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On the viscoelastodynamic problem with Signorini boundary conditions
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This note focuses on a viscoelastodynamic problem being subject to unilateral boundary conditions. Under appropriatereg-
ularity assumptions on the initial data, the problem can be reduced to the pseudodifferential linear complementarity problem
through Fourier analysis. We prove that this problem possesses a solution, which, is obtained as the limit of a sequence of
solutions of penalized problems and we establish that the energy losses are purely viscous.
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1 Mathematical formulation

The present work is dedicated to the study of a viscoelastodynamic problem with unilateral boundary condition in the particular
case of Kelvin-Voigt material. We assume that the material is homogeneous isotropic and we seek a solution depending only
on the coordinatex in a half-spacex ≤ 0. Note that the only interesting equation is that for the firstcomponent of the
displacement. After adimensionalization, we are interested in the following problem

utt − uxx − αuxxt = ℓ, x < 0, t > 0, α > 0, (1.1)

with Cauchy initial data

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.2)

and Signorini boundary conditions

0 ≤ u(0, ·) ⊥ (ux+αuxt)(0, ·) ≥ 0, (1.3)

where(·)t
def
= ∂

∂t (·) and(·)x
def
= ∂

∂x(·). The orthogonality has the natural meaning: if we have enough regularity, it means
that the productu(ux+αuxt) vanishes almost everywhere on the boundary. If we do not haveenough regularity, the above
inequality is integrated on an appropriate set of test functions, yielding a weak formulation for the unilateral condition.

We suppose that the initial positionu0(0) vanishes; otherwise, we solve the problem with vanishing
(

ux+αuxt
)

(0, ·) until
u(0, t) vanishes and we change the origin of times. Letη be the inverse Fourier transform of the causal determination of
iω

√
1+αiω, w̄

def
= −(ūx+αūxt)(0, ·) with ū denoting the solution of (1.1) and (1.2) with Dirichlet dataandv

def
= u(0, ·). We

assume thatℓ belongs toH1
loc([0,∞); L2(−∞, 0)), u0 andu1 belong toH2(−∞, 0) ∩ H1

0(−∞, 0). Thus we may deduce that

w̄ belongs toH1/2
loc ([0,∞)). The problem (1.1)–(1.3) can be reduced to pseudodifferential linear complementarity problem:

η ∗ v = w̄ +m, w̄ ≥ 0, m ≥ 0, 〈w̄,m〉 = 0. (1.4)

Note that the principal term ofη is a constant times the derivative of order3/2 of the Dirac mass. The pseudodifferential
character of the convolution withη makes everything difficult; the viscous term does not help aswe thought at the beginning
of this study and the things are not simpler than for elastodynamics, where the Signorini problem is still open problem.
Nevertheless, we prove the existence of solution to (1.4) bythe penalty method; the rigid constraint is approximated bya very
stiff response, which, vanishes when the constraint is not active and it is linear otherwise. More precisely, we approximate the
pseudodifferential linear complementarity problem (1.4)by the following penalty problem:

η ∗ vε = w̄ + (vε)−/ε, (1.5)

where(vε)−
def
= −min(vε, 0) andvε vanishes for allt < 0. The existence of the penalty problem (1.5) is obtained by using

the Picard iterations, the reader is referred to [5] for the detailed proof. On the other hand, formally we multiply (1.5)by vεt
and we estimate the pseudodifferential term in the Fourier variables, which, allows to deduce thatv ∈ H

5/4
loc ([0,∞)). The

essential idea consists to use the causality, which, enables us to modifyw̄ for large times, to validate the desired result on a
time interval for whichw̄ has not been modified, and then to conclude forR

+, since the modification time has been arbitrarily
chosen.
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Theorem 1.1 Assume that̄w belongs toL1
loc(R) ∩ H

−1/4
loc (R) and vanishes fort < 0. Then there exists a solutionv ∈

H
5/4
loc ([0,∞)) of (1.4).

Let us observe that nothing is known about the uniqueness. Onthe other hand, we note that the existence results for viscoelas-
todynamics with contact and with a given friction at the boundary are proved in [1, 2] and the functional properties of allthe
traces are precisely identified for viscoelastodynamics with contact at the boundary through Fourier analysis in [3].

2 Energy balance

The energy balance is obtained by multiplying (1.1) byut and integrating over(−∞, 0) × (0, τ), τ > 0, we get

1

2

∫ 0

−∞

(

|ut(·, τ)|2+|ux(·, τ)|2
)

dx+ α

∫ 0

−∞

∫ τ

0

|uxt|2 dxdt =
1

2

∫ 0

−∞

|ut(·, 0)|2 dx

+
1

2

∫ 0

−∞

|ux(·, 0)|2 dx+

∫ τ

0

(

(ux+αuxt)ut
)

(0, ·)dt+
∫ τ

0

∫ 0

−∞

ℓutdxdt.

(2.6)

The losses are purely viscous iff〈vt,m〉 vanishes. This statement looks trivial sincevt vanishes almost everywhere on the
support ofm. Howeverm is only a measure, and we do not know that its singular part vanishes. Thus this is not enough to
conclude that〈vt,m〉 = 0 holds. Note that the non local character of the convolution by η prevents any argument based on the
signs functions to conclude. Nevertheless it is possible toprove thatvt vanishes on the set{u=0}, except on a countable subset,
and thatm has no atoms. But these results cannot be deduced from functional estimates on the penalized approximation, since
they only imply thatv ∈ H

5/4
loc ([0,∞)). Therefore we develop another construction based on the assumption thatw̄ is a

half-integral of a measureµ, namelyw̄(t)
def
=

∫

[0,t[

(

π(t − s)
)−1/2

µ(s). Let v be a solution of (1.4) having a locally finite
structure;supp v ⊂ ⋃

j∈J [σj , τj ] andsuppm ⊂ ⋃

j∈J [τj , σj+1] whereJ is a finite or infinite interval ofN starting at0
and satisfying0 ≤ σ0 < τ0 < σ1 < τ1 . . . such that the above support conditions hold. LetH be the Heaviside function
and letω(t)

def
= H(t)/

(

π(t+1)
√
t
)

, ν(t)
def
= H(t)e−t/α/α andΩ(t)

def
=

∫ t

0
ω(s) ds. Furthermore, we defineϕ0

def
= ϕ, ψj

def
=

ϕj1[τj,σj+1) + δ(·− τj)e−τj/α
∫

[σj ,τj)
es/αϕj andϕj+1

def
= 1[σj+1,∞)ϕj +1[σj+1,∞)

∫

[τj ,σj+1)
e−(·−s)/αω

(

·−σj+1

σj+1−s

) ψj(s)
σj+1−s

for

all j ∈ J\(max J). Then an explicit calculation gives thatv1[σj ,τj] =
(

H∗ν∗ϕj
)

1[σj ,τj], which, implies that

(

vt(σ−0)
)− ≤ 1

α

∫

[σj ,σ)

|ϕ0(s)| +

j
∑

i=1

∫

[τi−1,σi)

(

2e(σ−σj)/α−1
)(

Ω
(

σ−σi

σi−s

)

−Ω
(σj−σi

σi−s

))

ψ+
i−1(s), (2.7)

whereψ+
i−1

def
= max(ψi−1, 0). We do not know a priori whether for a given̄w =

∫

[0,t[

(

π(t−s)
)−1/2

µ(s), there is a solution of
(1.5) having the locally finite structure introduced above.Note that probably there is no such solution. Nevertheless,we choose
n≫ 1 and we can constructϕn and a solutionvn which has the structure described above and which approximates a solution
of (1.5). The construction is recursive, for more details the reader is referred to [4, 5]. The estimates on the approximation
give thatvnt is bounded inL∞

loc([0,∞)) andmn is locally integrable onR, moreovervn converges uniformly on compact sets
to its limit v which verifies (1.4). These estimates are much better than these obtained via the penalization. In particular, since
vt is essentially bounded, we may deduce that the measurem has no atoms. On the other hand, using (2.7), we may show the
following theorem.

Theorem 2.1 LetNa be the set of atoms ofϕ,Nc be a countable set composed of all the pointsσκ andτκ andNp
def
= {t ∈

R : v(t) > 0} be an open set. Then for allt /∈ Na ∪Nc ∪Np, v is differentiable att and its derivative vanishes.

Sincevt vanishes on the setNp, except on a countable subset, andm has no atoms, it follows that〈vt,m〉 vanishes, which,
implies that the energy losses are purely viscous.
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