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Oseen eguations

# domain Q c R4 d=2,3
# given velocity field b with divb =0
# Oseen equations with homogeneous Dirichlet b.c.

—vAu+ (b-V)u+ou+Vp=f in Q,
divu =0 In €,
u =0 on of2



Weak formulation of Oseen equations

e o o o

spaces: V := H}(Q)¢, Q := L3(Q)
parameters: v > 0, o > 0
bec Whe(Q)
bilinear form
A((u,p); (v,q)) =v(Vu, Vo) + ((b- V)u,v) + o(u,v)
— (p,divv) + (¢, div u)

weak formulation
Find (u,p) € V x @ such that

A((u,p); (v,9)) = (f,v) V(0,9 €V XQ

uniquely solvable due to inf-sup condition for (V, Q)



Discrete spaces

o family of shape-regular triangulation {7}

# discrete spaces
s Vvelocity V;, C V. elements of order r
s pressure @, C Q. elements of order r — 1

# discrete inf-sup condition for (V},, Qp,)

@
18 > 0Vh inf sup (div op, gn) >
0 E€Qn v eV, |lanllo [vnlt




Discrete Problem

# discrete problem without any stabilisation
Find (up, pn) € Vi, x @y, such that

A((un,pn); (0, qn)) = (f, vn) V(vn, qn) € Vi X Qp,

# generally unstable due to dominating convection

stabilise by local projection methods



Local projection |

® oneach K € 7;:
s finite dimensional spaces D; (K), D#(K)
s local L? projections

T3 o L*(K) — D} (K), 7% : L*(K) — D;(K)

# projection spaces (discontinuous w.r.t. 7;)

D, = P Dy(K),  Dj= D Dh(K)

KeT, KeT,

# global projections 7! : L?*(Q) — D¢, i=1,2:

(mhw)|g = 7 (w|k)



Local projection Il

» fluctuation operators «! : L*(Q) — L*(Q), i = 1,2:
Kkt =id — i}

# approximation property of x%, i = 1, 2:

0K Vg € HY(K)

Ixhallox < Chilg
holds for all K € 7;, 0 < ¢ < r, provided
Pfr—l(K) C Dh(K)

# notation: P, = {0} forall £ <0
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Stabilisation term

no pressure stabilisation due to inf-sup stable elements

stabilisation term

Sp(u,v) = Z (TK (/@'}L(b - V)u, k3 (b - V)U)K

KeT,,
+ YK (/@%(div u), /@%(div fv)) K)

user-chosen parameters 7, vk

stabilisation of
o derivative In streamline-direction
s divergence constraint



Stabilised discrete problem

® Dbilinear form

A ((u,p); (v,q)) :==v(Vu, Vo) + ((b- V(u,v) + o(u,v)
+ Sp(u,v) — (p,dive) + (g, div u)

# stabilised discrete problem
Find (up, pr) € Vi x Qp such that

Ap ((up, pr); (vn,qn)) = (f,on) V(vn, qn) € Vi X Qp,



Interpolation error

$ Norm

0,0)I := (Aol + llolld + (2 + )l + S (v, 0)

® remember
s V3. elements of order r
s (5. elements of order » — 1

# Interpolation error estimates give

[|(u = gnu, p = inp)|| ~ A"



Solvabllity of stabilised problem

Lemma (Stability) [M., Tobiska 2007]
There exists a positive constant 5, independent of v and A

such that
Ap((vn, qn); (wh, 1))

> i
(womm) ="

inf sup
(0h:28) (wn,r) || (Vs @) || |

Proof.

# construct for arbitrary pair (vy, qn) € Vi, x Qp a pair
(wp, h) € Vi x Qp such that

Ap((vn, qn); (wn,8)) = B2 (vns an) || ||(wh, ra) ||

& use
Ah((?fm qn); (Vn, Qh)) = V\”Uhﬁ + 0||U||(2) + Sh((?}m qn); (Vn, Qh))

and discrete inf-sup condition to control ||qy||o



Consistency error

Lemma (Consistency error) [MTO7]
Let s € [0,7], b|x € W5®(K), Ps_1(K) C D;(K)

!Ah((u — Up, P — Pr); (W, Th)”

1/2
<C (Z i h%?u§+1,K) [| Cwon, )|

KeT;,

optimal order O(h") for rgc < 12 *)



Error estimate

Theorem (Error estimate) [MTO7]
Let for an s with 0 < s < r the inclusion P;_;(K) C D} (K)

be fulfilled. Choose 7 < h%r_s) and vx ~ 1. Provided the
orthogonality

(g —ing, o) =0  Von € D;, g€ HX(Q)NQ

IS satisfied, the error estimate

1/2
w—un, =) < C ( S A (e + pm) o

KeT;,

holds.



ldea of proof

start with
| (Jrw — wn, Jnp — pn)|||

o1 Ap((Jru — up, jop — pn); (Wh, 1))

< — sup

62 (wh,rh) ‘|‘(wh77ah)|”

_ 1 Ap ((uw = up, p — pp); (wp, 1))

< — sup

62 (wh,rh) H‘(wh?r}l”H
1 Ap((Jnu — u, jnp — p); (wh, 7))
+ — sup :

62 (wh,rh) ‘|‘(wh77ah)|”

# first term: consistency error
# second term: estimate term by term



Estimate of critical terms |

# velocity-pressure coupling |

’(p — ipp, div wh)| = |(p — ipp, divwy, — 7T}2L div wh)’

= |(p — inp, /4:;% div wh){

hQT 1/2
<O (S i)l

YK

® (q—ing,p) = 0forall g, € D2 fulfilled for
I D}ZL = {0}
s discont. pressure: D?(K) C Qn|x + span(1)

s cont. pressure: D7 (K) C (Qnlx +span(1))NHj(K)
(bubble part of local pressure space)



Estimate of critical terms Il

® convective term
. 2r 2 1/2
(6 V) (G = ) wn) | < € (D m3ENulZinie)  llwnlo

h2r 1/2
<0 (Xl ) lanm]

V+ o

# velocity-pressure coupling Il

|(frh, div(jpu — u))| < Irnllo H div(jpu — u)HO

h2r 1/2
<0 (XSl ) lanm

V+ o

# both estimates are not robust in v for o = 0
# only usual properties of interpolation operator j; needed



Taylor—Hood family

® simplices V), =P, Q) = P._1,7r > 2

1 di 2(r—s
Dh:PI_Sf,SST‘, TKShK(— ),

S

D2 =PIC t<p—d—1,vg ~ 1

# quadrilaterals/hexahedra vV}, = Q,, Qp = Qr_1, 7 > 2

Dl =Q¥s¢ s<r 7 SHETY,

s—1>

D2 =QW¢ t<r—2 4 ~1

» convergence order || - || = O(nr")



Discontinuous pressure

® simplices V}, = P!, Qj, = P9S¢, r > 2

| i
D}l :Pd'_s’f, s<7r T ghK(r 8),

S

Di = PM, t<r, v ~ 1

# quadrilaterals/hexahedra V, = Q.., Qj, = PYS¢, r > 2

2(r—s)

1 disc
Dh:PS—178§T7TK§hK ]

D;% = Ptd_islc, t<r, yg~1

» convergence order || - || = O(n")



Robust estimates

Integration by parts of
s convective term
» Vvelocity-pressure term with ry,

pressure jJump terms across edges/faces have to be
added for discontinuous pressure spaces @y,

observation: above terms give now at least order
O(R"+1/2) provided an additional orthogonality holds

however: convergence order is limited to O(h") by
velocity-pressure term with p — i;,p since @;, consists of
element of order » — 1

idea: use elements of order r for Q,



Mini-element family |

simplicial mesh 7,

velocity space

PH(K):=P.(K)+b-P_(K),
P i={ve Hy(Q) : v|lg € PT7(K), VK € Tp,}

with lowest order bubble function b € Py, (K)

continuous pressure space
Qn:={q€ H(Q) : qlx € P(K), VK € T,} N L§(Q)

equal order approximation but different spaces



Mini-element family Il

discrete inf-sup condition fulfilled
Fortin operator can be constructed

1 _ pdisc
Dh_Pfr—l

€ D}QL :Ptd_isf, t<r—d

YK ~ hi, Tk ~ hi

convergence order O(h"1/2)



Numerical results

# prescribed solution of problem

w(z, ) = (Singx) in(y)) |

p(x,y) = 2cos(z) sin(y) — po € LE()

® v =108, convection field b = u

vard




Mini-Element P;"" / P,

Dy = P, 7k ~ hg
r=1,d=2 =— )
t< -1 — Dh:{O}, YK ~ hi
Dfll _ P(():IiSC’ Tk = hp, D%L — {O}, YK = h g

o | [lu—upllo |v—uplt |lp—pullo | LP-norm order

10 | 1.314-6 1.851-3 3.664-6 | 1.041-4 1.50
1| 1.550-6 1.861-3 2.435-6 | 1.034-4 1.50
O 1.7/754-6 1.8/8-3 2.466-6 | 1.033—4 151




Summary

local projection stabilisation for inf-sup stable pairs
usual pairs of order » ensure convergence order r
estimates only robustin v for o > 0

equal order inf-sup stable approximation

new pairs robost in v even for o = 0
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