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We start by computing the spectral asymptotics for the ground state eigen-
value of the two-dimensional problem

−∆u = λu on Ω := R× (0, 1)

∂nu = 0, on ΓN := (−`, `)× {1}
u = 0, on ΓD := ∂Ω\ΓN ,

which describes the behaviour of two quantum wave guides coupled through
a small Neumann window of size `. By a matching procedure of two different
asymptotic expansion it was proved by I. Yu. Popov (’99) that the ground
state satisfies √

π2 − λ(`) = `2 · π
3

2
+O(`4 ln `) as `→ 0. (1)

We give a new proof of the formula based on an expansion of the correspond-
ing Dirichlet-to-Neumann operator and a subsequent Birman-Schwinger anal-
ysis. Furthermore, we want to generalise the approach to elastic crack prob-
lems.
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