Switched Systems Optimal Control Problems

Matthias Gerdts, Konstantin Palagachev

Munich Aerospace
Institute of Mathematics and Applied Computing
Department of Aerospace Engineering
University of the Federal Armed Forces at Munich
konstantin.palagachev@unibw.de

Berlin, 7-9 May, 2014

MUNICH it
AEROSPACE Universitdt |



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Overview

(1) Introduction
(2) Problem formulation
(3) SSOCP with fixed sequence of phases

(4) SSOCP with unknown sequence of phases
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Introduction
Switched System

A dynamics system that operates by switching between different subsystems or
phases.

Switched System Optimal Control Problem

Problem of designing an optimal sequence of phases and optimal control signals for
each phase, such that certain cost function is minimized.
Applications:

o Aircraft modelling

o Air traffic control

e Robotics and industrial processes

o Logistics
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Introduction

Example Problem

Interaction between quadcopter and robot.
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Introduction

Example

Quadcopter flying over several industrial robots
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Problem Formulation

Given M phase intervals [To, T1], [T1, T2]y« - « s [TM—1, Tp] With length
P1,s P2, - - -, Pu, We consider the following Switched System Optimal Control Problem

Switched System Optimal Control Problem

For each phase [Tx_1, Tk]
minimize ¥ (x(Tk—1), x(Tk)) M

with respectto x € W2 ([T—q, Te]; R™), u € L ([Tx—1, Tkl; R”ﬁ) and px € R,

subject to
x(t) — 5 (t, x(t), u(t)) = Opne  @-a. t € (Tk—1, Tk) @)
gD, u(D) <O Yt E (Tt Th) @®)
A (X(Tk—1), x(Ti)) = OR,,@ 4)
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Problem Formulation

Two cases may occur:

1) The sequence of phases is fixed:
e SSOCP can be transformed to standard optimal control problem
o Solvable by gradient type methods (SQP, Interior point, Quasi-Newton)
o Easier to implement and solve

2) The sequence of phases is unknown:
o Optimal Control Problem for each phase
o Feasible and infeasible sequences of phases may arise
o Two phases may not occur simultaneously
o Need of binary (decision) variables
o Mixed-Integer solvers have to be used
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SSOCP with fixed sequence of phases

Since the length of the time intervals [Tx_1, Tx] is unknown, for each k € {1,..., M}
we consider the time transformation

80,1 = [Th—1, Ti]

defined as
() = Tt + 7 (Tk = Tkmt) = Tkmy + 7+ Ore (5)
Note that the transformation #(¥)(.) is continuous and it holds
dtk)
D T =p vre @) ©
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases

Let us define the new dimensions

M
Ny =M-ne and Ny = nf )
k=1

and the new states and controls
x € Wheo([0, 1;RM)  x = (x(, ..., xM)  xK e whee(jo,1];R™) (8)

u € L=([0, 1]; RW) u=(uM, ..., uMy  y0 e (0, 1;R%)  (9)
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SSOCP with fixed sequence of phases

In the same way, we redefine the functions involved in the Switched System Optimal
Control Problem as follows.

Cost Function Reformulation

Define
@RV x RN 5 R
such that
M
(X y) = o (x®), y1) (10)
k=1

for every x = (x(M, ..., xM) and y = (y,...,yM) in RN,
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SSOCP with fixed sequence of phases

Dynamics Reformulation

Define
f:(0,1) x RV x RM — RN, £ = (F1), ... M) (11)

where for every k = 1, ..., M, the k" component
f0) - (0,1) x RM x RM — R™ (12)

is defined as
1 (7, x, 1) = (O (), X9, u0)) (13)

forevery = € (0,1), x = (x(, ..., xM) € RV and u = (u(),...,uM) € RN,
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SSOCP with fixed sequence of phases

Constraints Reformulation

M
Define Ng = > nf and consider the function
k=1

g:R™* xR% RN, g=(g"),...,gM) (14)
where for every k = 1, ..., M, the k" component
g R™ x R — R

is defined as
g®(x, u) = g*(x®), u®)) (15)

for every x = (x(, ..., xM) e R and u = (uM,...,uM) € R™.,
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SSOCP with fixed sequence of phases

Boundary Conditions Reformulation

|

Define Ny, = > nl§ and consider the function
=

¢ RV xRN 5 RV, ¢ = (¢(),..., M) (16)
where for every k = 1,..., M, the k" component
0 RM x RN 5 R7Y

is defined as
") (x,y) = ¥ (xH), ytk)) (17)

forevery x = (x(M, ..., xM) and y = (y, ..., yM) in RN,
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SSOCP with fixed sequence of phases

Remark

Note that additional boundary conditions have to be imposed, in case continuity of the
states between the different phases is not ensured by ¢*. Indeed, in that case we
consider the function

& : RN x RN — RIM—1)-nx (18)
defined as
x@) — (1)
®(x,y) = : (19)
x(M) _ y(M—1)

for every x = (x(, ..., xM) and y = (y,..., yM) in RN,
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SSOCP with fixed sequence of phases

Finally, let us define the Ny X Ny diagonal matrix

oy 0 ... ... ... ... 0]
0
P1
P= (20)
Pm
0
K 0 pum
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SSOCP with fixed sequence of phases

With the previous reformulation, the Switched System Optimal Control Problem
becomes

Reformulated Optimal Control Problem

Minimize (x(0), x(1))
with respect to x € W'+=° ([0, 1]; RM), u € L=°([0, 1]; RM) and
p=(pPi,---,Pu) € RM, subject to

x(t) — P f(r,x(7),u(T)) = Ogn aa.r € (0,1)
aglx(m),u(r)) < ORNg vre(@1)
d(x(0), x(M)) = Opw,
®(x(0), x(M)) = Ogw—1).nc
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases
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SSOCP with fixed sequence of phases

Example Problem

Interaction between quadcopter and youBot platform.

e
~—
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Robot Model

We consider a model of the omni-directional mobile platform youBot provided by
KUKA, consisting of:

1) youBot omni-directional platform
o 4 KUKA omniWheels
e 3 degrees of freedom

2) youBot arm with gripper

e 5 axes robot arm
e 5 degrees of freedom
e 2 finger gripper
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Robot Base

Base Model

e 3 states: x, y and ¢ representing the position of the robot base in the xy—plane
and its orientation

o 3 states: vy, vy and v,, representing the velocities of the base (translational and

angular)
e 3 controls: uy, Uy and u, representing the accelerations (translational and
angular)
Equations of Motion

x(t) = ()
ya = w(®
o) = ve(l)
w(t) = (1) cos(e(h) + uy(t) sin( (D) &
w(t) = ux(t)sin(e(t)) — uy(t) cos(e(t))
Vo(t) = up(t)

MUNICH L demaeomen
AEROSPACE Universitdt ( Miinchen



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Robot Base
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Robot Arm

Arm Model

e 5states: g1, ..., gs representing the angles of the joints
e 5states: vy, ..., V5 representing the angular velocities of the joints
e 5 controls: uy, ..., Us representing the angular acceleration of the joints

Equations of Motion

ai(t) = wvi(f), w(f) = ui(t)
(1) = va(t),  Va(t) = ua(t)
as(t) = va(t),  vs(t) = us(t) (22)
qa(t) = va(t),  va(t) = ua(t)
as(t) = vs(t),  vs(t) = us(?)
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Robot Arm
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Robot Arm

Let r be the offset vector of the first joint with respect to the base and let /;, . .., s be
the lengths of the four arms. We define the rotation matrices

cos(a) —sin(er) O cos(B3) 0 sin(B)
So(a) = | sin(e) cos(a) O] Si(B) = 0 1 0 - (23
0 0 1 —sin(B) 0 cos(B)
Soi(e, B) = So(e)Si(B)
Sotz2(e, B,7) = So(a)S1(B)Si(7) (24)
Sotzs(e, B57,0) = So(@)S1(B)Si(7)S1(d)

Then, the mount points P;(q), . . . , P4(g) and the gripper position Ps(q) are given by
the following equations
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Robot Arm

Gripper Position

P1(q) = So(a1)r

0
P2(q) = P1(q) + So1(g1,G2) [ ©
h
0
P3(q) = P2(q) + So012(91,92,93) | 0O
b (25)
0
P4(q) = P3(q) + So123(G1,G2,03,94) | O
l
0
P5(q) = Pa(q) + So123(G1,G2,93,G4) | 0
Iy
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Quadcopter Model

Ultralight UAV with four rotors:

1) Six states:
e X, Yy, Zzposition
on the quadcopter
e yaw, roll and pitch angle

2) Four controls:
e RPM of the rotors
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Quadcopter Model

. rotation around ey
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Equations of Motion

where

Fy:
Fm:
Fy :
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Quadcopter Model

Vv | =Fa+Fm+Fw
3

lift force generated by the rotors
gravitational force
Drag

MUNICH
AEROSPACE

Universitdt

Miinchen



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Quadcopter Model

Lift generated by the rotors

| |

1
Fa=A| Neades - Ca - 5 - p(2) - ABlades * 0
U2 4+ UZ + U5 + UF

—sign(vx) « V2 + At x
Fw=Cw- 5 -p(2) | —sign(vy)- V] - Aerr,y
—sign(vz) - V2 « A,z

EERNOICSEACE Univgrsitath? 3 Minchen



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

Quadcopter Model
Moment generated by the Lift force

1 Uz — Uz
My=A Z'p(Z)'NBlades‘CA‘rz'd' Us — Uz
0
Moment generated by the rotors
0
Mg = A | p(2) - NBjades * ABiades * Cu ré. 0

U2 — s+ U5 — U2
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Applications
Problem 1: Two interacting robots

e approach phase

e interaction phase

e return phase

e solution first case

e solution second case

Problem 2: Robot intercepted by a quadcopter

e approach phase
o fly-over phase

e return phase

e solution
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SSOCP with unknown sequence of phases

. Each phase is an Optimal Control Problem
« Sequencing the single phases

- Not every sequence of phases is feasible

MUNICH e
AEROSPAcE niversitat | unchen



Switched Systems Optimal Control Problems
M. Gerdts, K. Palagachev

SSOCP with unknown sequence of phases

Example

Quadcopter flying over several industrial robots
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SSOCP with unknown sequence of phases

Example

Air traffic scheduling and control

Holding Landing Common  Runways Alrcraft B
Circles Air Segments Glide Path
Aircraft A Aircraft D
BOL
Aireraft C (bl) C_ 1 ] A\r\ 3
TAQ RWY 25 RAVAL
RWY l(\R
—— n (7]
@ . 10 ELIVIN
e '\ [T _
RWY (6L Departing
Air Segments
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SSOCP with unknown sequence of phases

(1) BILEVEL OPTIMIZATION APPROACH

« Fixed sequence of phases are transformed to standard Optimal Control
Problem (OCP)

o Mixed-Integer Optimization Problem (MIOP) is formulated for the unknown
sequence of phases

o Bilevel Optimization Problem is solved with MIOP as upper level problem and
OCP as lower level one

(2) EQUILIBRIUM CONSTRAINTS APPROACH

o Fixed sequence of phases are transformed to standard OCP and first order
necessary conditions are formulated

o MIOP is formulated for the unknown sequence of phases

o Large scale Mixed-Integer Mathematical Program with Equilibrium
Constraints is solved

Universitdt {3 Miinchen
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Decision Variables

Problem:
e Two phases $1, d, with starting times Ty, T, and phase lengths p1, po
e One of the states only starts when the other one is finished
Approach:
e Define "big” constant N = Ty + To + py + p2
e Define decision variable x € {0, 1}
e Consider the constraints:
Ti+pr—T2<(1—x)-N
To+p—T1 <x-N

corresponding to

x=1 <& &4 occures before ¢,
x=0 <& &5 occures before 4
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Bilevel Optimization Approach

Denote with OCP(k) the Optimal Control Problem corresponding to the k-th phase
(k=1,2),i.e.

OCP(k)

Minimize " (x(Tx), x(Tx + Px)) (26)

with respectto x € W2 ([T, Tk + pkl; R™), u € L ([Tk, T + pxl; R"S) and
px € R, subject to

x(t) — 5 (t, x(t), u(t)) = Ognx  @.a. t € (Tk, Tk + Px) (27)
gi(x(0), u(®) <0y V1 E (T, T+ px) (28)
S (X(Ti), X(Ti + Px)) = ORn(kb (29)
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Bilevel Optimization Approach

Let py*(71) and pJ(T2) be the optimal phase length of OCP(1) and OCP(2)

op¥ ops
respectively, and let 6—?1(7'1) and 6—‘;_22(5) be their sensitivities.
MIOP
opy opy
Minimize 8‘;‘1 (T1) - o + T%(TZ) - (30)
with respect to di, d» € R and x € {0, 1}, subject to
. ap;
T1+p1(T1)+87T1(T1)-d1—TQS(‘I—X)-N (31)
. ap;
T2+P2(T2)+TT2(T2)-d2—T1 <x-N (32)
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Bilevel Optimization Approach

Algorithm

(1) Ché)ose feasible starting times Ty and T, and phase lengths p;
and p,

(2) Solve OCP(k) for each phase k, compute sensitivities
(3) Evaluate stopping criteria

(4) Solve MIOP, compute search directions d; and ds
®)

5) Update Ty = Ty + di, T» = T» + db and GOTO (2)
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Bilevel Optimization Approach

Upper Level: Mixed Integer
Initial o Optimization Problem _ Optimal
Sequences "| Solved by MISQP algorithm o Sequences
coupled with GUROBI

IR B

Lower Level: Multiple Optimal

Initial Control Problems Optimal

— tuat, »| (trajectory in each phase) plma
rajectories Solved by SQP solver Trajectories

OCPID-DAE1/WORHP

Z0——-HCrowm

\J
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Equilibrium Constraints Approach

Define the discretization grid

Gk:{to—f—i'hk’to:Tk,hk:%’;,izo,...,Nk}

where N € N. Let x; = x(&), uj = u(t;) fori =0, ..., Nk be the discretized states
and controls on G.

DOCP(k)

Minimize ¢ (Xo, xn, ) (33)

with respect to x; € R™, u; € R7 fori =0,...,Nx and px € R, subject to

Xip1 — X — (b, Xiy U)) = Oy Vi=0,...,Ng —1 (34)
gk(x,-,u,-)SORng Vi=1,...,N¢—1 (35)
" (%0, Xn) = 0 % (36)
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Equilibrium Constraints Approach
Lagrangian Function

We define the Lagrangian function of the DOCP(k)

Lr: RN e o RN« « RNex s RNG—1)g 5 R _y R

as
Ny—1
Lk(xa Uy Ay 1, 0') = (pk(X07XNk) + Z AIT—-H . [Xi+1 - Xj — fk(t[,X,-, Ui)]
i=0
Ny —1
+ 20wl g ) + o (0, xy,) (37)

i=1
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Equilibrium Constraints Approach

First Order Necessary Conditions for DOCP(k)

Let (x*, u™, py) be an optimal solution of DOCP(k), than there exist multipliers
A* € RNenx ) p* € RN«—1)ng and o* € R™, such that

vX[-"k()(*’ U*aA*,N*?G*) :OR”X (38)
Xig1 — Xi — X(tiy Xiy U)) = Ogny Vi=0,...,Ng —1 (39)
gk(x,-,u,-)SORng Vi=1,...,Ng—1 (40)
wi>0 x Yi=1,...,Ng—1 (41)
R9

pl g G, u) =0 Vi=1,...,Nx—1 (42)

k
" (X0, Xny) = OR”'f» (43)
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Equilibrium Constraints Approach
Mixed-Integer Mathematical Program with Equilibrium Constraints

Minimize pi + p2 (44)
with respect to
Ti, T2, p1, 02 €ER
x € {0,1}

(X(k), u(k), )\(k)’ M(k),d(k)) c RNk+1):nx ¢ RNk'nb x RNenx ¢ RINk—1)-ng s RN¢

subject to
Ti+p—To<(1—=x)-N (45)
To+p2—Ti <x-N (46)
First Order Necessary Conditions for each phase (47)
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« Introduction and Problem formulation

« SSOCP with fixed sequence of phases

« Models and test problems

+ SSOCP with unknown sequence of phases
« Bilevel optimization approach

« Equilibrium constraints approach
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Thank you for your attention!

konstantin.palagachev@unibw.de
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