Appendix A
Topics on the Theory of Ordinary Differential
Equations

A.1 Ordinary Differential Equations of Higher Order

Remark A.1. Motivation. The notation of stiffness comes from the consideration of first order systems of
ordinary differential equations. There are some connections of such systems to ordinary differential equations
of higher order, e.g. a solution method for linear first order systems requires the solution of a higher order
linear differential equation, see Remark A.36. O

A.1.1 Definition, Connection to First Order Systems

Definition A.2. General and explicit n-th order ordinary differential equation. The general ordi-
nary differential equation of order n has the form

F (x, y(x),y (x),... ,y(")(aj)) =0. (A1)

This equation is called explicit, if one can write it in the form

Yy @) = f (2.9@) 5 @),y V@) (A2)

The function y(x) is a solution of (A.1l) in an interval I if y(z) is n times continuously differentiable in I
and if y(z) satisfies (A.1).
Let xy € I be given. Then, (A.1) together with the conditions

y(@o) = o, ¥ (x0) = yrs- -y (w0) = Y
is called initial value problem for (A.1). O

Example A.3. Special cases. The general resp. explicit ordinary differential equation of higher order can be
solved analytically only in special cases. Two special cases, that will not be considered here, are as follows:
e Consider the second order differential equation

y'(z) = f(z,y ().

Substituting 3'(x) = z(z), one obtains a first order differential equation for z(x)

#(x) = f(x,2(x)).
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If one can solve this equation analytically, one gets y'(x). If it is then possible to find a primitive of y'(z),
one has computed an analytical solution of the differential equation of second order. In the case of an
initial value problem with

y(zo) = Yo, y/(zo) =Y
the initial value for the first order differential equation is
z(xo) = y1-

The second initial value is needed for determining the constant of the primitive of y'(z).
e Consider the differential equation of second order

y'(x) = f(y,9).

Let a solution y(x) of this differential equation be known and let y_l(y) its inverse function, i.e.
y ' (y(x)) = z. Then, one can use the ansatz

p(y) =y (zfl(y)) :

With the rule for differentiating the inverse function ((f ") (yo) = 1/f'(25)), one obtains

2y =y (y-1<y>);;(y-1<y<x>>)=y (;;x;y» Z ((jlfj;))

dyy -

Y (yfl(y)) (@)
ply)  ply)

This approach leads then to the first order differential equation

fly.p(y)

py) = o)

O

Theorem A.4. Connection of explicit ordinary differential equations of higher order and sys-
tems of differential equations of first order. Every explicit differential equation of n-th order (A.2) can
be transformed equivalently to a system of n differential equations of first order

(@) = Yppa (@), k=1,....n—1,

Yn () = fl@,91(2), .., yn(2)) (A.3)
or (note that the system is generally nonlinear, since the unknown functions appear also in f(-,...,-))
yjl(m) 010--- 0\ [yi(2) 0
, y2(z) 001---0 || y2(2) 0
y(2) = : I R : T
Yn () 0000/ \yu(2) f@y1, )

for the n functions y;(x),...,y,(x). The solution of (A.2) is y(z) = y;(z).

Proof. Insert in (A.2)

n(@) = y(@), ya@) =) =y (@), ys@)=ys(2)=y" ()
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Yn(@) = yp_1(2) =y V(a).

If y € C™(I) is a solution of (A.2), then y;(z),...,y,(x) is obviously a solution of (A.3) in I.
Conversely, if y;(z),...,y,(z) € c! (I) is a solution of (A.3), then it holds

ya(@) = yi(x),  ys(e) = vh(@) = ¥ (@), ..., yn(2) = 4" (@)
y;z(x) = yin)(x) = f(x7 Y15 - - -7yn)'

Hence, the function y, (x) is n times continuously differentiable and it is the solution of (A.2) in I. |

Example A.5. Transform of a higher order differential equation into a system of first order equations. The
third order differential equation

y" (x) + 2" (x) = 5y (x) = f(z,y(2))

can be transformed into the form

y1(7) = y(x)

y1(z) = ya(2) (= ¥/ (2))

ya(x) = y3(x) (= " (x))

ys(z) =" (z) = =2¢" () + 59/ () + f(x, y(x))
= —2y3(x) + 5y (z) + f(,y1(x)).

A.1.2 Linear Differential Equations of n-th Order

Definition A.6. Linear n-th order differential equations. A linear differential equation of n-th order
has the form

an @)y (@) + ay 1 @)y V(@) + o+ 0 (@)Y (@) + ap(2)y (@) = f(@), (A4)

where the functions ay(z), ..., a,(x) are continuous in the interval I, in which a solution of (A.4) is searched,
and it holds a,, () # 0 in I. The linear n-th order differential equation is called homogeneous if f(x) = 0 for
allz el

an(@)y™ (@) + ap 1 (2)y" "V (@) + .+ ar(2)y (@) + ag(@)y(x) = 0. (A.5)

d

Theorem A.7. Superposition principle for linear differential equations of higher order. Consider
the linear differential equation of n-th order (A.4), then the superposition principle holds:
i) If y, (z) and yo(x) are two solutions of the homogeneous equation (A.5), then ciy;(x)+cays (), ¢1,c9 € R,

is a solution of the homogeneous equation, too.

i) If yo(x) is a solution of the inhomogeneous equation and y,(x) is a solution of the homogeneous equation,
then yo(z) + y1(x) is a solution of the inhomogeneous equation.

iit) If yy (z) and yo(x) are two solutions of the inhomogeneous equation, then y,(x) — yo(x) is a solution of
the homogeneous equation.

Proof. Direct calculations, exercise. |

Corollary A.8. General solution of the inhomogeneous differential equation. The general solution
of (A.4) is the sum of the general solution of the homogeneous linear differential equation of n-th order (A.5)
and one special solution of the inhomogeneous n-th order differential equation (A.4).
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Remark A.9. Transform in a linear system of ordinary differential equations of first order. A linear differential
equation of n-th order can be transformed equivalently into a linear n x n system

Yr() = yp () k=1,....,n—1,
—1
a;\r T
i) = =3 S )+ 2
or
yé(fﬂ)
y/(x): yz(gf)
yn
0 o 0 mne 0
1 0 yg(ar) n 0
“,‘i(éi) “;if;% —2G o ) \w) TG
= Az f(z). (A.6)

O

Theorem A.10. Existence and uniqueness of a solution of the initial value problem. Let I =
[xg —a,z9g 4+ a] and a; € C(I), i = 0,...,n, f € C(I). Then, the linear differential equation of n-th order
(A.4) has exactly one solution y € C"(I) for given initial value

y(20) = Yo, ¥ (o) = y1,-- 4" (20) = Y-

PT‘OOf. Since (A.4) is equivalent to the system (A.6), one can apply the theorem on global existence and uniqueness of a
solution of an initial value problem from Picard-Lindel6f, see lecture notes Numerical Mathematics I or the literature. To this
end, one has to show the Lipschitz continuity of the right-hand side of (A.6) with respect to yq,...,y,,. Denoting the right-hand
side by F(z,y) gives

|F(z,y) — F(17@)||[c(1)]”' =[A(y — @)”[C(I)]" < ||A||[c(1)]”,oo lly — '.’7”[0(1)]

where one uses the triangle inequality to get

Za”myj(x)

1Aiyllcm = = max

.....

= ||Ai-Hc(1) HyH[C(I)]"

for i =1,...,n. Now, one can choose
ay(x ap_1(x
”A”C(I) = max { max-< 1, 1(%) +.o..4+ |2 1() .
zel an (@) )
All terms are bounded since I is closed (compact) and continuous functions are bounded on compact sets. |

Definition A.11. Linearly independent solutions, fundamental system. The solutions y;(z) : I —
R,i=1,...,k, of (A.5) are called linearly independent if from

chyl(x) =0, forallzel, c; €R,
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it follows that ¢; = 0 fori =1,...,k. A set of n linearly independent solutions is called a fundamental system

of (A.5). O
Definition A.12. Wronski' matrix, Wronski determinant. Let y;(x), i = 1,...,k, be solutions of
(A.5). The matrix

vy () Yk (@)

y1() Yi(x)

W(z) = :
n—1 . n—1
@)y @)

is called Wronski matrix. For £ = n the Wronski determinant is given by det(W)(x) =: W(z). O

Lemma A.13. Properties of the Wronski matrix and Wronski determinant. Let I = [a,b] and let
Y (), ... yn(x) be solutions of (A.5).
i) The Wronski determinant fulfills the linear first order differential equation

W' (x) = _az—(lg) W (x).

W) = W(wo) exp (— /m “Z;zt()t) dt)

i) It holds for all x € T

with arbitrary xq € I.

1) If there exists a xy € I with W () # 0, then it holds W(x) # 0 for all x € I.

w) If there exists a xq € I with rank(W(zq)) = k, then there are at least k solutions of (A.5), e.g.
y1(2), ..., yp(x), linearly independent.

Proof. 1) Let S,, be the set of all permutations of {1,...,n} and let o € S,,. Denote the entries of the Wronski matrix by
W(z) = (yjk(w)):kzl. If o =(04,...,0,), then let
n
H yj,aj (J}) = (yl,o'ly2,o'2 s yn,on) (Q?)
j=1

Applying the Laplace2 formula for determinants and the product rule yields

%det(w(z)) = % ( > (sgn(a) [1vio, (@))
j=1

o€S,

> (sgn(o)Z( II yj,aj(w)> yi,ai(w)>

€S, i=1 \j=1,j%i
n

Z(Z (sgn(a) 11 yj,aj(x)yi,a,.(x)>>
i=1 \o€S, =1,

det | (170@) o (@)

Il

=1

exercise for n = 2,3. In the last step, again the Laplace formula for determinants was applied. In the i-th row of the
last matrix is the first derivative of the corresponding row of the Wronski matrix, i.e. there is the i-th order derivative of

! Joseph Marie Wronski (1758 — 1853)
2 Pierre-Simon (Marquis de) Laplace (1749 — 1827)
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(y1(x),...,yn(x)). The rows with dots in this matrix coincide with the respective rows of W(z). For i = 1,...,n — 1, the
determinants vanish, since in these cases there are two identical rows, namely row ¢ and ¢ + 1. Thus, it is

y/l(w) s Yp(®)
yi(@) .. yp(@)

L detW(z)) = det :
dx (n—2) C (-2
Y (@) oy ()

u@ @
Now, one uses that y;(z),...,y,(x) are solutions of (A.5) and one replaces the n-th derivative in the last row by (A.5).
Using rules for the evaluation of determinants, one obtains
vi(z) - yu()

"o (x 1@ o yn(e)
dii det(W(z)) = Z _7;_23(5)) det . : !

7':1 " . . .
V@) (@)

Apart of the last term, all other determinants vanish, since all other terms have two identical rows, namely the i-th row and
the last row.

ii) This term is the solution of the initial value problem for the Wronski determinant and the initial value W (), see the
respective theorem in the lecture notes of Numerical Mathematics I.

iii) This statement follows directly from ii) since the exponential does not vanish.

iv) exercise

Theorem A.14. Existence of a fundamental system, representation of the solution of a homo-
geneous linear differential equation of n-th order by the fundamental system. Let I = [a, b] with
xg € I. The homogeneous equation (A.5) has a fundamental system in I. Each solution of (A.5) can be
written as a linear combination of the solutions of an arbitrary fundamental system.

Proof. Consider n homogeneous initial value problems with the initial values
i—1 ..
y§‘l >(x0):§zj» ,j=1,...,n.

Each of these initial value problems has a unique solution y;(z), see Theorem A.10. It is W(x) = 1 for these solutions. From
Lemma A.13, iii), it follows that {y;(x),...,y,(x)} is a fundamental system.

Let y(z) be an arbitrary solution of (A.5) with the initial values y(i_l)(wo) =g;_1,t=1,...,n, and {y(z),...,y,(x)} an
arbitrary fundamental system. The system

y1 (o) y;z(xo) o Yo
y1(zo) Yn (20) C1 Y1
(@) oy (@o) /) \ena Gn1

has a unique solution since the matrix spanned by a fundamental system is not singular. The function Z?:l ¢;_1Y;(x) satisfies
the initial conditions (these are just the equations of the system) and, because of the superposition principle, it is a solution of
(A.5). Since the solution of the initial value problem to (A.5) is unique, Theorem A.10, it follows that y(z) = > 1| ¢;_1y; ().

|

Theorem A.15. Special solution of the inhomogeneous equation. Let {y,(z),...,y,(x)} be a funda-
mental system of the homogeneous equation (A.5) in I = [a,b]. In addition, let W;(z) be the determinant,
which is obtained from the Wronski determinant W(x) with respect to {y,(x),...,y,(x)} by replacing the
I-th column, by (0,0,..., f(z)/a,(x))". Then,

N\ “ W)
y(,’E) - ;yl(l') /xo VVl(t) dt? T, T € -[7

is a solution of the inhomogeneous equation (A.4).
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Proof. The proof uses the principle of the variation of the constants. This principle will be explained in a simpler setting in
Remark A.27. For details of the proof, see the literature. |

A.1.3 Linear n-th Order Differential Equations with Constant Coefficients

Definition A.16. Linear differential equation of n-th order with constant coefficients. A linear
n-th order differential equation with constant coefficients has the form

any™ (@) + ap_ 1y V(@) + L+ ay (@) + agy(z) = f(2), (A7)

WithaieR,i:0;~'~7n7a7l7é0' -

A.1.3.1 The Homogeneous Equation

Remark A.17. Basic approach for solving the homogeneous linear differential equation of n-th order with con-

stant coefficients. Because of the superposition principle, one needs the general solution of the homogeneous

differential equation. That means, one has to find a fundamental system, i.e. n linearly independent solutions.
Consider

> agyy (@) =0. (A.8)
=0

In the case of a differential equation of first order, i.e. n =1,

a1y () + agyp(z) =0,

one can get the solution by the method of separating the variables (unknowns), see lecture notes of Numerical
Mathematics I. One obtains

yp(x) = cexp (—aox> , c€eR
ay

One uses the same structural ansatz for computing the solution of (A.8)
yp(x) =™, XeC. (A.9)
It follows that
yn(x) = A, .. ,y,(ln)(x) = A"

Inserting into (A.8) gives
(an)\n +a, N a A+ a0> M = 0. (A.10)

It is e™® = 0, also for complex \. Because, using Euler’s formula, it holds for A = a + ib, a,b € R, that

™ = €™ (cos(bx) + isin(bx)) = € cos(bx) + ie™” sin(bx).
A complex number is zero iff its real part and its imaginary part are vanish. It is ¢** > 0 and there does not
exist a (bz) € R such that at the same time sin(bz) and cos(bz) vanish. Hence, e # 0.
The equation (A.10) is satisfied iff one of the factors is equal to zero. Since the second factor cannot
vanish, it must hold
p(\) = a, N +a, N4+ a N+ ag=0.

The function p(A) is called characteristic polynomial of (A.8). The roots of the characteristic polynomial are
the values of A in the ansatz of y,(x).
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From the fundamental theorem of algebra it holds that p(\) has exactly n roots, which do not need to
be mutually different. Since the coefficients of p()A) are real numbers, it follows that with each complex root
A =a+1ib, a,b € R, b+#£0, also its conjugate Ay = a — ib is a root of p()\).

It will be shown that the basic ansatz (A.9) is not sufficient in the case of multiple roots. O
Theorem A.18. Linearly independent solutions in the case of real roots with multiplicity k. Let
Ao € R be a real root of the characteristic polynomial p(X) with multiplicity k, 1 < k < n. Then, one can
obtain with Xy the k linearly independent solutions of (A.8)

yh,l(m) = e>\0937 yh,2($) = xe/\ow’ ceey yh,k(ﬂf) =g eMor, (A.11)

Proof. For k = 2.
Yn,1(2), Yn,2(x) solve (A.8). This statement is already clear for yj, ; () since this function has the form of the ansatz (A.9).
For yj, o(x) it holds

Ao
k)

Yn2(z) = (L+ Agz) e
U 2(x) = (2/\0 + /\890) Mo,

y,(:Q) (z) = <n)\g_l + Agz) Mo,

Inserting into the left-hand side of (A.8) yields

n n n
ero” Z ai(i)\g_l +Aoz) = ero® (x Z a; Ny + Z a;iXg ) . (A.12)
i=0 i=0 i=0
3 K3 K3
P(Xo) ' (No)

It is p(Ag) = 0, since Ag is a root of p(A). The second term is the derivative p'(A) of p(A) at Ag. Since the multiplicity of Ag is
two, one can write p()) in the form

2
p(A) = (A= X0) " po(N),
where pg(A) is a polynomial of degree n — 2. It follows that

PN =2 = 20) po(A) + (A = 2g) po(N).

Hence, it holds p’(A\g) = 0, (A.12) vanishes, and Yn,2(x) is a solution of (A.8).
Yn,1(2), Yn,2(x) are linearly independent. One has to show, Lemma A.13, that the Wronski determinant does not vanish. It
holds

W(z) = det (y?’l(z) y?’g(z)) = det < e ze’0” )

Yn,1(2) Yn 2(2) )\OeAOI 1+ )\Ox)ekoz

_ 2)a 1 T _ 2= B _ 2)=m
=e det()\ol_i_)\ox)—e 1+ Xgz —Xgz) =€ >0

for all x € I.
Roots of multiplicity k > 2. The principle proof is analogous to the case k = 2, where one uses the factorization p(\) =
(A — )\O)k po(A). The computation of the Wronski determinant becomes more involved. |

Remark A.19. Complex roots. The statement of Theorem A.18 is true also for complex roots of p(A). The

Wronski determinant is ¢**1* # 0. However, the corresponding solutions, e.g.

Jip(e) = M = elrte
are complex-valued. Since one has real coefficients in (A.8), one likes to obtain also real-valued solutions.
Such solutions can be constructed from the complex-valued solutions.

Let \y =a+1ib, A\, =a—1b, a,b € R, b+# 0, be a conjugate complex roots of p(A), then one obtains with
Euler’s formula
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eMT = e @TT — 9T (0o5(br) + i sin(ba))

eMT = 17T — 9% (cog(br) — isin(bx)) .
Because of the superposition principle, each linear combination is also solution of (A.8). O

Theorem A.20. Linearly independent solution for simple conjugate complex roots. Let \; € C,
A = a+ib, b #£ 0, be a simple conjugate complex root of the characteristic polynomial p(\) with real
coefficients. Then,

Yna(x) = Re (e’\lx) =e"" cos(bx), ypaolx)=Im (e’\lx) = " sin(bx),

are real-valued, linearly independent solutions of (A.8).

PTOOf, Use the superposition principle for proving that the functions are solutions and the Wronski determinant for proving
that they are linearly independent, exercise. |

Theorem A.21. Linearly independent solution for conjugate complex roots with multiplicity
greater than one. Let \; € C, \{ = a+ib, b # 0, be a conjugate complex root with multiplicity k of the
characteristic polynomial p(\) with real coefficients. Then,

Yn1(x) = e cos(bx),...,ypi(z) = 2™ cos(ba),
Ynry1(x) = e sin(bx), ..., ypon(x) = 271" sin(bx) (A.13)
are real-valued, linearly independent solutions of (A.8).
P ’r’OOf. The proof is similarly to the previous theorems. |

Theorem A.22. Fundamental system for (A.8). Let p(\) be the characteristic polynomial of (A.8) with
the roots Ay, ..., A\, € C, where the roots are counted in correspondence to their multiplicity. Then, the set
of solutions of form (A.11) and (A.13) form a fundamental system of (A.8).

PTOOf. A real root with multiplicity k gives k linearly independent solutions and a conjugate complex root with multiplicity k&
gives 2k linearly independent solutions. Thus, the total number of solutions of form (A.11) and (A.13) is equal to the number
of roots of p(A\). This number is equal to n, because of the fundamental theorem of algebra. It is known from Theorem A.14
that a fundamental system has exactly n functions. Altogether, the correct number of functions is there.

One can show that solutions that correspond to different roots are linearly independent, e.g., (Giinther et al., 1974, p. 75).
The linearly independence of the solutions that belong to the same root, was already proved.

Ezxample A.23. Homogeneous second order linear differential equation with constant coefficients.
1. Consider
y'(x) + 6y’ (2) + 9y(x) = 0.

The characteristic polynomial is
p(A) =N +6A+9

with the roots A\; = Ay = —3. One obtains the fundamental system

73 —
Z/h,1($) =e 7, yh,z(x) = ze

3z
The general solution of the homogeneous equation has the form

—3 _3
Yn(x) = cryp1(x) + coypo(x) = cre” " + cqwe™ ™", ¢1,00 €R.

2. Consider
Vi) +ay(z) =0 = pA)=X\N+4 — Ay o = £2i.

It follows that
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yh,l(gﬂ) = cos(2z), yh,2(33) = sin(2z)
yn(x) = ¢; cos(2z) + ¢ 8in(2x), c¢p,c9 € R.

A.1.3.2 The Inhomogeneous Equation

Remark A.24. Goal. Because of the superposition principle, a special solution of (A.7) has to be found. This
section sketches several possibilities to obtain such a solution. O

Remark A.25. Appropriate ansatz (Storgliedansatze). If the right-hand side f(z) possesses a special form, it
is possible to obtain a solution of the inhomogeneous equation (A.7) with an appropriate ansatz. From (A.7)
it becomes clear, that this way works only if on the left-hand side and the right-hand side of the equation are
the same types of functions. In particular, one needs the same types of functions for y;(z) and all derivatives
up to order n. This approach works, e.g., for the following classes of right-hand sides:
e f(x) is a polynomial
f(x) =by+byz+...+b,2™, b, #0.

The appropriate ansatz is also a polynomial
yi(x) = 2" (co + crw + ...+ ca™),

where 0 is a root of p(\) with multiplicity k.
e If the right-hand side is
f(x)=(bg+ b1z +...+byux™)e™,

then one can use the following ansatz

yi(x) = 2" (co+ @+ ...+ cpa™) e,

where a is a root of p(A\) with multiplicity k. The first class of functions is just a special case for a = 0.
e For right-hand sides of the form

f(x)=(bg + b1z + ...+ byz"™) cos(bx),
f(x) = (bg + byx + ...+ by, z"™) sin(bx),

one can use the ansatz

yi (@) = 2" (co+ 1z + ... + c;pa™) cos(bx)
+2¥ (dy + dyz + ...+ d,,a™) sin(bz),

if ib is a root of p(\) with multiplicity k.
One can find the ansatz for more right-hand sides in the literature, e.g. in Heuser (2006). O

Ezample A.26. Appropriate ansatz (Stérgliedansatz). Consider
y'(z) — () + 2y(x) = cosx.
The appropriate ansatz is given by

yi(x) = acosz + bsiny =
yi(x) = —asinz 4+ bcosz —>

yi (r) = —acosx — bsinx.
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Inserting into the equation gives

—acosr —bsinx +asinx — bcosx + 2acosx + 2bsinx = cosx —>
(—a—b+2a)cosz+ (—b+a+ 2b)sinz = coszx.

The last equation is satisfied if the numbers a, b solve the following linear system of equations
a—b=1a4+b=0 — a=—-,b=—-.

One obtains the special solution

1
y;i(x) = 3 (cosz —sinx).

Remark A.27. Variation of the constants. If one cannot find an appropriate ansatz, then one can try the
variation of the constants. This approach will be demonstrated for the second order differential equation

v (x) + a1y’ (x) + agy(x) = f(x). (A.14)

Let yp.1(2), Y 2(x) be two linearly independent solutions of the homogeneous differential equation such that

Yn(x) = cryp 1 (z) + coyp 2 ()

is the general solution of the homogeneous equation. Now, one makes the ansatz

Yi(@) = c1(@)yn 1 (2) + c2(2)yn 2 ()

with two unknown functions c¢; (), ¢y(z). The determination of these functions requires two conditions. One
has

yi(z) = Cl1(£)ﬂh,1($) + 01(33)212,1(33) =+ 0/2(33)911,2(33) + Cz(x)yé,z(x)

= (C/l(x)yhl(x) + 02($>yh,2($)) + Cl(x)y;z,l(x) + 02(x)y;1,2(35)~

Now, one sets the term in the parentheses zero. This is the first condition. It follows that

!

yi (x) = ¢y (@)yn,1 () + e (@)yh 1 (@) + c2(2)yh 2 (@) + c2(2)yh 2 ().

Inserting this expression into (A.14) gives

f(@) = c1(@)yh,1 () + e (2)yh 1 (2) + A (2)yn 2 (2) + (@)Y o ()
+ay (¢ (x)y;m(x) + cg(x)y§172(z)) + ag (¢1(2)yn1 () + co(x)yp 2 ()
=ci(x) (y;{1($) + ayyna(z) + agyn1(x))
-0
+-co(x) (?J;{2($) + aly;L,Q(x) + agyn 2 ()
-0
+e1 (@) yha (2) + () yh 2 (7).

This is the second condition. Summarizing both conditions gives the following system of equations

(420 ey (40— (0 ),

yh,1($) Z/;L 2(z)
75
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This system possesses a unique solution since yj, 1 (), yp, 2(2) are linearly independent from what follows that
the determinant of the system matrix, which is just the Wronksi matrix, is not equal to zero. The solution is

f(x)yh,Z(x) i (z) = f(x)yhg(x)
yh,l(x)y;z,z(x) - ?J;z,l(x)yhg(%)7 ? yh,l(x)y;z,Q(x) - y;z,l(m)yhz(x).

@)= -

The success of the method of the variation of the constants depends only on the difficulty to find the
primitives of ¢} (z) and c5(z).
For equations of order higher than two, one has the goal to get a linear system of equations for

ci(x),...,c,(z). To this end, one sets for each derivative of the ansatz the terms with ¢ (z),...,c,(z)
equal to zero. The obtained linear system of equations has as matrix the Wronski matrix and as right-hand
side a vector, whose first (n — 1) components are equal to zero and whose last component is f(z). O

Ezxample A.28. Variation of the constants. Find the general solution of

—3z
" / €
6 9 = .
y (@) + 6y (2) + 9y(@) = T
The general solution of the homogeneous equation is
3z

yn(@) = re ™ 4 cpze,

see Example A.23. The variation of the constants leads to the following system of linear equations

() ()= (%)

Using, e.g., the Cramer rule, gives

—6x x
€ (1+a:) x

/
ci(z) = — =— ,
1(e) (1— 3z 4 3z)e %" 1+

e 6% (L)
C/ (x) _ 14z _ 1
? (1—3z+3z)e ™ 1+

One obtains

T 14z 1
cl(x):—/1+xdx:—/l+xdx+/m de = —z+1n|l + 2|,

1
cg(x):/idlen\l—kaﬂ.

1+

Thus, one gets

—3z T

yi(x) = (—z 4+ |1+ z)) e +In|1 + 2| ze®

and one obtains for the general solution
yx)=(—z+In[1+z|+c¢)e ™ + (n|l + 2| 4 ¢5) ze .

Inserting this function into the equation proves the correctness of the result. O
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A.2 Linear Systems of Ordinary Differential Equations of First Order

A.2.1 Definition, Existence and Uniqueness of a Solution

Definition A.29. Linear system of first order differential equations. In a linear system of ordinary
differential equations of first order one tries to find functions y, (z),...,y,(z) : I = R, I =[a,b] C R, that
satisfy the system

vile) =Y ay @)y (@) + fiz),i=1,....n,
j=1

or in matrix-vector notation

Y (2) = Ax)y(2) + f(2) (A.15)
with
yi(2) v ()
yao)=| [ Y@= : |,
Yn (@) Yn(@)
a(z) -+ an (@) fi(z)
Alz) = Do yf@) =1
anl(x) T a’nn(x) fn(l‘)
where a,;(z), f;(x) € C(I). If f(z) = 0, then the system is called homogeneous. O

Theorem A.30. Superposition principle for linear systems. Consider the linear system of ordinary

differential equations (A.15), then the superposition principle holds:

i) If y,(z) and yo(x) are two solutions of the homogeneous systems, then ¢;y,(x) + cays(x), ¢1,¢ ER, is
a solution of the homogeneous system, too.

it) If yo(x) is a solution of the inhomogeneous system and y,(z) is a solution of the homogeneous system,
then yo(x) + y,(x) is a solution of the inhomogeneous system.

iii) If y,(x) and y,(x) are two solutions of the inhomogeneous system, then y,(x) — yo(x) is a solution of
the homogeneous system.

Proof. Direct calculations, exercise. |

Corollary A.31. General solution of the inhomogeneous system.
i) Ify,(z),yo(x), ..., yi(x) are solutions of the homogeneous system, then any linear combination Zle ¢y (z),
cq,---,¢, €R, is also a solution of the homogeneous system.
i1) The general solution of the inhomogeneous system is the sum of a special solution of the inhomogeneous
system and the general solution of the homogeneous system.

Theorem A.32. Existence and uniqueness of a solution of the initial value problem. Let I =
[vo—a,29+a] and a;; € C(1), f; € C(1),4,j =1,...,n. Then, there is exactly one solution y(x) : I —R"
of the initial value problem to (A.15) with the initial value y(zy) = y, € R".

Proof. The statement of the theorem follows from the theorem on global existence and uniqueness of a solution of an initial
value problem from Picard—Lindelof, see lecture notes Numerical Mathematics I or the literature.

Since the functions a;;(z) are continuous on the closed (compact) interval I, they are also bounded due to the Weierstrass
theorem. That means, there is a constant M with

lagj(@)| <M, z€l ij=1,...,n.

Denoting the right hand side of (A.15) by f(x,y), it follows that

7



Il.f(z7y1)_f($7y2)“oo = I{laX |fz(x7yl)_f2(z7y2)|

= _m’ax ZCLU((E yl]x)+fz Za yQJ(x (Cﬂ)
=1

j=1

x5 a (@) (v1,4(2) — 925()
j=1

IN

n ’]mlax |‘lij (I)| 1;{1@’(” }yl,i(w) - yz,i(1)|

IN

nM |y — Yol »

i.e. the right hand side satisfies a uniform Lipschitz condition with respect to y with the Lipschitz constant nM. Hence, the
assumptions of the theorem on global existence and uniqueness of a solution of an initial value problem from Picard-Lindel6f
are satisfied. m

A.2.2 Solution of the Homogeneous System

Remark A.33. Scalar case. Because of the superposition principle, one needs the general solution of the
homogeneous system

Y (z) = A(2)y(x) (A.16)

for finding the general solution of (A.15). The homogeneous system has always the trivial solution y(z) = 0.
In the scalar case y'(z) = a(z)y(z), the general solution has the form

y(z) = cexp (/:a(t) dt> , ceR,zg € (a,b),

0

see lecture notes Numerical Mathematics I or the literature. Also for the system (A.16), it is possible to
specify the general solution with the help of the exponential. O

Theorem A.34. General solution of the homogeneous linear system of first order. The general
solution of (A.16) is

yp(z) = elzo AW e, ceR"xy € (a,b). (A.17)
The integral is defined component-wise.

Proof. i) (A.17) is a solution of (A.16). This statement follows from the derivative of the matrix exponential and the rule on
the differentiation of an integral with respect to the upper limit

Yhia) = (ef% A "“c) S </ A(t) dt> eJeo AW @ 4y eleg AW @t
dx dx .

0
ii) every solution of (A.16) is of form (A.17). Consider an arbitrary solution g, (z) of (A.16) with §,(zy) € R". Take in
(A.17) ¢ = g5, (zg). Then, it follows that

20 A(t) dt 0 -~ -
Jag 0 Yn(2o) = € Yn(xo) = Up(z0)-

=I

Yp(z0) =€

A - . . . . P ~ . .
That means, e[ (€) at Yy (zg) is a solution of (A.16) which has in z the same initial value as ¢, (z). Since the solution of the
initial value problem is unique, Theorem A.32, it follows that ¢, (z) = eflO A dtyh(xo). |
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A.2.3 Linear Systems of First Order with Constant Coefficients

Remark A.35. Linear system of first order differential equations with constant coefficients. A linear system
of first order differential equations with constant coefficients has the form

Ay - Aip
Y'(2) =Ay() + fl), A=| 1 - |€R" (A.18)
an1 © Qpp
Thus, the homogeneous system has the form
y'(z) = Ay(2). (A.19)
Its general solution is given by
y,(z) = e*®c, ceR", (A.20)
see Theorem A.34. O

Remark A.36. Elimination method, substitution method for the homogeneous system. One needs, due to the
superposition principle, the general solution of the homogeneous system. In practice, it is generally hard
to compute exp(Ax) because it is defined by an infinity series. For small systems, i.e. n < 3,4, one can
use the elimination or substitution method for computing the general solution of (A.19). This method is
already known from the numerical solution of linear systems of equations. One solves one equation for a
certain unknown function y;(x) and inserts the result into the other equations. For differential equations,
the equation has to be differentiated, see Example A.37. This step reduces the dimension of the system by
one. One continues with this method until one reaches an equation with only one unknown function. For
this function, a homogeneous linear differential equation of order n has to be solved, see Section A.1.3. The
other components of the solution vector of (A.19) can be obtained by back substitution. O

Example A.87. Elimination method, substitution method. Find the solution of

—3-1
v@ = (1150 = ) = -3n() ~ (o), 1h(0) = (o)~ o)
Solving the second equation for y; (z) and differentiating gives

yi (@) = ya(x) +y2(2),  yi(x) = ya () + ya(2).
Inserting into the first equation yields
Y2 () +ya(x) = =3 (12(2) + 42(2)) — () == y2(2) + 4ya(x) +dya(z) = 0.
The general solution of this equation is
Yo () = cre 2 4 come ™, ¢1,c0 ER.
One obtains from the second equation
v (@) = () + y2(2) = (—¢1 + ¢p) €27 — cpme™ ",

Thus, the general solution of the given linear system of differential equations with constant coefficients is
computed by
Y= (_cl * CQ) e 4 <_C2) ze >
€1 C2
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Note that one can choose the constants in y,(z), but the constants in y;(x) are determined by the back
substitution. If the constants should be choosen by y; (), one obtains

_ Cl —2x CQ —2x
y_<0201>e +(C2>xe .

If an initial condition is given, then corresponding constants can be determined. O

Remark A.38. Other methods for computing the general solution of the homogeneous system. There are also
other methods for computing the general solution of (A.19).

e The idea of the method of main-vectors and eigenvectors consists in transforming the system to a trian-
gular system. Then it is possible to solve the equations successively. To this end, one constructs with the
so-called main-vectors and eigenvectors an invertible matrix C € R™*" such that C'AC is a triangular
matrix. One can show that such a matrix C' exists for each A € R"*". Then, one sets

y(z) =Cz(z) = y'(z)=C2(2).
Inserting into (A.19) yields
CZ(x) = ACz(z) = 2'(z) =C 'ACz(x).

This is a triangular system for z(x), which is solved successively for the components of z(z). The solution
of (A.19) is obtained by computing Cz(x).
e The method of matrix functions is based on an appropriate ansatz for the solution.
However, the application of both methods becomes very time-consuming for larger n, see the literature. O

Remark A.39. Methods for determining a special solution of the inhomogeneous system. For computing the
general solution of the inhomogeneous system of linear differential equations of first order with constant
coefficients, one needs also a special solution of the inhomogeneous system. There are several possibilities for
obtaining this solution:

o Method of the variation of constants. One replaces ¢ in (A.20) by ¢(x), inserts this expression into (A.18),
obtains conditions for ¢'(z), and tries to compute ¢(z) from these conditions.

o Appropriate ansatz (Storgliedansdtze). If each component of the right hand side f(z) has a special form,
e.g., a polynomial, sine, cosine, or exponential, then it is often possible to find the special solution with
an appropriate ansatz.

e Method of elimination. If the right hand side of f(x) of (A.18) is (n—1) times continuously differentiable,
then one can proceed exactly as in the elimination method. One obtains for one component of y(x) an
inhomogeneous ordinary differential equation of order n with constant coefficients, for which one has to
find a special solution. A special solution for (A.18) is obtained by back substitution.

O
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