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Introduction
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Local projection stabilization |

Class of problems
@ dominated convection in Convection-diffusion equations
@ equal order interpolations for Stokes
@ both effects in Oseen and Navier-Stokes equations
@ dominated convection for inf-sup stable elements
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Local projection stabilization Il

general Idee

@ add a stabilization term controlling fluctuations of gradients
(gradients of fluctuations) of the quantity of interest
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Local projection stabilization 11l

kp = id — 7, T, : L?(Q) — Dy, denotes L? projection

(Vh, D) pairs of approximation and projection spaces
@ Dy, rich enough to guarentee a certain order of consistency
@ Dy small enough w.r.t. V}, to guarantee j,u —u L Dy,

two variants
@ one-level approach (V,', Dp)
@ two-level approach (Vy, Dap)

How to choose 7«, ax, MK?I




LPS and DRM
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One level LPS in one space dimension

Model problem
u”+bu +cu=f in(0,1), u(0)=u(1)=0

(Vh+>Dh) (Pr‘",Pd'SC _ (Pr+lapdl c

Stabilized method
Find u” € V' such that for all v," € V"
e((ug)’, (v )) + (b(u) + cu, viy)
+ > (en(b(ug)), an(b(v)) = (£, )

KeT,




LPS and DRM
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Elimination of enrichments |

Set K = (X, Xi+1), hk = Xij11 — X; and split the space

V," = Vi @ By, Bn = span P ok
KeTh

where the bubble space is spanned by

2X—Xi—Xiz1 | 2X—Xi —Xi+1
sor,K(x)z{LrH(ihK )OLr—l(ihK ) :"f X;E
or X

Important properties
(Vh,or ) =0 Vvh € Vh, VK € Ty

7Tth,] = qu YWh eV & mhvr’] =0 Vv, € Vy



LPS and DRM
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Elimination of enrichments Il

Case b = const, ¢ = 0, and f piecewise P,_;, using

by ~0 'k =0 =0 vl —0onok
( SOI’,K7S0I’,K) ; 7ThQ0r7K y  PrK K ) K on
forj=0,1,...,r — 1 we get

e(uh, Vi) + (bup, vi) + Y uk (be] i, Vi) = (F, Vi) VWh € Vi
KeTh

Uk {6(90:',K790:',K) + TKbZ(SD:’,Kv(pl/',K)} = (f - bu;n@r,K) VK € ,Zrh

(1)L, ¥x)
(e + 1 b?)|er k |%,K

Uk = (f — bUF])(r_l)‘K




LPS and DRM
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Differentiated residual method DRM — SUPG (r=1)

Find uy € V}, such that for all v, € Vj,

e(uh, Vi) + (bup + cun, Vi) + > ((buf + cup)), (b))

KeT,
= (f,v) + > w (D, (bvp) D)k
KeT,
1.4k )2
= (1,9x)

(e + 1k b2)hi [or i 3 ¢
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Relationship LPS and DRM

Theorem

Assume b = const, ¢ = 0, and f piecewise P,_;. Eliminating
the enrichment in the (P;", P4S¢)-LPS gives the P,-DRM with
the correct scaling in both the convection dominated and
diffusion dominated limit.

How to choose ~k ? I
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Recursion formula for P, ,-DRM |

Assume b = const, ¢ = 0, and f piecewise P,_;. Set
Ve = {Vh € H3(0,1) : vp| € P(K), K € Ty}, r>1

und use the splitting

Vi1 =V, @ span @ PrK-
KeTy

e(ur,vy) + (buy, ve) + Z UK(b¢;,K,Vr) = (f,vr) YW € Vi
KeTh

Uk {€|90r,K 2 + yr11b?pr i |r2+1} = (f —buf,or k) VK €Ty



Recursion formula
(o] lele]e]

Recursion formula for P, ;-DRM Il

Integrating by parts

(F = buy, or ) = (F = buf, vi¢ ) = (=) *(F — buy)" Pk (1, vx)
(bt V) = —(ov/, v ) = (1) (bv)) Y (1,4 )

P.-DRM

e(uy, vy) + (buf, vr) + Z ’Yr((bu;)(f—l)7 (bvrl)(r—l))K

KeT,

= (f,ve) + > %\, (bv)) )

KeTh
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Recursion formula for P, ;-DRM llI

Theorem

Assume b = const, ¢ = 0, and f piecewise P,_;. Eliminating
the highest order mode in the P, ;-DRM results in the P,-DRM.
The P,-DRM is equal to the SUPG.

— (17wK)2
{5|90r,K |§ + 'Yr+1b2|90r,K |r2+1} hk

Yr
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DRM stabilization parameters, r > 1

Optimal SUPG parameter (nodal exact solution in the constant
coefficient case) leads to

2r—1 _1\112
W= hoi b ®r(dk), dk = bKZZK, ar = %
®r41(q) = (Diq) — é, ®;(q) = cothq — %
Observations
@ Theory 7 ~ 1ohk but g ??7?
@ P/ discretization @ P, discretization
@ 79 > 1 oscillations @ 79 > 1 smearing

® 79 — 0 smearing @ 19 — 0 oscillations
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Weighting functions

1
¢1(Q)=Cothq—a, ®Pria(q) = =— — r=1,2,...
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Numerical tests
Example 1

Exponential boundary layer at x =0

1 2

u(0) = -1, u()=0

@ c=10"",P,-SUPGr =1,2,P,-DRMr =1,2,3
@ by piecewise constant approximation of b = —(1 + x?)

o 7 = & (qe)hd 1 /(arbk), dk = bkhk/(2e)
a1 =2, a0 =72, a3 = 7200
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SUPG on equidistant mesh

SUPG parameter

~ bkhg
2

ok = —K‘Dl(QK), ax

boundary layer region
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P, DMR r = 2, 3 on equidistant mesh
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P, DMR r = 1,2, 3 on Shishkin mesh

layer region
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Numerical tests

Example 2

Interior layer in the first derivative at +1/v/2

N/ 3_5 / — 1) = =
eu (x 2)u+u 0, u(-1)=1, u@d)=2

® c=10"7,P;-DRM,r =1,2,3
@ by piecewise constant approximation of b = —(x3 — x/2)

o 7 = ¢r(QK)hﬁr_l/(arbK)a dk = bkhk /(2¢)
o = 2’ ap = 72, a3 = 7200



Numerical Tests
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P3s DMR on equidistant meshes
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Numerical tests
Example 3

Exponential boundary layer at x = 0 and interior layer in the
first derivative atx =0

1
—5u”—|x|u’+§u =0, u(-1) =1, u(l)=2

@ c=10"7,P,-DRM,r =1,2,3
@ by piecewise constant approximation of b = —(x3 — x/2)

o 7 = & (qe)hd 1 /(arbk), ak = bkhi/(2¢)
a1 — 2, Qo — 72, a3 — 7200
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P, DMR r = 2, 3 on equidistant mesh
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