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Stochastic model problem

Elliptic BVP on Lipschitz D c R, u € L2(I) ® H;(D),
=V-@Vu)=f inI'xD and ul;p=0.

Expansion of random field a
a(y,x) = ap(x) + Zymum(x)
m=1
with independent and uniformly distributed random variables
y= (ym):::l €r:=[-1,1]7

and
<1, ay>0, ao,l/a() € L=(D).

i

L>(D)
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Stochastic basis

m determined by ¥ := {1 € IN" : #supp p < oo}
m for u € 7, tensorised Legendre polynomials

Py(y) := H Py, (ym)

mesupp y

form basis of L2 (I')
m three-term recursion of orthogonal polynomials

YmPu(y) = Bu,+1Pusre,, (V) + Pu, Pu-e, (V)

with (e1) = Oun
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Structure of the operator Zﬁ@

Actionof A : v > =V - (a(y)Vo) on u = (uy),er takes the form

(Au), = Aou, + ZAm(ﬁym+1uv+em + ﬁvmuv—em)

m=1

for v € F with

Agv := =V -(agVv) and A,0:=-V-(a,Vv).
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Structure of the operator

Actionof A : v > =V - (a(y)Vo) on u = (uy),er takes the form

(Au), = Aouy, + ZAm(ﬁym+1uv+em + ﬁvmuv—em)

m=1

for v € ¥ with
Agv := =V -(agVv) and A,0:=-V-(a,Vv).
Expansion of solution

w(y, M) = Y upPy(y)
UeF

where coefficients u, € H;(D) satisfy

Au = f.
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Matrix operator structure 5'{@

Au = f is represented by

A,. ... BY e 0 '
H=€m p—€m,m,1 u[l_em fl»l_em
pem TR o R | I B I

B[,t,m,O AP B‘u,m,l u# - fy

0 o BZ+em,m,0 o AP"'em Uprem fy+€”‘

with a basis {(pj};‘;l of H}(D) and

L2
i)

_ b 2
[44]; = Aol ) and [B#n*"rc]z,

= B An® @
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Stochastic error indicator

For a finite set A ¢ F and the Galerkin projection
un = Yyen iau®)Pu(y) € Va, define the residual

r(up) := A(u — uy) = f = Aua.
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Stochastic error indicator Zﬁf'g

For a finite set A ¢ F and the Galerkin projection
un = Yyen iau®)Pu(y) € Va, define the residual
r(up) := Aw —up) = f — Aug.
Then, for vinboundary dA c ¥ \ A,i.e.v =p+e, forp € A,

o0
ry(up) = ZAm(ﬁvm+1uA,v+em + ﬁvmuA,v—em)

m=1

1/2
) veon@alll < Clua, 9A) o= [Z (;v(uA)Z]

VEIA
with upper bound

[Se]

Colug) = )

m=1

am

ap

L (D)(ﬁvm+1”uA,V+em” + ﬁv,,,"uA,v—em”)-
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Stochastic adaptivity

The Galerkin projection 14 € ] ,ex H;(D)

(Aup, vy =(f,on)  Yoa € [[HUD)
UEA

yields the equivalence

[lu — ualla = l1(ry)vean @a)lla-
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Stochastic adaptivity

The Galerkin projection 14 € ] ,ex H;(D)

(Aup, vy =(f,on)  Yoa € [[HUD)
UEA

yields the equivalence

e — ualla = 1(r)vean@adllas < Cup, 0A).

Indicators ¢, can be used to enlarge A by © c JA s.t.

Z Colup) 2 9 Z Cy(up) 0<9<1.

€@ vedn
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Deterministic FE basis

For

some simplicial mesh 7~ of D

elements T € 7 and edges E € &

edge jump [v]g and normals ng for E € &

polynomial degree p

let V,(7) C H;(D) denote the conforming space of piecewise
polynomials of degree p on 7.
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Deterministic FE basis

For

m some simplicial mesh 7 of D

m elements T € 7 and edges E € &

m edge jump [v]g and normals ng for E € &

m polynomial degree p
let V,(7) C H;(D) denote the conforming space of piecewise
polynomials of degree p on 7.

A fully discrete approximation of # with
m finite element space V,(7") and
m indexsetA c F

is given by

un(y, %) = ) unu@PU(y),  ux = (npyen € [ [ V(.

UEA UEA
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Spatial error indicator Zﬁ@

Residual

(ru(un), v) : jl;féyov — ony - Vo dx - with numerical flux

[Se)
aOVuN’y + Zamv(ﬁym+1uN,y+em + ﬁpmuN’H_em)-

m=1

O-N,[J .

Local error estimatorfor T € 7

nrlun, A =Y (F21f80u + V - oyl + hirlilon, - velell? ).

= &(T)
For Galerkin projection uy € [],eq vp(7)
1/2
lluy = ualla = llraGe)llas < ntuy, A,7) == [ Y nria, A2

TeT
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Fully Adaptive Stochastic Galerkin FEM

Combined upper error bound [EGSZ1]

llun = ull? = lr@m)IE, < 1y, A, T)? + Cluy, 9A)

adaptive algorithm

m evaluate Galerkin solution uy

m evaluate error bounds n(uy, A, 7°) and C(un, dA)
m spatial refinement if n dominates

|

stochastic refinement if { dominates

enlarge active set A
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Method I: Separate FE spaces Zﬁ@

Let Vy = V,(7,,) € H (D) for p € A and some simplicial mesh 7,
of D.

Sparse approximation

un(y, %) = Y ung@Pu(),  un = (inguer € [ | Vi
UEF UEF
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Method I: Separate FE spaces Zﬁ@

LetV, =V, (7)) C H;(D) for u € A and some simplicial mesh 7,
of D.

Sparse approximation
un(y, %) = Y ung@Pu(),  un = (inguer € [ | Vi
UEF UEF
Coupling requires projections between compatible FE spaces
mforanyT e 7 ,andT" € 7, TNT €{0,T,T"}
m uniform local polynomial degree p
m localisation of projection errors for T € 7, u € A,

Cur(uN) := i

m=1

Am

a (ﬁHn1+1|uNr}1+em - [luN,}l+€m |H1(T)
0

L>(D)

+ BunlUNp—en = Hy”N,y—em|H1(T)) .

W
AS
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L-shape meshes

mesh [] (iteration 15) mesh [0001] (iteration 15) mesh [000001] (iteration 15)
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L-shape and square efficiency

= b 1= 5 ]
5 100F 15 100 E
k) = Els} £ 1
£ B 1% .ol
< 00k 15 10F E
2 £ 18 r
3 r 1% n
£ [ 18011 il
Eol 121070
§10’ E El: [
5| 1507 .
10-2 ; __@— officiency —m— active mi N"\‘N ; I (e cfficioncy —m— active mi ]
E | —@— estimator —¢— error 1 1073 | —®— estimator —e— error =
[ IR RNET Ll 0 d E T il L
103 10* 10° 103 10* 10°
overall degrees of freedom overall degrees of freedom
L-shape (slow decay) square (slow decay)

B a,(x, y) := m* cos(nf(m)x) cos(nf(m)y))
m scaled s.t. Z::=1 a, =9/10
m « = -2 (slow decay) and « = —4 (fast decay)
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mesh [0000001] (iteration 8)

mesh [1] (iteration 8)

mesh [] (iteration 8)
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Method II: Higher-order spatial discretisation

Employ
m uniform local polynomial degree p > 1
m single mesh 7 for all active indices p € /A
m Nno projection errors among active coefficients
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Method II: Higher-order spatial discretisation

Employ
m uniform local polynomial degree p > 1
m single mesh 7 for all active indices p € /A
m Nno projection errors among active coefficients

Adaptive algorithm is provably convergent [EGSZ2] since the
quasi-error

luw = ull? + EnGun, A, T)? + wllun, 0A)

is a contraction w.r.t. combined stochastic/spatial refinement.
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Numerical example (square, efficiency)
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Numerical example (square, active mi)
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Numerical example (square, P1/P3 estimators)

residual estimator P1 residual estimator P3
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Numerical example (square, mesh/mi)
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B

Comparison of methods (square)
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Equilibration error estimators!

For approximation uy € Vy of u recall residual

Res(v) := ffv - faN - Vo dx
D D

with discrete flux oy := aVuy. It holds
[lu — unlla = l[Res|la-.

Any g € H(div, D) yields

[|[Res||ax = sup f(f +V-gqvdx+ f(GN - q) - Vo dx.
veV D D
[lolla=1
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Equilibration error estimators?

Different methods available to construct g € H(div, D) s.t.

f(f + V- g)v dx < Cpr oscrgllVollzr,
T — —
=:05CT,4

e.g.for [[V-q+ fr dx=0.
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Equilibration error estimators?

Different methods available to construct g € H(div, D) s.t.

f(f + V- g)v dx < Cpr oscrgllVollzr,
T — —
=:05CT,4

e.g.for [ V-q+ fy dx = 0. Then,

[IRes||a» = sup Zf(f+V-q)v dx+f(q—aN)-vdx
T T

veV
TeT
[lvlla=1

1/2

- B 2
< Z(oscm + lla~*(on — q)”LZ(T))
TeT

=n1(9)
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Equilibration error estimators!®!

In stochastic setting
= determine g, € H(div, D) with [ V- g, + fy b, dx =0,v €A
m it then holds

-1/2 —_ 2
lr I, < Y (11850 = ol + 05¢7,4,)
TeT
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Equilibration error estimators!®!

In stochastic setting
m determine g, € H(div, D) with [ V- g, + frd,0 dx = 0,v € A
m it then holds

2 -1/2 — 2
eI, < Y, (112, = ox)llizy + 6567,
TeT

m global minimisation for any discrete space Q(7°) c H(div, D)

. -1/2
qv = argmin, . {Ila0 Pz - GN,v)”LZ(D)}

e.g. RTy(7) or BDM(7") with order k equal or greater than
polynomial order of discrete flux on, € P(7;RY).
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Preliminary result
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Summary & outlook . 4@3

Available results
m fully adaptive algorithms in spatial and stochastic variables
m construction of single-level or multilevel approximations
m based on techniques of adaptive FEM
m higher-order competitive with sparse approximations
m simulations carried out in open source framework ALEA
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Summary & outlook

Available results

fully adaptive algorithms in spatial and stochastic variables
m construction of single-level or multilevel approximations
m based on techniques of adaptive FEM

higher-order competitive with sparse approximations

simulations carried out in open source framework ALEA

Current development
m guaranteed a posteriori error est., local equilibration [EM]
m ASGFEM with low-rank tensor approximation [EZ]
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