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The Galerkin method

I Let V be a Hilbert space. Let a : V × V → R be a self-adjoint bilinear
form, and f a linear functional on V . Assume a is coercive with coercivity
constant α, and continuity constant γ.

I Continuous problem: search u ∈ V such that

a(u, v) = f (v) ∀v ∈ V

I Let Vh ⊂ V be a finite dimensional subspace of V
I “Discrete” problem ≡ Galerkin approximation:

Search uh ∈ Vh such that

a(uh, vh) = f (vh) ∀vh ∈ Vh

By Lax-Milgram, this problem has a unique solution as well.
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Global degrees of freedom

I Let {a1 . . . aN} =
⋃

K∈Th

{aK ,1 . . . aK ,s}

I Degree of freedom map

jdof : Th × {1 . . . s} → {1 . . .N}
(K ,m) 7→ jdof (K ,m) the global degree of freedom number

I Global shape functions φ1, . . . , φN ∈Wh defined by

φi |K (aK ,m) =

{
δmn if ∃n ∈ {1 . . . s} : jdof (K , n) = i
0 otherwise

I Global degrees of freedom γ1, . . . , γN : Vh → R defined by

γi(vh) = vh(ai)
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Lagrange finite element basis

I {φ1, . . . , φN} is a basis of Vh, and γ1 . . . γN is a basis of L(Vh,R).

Proof:

I {φ1, . . . , φN} are linearly independent: if
∑N

j=1 αjφj = 0 then evaluation at
a1 . . . aN yields that α1 . . . αN = 0.

I Let vh ∈ Vh. It is single valued in a1 . . . aN . Let wh =
∑N

j=1 vh(aj)φj . Then
for all K ∈ Th, vh|K and wh|K coincide in the local nodes aK ,1 . . . aK ,2, and
by unisolvence, vh|K = wh|K .
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P1 global shape functions
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From the Galerkin method to the matrix equation
I Let φ1 . . . φn be a set of basis functions of Vh.
I Then, we have the representation uh =

∑n
j=1 ujφj

I In order to search uh ∈ Vh such that

a(uh, vh) = f (vh) ∀vh ∈ Vh

it is actually sufficient to require

a(uh, φi) = f (φi) (i = 1 . . . n)

a

(
n∑

j=1

ujφj , φi

)
= f (φi) (i = 1 . . . n)

n∑
j=1

a(φj , φi)uj = f (φi) (i = 1 . . . n)

AU = F

with A = (aij), aij = a(φi , φj), F = (fi), fi = F (φi), U = (ui).
I Matrix dimension is n × n.
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Stiffness matrix calculation for Laplace operator for P1 FEM

aij = a(φi , φj) =

∫
Ω

∇φi∇φj dx

=

∫
Ω

∑
K∈Th

∇φi |K∇φj |K dx

Assembly loop:
Set aij = 0.
For each K ∈ Th:
For each m, n = 0 . . . d :

smn = ∇λm∇λn dx
ajdof (K ,m),jdof (K ,n) = ajdof (K ,m),jdof (K ,n) + smn
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Local stiffness matrix calculation for P1 FEM

a0 . . . ad : vertices of the simplex K , a ∈ K .

Barycentric coordinates: λj(a) = |Kj (a)|
|K |

For indexing modulo d+1 we can write

|K | = 1
d! det

(
aj+1 − aj , . . . aj+d − aj

)
|Kj(a)| =

1
d! det

(
aj+1 − a, . . . aj+d − a

)
From this information, we can calculate ∇λj(x) (which are constant vectors due
to linearity) and the corresponding entries of the local stiffness matrix

sij =

∫
K
∇λi∇λj dx
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Local stiffness matrix calculation for P1 FEM in 2D
a0 = (x0, y0) . . . ad = (x2, y2): vertices of the simplex K , a = (x , y) ∈ K .

Barycentric coordinates: λj(x , y) = |Kj (x,y)|
|K |

For indexing modulo d+1 we can write

|K | = 1
2 det

(
xj+1 − xj xj+2 − xj
yj+1 − yj yj+2 − yj

)
|Kj(x , y)| =

1
2 det

(
xj+1 − x xj+2 − x
yj+1 − y yj+2 − y

)
Therefore, we have

|Kj(x , y)| =
1
2 ((xj+1 − x)(yj+2 − y)− (xj+2 − x)(yj+1 − y))

∂x |Kj(x , y)| =
1
2 ((yj+1 − y)− (yj+2 − y)) = 1

2 (yj+1 − yj+2)

∂y |Kj(x , y)| =
1
2 ((xj+2 − x)− (xj+1 − x)) = 1

2 (xj+2 − xj+1)
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Local stiffness matrix calculation for P1 FEM in 2D II

sij =

∫
K
∇λi∇λj dx =

|K |
4|K |2

(
yi+1 − yi+2, xi+2 − xi+1

)(yj+1 − yj+2
xj+2 − xj+1

)

So, let V =

(
x1 − x0 x2 − x0
y1 − y0 y2 − y0

)
Then

x1 − x2 = V00 − V01

y1 − y2 = V10 − V11

and

2|K | ∇λ0 =

(
y1 − y2
x2 − x1

)
=

(
V10 − V11
V01 − V00

)
2|K | ∇λ1 =

(
y2 − y0
x0 − x2

)
=

(
V11
−V01

)
2|K | ∇λ2 =

(
y0 − y1
x1 − x0

)
=

(
−V10
V00

)
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Degree of freedom map representation for P1 finite elements

I List of global nodes a0 . . . aN : two dimensional array of coordinate values
with N rows and d columns

I Local-global degree of freedom map: two-dimensional array C of index
values with Nel rows and d + 1 columns such that C(i ,m) = jdof (Ki ,m).

I The mesh generator triangle generates this information directly
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