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The interacting Bose gas

Hamilton operator for a quantum system of NV particles in a box A C R? with mutually
repellent pair interaction:

N
HE\[;):—ZAZ-—F Z ’U(ali—a?]‘), T1,...,ZN € A.
i=1

1<i<j<N

B The kinetic energy term A; acts on the i-th particle.
B The pair potential v: R? — [0, 00) measurable. (Later assumed to be continuous,
bounded, compactly supported and superstable.)
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The interacting Bose gas

Hamilton operator for a quantum system of NV particles in a box A C R? with mutually
repellent pair interaction:

N
HE\[;):—ZAZ-—F Z ’U(Q:i—xj), T1,...,ZN € A.
i=1

1<i<j<N

B The kinetic energy term A; acts on the i-th particle.
B The pair potential v: R — [0, 00) measurable. (Later assumed to be continuous,
bounded, compactly supported and superstable.)

We describe Bosons and introduce a symmetrisation at temperature 1/ in a centred box A:

partition function:  Zn (8, A) = Tr ( exp{—BH’ b,
the trace of the projection on the set of symmetric (= permutation invariant) wave functions.
Free energy per volume in the thermodynamic limit:

. 1
f(8,p) = lim ——log Zn(B,AN), [An]| ~ N/p.

Purpose of this talk: Derive a formula for f(3, p), based on a path-integral representation in
terms of the Brownian loop soup.
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Some Remarks

B Unterstanding the conjectured Bose—Einstein condensation phase transition is one of the
great open problems in mathematical physics.

B Definition of BEC is more tricky than just non-analyticity of f(3, -).

B Connection with Brownian loops goes back to a vaguely formulated idea from [FEYNMAN
1953].

B Mathematical foundation of loop soup representations due to [GINIBRE 1970]; little used
in proofs yet in the analysis / mathphys literature on the Bose gas.

W Driving force (not only) for probabilists: Bose—Einstein condensate <= long loops?

B Brownian loop soup was introduced also in [LAWLER/WERNER 2004] for studying
conformal invariance in d = 2.

B We consider periodic boundary condition and Dirichlet zero boundary condition, but
suppress this in this talk.
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Heuristics and purpose

The Bose gas can be written as a random ensemble of Brownian cycles (bridges) B**) of
length k, i = 1,...,1x with N = >, . ki particles.

Bose gas consisting of 14 particles, organised in three Brownian cycles, assigned to three
Poisson points. The red cycle contains six particles, the green and the blue each four.
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lllustration of condensate phase transition @

The big conjecture is that, for d > 3 and large enough p, in the loop soup a macroscopic part
of particles emerge in long loops, the conjectured condensate:

Subcritical (low p) Bose gas Supercritical (large p) Bose gas
without condensate with additional condensate (red)
" 5PP2265 W
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Marked PPPs with loops as marks

marked point process w = Zé(’”'ff) € L = My, (R x ¢©)
€
with mark space C©) = |, .y C1", where Ci, = C([0, Bk] — R?), and
C? = {f € Cx: f(BL(f)) = f(0)} is the set of marks of length= particle number

«f) =+

number of particles at points in A : ‘ﬁ“) Z U fz)-
zeEANE

interaction: ®p z/(w) = Z Toy(fzy fy),
zE€ENA,yEENA’
where
Z(fm ) £(fy)

Toy(far fy) = Z vaxufyu 2,y €&, fur fy €C'7,

=1 j=1

and fo,i(*) = f2((i — 1)B 4 -)|[0,5) is the i-th leg of a function f, € C©’, and

B8
V(f.g) = / o(f(5) — g(5)) ds.
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The reference loop PPP: the Brownian loop soup \;Zan‘;h,é“ J

We pick the reference PPP wp as a PPP on R? x C© with distribution Q and intensity measure
1 .
va(dz,df) =+ Leb(dr) @ u's (df),
keN
where
p(A) =P(B € A; Bg € dy)/dy, A cC([0,8 — R?)

is the Brownian bridge measure with generator A and time horizon [0, 3], starting from z and
terminating at y. It has total mass (47rB)7d/2. Hence,

vA(A x C9) = (4rB) =2 kTR

keN

iSY]

1
|AN]

Here is our starting point:

PPP-representation [ADAMS/COLLEVECCHIO/K. 2011]

Zn(B,A) = MTE[e"PAACR MO (wp) = NY].
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Second reference measure: interpolated Gaussian interlacement PPP

B Extension of state space for handling long loops.
B for simple random walk [SzNITMAN (2010]; for Brownian motions [SzZNITMAN (2013)]
B prerunners for Bose gas: [AMENDARIZ, FERRARI, YUHJTMAN 2021], [VOGEL 2023]

Short definition: Homogeneous PPP on the set S = M, (Cso) of point measures on
interlacements,

Co = {9 € C(R = RY): {g(kB): k € Z} s localy finite |

with Gaussian increments between the time points 57, interpolated by Brownian bridges.
Distribution: R.

Parameters: 8 and u = expected number of particles in U = [—f 5

We see the product of

L=My,(R**xC)  and 8= My, (Co0)
as the set of point processes of loops and interlacements,

Lx8 =My, (R x C9]UCu).

SPP2265
Free energy of the interacting Bose gas - Braunschweig, 21 February 2025 fmtemsere= . Page 8 (17)



Projection operators

For a box W, we distinguish loops according to whether they are entirely contained in W or
not. In the latter case, we shred them into the pieces from entering W till exiting W, but we
never cut legs.

restricted projection operator of loops in a box W':

Hg/é)(w) = Z 6(501fz)’

z€&: fo (kB)EW VEE[L(f2)]

. . . . (S) .
shredding operator on interlacements (there is also a loop-version 11}, (w)):

I (@) =Y Y b, €Sw=MyCw) w@w=)» §€ES,

g€T ieTy (g) g€er
Joint projection operator: Iy = (H%’, H(vg)).
boundary-shred operator

O (@) =D > O(a(kh)ka—kroa(kaf)) € Tw = Muy (W x N x W°),

9€T i€y (9)
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Specific relative entropy density 'Z'f‘g”}
We aim at a formula of the form (with energy F' and entropy I)
£(8, p)fq—lnf{F )+ I(P): PeM§S>(cxs),<P,m§j>>:p}.

Here is the entropy term.
Notation: Ry (i, ) = regular version of the conditional distribution of I1{; (R) given
OI1) (R) = p. (There is an explicit formula; it does not depend on 1.)

Joint specific relative entropy density

The following limit exists for any P € Mgs) (L x 8) with finite expected particle number in U
(with W = Wgr = [~ R, R]%)

L (P|QxR) = hm ——Hry, xsy (Mw (P) |11 (P) ® [011 (P) ® Rw]).

IWI

L) is lower semi-continuous and affine. Moreover, for any sequence (K r) ren of compact
sets Kr C Twy, the restricted level set is compact for any ¢ € R:

() {P e MP(LxS): o1 (P) € Kp,h (P |Q®R) < c}.
ReN
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Main result \Zx‘: "6‘ é

Centred box A with volume ~ N/p.
Regular decomposition Ay = |J z+ Wg, with Zy r C 2RZ.

‘.TI“R) = number of particles in loops that have particles only in one of the z + Wg.

2€ZN R

‘ﬁ(m = number of particles in loops that have particles in more than one of the z + Wi.

Fy (w, w) = interaction between any particle in U = [— and all others.

330

transformed probability measure

S(A,b e TAA (A,bc)
dQ )= = ———dQ'"™"?.

Z(bc) (A)

Constrained free energy

In the limit as N — o0, followed by R — o0, the pair 3 (‘315\’2 , M) satisfies under the

measure Q*N ") an LDP on {(p1, p2) € [0,00)%: p1 —|— p2 = p} with continuous and
convex rate function (p1, p2) — x(p1, p2) — X(p), where

x(p1, p2) = inf {h“’“(P |Q®R) + (Fyy, P): P € MP (L x S),

(5, P) = pr, (NG, P) = pa.
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Comments

B The number of particles in A in loops of lengths < L and > L, respectively, are

() ‘ﬁr:)) in the limit N — oo, followed by R — oo,

exponentially equivalent to (‘ﬁAN,

respectively L — oo.

B We assumed the interaction potential v to be continuous, bounded and compactly
supported, to avoid serious technicalities. However, we needed super-stability, in order to
have a sufficient mutual repellence. This implies nice compactness properties of the
formula!

B In [ADAMS, COLLEVECCHIO, K. 2011], only short loops were adequately treated, and only
small p could be handled.

B In[CoOLLINS, JAHNEL, K. 2023], a simplified model (boxes in stead of loops) was treated
for any p, but no phase transition could be proved.

B In[BELLOT, DEREUDRE, MAIDA 2024], a Gibbs measure is constructed that might be
related to the minimizers of our formula (difficult to judge about yet).

B Part of the proof is an LDP for something like the empirical stationary field
ITI\ fA dx 691@_,) on volume-scale. However, [SZNITMAN 2023] derives some LDP on

capacity-scale |A | 2/<.
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On BEC X@

A first step towards proving BEC should be to show that, for sufficiently large p = p1 + p2, any
minimizer P for x(p) has a non-trivial interlacement-part.

In the non-interacting case v = 0, this is known since long with critical value
_ . 1 _
pe=(4mp)"2C(d/2) = Y kax,  with  gx = - (4mpk) ™7,
keEN

Our formula yields a minimizer for X(p) of the form

P _ QP ®60, ifp< pe,
Q@R ifp > pe,
where 0 is the empty interlacement point process, and Q%) is the marked PPP with qr
replaced by m|” = gre™** where o, € (—00, 0] is picked such that 3=, . km}” = p,

and the density parameter u,, is picked in such a way that the expected number of particles of
R in U is equal to p — pc. Then

WV%HEW Sy (H%)(Q(p)) ® H%xi) (R(up,ﬁ)) ‘ H%>(Q(pApC)) ® H%;) (R(upﬁ)
— Hm" |q) asW tR%

which is positive for p < p. and zero otherwise.

Jw (Iw (Pp)) =
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Proof strategy

Define the empirical measure (with W = Wx = [-R, R]? and W, = z + W)

1
=(w)
ENRT Gz n Z 6<92(H(v§z)(w))’9z(n$z) @) € Mi(Lw x Sw), (1)

zZ€EZN,R

where 0, is the shift-operator such that 6, (W,) = W.

Strategy:

1. rewrite the partition function 2N in terms of an integral over Eﬁ(f}}) (dropping all
interaction between different 1 ’s),

2. find a large deviation principle for EE\‘,‘“}) as N — oo,

3. use Varadhan’s lemma to express the large-IV exponential rate of the partition function as
a variational formula on the space M1 (Lw x Sw) with W = [~ R, R]%,

4. make R — oo in that formula to arrive at x.
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The main LDP 4{@

The following LDP is taken from [PELETIER, RENGER, VENERONI 2013]; it goes back to an
unpublished manuscript by C. Léonard; see [ADAMS, DIRR, PELETIER, ZIMMER 2011] for a
conditional version of this LDP.

Sanov-type LDP for type-dependent independent random variables

Let X', ) be two Polish spaces and pick p € M (X) and let (z\™);cn be a sequence in X
suchthat £ 37 6_(n) converges weakly towards p as n — oc. Let

¢: X x B(Y) — [0, 1] be a continuous Markov kernel from X to IV, and let (Y;'™) ;]
have the distribution @), ¢(z{™,-). Then the empirical pair measure
% Z:-L=1 5(m§n)’yi(n)) satisfies an LDP with rate function

Mi(X xY)3q— {HXxy(qp@@ ¢) itm(q) =p,
+o0

otherwise,

where 71 is the canonical projection X X ) — X, and m1(q) is the corresponding image
measure.

SPP2265 W
Free energy of the interacting Bose gas - Braunschweig, 21 February 2025 **"“"** . page 15 (17) AS)



Making N — oo

Using this LDP (and finding and employing compactness arguments), we can show that, as
N — o0, 1
logQ(ENr ~ &) ~ —Jwy (§) + or(1),
[AN]
where Jy is the entropy term that appears in the definition of h~*5,

Jw (&) = —Hey xsy (€117 (Q) ® [0115 (€) ® Rw]).

IW\

Using LDP-arguments, we derive:

Monotonicity of entropy in space

For P € M (L x S),

Jwr (Mwg (P)) < Jw,, r MIw,, 5 (P)) + 0mr(l),  m — oo.

This replaces the usual super-additivity arguments in the proof of the existence of h9)

Then adaptations of standard arguments are sufficient to derive existence and properties of
h:S
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Making R — oo

Here, the goal is to prove something like

hm mf{ &, Fwgwg) + Jwg(§): £ € Mi(Lwy X SWR)73H§/§;(5) €K,

IW |
(é L)\ __ ©,8)
<5’ ™ )= p1’< T Wa |me>_”2}
- mf{(P, Fu) +h®9(P|Q@R): P e MP (L x S),
(PG E) = pr, (PGS = pa}

with some sufficiently large compact set K.

B For proving the upper bound, find intricate extension properties of £ and compactness to
construct some extension P € M{? (L x S) of € in the limit R — co. Then prove
(something like) continuity of the expected particle number and lower semi-continuity of
the energy and the entropy terms.

B For proving the lower bound, pick some P, approximate it with some ergodic 15 and
restrict the infimum to £ = Iy (P).
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