would require more technical efforts and do not substantially increase the
list of interesting potentials. In particular, [ e A1 dz is decreasing in j € N and finite.

We fix 5 € (0,00) for the rest of the paper and do not everywhere reflect its dependence in the
following. For a realization n of the PPP with distribution P’ 6a w/a> We consider the sequence L(n) =
(Li)ien, defined as the sequence of all the lengths ¢(f) with f € n, ordered according to their size,
and counted with multiplicity. That is, L; is the number of particles in the i-th longest loop in the
configuration.

Let us recall that the Poisson-Dirichlet distribution with parameters 0 and 1 (denoted PDy) is
given as the joint distribution of the random variables (¥, [[fZ1(1 — Y3))nen, where (Y;)ney is an
i.i.d. sequence uniformly distributed over [0, 1]. Note that the sum of the elements of a PD;-distributed
sequence is equal to one, i.e., this distribution is in fact a random partition. It is well-known in
asymptotics for random permutations, as the joint distribution of the lengths of all the cycles of a
uniformly picked random permutation of 1,..., N, ordered according to their sizes and normalized by
a factor 1/N, converges weakly to PD;.

An important quantity is

W; .
Pw = Z W € (0, 00, where W, = e dg e Piv@), (1.12)
jEN
Furthermore, we need to introduce the pressure
ePui
Z Mﬂj B u € (—o0,0]. (1.13)

Then p is analytic in (—o0,0) and dlverges in (0, 00) with p’(0) = Bpy, where p’(0) is the left-derivative
at 0. For x € (0,00), define u, € (—00,0) by p/(uy) = xB if x < pw and u, = 0 for x > p,,. Then we
define the sequence
eﬁuxj Wj

X (4mpBj)d/?’

Then, in the limit x | 0; we have u, — —oo; more precisely, u, =
a;’() — d;1. We extend the definition by taking o'® = (1,0,0,...), o> = 0.

a™ = (OZ;X))jENv oz;-” = jeN. (1.14)

1+g(1) log((47ry@1d/2 x) and hence

Theorem 1.2 (Asymptotics of reduced density matrix and loop length distribution). Suppose that
the trap potential w satisfies Assumption (W) and that p, < co. Pick a bounded sequence (an)nen

in (0,00] and recall x = limpy_,0 Nad/2 € [0,00] as in (1.3).
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(1) Supercritical case: x > py. The following holds in the limit as N — oo:
(a) In weak L*-sense,

W) = N (1= 22 )0l V@)oY ) (1 +o(1)), .y R (1.15)
(b) The distribution of the loop lengths m(Li)ieN under P/(BJ\;)N’w/aN(- | M = N) con-

verges to PDy.

(¢) The distribution of the sequence % (iX;)ien under P

(| M = N) converges in

Ban,w/an
product topology on (°° towards o).
(d) The free energy defined in (1.4) is identified as
0 .
fur (8, x) = _pﬁ(x) + M (W)(1 = B2) limy 00 an-

(2) Subcritical case: x < py. The following holds in the limit as N — oo:
(a) There is a ¢ € (0,00) such that

—1/2

’Y](\[;m(x,y) -0 <a]_vd/2e*0|l”*y‘aN ) , T,y € RY. (116)

(b) Under P (- | M= N), the sequence % (iX;)ien converges weakly in €'-norm to a™.

Ba,w/a

(c) The free energy defined in (1.4) is identified as

pux) ;
— + Uy, if x >0,
fMF(57X) = { Px X fX
—00 if x =0.

The proofs of Theorem [1.2f (1)(a)—(c) and (2)(a)-(b) are in Section 3| and || respectively, and the
identification of the free energy is in Section |5l Our main proof methods are spectral-theoretic (as it
concerns the term &; y(sar) in (1.10])), combinatorial (for handling the two probability terms in (1.10));
their base is probabilistic, since we will be relying on the useful independence properties of the PPP.

Let us draw consequences about the Bose—Einstein phase transition from Theorem n From ([1.14)
it quickly follows that %O‘X}N L — /x >0 (i.e., ODLRO holds), and from (1.15) it easily follows
that oy < O(1) (i.e., ODLRO does not hold):

Corollary 1.3 (Consequences for (non-)occurrence of ODLRO). FEquation (1.14) implies ODLRO
while Equation (L.15|) implies its absence.

Proof. (1) In (1.6) we use gb(f“/ * for f and obtain

a w/a a w/a P w/a
U§V)><¢(1/>771(\7N)¢(1/)>>N(1_;:) ‘|¢(1/)

§:N<1_p;:> . (1.17)

(2) To prove absence of ODLRO, we use Young’s convolution inequality to estimate

a a - — ~a71/2 -
0.5\[) — sup (f, ,yj(v)f> < O(CLNd/2) He cl-lay . =0 (aNd/2a%2) = 0(1) . (1.18)

fEL2(RY): [|fll2=1

0

Remark 1.4 (Total mass in micro- and macroscopic loops) Theorem implies that the total mass
of particles in microscopically long loops is ~ N|[min{1, p,,/x}], while the total mass in macroscopically
long loops is ~ N(1 — py/x)+. This shows a phase transition in x at x = p, between occurrence
and non-occurrence of particles in macroscopic loops. This is the famous Bose-Einstein condensation
phase transition. When putting x = 1 (i.e., in the semi-classical regime), it can be found at g = S,
defined by py(5c) = 1. Note that Theorem implies that there is only o(N) particles in other loops,
i.e., in mesoscopically long loops.
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Furthermore, for x = 0 (i.e., ay = o(N~2/%)), we observe that only loops of length one contribute,
and the free energy is equal to —oo. For xy = oo (i.e., ay > N*Z/d), we observe hundred percent
condensation, more precisely, hundred percent of particles are in macroscopic loops. This includes the
special case ay = 1, where [AKO0§| identified the free energy with other methods, but had no assertion
about loop lengths. O

Remark 1.5 (Spatial distribution of the condensate) The spatial density of the location of the
condensate is equal to x — %’y“‘N )(z,x). Note from Lemma that this is the density of the location
of the initial site of the sample loop in the loop soup, weighted with the number of particles in that
loop (since the weight of a length-r loop starting from z is equal to % Larwlay - This clarifies the
suggestion by Feynman [Fe53] about the loop weights as an order parameter for the condensate in
the loop soup. According to Theorem [1.2(1)(a), the spatial condensate density is asymptotically
distributed with density equal to the total condensate mass times (¢<1w/ N2, According to Lemma,
below, this density has a spatial rescaling with scaling parameter a~®/(@+2) and rescaled shape equal
to (¢§W))2. Hence, the condensate shrinks together to the origin in the case a > 0 and is distributed

like the square of the principal eigenfunction of —A + 0ol fy—) in the case a = 0. O

Remark 1.6 (Finiteness of p,,) Under Assumption (W), ([ e #%dx);cy is bounded, and hence p,
is finite at least in d > 3.

In the special case that w = 0o x Lge, where @ is the centred box of volume 1/p, then fe_ﬁjwdm =
1/p and hence p,, = %(4#5)%/ 2((d/2), where ¢ denotes the Riemann zeta function. Here, p,, is finite
only in dimension d > 3, and Aj(w) is equal to the Dirichlet zero eigenvalue of the Laplace operator
in @ with corresponding principal eigenfunction ¢;. This is — up to scaling — equal to the situation in
the free Bose gas in the thermodynamic regime with Dirichlet boundary condition, see [KVZ23].

However, in the case of a harmonic trap, or, more generally in the case that w(z) ~ D|z|? for z — 0
for some D > 0, then fe_ﬁj“’d:v ~ (W/BjD)d/Q, as one sees by a standard Gaussian approximation.
In this case, p,, is finite also in d = 2. It is no problem to construct examples of potentials w such
that p, < 0o also in d = 1. O

1.4. Literature remarks. The study of quantum gases, in particular the Bose gas and its statistical
mechanics and condensation, is a huge fascinating subject that provides many challenging questions
and involves a lot of mathematical ansatzes and toolboxes, see [PS01,PS03| for extensive summaries.

Interacting quantum gases in various mean-field approximations were recently studied in a series of
papers; see the extensive summary [FKSS20a]. It contains a wealth of ansatzes and formulas, references
and summaries of recent results, mostly by the authors. The small-a regime (in our notation) is coupled
in [FKSS20a] with other rescalings (e.g., of the interaction strength), but is also considered for fixed
number of particles in a fixed box. Throughout this series of papers, the gas is assumed to be confined
to a box with periodic boundary condition, and it is considered in the grand-canonical setting. The
main ansatz, like in many investigations in the mathematical physics community, is via the formalism
of the second quantisation, i.e., in terms of a formulation using annihilation and creation operators
on the Fock space. In that series of works, also the description in terms of Brownian bridges (called
a path-integral approach there, as usual in the mathematical physics community) is derived in a way
that is alternative to the way that is chosen here (we rely on Ginibre’s Feynman-Kac formula via
the density of the operator €2, the Brownian bridge measure), via a number of presentations. This
formula is used in [FKSS20a] for deriving the a | 0 limit for fixed particle number and fixed box;
indeed, the partition sum converges towards the one of an interacting classical gas of N particles. The
regime that we consider in the present paper was not considered in [FKSS20a].

The semiclassical limit (i.e., the choice ay ~ N_2/d) at positive temperature with an interaction
scaled by %, recently attracted some interest, both for fermions [LMT19,|FLS18| and for bosons
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[DS21,BK24+]. [DS21] studied a special case of the regime that we investigate in this paper (however,
with interaction!), where ay ~ N~2/% and d = 3 and the harmonic trap w(z) = w|z|? for some w > 0
and a pair-interaction potential v satisfying an upper bound of its Hessian matrix in terms of w.
They managed to prove, among other things, the existence of a phase transition in [ at some critical
value € (0,00): above that value, ODLRO holds and that the condensate concentrates asymptotically
in one singe point, the origin, and below that value, BEC does not occur. Their methods are very
functional-analytic, start with the Fock-space formulation and rely on reformulations in the Fourier
world.

It is the goal of the present paper to re-prove and re-interpret such results on one hand in greater
generality with respect to the regimes of (an)nen and the shape of the trap potential w, and on the
other hand to give probabilistic proofs that show the benefits of the Feynman—Kac representation by
Ginibre and the Poisson point process representation introduced in [ACK11] and turn the attention
to the Brownian loop soup as an object of its own interest. (The goal of |[BK24+] is to do this also
with interactions in greater generality than [DS21].) Rigorous considerations of Brownian bridges
as an order parameter for Bose gases appeared in a few works yet, starting with phenomenological
discussions in [U06] and discussions of the relation between long loops and condensate in [S1193,/S102].
More recently in [FKSS20a] conceived the rescaled interaction of the Brownian loops in d = 4 as a
regularization as the intersection local time as a possible ansatz for deriving ¢*-theories. Furthermore,
in [BKM24] interactions only within the same loop were admitted in the gas and a related kind of
condensation phase transition was proved in connection with the famous self-avoiding walk problem.
Finally, in our recent paper [KVZ23|, where ODLRO was explicitly proved via this route for the free
Bose gas, a contribution that was apparently missing yet. In the case ay = 1, for w = oo outside a
box A C R% and continuous inside A, in [AK08, Theorem 1.6] it was shown that

. 1

The proof also starts from the well-known trace formula involving Brownian cycles, but uses a some-
what sophisticated combinatorial approach, which appear unfeasible in the case ay | 0. It is not
difficult to include interactions (of course, with a prefactor of %) Using a comparison to the anal-
ogous model with one long Brownian path instead of an ensemble of many cycles, this result was
interpreted in |[AKOS| as the fact that the Bose gas behaves as if it would consist only of one long
cycle. But there was no deeper understanding provided in [AKO0S].

2. PREPARATIONS FOR THE PROOFS

In this section, we prepare for all the forthcoming proofs by the following: In Section [2.1| we provide
upper bounds and asymptotics for the intensity measure and its total mass of the Poisson point process
(PPP), and clarify some spectral scaling properties. In Section we show that the particle number
in the PPP is with high probability close to its expectation; and we show the same for the number of
particles in small loops. In Section we give precise asymptotics for the distribution of the number
of particles in long loops, which leads in Section to a precise lower bound for the distribution of
the total number of particles (the denominator in (L.10)).

2.1. Functional analytic properties. In this section we provide bounds and precise asymptotics
for the intensity measure and its total mass of the crucial Poisson point process that we introduced
in Section We keep 8 € (0,00) fixed and are under Assumption (W) for the potential w. Recall
from (??) that the operator —A + w has eigenvalues 0 < Aj(w) < Ao(w) < Az(w) < ... with a
corresponding L?-orthonormal system (¢§w>)ieN of eigenfunctions such that ¢<1w) is positive whenever
w is finite.
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Recall the Brownian bridge measure £} defined in (L.7)), which is a regular Borel measure on Cg
with total mass equal to the Gaussian density,

€44(Ca) = o) = TP = e (21)

We refer the reader to Appendix A of [Sz98| for more details on Brownian bridge measures. Recall
from (1.8]) its integrated and weighted version on loops and introduce its total mass

Wy, = €C) = [ do [ e o (2:2)
B8

This is finite under Assumption (W), see for example [BHL11]. We write u(f) for the integral of a
function f with respect to a measure y. Recall that we write P (N) for the probablhty measure of a

Poisson point process (PPP) n = > 70y with intensity measure 1/ ) defined in . This intensity
measure has total mass

Vil Z W o (2.3)

A standard eigenvalue expansion (see for example [BHL11, Theorem 4.72]) gives that

—[Pw S —DA;(w w w
o0 (C) = Bple™ Jo *BI 1 By € dy}] Jdy = D e o (2)p((y),  xyeRY (24)
€N

/ 5(6 ) (Cg) dz = Zefﬂh(w). (2.5)

1€EN

and

Driven by ([1.2)), now we replace 3 by Sa and w by w/a. We need to know, as a | 0, the asymptotics
of £¥4/*(Cg) and of

tja = QI]5aj,w/a Egq, w/a[#{f en: L(f / §<BGJ w/a) Cg ])
ye! s 2.6
_/ B [e o Jo wiBa)d 1{Bga; € dx} dz = Z —Bajri(w/a) 26)
= T = e .
d dz '
R ieN

We first state rescaling properties of the spectrum of —A + w/a:

Lemma 2.1 (Spectrum of —A + @), Assume that w satisfies Assumption (W) with o < oo. Then,
as a0, with e = a'/(@+2),

aXi(%2) ~ a®/ )\, (W) fori € {1,2}, and ¢{/" (x) ~ ¢ (xe=1)e™ Y2 in L?-sense. (2.7)
In particular, the spectral gap satisfies
a[A2(2) = M (2)] ~ a®/CT A (W) — A (W)], (2.8)

and the last bracket is positive.

Proof. Recall We(z) = e~ *w(xe) from Assumption (W) for € € (0,1]. Then the spectra of —A + %
and —A + W, with e = a¥/(@+2) gtand in a one-to-one correspondence with each other. Indeed, we
easily see that, for any i € N, the i-th eigenvalue/eigenfunction pairs (A\;(w/a), h;) and (A (We), gc,i)
satisfy

e2Ni(%) =

i
Now we show that lim.jo A1(W.) = Ai(W), which implies the first statement in (2.7). We use
the Rayleigh-Ritz principle, A\i (W) = inf c /2Ry, |g),=1((=A + W)g, g). Taking g as the normalized

(We) and gei(x) = e¥?hi(xe), xR (2.9)
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principal eigenfunction of —A + W, we get, in the limit € | 0,
M(We) < (A +We)g,9) = —(Ag,9) + (Weg, 9) = —(Ag,9) + (Wg,9) = A(W). (2.10)

For the other direction, let g. € L?(R?) be the normalized eigenfunction corresponding to A (Wy).
Then for every e,

MWe) = (A + We)ge, g:) = vaé”% + (Wege, ge)- (2.11)

Since ge, We > 0, by (2.10), ([[Vgell2)c(0,1) is bounded. Pick a sequence (e, )nen With limy, o0 €n = 0.
We deduce from |[LLO1, Theorem 2.18, Theorem 8.6] that there is some gy € L?(R%) such that, along
some subsequence that we still denote (4, ),

Vg., = Vo, ge,, — 9o, weakly in L 9en L_R,R1e — Go1|_R g strongly in L? for any R > 0.
(2.12)

Since g, is continuous for any n, we furthermore have that g., converges almost everywhere to
go, |LLO1, Corollary 8.7]. By Fatou’s lemma and [LLO1, Theorem 2.11] (lower semi-continuity of

g [Vgl3),
lim inf Ay (W, ) = i inf([Vge, |3 + (W, 02,.0,)) > [Vaol3 + (Woo.00)-  (2.13)

n—oo

Moreover,
lgollz = lim flgoL(_p pallz = lim Tim flge, 1 pg ppeflz 21— lim lim {|ge, Igay_ g rpeflz. (2.14)

— 00
As R — oo, by (2:10) and (211),
1

—r,R)e We,

AL(W) R A(W)

W, g2, dx < ‘
/ Engfn L= 1nfRd\[—R,R]d Wgn lnfRd\[—RyR}d W

By Assumption (W), we know W (Rz) = R*W (z) and infga\[_1,1a W > 0, so
L : A (W)
2 _
A Jim e, Lol < Jim s — o
Put this into (2.14)), we deduce that

2
19en Lra\(— R, R)all2 < i,

llgoll2 > 1.

Hence, the right-hand side of (2.13)) is not smaller than A\;(W'). Together with (2.10)), this implies
that lim. o A\ (W:) = A (W), as announced.

A slight extension of the above proof also shows that £%/ 2¢<1’”/ ) (ze) converges uniformly on compacts
towards ¢<1W) as € — 0. In the same way, we can also show that the same is true for the second
eigenvalue, based on the Rayleigh-Ritz formula Ao(W) = inf jc 12 (Ray. [g)o=1,9.L0, ((—A+W)g, g), where
we denote the principal eigenfunction of —A + W by ¢;.

Finally, by [BHL11], Theorem 4.72, Theorem 4.125], we have Ao(W) > A1 (W) > 0. O

Lemma 2.2 (Asymptotics of t;,). Assume that w satisfies Assumption (W). For oo = oo, read
a/(a+2) as 1.

(1) There is a C € (0,00) such that, for any j € N and a € (0, 00),
tia < (4776aj)d/2/ e i@ qy < Cq=d/2jd2=d/e (2.15)
Rd
(2) If a € (0,1] and j € N, in the limit as ja®/?t®) — 0 (and j — oo for the second expression),

Lo ~ (47Baj) 4 /

o Biw(@) g ~ (47T5aj1+2/a)_d/2/ e W dg. (2.16)
R4

Rd
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(3) There is a ¢ € (0,00) such that, as ja®/?t®) — oo, for any two test functions f,g € L*(R%),
(possibly depending on a, but with bounded norms),

/ d / dy f(2)g(y)EPI (Caja) = e BTN (£, g0/y (g 50/ (1 4 e(ja@/GH)))  (2.17)
R4 R4

provided that (f, "’ (g, ¢\"/*)) # 0, where the error term satisfies (k) = O(k‘g QT“)e*"’]C
as k — oo. In particular,

tjo = e P/ (1 4 o(jq/(2ra)y) (2.18)

Proof. The case a = oo and a | 0 is basically identical with the situation in [KVZ23| Lemma 2.2], we
the case of W = ool (re is handled with various kinds of boundary conditions (including Dirichlet
zero conditions), with U a centred box and L € (0,00) tending to co. An extension from a box U to
the set {W = 0} under Assumption (W) is clearly no problem. Use the Brownian scaling property to
see that the limit as a | 0 with fixed W (instead of w/a; recall that W takes only values in {0, 00}) is
equivalent to this limit as L — oo. The replacement of W by W, with W, — W as e | 0 for a | 0 is
only a minor technical point. The case where v = 0o and a € (0, 00) is fixed is even easier to prove;
we leave the details to the reader.

Hence, we assume that o € (0,00).

( ) Conditional on the Brownian motion B, apply Jensen’s inequality for the probability measure
7% ds and the negati tial t
@U gative-exponential map, we ge

Baj
tja= (47rﬁaj)_d/2/ dem( ~Bigay Jo ! w(Bs) ds Bgaj = ZL‘)
Rd
< (47rﬁaj)d/2/ da:i " dsE (efﬁjw(Bs) Bgaj = m)
B rd  Baj Jo ’

Y (2.19)

_ / d —Bjw(y) 1 / ’ ds / dzp ($ y)p (y :L')

= ye — s\b aj=s\J —
Rd Ba] 0 R -

. 1 [Bai .
= d eﬂjw(y)'/ ds pggi(0) = (47B8aj d/2/eﬁjw(fw)dgc7
[ e 0 [T s 0) = (4o

where we used the Gaussian density p; with variance 2t and used their convolution property. Further-
more, recalling W, (x) = e “w(xe), we see, making a change of variables y = zj~/®, that

/e—,@jwdx:j—d/a/ e—ﬁjw(ag‘j*l/a) dx:j—d/a/e_ﬁwjl/adx Sj_d/a/e_ﬁinfse(o’l] V[/'de7 (220>
R4

which is finite, according to Assumption (W).

(2) The upper bound follows from (1), in particular (2.20]), which makes it possibly to carry out the
limit as j — oo under the integral, by the virtue of the bounded convergence theorem.

We turn to the proof of the lower bound. We write gf; = &7, /€5,,(Cp) for the normalized version

of the Brownian bridge measure. Pick a large M, then, by Jensen’s inequality, Brownian scaling, and
a change of variables y = zj¥/% and r = s8aj,

‘ 1 [Pai_.,
(47Baj)¥?t; Z/II L e AI@) exp <—a/0 5&30]) [w(x + Bs) — w(z)] ds> dz
x| <Mj—He

:/|| . e A exp B/ drfégo ey + 3B/ Baj) Wi1/a(y ))
x| <Mj—H e

Observe that the B,-depending term in the argument of Wi1/a vanishes, since j/%/aj
(a®/(@+2) j)(@+2)/2¢ which vanishes, according to our assumption. Together with the fact that (W;).
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converges on compact sets, the integrand in the r-integral vanishes in this limit, uniformly in y on the
integration area, and we have the first result by taking M — oo. Finally, note that

/ o—Biv(@) gy — j=d/a / W g,

we have the second conclusion by taking j — oo.

(3) We rely on the eigenvalue expansion in (2.4) and use the small-a asymptotics of spectral gap
from Lemma [2.1] which allows us to replace the entire sum by the first summand only.

By Jensen’s inequality, we find that for every ¢ > 0,

1 t
D et < o / ds / dzE,[e P BB, € dz}] /dx
ieN tJo R?
1 t
== / ds / da / dy go(z, y)e P Wy, o(y, x)(dnpt)~ 4> < Ct? / e ) dy
t Jo R4 Rd R
(2.21)
where we used the convolution property of the Gaussian kernel gs(z,y) with variance 2s. This implies
that for any a € (0,1], j € Nand ¢ € (0,1),
Z e Pajri(w/a) < o—Bajrz(w/a)(1-9) Z e~ Pajori(w/a)
i>2 i>2

< e—ﬁaj)\g(w/a)(l—é)c(ajé)—dﬂ/e—ﬁjéw (2.22)

< e Peida(w/m1=0) 0y (5 aa/(a+2>)—% o

)

where Cs depends only on 3 and ¢, and the last step used also the second assertion in (1). Hence,

b = Z e~ Pajri(w/a) < o=Fajhi(w/a) (1 + efair(w/a) g=PBajra(w/a)(1-0) o, (j aa/(a+2))_% QTH)
€N
Now, by , we can pick ¢ so small that, for some ¢ > 0, the product of the two exponentials is not
larger than e~ “*? i1 the limit that we consider. This implies .

The proof of (2.17)) is based on the preceding and on the Cauchy—Schwarz inequality and Parseval’s
identity as follows:

S el 661 (g, 6] < (300 ))  (Tla e )2) = 171 gl

i>2 ieN i€N

This bound is also sufficient if f or g depend on a, but have norms that are bounded in a. O

We can immediately draw a conclusion for the expected numbers of number of particles in
the PPP. Recall that 9%(n) is the number of particles in a PPP 7, and the number p, =
ZjeN(leﬁj)_d/Q fe_ﬂjwdx. Now, in the case that limy_,, ay = 0, we introduce the threshold

Ty = |ay P (log L)%, NeN, (2.23)

while we put Ty = | (log N)'/2] in the case that (ax)ney is bounded, but does not vanish. Note that

1< Ty < Naatzte@) Thep gyshert (1) = Xk<ry 2 fen: ()= £(f) denotes the number of particles
in loops of lengths < T in the PPP 7, which we call the short loops. The other loops are called long,
and 91me)(n) = ZQLHTN > ten: o( )=k £(f) is the number of particles in long loops.

—d
(m) ~ Pwln

(N)

/2
Ban,w/an ’

Corollary 2.3. As N — o0, E 2 and E(BM (M)~ pyyany

an,w/an
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Proof. Note that E(sz)w /a(’ﬁ) = Eévzl tja- Now the lower bound is shown by restricting the sum to
j < M for some M € N, using the asymptotics of Lemma (2) and making M — oo afterwards.
The upper bound directly follows from Lemma 1). The same applies when cutting the k-sum at
Ty, since T — oo. O

2.2. Concentration inequalities. Next, we prove a concentration inequality for the number of par-
ticles and for the number of particles in short loops in the configuration of the PPP. We write [x]4
for the positive part of x € R.

Proposition 2.4. Assume that (an)n is a bounded sequence in (0,00) and that w satisfies Assumption
(W). Then for any k € (0,00) (possibly depending on N ), in the limit as N — oo, the following holds.

(1) If k < BAL (W), then

(N) > —[§—25]++o(1)
log PﬁaN w/ay (‘m o EBJ\;N,w/aN [mH > k) —kkay Rl tay iad ‘ (2.24)
(2) For any k > 0,
short shor e% [7 o ] +O( )
108 P00 (T B0 ]| 5 k) < —ka o ay (2:25)

d
= +o
In particular, pick k = ky > CLN[Q szl at o) , then the first terms on the right-hand sides

dominate, and we obtain a stretched-exponentially decay.

Proof. Recall that M1 = ZN 1JX; and ‘ﬁ(ShO”) = erz\fl jX; , where Xi,..., Xy are independent
Poisson random variables with parameters 3 j.ar J € [N], where we recall the definition of ¢;, from
-. In both proofs, we are going to use the exponential Chebychev inequality. We are going to
explicitly handle only the upwards deviations (i.e., for 91 — E[)] instead of |9t — E[N]|), since the case
of the downwards deviations is similar. The first term on the right stems from the application of
Markov’s inequality, and the second term from estimating the exponential expectation as follows.

(1) For any s € (0, c0),
|
s s] o (32 1) o
j=1

. . a/(a+2)
We now pick s = kay

jaa/(a+2) — 0o and therefore get from Lemma (3)7 with some C' € (0, 00) that does not depend on

N,
>

Tn<j<N

and estimate the right-hand side. For the sum on j > Ty, we have

C a/(at2) ;
1 s anAi(w/an) ~ —a [BA1 (W) (140(1))—~K]
(¥ — 1~ sj) Msc§j e fiavnlv/on) < oo B e AN
J>TN Jj>TNn

af(a+2) . ao‘/(o‘+2)
CCLN/( ) e—¢IN < Ce—clog(l/aN)1/27
/log% Ca?v/(a+2)
(2.27)

since A1 (W) > k. (If limpy_,00 ay = 0 then it vanishes as N — 00.) The sum on small j is bounded
as follows. We use Lemma[2.2{1) and that ® — 1 — 2 < 2%e® for any @ € (0,00). Then we see that

1 _ a/(a+2)
Z ( sj_1_ Sj) tja < C’a d/2 Z j_l d/282]265j < Ca?\?‘/(a—&-Q) d/QGHTNaN Z jl—d/Q—d/oc
j<twd J<Tw J<Tw

< a?\?/(a+2)—d/2—o( ) (1 —|—T2 d/2—d/a _|_]og(TN)> ;

1
J

<

(2.28)
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nTNaaN/(a+2)

(1)

where a})\, is an estimate for e , and the bracket is a generous upper bound for the j-sum

in the three cases that 1 —d/2 — d/a is < —1, or = —1 or > —1. Now use that Ty = a;\,a/(aﬂ)“(l)
to see that the right-hand side of (2.29) is equal to a%l) if % < 2% and is equal to a?\?/ (a+2)—d/2+0(1)

a+2
otherwise.

(2) The conclusion follows directly from the estimate of (2.29)) in (1). Since we no longer need
(2.28)), there is no restriction on k.

g

2.3. Particles in long loops. Recall that M) =%, .\ jX; is the number of particles in long
loops in the PPP (recall (2.24)). As in [KVZ23], we use now intricate combinatorial asymptotics to
find sharp asymptotics for the asymptotic distribution of 91t} Write ¢: [0,00) — [0,00) for the
density of the random variable with Laplace transform

5 1 exp </01 <e:x . 1> dx) . (2.29)

Note that g(x) = e~ for x € [0, 1], where v ~ 0.5772 is the Euler-Mascheroni constant. See [ABT03]
and Section for more properties of p, in particular in connection with the Poisson—Dirichlet distri-
bution.

Lemma 2.5. Suppose that w satisfies Assumption (W). For all sequences (sny)nen, (kn)nen in N
such that Ty < sy < ky < N for any N, and that limy ky exists,

SN
S (kv /3n)
P(ﬁ]\;)]\f w/aN Z ]Xj — ]CN ~ q]jv_‘iNe_ﬁaNAl(w/aN)kN’ N — 00. (230)
7 =1+ T N
In particular,
-
(V) (long) _ L& —BanMi(w/an)k
PBQN,w/aN (m o= kN) iy e N N N7 N — oo. (231)

Proof. The proof follows the same argument as [KVZ23| Proposition 2.7]. Let us first consider the
case ay — 0. We write B} for the set of sequences m = (m,)ry<r<sy of positive integers such that

> Ty<r<sy TMr = kn. Then

SN t; My
(™) o _ o N tran
Pﬁazv,w/aN . Z jX] =kn | =e I Z H rmrm,l (2'32)
J=In+1 mep(V) Tn<r<sn
. _yeN e . . a/(a+2)
We claim that e =7="~+*1 7 — 1 as N — oo. Indeed, since ay — 0, we have jay >
TNG?V/(Q+2) ~ /log % — 00. Therefore by Lemma [2.2(3) and Lemma [2.1
tjan Z 1 —BAi(w/an)ani 1 1 1
D EE~ D e < — = O( ) =+ 0.
. . — a/(a+2) a/(a+2)
ST T T IVE e (o)) W

(2.33)
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)

a/(2+a)
N

For the remaining factor in (2.33), by Lemma (3), tray = e PMw/aniran (1 4 O(e=Bera
for r > T — o0, hence, as in the proof of [KVZ23, Proposition 2.7], we obtain

tr
Z H ﬁfvefﬁ)\l(w/m\;)m\]k Z H Tmrl?nr‘ (2.34)

me‘BiN) Tn<r<sy mEmIEN) Tn<r<sny

_ efﬁ)\1(w/aN)aNk+ZTN<r§sN %]}D Z rY, =ky |, (2.35)
Tn<r<sn

where the Y,.’s are independent Poisson random variables with parameter % By |[ABTO03, Theorem

Pl S oY =ky ~ kn/sn)

TN<r<sn SN
Therefore, we may conclude that
My
p<N> (m(long) _ kN) N Z H tﬁaN -~ Q(k?N/SN)efﬁ)\l(w/aN)aNk' (236)
B(IN,U)/CLN q}(l\” Ty <r<sy 'r'mrmr! TN
mep, —
When (ay)nen is bounded, we are interested in
tig my
p iX. =k o ZVlEN<i<sy i bran 2.37
Ban w/an JAj=hRN | =e e (2:37)
Vieg N<j<sn meml(vvlog N) log N<r<sy "
where we still have
3 bia 3 L oM (/an)ani _y
ji>log N J j>+/log N J
and
Z H t??gN ~ e*ﬁ)\laNk+Zm<T§k % q(kN/SN) ~ q(kN/sN)eﬂ)q(w/aN)aNkN'

rmrm,. k Vieg N

mep|VIosN) Vieg N<r<sy
]
2.4. Lower bound for the denominator. We suppose that Assumption (W) holds. On base of
Lemma we give now a sharp lower bound for the denominator in (1.10)).

Lemma 2.6. Assume that liminf y_o Na%2 > pw, then there is a sequence (0n)n that vanishes as
N — oo such that, for all large N,

—Ba w/a —Pw ad/2
P g (= N) 2 @ Pl (o N E0N) gy o)), (2:38)
Proof. Abbreviate P;;Ziv w/an by P, analogously for the expectations, and ay by a. Recall that 91 =

Zj-vzl JjX; and that NEr = ZjSTN JjXj, where the X are independent Poisson random variables
under P with parameters %tj,a. We lower bound against the event that there is one large loop and
otherwise only small ones with about p,a~%? particles:
P(M=N)> > P(Xy_xr=1)P(X;=0foraljec{Ty,...,N—1}\ {N —k})
keN: |k—pwa=d/2|<SN N
X P (N = ) |
(2.39)
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where dy € (0,1) with 1 > dx > 1/N is suitable (see below). For all k£ in that sum, we have

t .
P(X;=0forall j € {Tn,...,N=1}\{N—k}) >exp |- > 2% =1+0(1) (2.40)
J2TnN
as we saw in the proof of Lemma Furthermore, by Lemma [2.2(3)
P(Xn_p=1) =ty_gqe N-ke ~ g Bori(w/a)N=k) > o Bari(w/a)N(1—pw/(Na®/?)+5x) (2.41)

Recall from Corollary that E[NC] ~ p,a~2?/? Using Proposition for k = oy N with oy
picked such that the first term on the right-hand side of (2.26) is the leading term, we get that

> P (NE) = k) > PN — B[R] < $64N) =1, as N — oo.
kEN: |k—pwa~d/2|<Sy N

This implies (2.39)). O

3. PROOF OF THEOREM [1.2[(1): SUPER-CRITICAL REGIME
This section is under the assumption that y = liminfy_ . Na N/2 > p, and contains the proof of
Theorem [1.2{(1), i.e., for the asymptotics of the reduced one-particle density matrix in Sec-
tion for the limiting distribution of the macroscopic loop lengths in terms of the Poisson—Dirichlet
distribution in Section and for the convergence of the normalized PPP (i.e., the microscopic loop
lengths) in Section (The proof of Theorem [1.2(1)(d) is deferred to Section[5]) As always, we are
under Assumption (W) for the trap potential w. Recall that p,, = ZkeN(le,Bk)_d/Z [ e Prudy.

3.1. Proof of - ) in Theorem |1 (1) This proof is analogous to the proof of |[KVZ23, Proposi-
tion 2.1]. We abbreviate ay by a and P(N> w/a by P, analogously for the expected value. Our starting

point is the representation of 'y(“) from Lemma that is,

a ar,w/a P m:N_T.
7](\/) 33 y Zf(ﬁ / ) C,Bar) (P(‘ﬁ: N) ) (3'1)

We carry out the proof only for the case ay — 0 as N — and leave the second case to the reader.
Fix some small € > 0. It is not hard to show that in . the two partial sums on r < T and on

r > N(1— 22 —¢) are negligible by using the estimate &4 )(Cg) d/2e —le=yI’/(48) and the lower

bound for P(‘)’t = N) from Lemma [2.6]

For the remaining, we decompose the number 91 of all particles into 91 = DEhert) + Nlene) - which
— 2)
= |a Na/ (ot

(475)

denote the number of particles in loops of lengths < Ty log( )1/ 2] respectlvely of

lengths > Tiv; see (2.24]). Then
P(M=N—r)=) PO = kPN =N —r — k). (3.2)

We observe from Corollary [2.3] that
E [m(short)] 1 pw
lim su = py limsup —+= = — < 1,

N—>oop N P N—>oop Nad/? X
in the case of Theorem [1.2(1). According to Proposition the sum on £ strongly concentrates
around the expectation

E(m(short)) ~ pwa_d/2,

more precisely, to estimate (3.2), we can focus on k € [pwa_d/2 — &N, ppa~¥? + eN] NN for all
sufficiently large N
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Furthermore, according to Lemma

P(m(long) — N —r — k) ~ iefﬁu)\l (w/a)(Nfrfk% (33)
N

aslong as r < N —k < N — ppa~¥? —eN ~ N(1 — p,/x —€). Using ([3.3) once more for N — k
instead of N — r — k, we see that

PN = N — p — k) ~ P(NI = N — k)efrh(w/or, (3.4)

Finally, from Lemma [2.2|3) we deduce that
é[j;r,w/a) (Cﬁa'r') ~ e*ﬁd?‘)xl(w/a)gb(lw/a) (l,)¢(1w/a) (y) if T(Ia/(a+2) — 0. (35)

Putting (3.2 and ( into ( , we have

N (l—pw/ x—s)
Wy~ D e Parn/agl (g)pl (y)efed (w/ar

T:TN

Zk’: Ik‘—pwa*d/ngaN P(m(ShOrt> — k)P(m long) __ N k)
’ P(M=N)

N(1—pw/x—€)
~ Y A @) ()

r=Tn
=N (1- % — &= T )8 (@) (y) (1 + o(1)).

Now the conclusion follows by noticing Ty = o(N) and taking € | 0.

3.2. Convergence to the Poisson—Dirichlet distribution. In this section, we prove Theorem
-(1)(b). Recall that L1 > Ly > L3 > ... are the lengths appearing in the loop soup. Recall the
density ¢ introduced before Lemma [2.5] Our main goal is then reduced to the following:

Proposition 3.1. Suppose that x € (pw,0]. Then, for any m € N and t1 > ... > t,, > 0 with
Z;il t; < 1,

(N)

PL e (W(Ll, L) €d(ty, .. t) ’m - N)

v 1= (4.t tm
— q< (hit.. .+ )) d(ty, .- tm). (3.6)
t - tm tm

From this, the weak convergence of (N(1 — py/X)) " (L;)i=1,..m towards the first m-dimensional
distribution of the Poisson—Dirichlet distribution follows, according to the Portemanteau theorem.
From Scheffé’s theorem, see [ABT03] Corollary 5.11], the convergence of the entire sequence follows.

Proof. Abbreviate P = P(ﬂiw w/an and a = ay. Fix j1 > jo > ... > jmn € N that such that j; ~
t;N(1 — pw/x), for all 1 < i < m. Then, for all large N, we even have that j; > jo > ... > jpn.
Abbreviate A = {Ly = j1,..., Lyn = jm}- Recall that N8 denotes the number of particles in long
loops, i.e., in loops of length > T\ defined in (2.24)). Using the concentration result of Proposition

and the lower bound in Lemma we can decompose

P(A|M=N)= > P(A | N8 = B)P(NR) =k | N = N) +o(N™™),
kEN: [ £ —(1—puw/x)|<6N
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where (6y)n is as in Lemmal[2.6] i.e., it satisfies 6y — 0. As in the proof of [KVZ23| Proposition 4.1],
it suffices to show that, for any & = kx in the sum above,

, v 1—(t+ ... +t)
lim (N(1— 22))™P(A | N0 = fy) = — m .
Jim (V{1 = 82 | 00 = fy) = g (L)) (37)

Recall that X is equal to the number of loops of length [ and that all the X; are independent under
P. We then have that

H P(X;=14) where i; = #{k: jr =1} € {0,1} for all [. (3.8)

Similarly, for k > J, where J =>"7", j;,
m—1
(Zi 1+TN =k—J ) N
N .
P (Zi:lJrTN iXi= k) I=jm

Note that i, = 0ifl ¢ {j1,...,Jm} and = 1 otherwise. Using the approximation ¢;, ~ e~ Paih(w/a) _;
(see Lemma [2.2)(3)) for j € {j1,...,jm}, we get that

P(A|N® =k) = P(X;=1) . (3.9)

. Tt ()" S T L s (w/a) TT L
ey —t,q N ~ - . — o Bari(w/a -
H P(X;=14)= H et i o B Z ila); (w/a) H = 1 H]
I=jm I=jm I=jm l=jm i=1
1
—Bax J w )~
~ o—Bari(w/a) (N(1— P?)) H -
i=1
(3.10)
Now pick k = kn ~ N(1 — py/x), we obtain by Lemma [2.5]
N o
Pl Y jXj=ky |~ —efolw/mhy, (3.11)
. In
Z:1+TN

as well as (observe that (kxy — J)/jm — (1 — (t1 + -+ tm))/tm as N — 00)

j'm_l
1—(t . t
S X =ky - | = q((1—(t+ tm))/tm) —gar(w/a)(kn—J) (3.12)
. TN
i=Tn
Substituting the last three displays in (3.9) implies (3.7]), and we finish the proof. O

3.3. Proof of convergence of %(iXi)ieN. In this section, we prove Theorem (1)(0), i.e., the
convergence of the distribution of the microscopic loop lengths. Since we are considering the product
topology, it suffices to consider just iiX ; for one fixed ¢ € N. Recall that u, = 0. By Lemma (2)

X is Poisson-distributed with parameter tl an ™~ a]_vd/ 21 Xa(-") ~ N %ag’o as N — oo. For any € > 0,

ptv) (‘NZX —a

Ban,w/an

"ﬁ N>)<P<N) (‘NZX —a

Ban,w/an

1
™) — N
)Pﬁa w/aN(m_N)

Observe that X; is distributed as a sum of N independent Poisson-distributed random variables with
parameter %aé”(l + 0(1)). Use a standard exponential concentration inequality based on Cramér’s
theorem from the theory of large deviations, we conclude that the first term on the right-hand side
vanishes exponentially small on the scale N. On the other side, we use the lower bound of Lemma
and the asymptotics from Lemma to see that the denominator vanishes exponentially fast on the
scale NayAi(w/an) < N a?v/ (@+2) « N. Hence, the right-hand side decays exponentially fast on the
scale V
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4. PROOF OF THEOREM [1.2{(2): SUB-CRITICAL REGIME

Abbreviate xyy = N a%Q. In this section we are under the assumption that y = limy_,o X exists in
[0, puw), and we prove Theorem [1.2|2)(a) and (b). (The proof of (c) is deferred to Section [5} )

Abbreviate a = ay and P = P(ﬁiiw Ja- Since
1 1 —2/d Pw
—E ~— —>1 4.1
NED ~ frpwa = WREE (4.1)

the event {91 = N} is a downwards deviation under P. We tilt the intensity measure of P with a small
factor by means of a chemical potential, which suppresses long loops, such that the expected number
of particles in the process is equal to N. For p € (—00,0), denote by P(M the probability measure
for the PPP with intensity measure

N k
SRS Cewoap,  on U (12)
Abbreviate P, = P/(BJZ)w Jap Under P, the vector (X});e(n] consists of independent Poisson-distributed
variables X; with parameters %t;“ ; = %eﬁ““j tja. Observe that
P(-|M=N)=P,(-|N=N), N eN,p e (—0,0), (4.3)
since a simple change of measure shows that
P(M=m)= epa,N(u)—pa,N(O)—ﬁuamp” (N =m), m €N, (4.4)
where we abbreviated
Pa,N(M) 5@ w/a u( U CBJ) = Z efB;“J lja- (4.5)
j=1

Now we define un € (—00,0) by E,, [0 = N. Recall the pressure p from (1.11)) and (1.12)) and that
Uy € (—00,0) is defined by p'(uy) = Bx.

Lemma 4.1.
. Uy if x >0,
lim pyany = .
N—oo —00, Zf X = 07
In the case x = 0, we have the more precise asymptotics pyan ~ %log (XN(47rﬁ)d/2W1_1) +o(1).

Proof. Note that

N
) = 3oy,
=1

Since this is equal to N for p = un, we see that (unxan)nen is bounded away from zero. Indeed, if
unay would go to zero, then we would have, for any R € N, using Lemma (2)

R _ R ) N R )

N> efmvenit;, > (1—o0(1) Y a~**(4ngj) /> / e Pdy ~ — > (amBy)~? / e Pvdy,

= = X i3
and the right-hand side is asymptotic to Np,,/x in the limit N — oo, followed by R — oo, which
produces a contradiction with y < p,. Using Lemma [2.2(1) and (2) and the fact that d > 3, we see
that ) )

1= S Eun [0 ~ ﬁaw Pp(unay) ~ ;p(MNaN)a N — oo.

This concludes the proof for x > 0, since the range of p contains (0, py,].
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In the case x = 0, note that

p(u) = e’B“(47rﬁ)*d/2W1 + O (62’6”> , U — —00. (4.6)
Hence,
1 /21— 1 1
UNAN ~ E log <XN(47T5) Wi ) ~ B log x w, N — 0. (4.7)
O

Write 9 = jX; for the total number of particles in loops of length j and M=) = Zzo:] kX, for
the number of all particles in loops of lengths > j.

Lemma 4.2. (1) If x > 0, we have that
N p//(ux)

Var,, [N ~ ; 5

(2) If xy — 0, there is a C € (0,00) such that for any R,N € N with R < N,
Euy Y] ~ N,
Euy [MEP] < CNx, (4.8)
Var,, [2?] < CONxi. (4.9)

N — 0.

Proof. (1) Note that p”(u)/3% = 3 e B (47 35)~4/?W);, since p’ is continuous in (—oo,0). Since
(unan)nen is bounded away from zero, we can use for any j € [N] the asymptotics t;, ~
(47B8)~%?W;N/xn in the following sum:

N
) N /! N /!
Var,, [0 = ZeﬁMNaijtj,aN ~ N p'(uvan) ~ P (uy) ) (4.10)

(2) By Lemma[2.2(2) and Lemma

E,y [;ﬁ(l)] — eﬁMNaNtLaN ~ eﬁuz\laNa]_vd/2 ~ N.

We use C' € (0,00) to denote a generic constant that does not depend on a nor on N and may
change its value at each appearance. By Lemma 1) and Lemma again,

N
m(>R) Z eﬁ,uNath Ca]_vd/QeﬁMNaNR Z eﬁMNaN(j*R)j*dﬂWj
J=R

N
< C;\; X§(1+0(1)) Zj—d/zwj < CNXE\JI%—1)(1+O(1).
j=R

Finally, Lemma implies that

N
m(>2> Z]eﬁﬂNaNJt a;\fd/Q Zjl_d/QeB“Najo

= (4.11)

. 1
< Ca;\[d/zegﬂuzvaw Zjl—d/Qe%BHNaNJWj < CNG%,B;LNGN — CNXJQV'
j=1
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Lemma 4.3. There is C € (0,00) such that, for any N € N and any r = ry € Ny such that

r < O(\/N),
C'N"2 <P, (M=N-r)<CN 2. (4.12)

Proof. For the case x > 0, this follows from the variance bound proven in Lemma [£.2] Indeed, 0N is
the sum of N-independent random variables with mean N and variance O(N), so the result follows
from the local central limit theorem. Below we consider y = 0, which requires more approximations.

We first prove the lower bound. Let s(N) := 24/Var,, (9=?). Recall that by Lemma N and
M= are independent and that 91 has the Poisson distribution

e %ak

kO
where o := E,[0™] ~ N, and E,[NZ?] = N — a. For r = O(v/N), expand
PuyM=N—7r)= Z PN =a+k—7r)P,, (N =N —a—k)
k€Z—a
= Y Poig(a+k—r)Puy (M= =N —a—k) (4.13)
k€Z—a

> P, (INCY — K, [RE2]] < s(N)) |k|<s(rj\r71)irklez_a Poiy (o + k — 7).

Py (M = k) = Poiy (k) = k € Ny,

Using Stirling’s formula in the form n! < C(%)"\/n, we estimate for [ = k —r

a+l

o+l
(O?—i- ! = Ce_aeaﬂ(ai—f—l) ' (o + l)_1/2 > Cele_é(o‘H)N_l/2

> 06712/aN71/2 > CN’1/2,
since s(N) < O(v/N) by Lemma

Finally, by Chebyshev’s inequality,

Poig(a+1) =e™ ¢

By (95— By (0521 < () 2 1 - 22 3, (1.14)
and the claimed lower bound for P, (91 = N —r) follows.
For the upper bound, simply notice that by ,
PuyM=N-r)= Y Pola(a+k—rP, (N> =N —a—k)
k€Z—a

< sup Poiy(k) = Poig([a]) < CN7YV2,
keN

O

Proof of Theorem [1.9(2). Recall that we are in the case where x = limy_,o0 Na%2 € [0, pw). Recall
that puy € (—00,0) is picked such that E, [9] = N. By Lemma[L.1]

Puy(M=N-r)

N
(an) _ Bunanr s(Banrw/an)
Y (@, y) =) e 34 (Cpayr)
N Z T,y BaNT PMN (aft — N)

r=1

(4.15)

We split the sum into the sums on r < /N, where we will use that the £-term is small for all distinct
x,y, and 7 > v/ N, where we will use that the exponential term is small. Using Lemma for both
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the numerator and the denominator and using the simple bound 5;(;,",}”) < Ot~ 2e~le=ul/4 e obtain

Z eﬁ#NaNrgéﬁ:;th/aN)(c aNT)PMN(m :iv —) < Caj\,dm Z r—d/2eﬂHNaNre—|z—y|2/(45aN7")'
Puy(M=N)

1<r<v'N 1<r<v'N

(4.16)
We use the comparison between geometric and arithmetic mean (“TH’ > Vab) to see that

e3Pnarg—le=y*/(4Bar) < o~lz—y|(ul/2)'/?,

Since pyan — uy < 0, respectively — —oo for x = 0, we find a ¢ € (0,00) such that |uy|/2 > ¢?/an
for all N. This implies that the sum on r < v/N is not larger than the right-hand side of (I.15)).

In the remaining sum, we can use Lemma only for the denominator, but analogously we obtain
in the same way

Py(M=N— _
Z eﬁuNaNTé-;ﬁ’ZN'r,w/aN)(CﬂQNT) ,uli\f( (m - N)T) < CaNd/Z\/N Z T—d/Qe%,BﬂaNTe_l-’E—m(l.“‘Nl/2)1/2
UN -
VN<r<N VN<r<N
< Car/?/Nebuwan VN o—le=yl (/272 < o q=d/2)e-lo—s] (nx|/2/2.

Hence, this part is even smaller than the sum on < /N, which finishes the proof of (I.15).

Now we prove the weak convergence of %(iXi)ieN under P towards oo = o™ defined in ((1.13)). First

we assume that x > 0. Observe that 04;-’0 = limy_00 By (JX;) for any j € N. Hence, also using (4.3)),
we see that, for any € > 0 and all sufficiently large N,

P[4 (GX))jen — a®|, > |2t = )

N
< Puy (313X — By iXi)| > SN [ = N)
j=1

N
1 . -
< C\/NWVaruN (Z]Xj> < CN~**ar, (M)
j=1
<CNTV2,
where we used Lemma and the Chebychev inequality in the second step and Lemma (1) in the
final step.

Now we show the same assertion for the case y = 0 with «® = (1,0,0,...). For this, we show that
N® = X dominates the remaining particle number 91=?, in the sense of

Py (M2 > eN) <P, (M= N), N =00, &>0. (4.17)
This will imply that
Puy MY >N —e)|M=N)=1+0(1), (4.18)

i.e., almost all mass is in loops of length one, which implies the convergence of %(iXi)ieN towards
(1,0,0,...) under P, (-|9T = N), and hence also under P(-|91 = N), due to (4.3).

We prove now (4.17)). Recall that we are in the case xy — 0. For every fixed € > 0, by Chebyshev’s
inequality and (4.8) for R = 2, for large enough N,

Var,., (N2)
(N — B, [E2)? ~ 2N
where the last step follows from (4.9). This together with Lemma proves (4.17)). O

Py (ME? >eN) < Var,, (M=) < o(%), (4.19)
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5. IDENTIFICATION OF THE FREE ENERGY

In this section, we prove the identification of the free energy in Theorem 1)(d), respectively
(2)(c).

Recall py n (@) from (4.5). We abbreviate P = P(B]\;)N:’LU Jay A0 Py = P%)N’w Janu- Forany N € N and
p € (—00,0], we have from (4.4))

Zn(B,an,w) = ePan.N(0)p MN=N)= e—#ﬂaNN—i-PaN,N(H)pM (M= N).

Assume first that x > p,,. In this case, set © = 0. We then have that by Lemma that

P(M=N)=exp (—Al(W)ﬁa%/(ﬂa)N (1 - %> (1+ 0(1))) . (5.1)
Hence, we get that
T . paN,N(O) o/ (2+a) _ puw
fr(8,x) = Jim_ (=P A W)a/ ) (1-52) ). (5.2)
Note that by the scaling, we have that
_ N
Py (0) = ay"*p(0) ~ =p(0), (5.3)

and Theorem [1.2(1)(d) follows.

If x < pw, we choose = uy < 0 as in Lemma Lemma gives P, (M = N) < N~Y2, Hence,
we can neglect this term and obtain

fur (B, x) = lim

N—oo

(_M
BN

In the case x > 0, we again make the approximation p, ny(anpn) ~ %p(aN,uN), which implies
Theorem [1.22)(c).

If x = 0, we approximate to first order

+ ,uNaN) . (5.4)

N eBunan
X (4m )2
which implies, via Lemma that fyr(8,0) = imy oo (L + m) = —00.

Pa,N(aNpN) ~ Wi~ N, (5.5)

B 82
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