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Local projection stabilization I

Class of problems

dominated convection in Convection-diffusion equations

equal order interpolations for Stokes

both effects in Oseen and Navier-Stokes equations

dominated convection for inf-sup stable elements
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Local projection stabilization II

general Idee

add a stabilization term controlling fluctuations of gradients
(gradients of fluctuations) of the quantity of interest

+
∑

K∈Th

τK (κh(b · ∇u), κh(b · ∇v))K

+
∑

K∈Th

αK (κh(∇p), κh(∇q))K

+
∑

K∈Th

τK (κh(b · ∇u), κh(b · ∇v))K +
∑

K∈Th

αK (κh(∇p), κh(∇q))K

+
∑

K∈Th

µK (κh(div u), κh(div v))K
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Local projection stabilization III

κh = id − πh, πh : L2(Ω) → Dh denotes L2 projection
(Vh,Dh) pairs of approximation and projection spaces

Dh rich enough to guarentee a certain order of consistency

Dh small enough w.r.t. Vh to guarantee jhu − u ⊥ Dh

two variants

one-level approach (V +
h ,Dh)

two-level approach (Vh,D2h)

How to choose τK , αK , µK ?
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One level LPS in one space dimension

Model problem

−εu′′ + bu′ + cu = f in (0,1), u(0) = u(1) = 0

(V +
h ,Dh) = (P+

r ,Pdisc
r−1) = (Pr+1,Pdisc

r−1)

Stabilized method

Find u+
h ∈ V +

h such that for all v+
h ∈ V +

h

ε((u+
h )′, (v+

h )′) + (b(u+
h )′ + cu+

h , v
+
h )

+
∑

K∈Th

τK (κh(b(u+
h )′), κh(b(v+

h )′)) = (f , v+
h )
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Elimination of enrichments I

Set K = (xi , xi+1), hK = xi+1 − xi and split the space

V +
h = Vh ⊕ Bh, Bh = span

⊕

K∈Th

ϕr ,K

where the bubble space is spanned by

ϕr ,K (x) =

{

Lr+1

(

2x−xi−xi+1
hK

)

− Lr−1

(

2x−xi−xi+1
hK

)

for x ∈ K

0 for x 6∈ K

Important properties

(v ′
h, ϕ

′
r ,K ) = 0 ∀vh ∈ Vh, ∀K ∈ Th

πhv ′
h = v ′

h ∀vh ∈ Vh ⇔ κhv ′
h = 0 ∀vh ∈ Vh
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Elimination of enrichments II

Case b = const , c = 0, and f piecewise Pr−1, using

(bϕ′
r ,K , ϕr ,K ) = 0, πhϕ

′
r ,K = 0, ϕr ,K = ψ

(r−1)
K , Ψ

(j)
K = 0 on ∂K

for j = 0,1, . . . , r − 1 we get

ε(u′
h, v

′
h) + (bu′

h, vh) +
∑

K∈Th

uK (bϕ′
r ,K , vh) = (f , vh) ∀vh ∈ Vh

uK

{

ε(ϕ′
r ,K , ϕ

′
r ,K ) + τK b2(ϕ′

r ,K , ϕ
′
r ,K )

}

= (f − bu′
h, ϕr ,K ) ∀K ∈ Th

uK = (f − bu′
h)

(r−1)|K
(−1)r−1(1, ψK )

(ε+ τK b2)|ϕr ,K |21,K
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Differentiated residual method DRM – SUPG (r=1)

Find uh ∈ Vh such that for all vh ∈ Vh

ε(u′
h, v

′
h) + (bu′

h + cuh, vh) +
∑

K∈Th

γK ((bu′
h + cuh)(r−1), (bv ′

h)(r−1))K

= (f , vh) +
∑

K∈Th

γK (f (r−1), (bv ′
h)(r−1))K

γK =
(1, ψK )2

(ε+ τK b2)hK |ϕr ,K |21,K
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Relationship LPS and DRM

Theorem

Assume b = const, c = 0, and f piecewise Pr−1. Eliminating
the enrichment in the (P+

r ,Pdisc
r−1)-LPS gives the Pr -DRM with

the correct scaling in both the convection dominated and
diffusion dominated limit.

How to choose γK ?
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Recursion formula for Pr+1-DRM I

Assume b = const , c = 0, and f piecewise Pr−1. Set

Vr = {vh ∈ H1
0 (0,1) : vh| ∈ Pr (K ), K ∈ Th}, r ≥ 1

und use the splitting

Vr+1 = Vr ⊕ span
⊕

K∈Th

ϕr ,K .

ε(u′
r , v

′
r ) + (bu′

r , vr ) +
∑

K∈Th

uK (bϕ′
r ,K , vr ) = (f , vr ) ∀vr ∈ Vr

uK

{

ε|ϕr ,K |21 + γr+1b2|ϕr ,K |2r+1

}

= (f − bu′
r , ϕr ,K ) ∀K ∈ Th
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Recursion formula for Pr+1-DRM II

Integrating by parts

(f − bu′
r , ϕr ,K ) = (f − bu′

r , ψ
(r−1)
K ) = (−1)r−1(f − bu′

r )
(r−1)|K (1, ψK )

(bϕ′
r ,K , vr ) = −(bv ′

r , ψ
(r−1)
K ) = (−1)r (bv ′

r )
(r−1)|K (1, ψK )

Pr -DRM

ε(u′
r , v

′
r ) + (bu′

r , vr ) +
∑

K∈Th

γr ((bu′
r )

(r−1), (bv ′
r )

(r−1))K

= (f , vr ) +
∑

K∈Th

γr (f (r−1), (bv ′
r )

(r−1))K
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Recursion formula for Pr+1-DRM III

Theorem

Assume b = const, c = 0, and f piecewise Pr−1. Eliminating
the highest order mode in the Pr+1-DRM results in the Pr -DRM.
The P1-DRM is equal to the SUPG.

γr =
(1, ψK )2

{

ε|ϕr ,K |21 + γr+1b2|ϕr ,K |2r+1

}

hK
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DRM stabilization parameters, r ≥ 1

Optimal SUPG parameter (nodal exact solution in the constant
coefficient case) leads to

γr =
h2r−1

K

αr b
Φr (qK ), qK =

bK hK

2ε
, αr =

2[(2r − 1)!]2

[(r − 1)!]2

Φr+1(q) =
1

Φr (q)
− 1

q
, Φ1(q) = coth q − 1

q
.

Observations

Theory τK ∼ τ0hK but τ0 ???
P+

1 discretization
τ0 ≫ 1 oscillations
τ0 → 0 smearing

P+
2 discretization

τ0 ≫ 1 smearing
τ0 → 0 oscillations



Introduction LPS and DRM Recursion formula Numerical Tests

Weighting functions

Φ1(q) = coth q − 1
q
, Φr+1(q) =

1
Φr

− 2r + 1
q

, r = 1,2, . . .
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Numerical tests
Example 1

Exponential boundary layer at x = 0

−εu′′ − (1 + x2)u′ +

(

x − 1
2

)2

u = 4(3x2 − 3x + 1)(1 + x)2

u(0) = −1, u(1) = 0

ε = 10−7, Pr -SUPG r = 1,2, Pr -DRM r = 1,2,3

bK piecewise constant approximation of b = −(1 + x2)

τr = Φr (qK )h2r−1
K /(αr bK ), qK = bK hK /(2ε)

α1 = 2, α2 = 72, α3 = 7200
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SUPG on equidistant mesh

SUPG parameter

δK =
hK

2bK
Φ1(qK ), qK =

bK hK

2ε

piecewise linears
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Pr DMR r = 2, 3 on equidistant mesh
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Pr DMR r = 1, 2, 3 on Shishkin mesh

layer region
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Numerical tests
Example 2

Interior layer in the first derivative at ±1/
√

2

−εu′′ −
(

x3 − x
2

)

u′ + u = 0, u(−1) = 1, u(1) = 2

ε = 10−7, Pr -DRM, r = 1,2,3

bK piecewise constant approximation of b = −(x3 − x/2)

τr = Φr (qK )h2r−1
K /(αr bK ), qK = bK hK /(2ε)

α1 = 2, α2 = 72, α3 = 7200
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P3 DMR on equidistant meshes

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

2

 

 
N = 10
N = 20
N = 40
N = 80

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

2

 

 
N = 20
N = 34
N = 48
N = 76



Introduction LPS and DRM Recursion formula Numerical Tests

Numerical tests
Example 3

Exponential boundary layer at x = 0 and interior layer in the
first derivative at x = 0

−εu′′ − |x |u′ +
1
2

u = 0, u(−1) = 1, u(1) = 2

ε = 10−7, Pr -DRM, r = 1,2,3

bK piecewise constant approximation of b = −(x3 − x/2)

τr = Φr (qK )h2r−1
K /(αr bK ), qK = bK hK /(2ε)

α1 = 2, α2 = 72, α3 = 7200
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Pr DMR r = 2, 3 on equidistant mesh
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