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Species balance over an REV
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Let u(x,t): Q x [0, T] — R be the local amount of some species.
Assume representative elementary volume w C Q
Subinterval in time (to, t1) C (0, T)

—0Vu - n describes the flux of these species trough dw, where § is
some transfer coefficient

Let f(x,t) be some local source of species. Then the flux through the
boundary is balanced by the change of the amount of species in w
and the source strength.

O:/w(u(x,tl)—u(x71_‘o))dx—/t1 , (5Vu~ndsdt—/:/wf(x,t)ds

to Ow
t1 t1 ty
:/ /atu(x,t)dxdt—/ /V~(6Vu)dxdt—/ /f(x,t)ds
to w to w to w

True for all w C €, (t, t1) C (0, T) = parabolic second order PDE

Oru(x, t) — V- (6Vu(x,t)) = f(x,t)




Boundary conforming Delaunay triangulations

Definition: An admissible triangulation of a polygonal Domain Q c R
has the boundary conforming Delaunay property if

(i) All simplices are Delaunay

(i) All boundary simplices (edges in 2D, facets in 3d) have the Gabriel
property, i.e. their minimal circumdisks are empty

» Equivalent definition in 2D: sum of angles opposite to interior edges
< m, angle opposite to boundary edge < 7

» Creation of boundary conforming Delaunay triangulation description
may involve insertion of Steiner points at the boundary

Delaunay grid of Q Boundary conforming Delaunay grid of Q




Domain blendend Voronoi cells

» For Boundary conforming Delaunay triangulations, the intersection of
the Voronoi diagram with the domain yields a well defined dual
subdivision which can be used for finite volume discretizations




Constructing control volumes |

» Assume 2 is a polygon
» Subdivide the domain € into a finite number of control volumes :
Q= UkeN@k such that
> wy are open (not containing their boundary) convex domains
wik Nwy = 0 if wi ;éw/
Ok = Wk Ny are either empty, points or straight lines
we will write |o| for the length
if |ow| > 0 we say that ws, w; are neigbours
neigbours of wi: N = {l € N : |ow| > 0}
» To each control volume wy assign a collocation point: x, € & such
that
» admissibility condition: if / € N then the line x4x, is orthogonal to
Okl
> if wy is situated at the boundary, i.e. yx = dwx N N # O, then
Xk € OS2
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Constructing control volumes ||

» We know how to construct this partition:
> obtain a boundary conforming Delaunay triangulation
> construct restricted Voronoi cells




Discretization ansatz for Robin boundaray value problem

-V -kVu=finQ
kVu-n+a(u—g)=0o0n9Q

» Given control volume wy, integrate equation over control volume

0:/ (=V-kVu—f)dw
Wk

= —/ kVu-ngdy — fdw (Gauss)
Owy Wk
= — Z / kVu-ngdy — / kVu-ndy— / fdw
LeN wk

~ Z T(Uk —ur) + |vklo(uk — gr) — |wilfi

LeNK ki

» Here,

> e = u(xk)
> gk = g(xk)

> fio =f(xk)




Solvability of discrete problem

» N = |N| equations (one for each control volume)

» N = |N]| unknowns (one in each collocation point = control volume)

» Graph of discretzation matrix = edge graph of triangulation = matrix
is irreducible

» Matrix is irreducibly diagonally dominant

» Main diagonal entries are positive, off diagonal entries are non-positive

= the discretization matrix has the M-property.

In addition, it is symmetric.




Finite volume local stiffness matrix calculation |
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» Triangle edge lengths: a, b, c

> Semiperimeter: s = 3 + g +5

> Square area (from Heron's formula):
16A%2 = 16s(s — a)(s — b)(s — ¢) =
(—a+b+c)(a—b+c)(a+b—c)(a+b+c)

a*b%c? _ a%b3?
—a+b+c)(a—b+c)(a+b—c)(at+b+c) — 16A?

» Square circumradius: R? = (




Finite volume local stiffness matrix calculation Il

» Square of the Voronoi surface contribution via Pythagoras:

. 1.\2 az(aszzfc:2 2
s$S=R—(33) = T 2(a—b—c)(a—b+tc)(atb—c)(atbtc)

» Square of edge contribution in the finite volume method:

2
&2 — 2 (aszzfcz) (B4 —2)
a — 22 4(a—b—c)(a—b+c)(a+b—c)(a+b+c) — 64A2
. . 20, 2 2
> Edge contribution. e, = 2 = 2Ec =2

> The sign chosen implies a positive value if the angle a < 7, and a
negative value if it is obtuse. In the latter case, this corresponds to
the negative length of the line between edge midpoint and
circumcenter, which is exactly the value which needs to be added to
the corresponding amount from the opposite triangle in order to
obtain the measure of the Voronoi face.




Finite volume local stiffness matrix calculation
ap = (X0, Y0) - - - ad = (X2, y2): vertices of the simplex K Calculate the
contribution from triangle to ‘;—;’ in the finite volume discretization

az
h 0
w w
0 P 1
ag ho a
Let h; = ||aiy1 — ai+2|| (i counting modulo 2) be the lengths of the

discretization edges. Let A be the area of the triangle. Then for the
contribution from the triangle to the form factor one has

Isif 1

|wi| = (Isiv1lhivs + |sizalhiy2)/4

Assembly loop similar to that from finite elements.




