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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 1
Abstract
We consider a stationary Schrodinger-Poisson system on a bounded interval of
the real axis. The Schrodinger operator is defined on the bounded domain with
transparent boundary conditions. This allows to model a non-zero current flow
trough the boundary of the interval. We prove that the system always admits a
solution and give explicit a priori estimates for the solutions.
2000 Mathematics Subject Classification: 34B24, 341,40, 47B44, 81U20, 82D37.
2003 Physics and Astronomy Classification Scheme (PACS): 85.35.-p
Key words and phrases: Quantum phenomena, current carrying state, inflow bound-
ary condition, dissipative operators, open quantum systems, carrier and current
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2 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

1 Introduction

The nonlinear interactions between an electric field and charged carriers, electrons and
holes within a semiconductor device, are commonly modeled by a nonlinear Poisson equa-
tion, see [G] and references cited there. In the 1D case, which we consider here, the
Poisson equation reads

—%E(I)%w(fﬁ) = q(C(x) + Ni(p)(x) = N-(¢)(x)), € (ab), (1.1)

where (a,b) C R is the bounded spatial domain occupied by the semiconductor device, ¢
denotes the magnitude of the elementary charge, C is the density of ionized dopants in
the semiconductor device, ¢ > 0 denotes the dielectric permittivity function and ¢ the
electrostatic potential. N.(p) are the (in general nonlinear) operators which associate a
density of positive and negative charge (holes and electrons) to an electrostatic potential.
Therefore Ny (p) are called the carrier density operators. The boundary conditions for
(1.1) are usually of mixed type, see [G], allowing for Ohmic (metal) contacts on some
parts of the boundary while other parts of the boundary of the device are insulated.

Depending on the underlying physical model, the operators N.(p) are set up in different
ways. In this article we are interested in the case, where the carrier density operators are
determined by Schrodinger-type operators of the form

H*(v) = ————— + v, (1.2)

on the interval (a,b); A is the reduced Planck constant, and my > 0 are the position
dependent effective masses of electron and holes, respectively. The operators H*(v) are
usually regarded with homogeneous, selfadjoint boundary conditions, including mixed
ones, on the boundary of the device domain. Let us denote the operator H*(v) with some
selfadjoint boundary conditions by HZ (v). If fi are equilibrium distribution functions
such that the operators

0+(v) = fe(Hy(v)),
are selfadjoint, non-negative, and of trace class, i.e. density matrices, for all admissible

potentials v, then the densities N*(p) are given by the Radon-Nikodym derivative of the
absolutely continuous measures (with respect to the Lebesgue measure)

/ dz Ni*(¢)(x) = Egy () (w) = tr (0 (v£) M (Xw)) ,

where M (y,) denotes the multiplication operator by the indicator function y, of a set
w C (a,b), and vy are given by
vy = wx £ qp,
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 3

with prescribed potentials wy. Schrédinger-Poisson systems on bounded spatial domains
in which the carrier density operators are described in the above form, have been inten-
sively studied, see [CZF, N2, KR).

The selfadjointness of the operators H= (v) reflects that the corresponding quantum sys-
tems of positively and negatively charged carriers are closed. Hence, there is no flow
of carriers through the boundary of the device. However, the operation of semiconduc-
tor devices is characterized by the flow of electrons and holes. Therefore one passes to
open quantum systems. One way to do so is to regard the Schrodinger operator with
certain non-selfadjoint boundary conditions thus, allowing a flow through the boundary,
see [F2, KL, BDM, KR, KNR3]. Since the current is constituted by scattering states,
on has to find boundary conditions for the operators H*(v) which allow a particle to
scatter through the device domain. Such boundary conditions are called transparent
boundary conditions, see [F2, KL, BDM]. They make the operators H*(v) essentially
non-selfadjoint. Thus, it is not clear how to determine the carrier and current densities,
which are well defined only for closed quantum systems, see [LL].

In [KNRI1] the following dissipative boundary conditions have been suggested

h
2m(a)

/ _ . 2 h ! 2
fla)=—ie}f(a) and 5 f(b) =i} f0)

where o, ap € R, ag, o > 0. Let us denote the operator with these boundary conditions
by H (v). The operators Hz (v) with the above boundary conditions are essentially non-
selfadjoint. But these operators are maximal dissipative, which allows an embedding of
the open quantum system described by the non-selfadjoint operators Hjjs (v) into a larger
closed quantum system described by the selfadjoint dilation operator, denoted by K;lgs(v),
which exists for every maximal dissipative operator [FN]. Using the selfadjoint dilations
K3 (v) the carrier density operators can be defined in a similar way as described above
for HZ (v) (see [KNR1, KNR2, BN] for details), which leads to the so-called dissipative
Schrodinger-Poisson system. This system has been investigated in [BKNR].

Another ansatz to introduce carrier and current densities for an open quantum system
on an interval was made by Ben Abdallah, Degond, and Markowich, see [BDM]. Their
approach is to extend the effective masses m* and the potential v1 to the whole real line
by setting them constant outside the interval (a,b). This leads to selfadjoint operators
K. on K := L*(R) called Buslaev-Fomin operators. The boundary conditions for the
non-selfadjoint Schrodinger operator on the bounded spatial domain (a,b) are obtained
by a projection onto (a, b), see also [F2, F1, KL]. The carrier and current densities for the
open system are defined in terms of the generalized eigenfunctions corresponding to the
Buslaev-Fomin operators K i, see [BDM] for details. The existence of a solution for a very
special case of this model, more precisely N~ =0, C =0, e = 1 and m4 = 1, was proved
in [BDM]. But the mathematical techniques used there to prove the existence do not apply
in the general case which we consider here. In this paper we will show that the model used
by Ben Abdallah, Degond and Markowich in [BDM] also allows an interpretation in terms
of a family of dissipative operators the so-called quantum transmitting boundary operator
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4 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

family, or QTB family, which leads to the quantum transmitting Schrédinger-Poisson
system. We will show that this Schrodinger-Poisson system always admits a solution and
give some a priori estimates for this solution. The quantum transmitting Schrédinger-
Poisson system is closely related to the dissipative Schrodinger-Poisson system considered
in [BKNR]. We will point out the relation between the two systems throughout this paper.
In particular we show that the dissipative Schrodinger-Poisson system and the quantum
transmitting Schrodinger-Poisson system coincide, modulo a unitary transformation, for
fixed energy.

The paper is organized as follows: In Section 2 we define the Buslaev-Fomin opera-
tor, derive the QTB family and show the relation between the QTB family and the
Buslaev-Fomin operator. In Section 3 we calculate the generalized eigenfunctions of the
Buslaev-Fomin operator, define the corresponding Fourier transform and show that the
eigenfunctions can be expressed in terms of the QTB family. Section 4 is devoted to the
scattering matrix of the Buslaev-Fomin operator. In Section 5 we define the carrier and
current density for the open quantum system related to the QTB family and show that
these densities are completely characterized by the QTB family. Section 6 is devoted
to the carrier density operator of the QTB family and its properties. In Section 7 we
investigate the Schrodinger-Poisson system with the carrier density operator of the QTB
family.

2 Buslaev-Fomin operator and QTB family

Let us first introduce some notation which will be used throughout this paper: N, R
and C denote the natural, the real and the complex numbers, respectively; C, := {z €
C|Im(z) > 0}, C_ :={z € C|Im(2) < 0}; if z € C, then Z denotes the complex conjugate
number. LP(Q, X,v), 1 < p < oo is the space of v-measurable, p-integrable functions
with values in the Banach space X; L>°(£2, X, v) is the corresponding space of essentially
bounded functions. If  C R is a domain, v the Lebesgue measure, and X = C, then
we write short L?(Q), 1 < p < oo. Furthermore we denote by W'?(2) the usual Sobolev
space of complex-valued functions on 2, by C(2) the space of continuous complex-valued
functions on € and by C?(Q2) the space of continuous bounded complex-valued functions

on €2 equipped with the supremum norm. If Q = (a,b) we will abbreviate L?, W2, .. . for
LP(Q2), WH2(Q), ...; moreover, we introduce K := L*(R) and H := L?> = L%*(a,b). The
real part of a function space will be indexed by R, i.e. the real part of LP, WH2, .. will
be denoted by L%, Wﬁﬁ, .... For Banach spaces X and Y, we denote by B(X,Y) the

space of all linear, continuous operators from X into YV; if X =Y we write B(X) and
Ix € B(X) for the identity operator. If X, Y are Hilbert spaces, then B;(X,Y") denotes
the space of trace class operators and B,(X,Y’) denotes the space of Hilbert Schmidt
operators; if X =Y we abbreviate B, (X) := B, (X, X) and B1(X) := B1(X, X). For a
densely defined linear operator A : X — Y we denote by A* the adjoint operator and by
|A| the absolute value, if A is closed. If A is a selfadjoint operator in a Hilbert space we
denote by o(A), 0,(A), 0a:.(A) the spectrum of A, its point spectrum, and its absolutely

Preprint 814, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 5

continuous spectrum, respectively.

Let and v,, v, € R, v, > vy, be given. We define the operator F : Ly — L (R) by

Vg, —oo <z <a,
(Ev)(z) =1 v(z), z € (a,b), veD(E) =Ly =Lg(a,b). (2.1)
Vp, b<uz< oo,

Moreover, we assume that m € Lg® and m,, m, € R are given, with mg,,m; > 0, m > 0
and 1/m € L. We set

Mg, —oo <z < a,
m(z): =< m(x), x € (a,b), (2.2)
my, b<ux< oo,
and define the operator K, by
K.f=1(f),  feD(K,) = {f SW2(R)| [ € vv“(R)} @3
where 24 1 4
L(f)(x) == —?%m%ﬂ@ + (BEv)(z) f().

K, is selfadjoint on K = L*(R). We call K, the Buslaev-Fomin operator (see [BF] or [W,
chapter 17]). We set
Z — v,

qu(2) = o and  q(2) ==

Z — Uy

C 2.4
T z€eC, (2.4)

where the cut of the square root is taken along [0, c0). We note that in this case we have
Im(y/2) > 0 for z € C\ [0,00) and /z > 0 for z € (0,00). To construct the resolvent of
K, we proceed as in [W, chapter17] and introduce the functions

g1(x,2z) = exp (22—%%(]5(2)[[) , x € (b,00),

2mq

hi(zx, z) = exp (—i 5 qa(z)x) , T € (—00,a),

for z € C. Furthermore let go(v)(z, 2) be the solution of the integral equation

B(0)(2,2) = e1(2) — %CQ(Z) / dt m(t)+% / dt 7i(t) /t ds ((Ev)(s) — 2)ga(v)(s, ).

x € (—00,b), z € C, where

2m

c1(z) == exp (szqb(Z)b> , o coz) = igy(z) exp (i2—2%qb(2)b) :

Similarly we introduce hy(v)(z, z) as the solution of

ho(0)(z, 2) = di (2) + }%dz(z) / "t () +% / "t () / ds ((Ev)(s) — 2)ha(v)(s, 2),
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6 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

z € (a,00), z € C, with

2m,

0 i (T a)a) ) = i) e (<7500

Then we define

fr()(z,2) = { zjg?g”z)’ b_;ox<<xo§,b’ : z € C, (2.5)
and ) _
fo (o), 2) = { h;g)ag) esrSe Lec (2.6)

The fi(v) obey the equations

L(fe()(z,2)) = 2f+(0)(z,2),  L(f-(v)(z,2)) = 2f-(v)(z,2),  z€C,

for almost every x € R. We note that fi(v)(z,-) are holomorphic on C\ [0,00) and
continuous on C.

If 41,5 € W2(R), then we define the Wronskian by

loc
h h

W (i1(2), ¥a(x)) == th (ﬂf)m%(@ - ¢2<x)m¢;<x>. (2.7)

We define the restrictions of fi(v) to the cut complex plane:

kl(v)(xvz> = f+(1))<33',2), ZGC\(U[,,OO),

and
ko(v)(z,2) := f_(v)(z,2), z€C\ (vp,00),
z € R. In the sequel the Wronskian W (ki (v)(z, 2), ka(v)(x, 2)) for z € C\ (vp,00) is of

interest to us, for short we write W, (2). Indeed, this Wronskian does not depend on z.

Lemma 2.1. The resolvent (K, — z)™! of the Buslaev-Fomin operator (2.3) admits the
representation

dy ka(v)(y, 2) f(y)

ka(v)(x, 2)
hW,(2)

for all f € K and all z from the resolvent set of K,.

(16, =7 i) = B [

—0o0

/w@muw%aﬂw,@&

Proof. For convenience we will not indicate the dependence on v throughout the proof.
Setting

o) = i (e2) [ k760 + ko) [Tkt ),

Preprint 814, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 7

for f € IC, we get

%%%%gm - hm}(z)<((Ev)(x)—z) ki) [ dyhaly. )0

—00

(@) = D hae2) [ dyk5.2)f () — V() S(@)).

Hence,
lg(x)) — zg(z) = f(x),
ie. ge D(K) and (K — z)g = f. N

The spectrum of K, is given by 0(K,) = 04.(K,)Uo,(K,), where the absolutely continuous
part is o4.(K,) = [vp, 00) and the point spectrum o,(K,) consists of finitely many simple
eigenvalues \;(v), j =1,---, N(v), with A\;(v) < vp. 04c(K,) is simple on [vy,v,) and has
multiplicity two on [v,, 00), see [BF]| or [W, Theorem 17.C.1].

With respect to (2.4) we define
Ka(2) == 1qq(2), Kp(2) == iqp(2), z € Cs. (2.9)

Definition 2.2. (see [KL]) The quantum transmitting boundary operator family, short
QTB family, {H,(z)}.ec, is the family of maximal dissipative operators on H = L? given
by
Lf/ c \/\/1,27
D(Hu(2)) == f e W | g f'(a) = —ka(2)f(a). §,

sy | (0) = #(2) £ ()

and

for all z € C,.

Since Re(g;(2)) > 0 for z € C, we have Im(x;(2)) > 0, j = a,b. Thus the operator H,(z)
is dissipative for each fixed z, i.e. Im(H,(z)f, f) < 0 for all f € D(H,(z)). Furthermore,
for each z € C+ the spectrum of H,(z) is contained in the lower half plain C_ and H,(z)
is maximal dissipative and completely non-selfadjoint, see [KNR1, Theorems 4.6 and 5.2].

Proposition 2.3. Let P{{C denote the projection operator from IC onto H. Then

PEL(K, —2)7' = (Hy(2) —2)7! for all z € Cy4, (2.10)

H

PE(K, — z)_l‘H — (H,(2)" — 2)"! forall z € C_. (2.11)
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8 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Proof. We will again omit the subscript v within the proof. It suffices to show that
g = PS(K — 2)7!f satisfies the boundary condition for every f € H and z € C,. We
will only prove that the boundary condition at b is satisfied; the corresponding statement
at a is proven similarly. By equation (2.5) we get ki(x, z) = exp(i2mpgqp(2)x), for > b.
Thus,

k1(b, 2) = exp <i2—:bqb(z)b> and Wh(b)ki(b? 2) = iqy(2)k1 (b, 2).
Using the expression (2.8) for the resolvent of K we get
1 b o0
o) = iy (102 [ bt )70+ ka2) [ 100
k(b 2)

= [ k() )

since f(y) = 0 for y € (b, 00). Similarly we obtain

b o0
— e (0 1509 [ bty )0+ 00 [ vt 100
k‘l(b, Z)

RV (2) / dy ks (y, 2)f (y) = ru(2)g(b)-

= iqy(2)

Now (2.11) follows from (2.10) by passing to the adjoints. O

Remark 2.4. The QTB family {H,(2)}.cc, describes an open quantum system on H.
The expression (2.10) is interpreted as the embedding of this open system into the larger
quantum system described by the Buslaev-Fomin operator K,.

Remark 2.5. The relation (2.10) looks similar to a relation between maximal dissipative
operators and their dilations, see [FN]. More precisely: Let v € Ly and Ay € R with
Ao > vy be given. We set Hy;s(v) := H, (o). Hais(v) is maximal dissipative and completely
non-selfadjoint. By the dilation theory we get the existence of a larger Hilbert space Kg;s
with H C Ky, and the existence of a selfadjoint operator K4s(v) on Ky, such that

PR (K gis(v) — 2) 7! L= (Hyis(v) — 2)7* for all z € Cy, (2.12)
where PN%* denotes the projection from K onto H, see [FN]. The operator Kg(v)
is called the dilation corresponding to Hgs(v). Note that the equation (2.12) differs
from the expression (2.10), since Hys(v) is independent of z € C,. The Hilbert space
Kais and the operator Ky have been explicitly calculated in [KNR2]. We remark that
the Hilbert space Ky differs from the space K. Furthermore, the operator Kgy,(v)

is not bounded from below and its spectrum is completely absolutely continuous, i.e.
0(K4is(v)) = 0ae(Kais(v)) = R (see [KNR2] for details).
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Proposition 2.6. If v € LY and K, is the operator (2.3), then (K, —i)"'P§ is trace
class and its trace norm can be estimated by

. (—a)
106, )7 Pl <3+ (84 avTnlim ") VIF Tl

For the proof we need the subsequent lemma. We set
ro .= Re(ka(i)), 15 :=Re(kp(i)), aq:=1Im(ke(7)), o :=Im(ky(i)).

We note that r,, 7, < 0 and «a,, a > 0. Furthermore we abbreviate H, := H,(i). Following
[KNR2] we introduce the (unclosed) operator o : H — C? by

e ai) e
f_(_\/a_aﬂa)), D(a) = W2, (2.13)

and the operator U,(z) : H — C? given by
Uy(2) =a(H, —2)7', DU,(2))=H
for z from the resolvent set of the operator H,.

Lemma 2.7. For every v € Ly’ we have the estimates

N b—a
1o~ ) v < 3+ 4/l O /T e, (2.14)

and

1Us ()|, re,c2) < 81+ [[v]liee. (2.15)

Proof. We define the selfadjoint operator Hy by

D(Hy) := {f c Wh? | %f’ e Wh2, Wh(b)f’(b) = th(a) f'(a) = o} ,
Hyf =" L fyp feD(Hy).

Note that Hy > I. Similar to the operator a we define the operator r : H — C? by

- ( _@;& > . D(r) = W2,

The operators V,(u), V,.(1) : H — C? are given by
Valp) = a(Ho+ )72, Vi(u) =r(Ho+p)""* >0
Furthermore we introduce the operator B,(u) : H — H by

By(p) = (Ho + p1)""?(v = 1)(Ho + 1)~ + V(1) Ve (i) = iVa (1) Vaa (),
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10 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

for u > 0, see [BKNR]. There is

- - 1+ o]
(o720 = 1)(Ho + )2y <
Hence,
_ 1
(B + )20 = 1)(Ho + )2 < o, for > 14 2l
We set

Ry(p) == (Ho + p)™"?(v = 1)(Ho + 1)~ + Vo (1) Vi (),

for g > 142|[v||L. Ry (p) is selfadjoint and there is 1+ R, (1) > 1. Hence, (1+ R, (p))~"/?
exists and its norm does not exceed v/2. Now a straightforward calculation shows that

(1+ Bu(u) ™" = (1 + Ru(p)) /2
(1= 1 Rul)) 2Val) Va) (L + Ruli) ™) ™ (1 Ryfi)) 2

Hence,
10+ Bo() gy <2, for j1> 1+ 2] (2.16)

By Lemma 2.3 from [BKNR] we have the representation
(Hy + )" = (Ho + p) " 2L+ By(w) ™ (Ho + ) ~*2, (2.17)

for large, positive p. Because both sides depend on o analytically, this operator equality
extends to all real y for which (1+ B, (n))™' € B(H). This is true for any p > 1+ 2||v]|Lcc;
hence, (2.17) extends to all these p. Using the first resolvent equation we obtain

(Hy —0)™" = (Hy + )7 (14 () (Ho = )71,
and we get by (2.17) that

I(Ho =) s < @+ I (Ho + 1) oo < 22+ 0| (Ho + 1) 25,00 (2:18)

According to the proof of Proposition 2.4 in [BKNR| we have

1
Ho+ 1) 2|y 00 < —— + /Tfm
[(Ho + )™ llaaon < 777, h\f Nk

Thus, from (2.18) we obtain for p =1+ 2||v||Le:

1(Hy — i) w0 < 3+44/[|m ||L°° \/1+||U||L°°

i.e. the first assertion (2.14) of the lemma. To prove the second assertion we estimate for
po= 14 2fv=

10w (D) lls8, .02y < 201U () w002 < 22 + @) 10w (1) [ w2002 - (2.19)
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 11

Using the definition of U,(x) and the representation (2.17) for the resolvent of H, we get

Uo(pt) = V(i) (1 + Bu(1) ™ (Ho + 1) ™% = V() (1 + Ro(p))~/*x
X (1= (1 + Ry() ™2Vl Val) (1 + Ro()) ™72
X (14 Ry (1) "2 (Ho + 1) =12,

Because the operator norm of

Vi) (14 Ro()) ™2 (1= i1+ Ro()) Vi () Vi) (1 + Ro(p) ™) "

is not bigger than one, we get

. 7
U (1)l ey < V2I1(Ho + 1) gy < Vitru

. 24+
U, ()3, (re.c2) < 2V2 < 4V2/1 + p.
U, (8) |8, (,c2) < = s VI1+pu

Setting p1 = 1 4 2||v||.~ we finally obtain the inequality (2.15). O

and with (2.19):

Proof of Proposition 2.6. Using Proposition 2.3 we get
(K = )7 PR = PR(K, +0) 7 (K, =) P
1
= o P (Ko +0)7! = (K, =) ™) Py
1

= (Hy+4) "= (H,—i)7").

By Lemma 3.2 from [KNR2] we get
(K, — i)' PK|" = U,(0) U, (i) + (H; + i) (H, — i)\,
Therefore we find
(s = )7 Prllaoey = I 1 — )™ Prl llssy )
< U@l rec2) + 1(Ho = 1)~y )
Now using Lemma 2.7 the proof is finished. O

Proposition 2.8. Assume that v € LY and let K, be given by (2.3). The number of
eigenvalues N(v) of K, is estimated by

Ny <14 YAl =9) e

7h
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12 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Proof. We define the operator K by

@ 2 ml[=([[v]le + o)) 22
K, := —@ - 72 X(a,b)> D(Kl) = W= (R)7
where X (a5 € L§(R) is the indicator function of the set (a,b). The number of eigenvalues
of K, which we will denote by N(K), can be estimated, see [W, p. 274]:

2lm|| (b — a
N <14 VARl = 9)
mh
Therefore it suffices to show that N(v) < N(K7). A straightforward calculation shows
that Ml ” K; < K,. By the min-max principle, see e.g. [RS2, Theorem XIII.2], this

implies N(v) < N(K3). O

3 Eigenfunction expansion

In this section we investigate the generalized eigenfunctions of the Buslaev-Fomin operator
K,, see (2.3). These eigenfunctions will be important for the definition of the carrier and
current densities, which we will introduce in Section 5. Furthermore we will introduce the
Fourier transform corresponding to K, and show that the eigenfunctions of the Buslaev-
Fomin operator can be expressed in terms of the QTB family. The first part of this section
slightly generalizes results of Buslaev and Fomin [BF], see also [W, chapter 17].

We define
fiw)(x, N\) == fr(v)(z, ), for A€ (vp,0), x€R,
and

fo(v)(z,A) == f-(v)(z, \), for A€ (vp,0), w€R.

In the following investigations Wronskians—as defined in (2.7)—will repeatedly appear.
First, a straightforward calculation shows that

W(fl(”)(xv )‘>7 fl(l})(l’, )‘)) = Zin(/\)v A E (vb7 OO)? (31>

W(f2(1)>($, )‘>7 fQ(U)(:L‘, A)) = _2iQa()‘>’ A E (Ua’ OO) (32>
Furthermore we define the coefficients

Ci(®)) = g s WREIE ), A1) 2). A€ (u3,00),

Ca(®) ) = oW ()@ ). A N). A€ (11,00,

Car(t) ) = s WA 0, Fi0)@ ). A€ (v00).

Ca(t)) = s W) .2, BEOE ). A€ (v 00).
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Thus,
fi)(z,A) = Cop(v) (M) f2(v) (2, A) + Con (V) (M) fa(v)(2, A), A € (va, 00), 3.3)
f0)(z,A) = Cri(v)(AN) f1(v) (2, A) + Cra(v) (M) fr(v)(2, A), A € (vp, 00). 3.4)
There are the following equations:
@ (M) C12(0)(A) = qa(A)Ca1(v)(A), A€ (0,00). (3.5)
@ (M) C11(0)(A) = =a(A)Co2(v) (),
and
() 2 _ M v 2 _ M v 2
B Cal) W = 1+ LHOn@WE =1+ EiCaWF (36
for A € (v,,00). Moreover, we have
Ci1(v)(A) = Cr2(v)(A), X € (vp,v,). (3.7)
The scattering coefficients S;;(v)(\) are given by
! A0y = G20 v oo
Sba(v)<)‘) T Cﬂ(y)()\)ﬁ Saa( )(/\) : 021(U)()\)7 A€ ( a )a (38>
L CH(’U)()\) v ': 1 On. 50
Sbb(v)()\) = 012<U)()\>, Sab( )()\) : 012(1))()\)’ AE ( b, ) (39)
Using (3.5) and (3.6) we obtain the following relations for A € (v,, 00):
Ga(A)Sab(0)(A) = g5(A)Sba (V) (A), (3.10)
G5 (A) Sba (V) (A) St (V) (A) = —Ga(A) Saa(v)(A)San(v) (A) '
and
an(A) 2 > Ga(N) v 2 v 2 _
mlsbaw)(w + [Saa (V)N = 0 |San(0) (N7 + [Se(v)(N)|* = 1. (3.11)
Equation (3.10) implies
|Sua(v)(N)] <1, and |Se(v)(N)] < 1, for A € (vy, 0). (3.12)
Furthermore, we get from (3.7)
|Spp(v)(N)] =1, for X € (vp,v,). (3.13)

The boundary values of S;;(A), 4, j = a,b, are given by

lim Sgp(v)(A) = lim Spe(v)(A) =0,  lim See(v)(A) = lim Spp(v)(N) = —1.

A—vq A=y A—vq A=y,
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14 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Now we define

Py(v) (2, A) := Sap(v)(N) fa(v) (2, N), X € (vp,0) (3:14)
By (3.3) and (3.4) we get
Ya(v) (@A) = fo(0)(2, A) + Saal(v)(A) fo(0) (2, ) for A € (04, 00),
U(0) (@, A) = f1(0) (@, A) + Spn(v)(A) fi (v) (2, A) for A € (v, 00).
Thus, outside the interval (a, b) the functions ,(v) and ¢,(v) are given by
exp ( Qm“qa()\)x) + Saa(v)(N) exp ( 2”,;“ qa()\)x) , x € (—o0,a),
Pu0)(@,\) = (3.15)
Sa(v)(A) exp (125 2my a(N)z) x € (b,00)
for A € (v,,00) and
Uy(v) (2, A) = Su(t) A exp (Zi%EaA)e), v e lmona) (3.16)

exp( 2’;;”%()\)35) + Spp(v)(A) exp (zmqb()\) ) , x € (boo)
for A € (vp, 00), respectively.

Remark 3.1. Formulae (3.15) and (3.16) have the following physical interpretation: The
wave exp(i#7=q,(A\)z) coming from —oo is scattered at the potential v. During the scat-
tering the wave is partially reflected and partially transmitted by v. The reflection and

the transmission part is given by

Saa(v)()\)exp(—iz—;?qa()\)x) and Sba(v)()\)exp(iz—;%qb()\)m),

respectively. Similarly, the wave exp(—i me ¢»(A)z) which comes from +o00, splits up during
the scattering into the reflection and transmlssion part
2m 2my

Spp(v)(N) exp(inqb()\)x) and Sap(V)(N) exp(—i :

Ga(A)),
respectively.

Lemma 3.2. There are the following identities for the functions (3.14):
/ dz e (v)(@, \)ha(v)(z, p) = 47hga(A)S(A — p), for A, p € (vq, 00), (3.17)
R

/R 4y (0) (2, NG (0) (@, 1) = dxhay (NS — 1), for M € (vy,00),  (3.18)

and

/R 4 o (0) (2, T T ) = 0, for A € (va, 0). (3.19)
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Proof. For the sake of simplicity we will omit the index v within the proof. Assume
A, b € (vg,00). Then

N A—p\J_N dx 2m(x)

Moo 0 -
N /_N d o 2m(z) %1/}“(% A)tha(z, M))
= —u <W(¢a<N7 )\),m) _ W(l/}a(—N, )\)7m)> '

/_N dz o (z, N ba(z, 1) = L(/N d (1, 1) -2 o h aiwa(w,u)
hi

For N > b we get by (3.15)

W (9a(N, ), $a(N, 1)) = =S50 (X)Sba (1) (@6(A) + a5(12)) exp (1752 (g5(A) — qb(u))f\(’; 20)
Hence, we get by observing 6(27(g,(A) — gy(11))) = 2higy(A)d(X — p), see [GS, chaptér 11
§2 eq. II):

2mb

i W (N, Talo ) = 71N @) = as()
S RO (3

For N < a one obtains, analogously to (3.20):

, exp(—iZ=(gu(N) — qu(w)N)
)\_MW(@Z)(L(N’ )‘)ﬂba(N’ :u)) - ih Qma(qa()\) _Qa(:u))
exp (1252 (qa(N) + qa(p))N)
2Ma(qa(N) + ¢a(p))
exp (—i22% (gu(A) + ga (1)) N)

— 1hSaa (1)

exp (1222 (¢ (N) — qa(pt))N)
zma(Qa(/\) - Qa(:u» .

Therefore

lim /\—W(wa(N A), 1%( 1))

N——oc0

= 70, (14 S5 (N) ST () — )

h
1 (5o~ S0a(N)) (T 0a) + 0010)

Since ¢,(X') > 0 for all X € (v,,0) we get 6(27¢(ga(A) + ga(pt))) = 0. Thus,

i W (N ). BV, ) = ~2hi) (L4 S 50— ). (322

N——o0
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16 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Putting (3.21) and (3.22) together yields
/ ¢a(x7 )‘>¢a(x7 M) dr = 27h (qb()‘>|8ba()‘)|2 + qa(/\) + Q(z(/\)|8aa(/\)|2) 5<>‘ - N)
By (3.11) we get
| vl T do = amha, ()50~ )
which proves (3.17). Analogously we obtain (3.18) and (3.19). O

The generalized eigenfunctions of the Buslaev-Fomin operator K, see (2.3), are given by

op(v)(2,A) = Ww v)(w,A), A€ (v,00),

_ (3.23)
Pa(v)(2,A) = m@ba( v)(z,A), A€ (Vq,00);
the orthonormal eigenfunctions corresponding to the eigenvalues A;(v), ..., Ayw)(v) are

denoted by ¢,(v)(z,\;j(v)), 7 =1, ..., N(v).
Corollary 3.3. The functions

{0a(0) (s M) hrcwarce) U{D6(0) (5 A) ae(vo0) U {0p(0) (5 A) haco, (1)

constitute a complete system of orthonormal generalized eigenfunctions, i.e.

(@ (V) (- A), o (V) (-, V) = O d(A = X), 7,7 € {a, b, p},

where A and X' are from a part of o(K,) which corresponds to T and 7', respectively.

We now introduce the Hilbert space

see [BW, chapter 4], where
C. A€o (K) =l )}

h()\) = C; >\ E (Ub7?}a) (324)
C% X € (vg,00).
The measure v(-) decomposes
v(-) = vp() + Vae(") (3.25)
into an atomic measure v,({\;(v)}) =1, j = 1,..., N(v), supported on o,(K,), and an

absolutely continuous measure dvg.(A) = X(v,,00) (A)dA supported on (vs, 00). With respect
to the decomposition (3.24) we define

Pu(@, A) = (3.26)
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 17

By means of the functions ggv(x, A) we now define the Fourier transform with respect to
K, as the unitary operator ®, : K — K,, see [W, Theorem 17.C.2]:

—

(@,1)(N) = / dr f(@)du(x. ), A€ o(K,). (3.27)

The inverse Fourier transform @, : K, — K is given by

We note that
oK, 0, = M,

where M is the multiplication operator

(Mg)(\) := Ag(\) for g € D(M) :={g € Ky | A\g(\) € Ky} .

In the following we will give a description of the eigenfunctions of the Buslaev-Fomin
operator K, see (2.3), on the interval (a,b) in terms of the QTB family. To that end we
consider the QTB family {H, ()} ecr on the real axis. By the definition of H,(\) we have
to distinguish two cases:

A € (—o0,vp) : The coefficients k() and k() are real and negative. Therefore the
operator family {H,(A)}re(—oo,) is a family of selfadjoint operators.

A € (vp,00) : The imaginary part of k,(\) is strictly positive, Im(rk,(A)) > 0. Hence, the
operator family {H,(\)}re(w, 00) 18 @ family of dissipative operators.

Let us first show that the generalized eigenfunctions of K, are closely related to the family
{Hy(N)}ac(uy,00)- To that end we introduce the operators a(A) : H — h(X), A € (v, 00),
see also (2.13):

V2/ay (N f (D), A € (v, va),

a(\) f = VBN £(b) o f €D(a(N) =W (3.28)
(i ) A€ oo

Moreover, we define the vectors ey(A), e,(A) € h(N), A € (vp, 00), by

_J 1L A € (Vp,Va), /0, A € (vp, V),
en(A) = { (LO)T, A€ (vg00), @M= { (0,1)T, A € (1, 00),

where T" denotes the transposed of a vector. Furthermore we define the operators T, () :
H— h()\)7 A€ (Ub,OO), by

TS = aN(HN =N f, fenr. (3.29)

Note that the definition makes sense, since the spectrum of H,(\) does not intersect the
real line, see [KNR1, Theorem 5.2].
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18 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Lemma 3.4. For x € (a,b) there is the following representations of the eigenfunctions of
the Buslaev-Fomin operator K, :

op(v)(z,\) = —z@exp (—iz—z%qb()\)b) (T,(A)ep(N)(x), A€ (v, 00), (3.30)
Ga(V)(x,\) = Z\/gexp (iQ%qa()\)a) (T, (N ea(N)) (), A € (vg,00).  (3.31)

Proof. Using Lemma 2.1 and Proposition 2.3 we get for every f € ‘H and = € (a, b)

(H,(A)" = N7 f)()

= M) [T + A0 [y T )

\/Qb 1 U bv )‘ fab dy fQ(U)(ya )‘)f<y>7 A€ (Ub,va)7
L = 1 ( Vo) @A) [) dy B0 NS >>7 A € (00,00,

(y
V1) fo()(a, ) [ dy fi(0)(y, N f(y)

Since
2m

A0 = exp (220 00) and (0 A) = exp (—Za(a),

we obtain for all z € (a, b):

(T,(A\)*ep(N)(x) = = 20\ fz( )> exp (i%qb(/\ﬂ)) , A € (vp, 00),
B ea() ) =~ ey (L2 00) A€ (o).

By the definition (2.7) of the Wronskians W, () we have
Wou(A) = =2iga(X)Ca1(v)(A) = =2igs(A) Cr2(v)(A)

or in terms of the scattering coefficients (3.8) and (3.9)
1 l

Wy(A) - 2qa( )Sba( v)(A) = msab(v)()\)'

Thus,

iexp (220, (\)b)
WA
~dexp (%2 (M)b)
= Nz

1 exp (i%qb()\)b)

- NG Pu(, ),

San(0)(A) fa(v) (2, A)

bp(v)(2, A)
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which proves (3.31); similarly we get (3.30). O

By means of

) (T (N es(N) (@), X € (vh,va)
or(v)(x,A) == (T,(\)*es(N)) ()
(V) ea(N) () ) A€ (b 00)
and
—iexp (— z%qb()\)b) , A € (vp, Va),
Q) = —iexp (—i2%2q,(A)b) 0 (3.32)
( 0 iexp (i272g,(\)a) ) * € (e, ),

we can write the functions (3. 26

(x,\) \/762 JA), A€ (p,00), z € (a,b).

Thus, we get the following

Corollary 3.5. For f € H we get

\) = \/gc;m*mw, X € (13, 00).

Remark 3.6. Let v € L and \g € R, with Ay > v;, be given. We set Hy;s(v) := H, (o)
and denote by Ky;s(v) the selfadjoint dilation corresponding to Hys(v), see Remark 2.5.
In [KNR2] it was shown, that the generalized eigenfunctions ¢gis(v), ais.a(v) of Kais(v)
on the interval (a,b) are given by

1

\ 2T
1

Nez
where Ty (v; €) : H — C? is defined by

Tuis(v;€) = a(ho)(Hais(v)" = €)7',  £€Co,
see [KNR2, Theorem 5.1.]. Therefore we get by Lemma 3.4 (A scaled to 1)

oo(v) (2, M) \ Gassn(0) (2, Ao)
(i ) =eoa (giiod) ). ze@n

i.e. the generalized eigenfunctions of K, and Kgs(v) coincide, modulo a unitary transfor-
mation, for any fizxed energy \g > vp.

¢dis,b (U) (%, 5) =
gbdis,a(v) (l’, 5)

(Tais(v; &) es(Mo))(x), £ €R, x€(ab)

(szs( 5) ea()‘O))( )7 5 € R7 YIS (a7b)7
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We are now going to show that the eigenfunctions and eigenvalues of the operator family
{Hy(A) }re(—oo,) determine the eigenfunctions and eigenvalues of K, in a unique way. Let
us first define what we mean by the eigenvalues and eigenfunction of an operator family.

Definition 3.7. An element f € H is called an eigenvector of the operator family
{Hy(A) Ire(—onmy)s if Hy(p(v))f = p(v)f for some p(v) € (—oo,vp); pu(v) is called the
corresponding eigenvalue. The set of all these eigenvalues—the spectrum of {H,(\)}—is
denoted by o({ H,(\)}) and the normalized eigenfunctions of { H, () } xe(—oo,v,) cOrrespond-
ing to the eigenvalue p(v) are denoted by n(v)(-, u(v)).

For every p(v) € o({H,(\)}) we set

~ xp (—a(1(0) 222 (@ — @) n(v)(a, u(v)), @ € (0.l
S) (. u(w)) = { 0wz, ulv)). v e (a.h),
exp (o (1(0) 22 (x — ) n(v) (b, u(v)). € b.ox).

Note that kq()\),#s(A) < 0 for all A € (—oo,v,). Hence, ¢(v)(-, u(v)) € K for every
p(v) € o({Hy(N\)}). Since n(v)(-, u(v)) € D(H,(1(v))), see Definition 2.2, it satisfies the
quantum transmitting boundary condition and a straightforward calculation shows that

(60) 1)), (0) D) =0, for p(v), £(v) € T({HLND), (o) # E(0).  (333)

The following Lemma states the relation between the eigenvalues and eigenfunctions of
the family {H,())}re(—oo,,) and the eigenvalues and eigenfunctions of the Buslaev-Fomin
operator K.

Lemma 3.8. Assume that v € Ly.

(1) If w(v) € o({Hy(A)}), then

B0 (o) pu(w)) := 2L #0)) (3:34)

T 16@) (@)l

is an eigenfunction of K, corresponding to the eigenvalue ju(v). Furthermore, these
eigenfunctions are mutually orthonormal for different eigenvalues pu(v).

(i1) If \;(v) € 0,(K,), then the function

(o)) e Op(0)(@, 2 (v))
n(v)(z, \;(v)) : 1)) Xl

is a normalized eigenfunction of the family {H,(\)}re(—oom,)-

x € (a,b),

(iii) The point spectrum of K, and the spectrum of the operator family { H,(\)} coincide,

- 00(K,) = o({H,(\)}).

Preprint 814, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 21

Proof. Let us first prove (i). Assume that p(v) € o({H,(\)}). Using the boundary
conditions of 7(v)(-, 1(v)) one verifies that ¢(v)(-, u(v)) € D(K,). Since

there is ) )
Kyp(v)(+ u(v)) = p(v)d(v) (-, p(v)).

By means of (3.33) and (3.34) one now obtains that the ¢,(v)(-, (v)) are indeed mutually
orthogonal eigenfunctions of K, for different eigenvalues of the family {H,()\)}re(—oo,v,)-
Moreover, the ¢,(v)(+, u(v)) have norm one in K.

Assume now \;(v) € 0,(K,). In order to prove (ii) it suffices to show that the functions
ép(v)(+, Aj(v)) satisty the boundary condition at a and b imposed on functions from the
domain of the QTB family {H,(A)}re(—oo,u,), see Definition 2.2. We set

exp (_Kva()\(v))%ga (33 - a)) ¢P<U)(a> AJ’(”))? T (_007 a]>
D(0)(,2(v) = Gp(v)(w, A (v)), z € (a,b),
exp (kp(Aj (1)) 552 (x = ) 6p(v) (b, A;(v), € [b, 00).
There is P(v)(-, \;(v)) € D(K,) and K,4(v)(-,A;(v)) = X;j(0)0(v)(-, A;(v)). Since the
eigenvalues of K, are simple, there exists a constant C'(\;(v)) € C such that
6p(0) (-, Aj (v) = C\ () (R) (- Ay (V).
We have

V(0)(a, X (v) = 5 =0 (0)(a 4 (v)) = —ha(i(v ) (v)(a, Aj(v),

h
m(a)

ie. P(v)(-, \;(v)) satisfies the boundary condition at a. In the same way one gets that
Y(v)(-, Aj(v)) satisfies the boundary condition at b. Thus, (ii) has been proven. The
statement (iii) follows directly from the statements (i) and (ii). O

4 Scattering matrix

In this section we investigate the scattering matrix corresponding to the Buslaev-Fomin
operator (2.3). As we will see later, the scattering matrix plays an important role for
the current. Furthermore, we will show that the scattering matrix can be completely
expressed in terms of the QTB family. The scattering matrix S, () is defined by

] Sw()(N), A e (vy,va),
5ol = {S( ), A€ (v 00), (1)
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where
. - Sp(v)(N) 28 Sha(0)(N)
S)(A) = Zbéig S} ()

and S;;(v)(N), i,j = a,b are the scattering coefficients (3.8), (3.9). By (3.10), (3.11) and
(3.13) we get that S,(A)S,(A)* = S;(A)Su(A) = Iyny, A € (vy,00), ie. Sy(A) is unitary.

o~

We define Koo := L2((vp, 00),H(A),dA). By S, we denote the—unitary—multiplication
operator S, : Koo — Ky induced by S, (N):

(Suf)(N) = Su(NF(N), [ €D(S,) = K. (4.2)
Since
(Ky—i) ™ = (Ky—i) " = (K, —i) " (Bv— Bw) (K, —i) " = (K,—i) " (v—w) P (K, =)'
is trace class for all v,w € LY the wave operators

Wi(K,, K,) = §—liirn exp(itK,) exp(—it Ky) P (Ky),

exist and are asymptotically complete, where P,.(K,,) denotes the projection onto the
absolutely continuous subspace of K, see [RS1, Theorem XI.9].

Lemma 4.1. (For the case v, = vy, = 0 and m = 1 see also [W, 17.¢c].) For every v,
w € Ly the wave operators obey

OW (Kyy Ku)P% =S, Sy B (K, KL =T

where ®, is the Fourier transform with respect to K,, see (3.27), and 3; 18 the multipli-
cation operator (4.2) induced by the scattering matriz.

Proof. We will only prove the first equation, the second one can be proven similarly. Let
us define the projections P (v) : K — K and P2(v) : K — K by

Pi(v) = P} X (v00) Pos Py(v) := X (9a,00) Pos veLy.
There is
W (Ko, Ku) = PL(0)Wo (Ky, Ku) Pr(w) + Py(0) W (K, Ky) Po(w).

Hence, it suffices to show:

~

(@7 (K Ka)®3) () = SuloNSu(@) ), f € L) (43)
(@7 (Ko K)®3F) () = SO S@) NI, f e Ll3((un00),C). (44)
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We will only prove (4.3); the proof of (4.4) is similar. Since X (4 (K, + )~ is compact,
in fact it is even trace class, we get by [BW, Proposition 6.70] that

§_11+m X(ap) (Kw + 1) exp(—it Ky ) Poe(Ky) = 0.

Applying this to all vectors of the form (K, + i) f we obtain

i—liim X(a,b) €XP(—it K ) Pac(Ky) = 0. (4.5)
Therefore
D, W, (Ko, Kyp)B% f = B W (Ky, Ky f + &,y (K, K,) 05 f (4.6)

for f € L2(vp,v,), where

Wa(Ky, Ky) i= s-lim exp(itK,) X (—o0,a) €XP(—it K y) Poc(K o),

t—+4o00

Wi (Ky, Ky) := s-lim exp(it Ky) X (b,00) €XP(— it Ky ) Pac(Kw).

t—+o0
For every g € L?(vy, v,) there is
(X @) (0) = Xoean(@) | dNGu(w)(ar NGO
Up
Since ¢, (A) is purely imaginary for A € (vs,v,), we obtain by (3.16) that X (—cce)®}, is a

compact operator from L?(vy, v,) into K. This yields

B X(_oo.a) Xp(—it K, )05 f =0 for all f € L(vp,v,).

t—-+o00

Therefore ) )
O W, (Ky, Ku)®5f =0 forall f€L?(vy,v,). (4.7)

For every f € C3° (v, v,) we have
(®Wa(,, o)1) (M)
N Va o
= Jim fim fde /vb dpp exp(it(A = ) (v) (2, A) g (w) (2, ) f (1) (4.8)

Using (3.16) we find for x € (b, 00)

¢b(0)($, )\)¢b(’Uo)(1‘7 ,M) = <eXP (2'2_?(%()\) - Qb(ﬂ))iU)

1
Amhn/qp(N) (1)
+ Sy (0)(A) exp (=222 (qp(N) + q5(1)) )

+ Spp(w) (1) exp (1222 (qu(A) + qo (1)) (4.9)

+ ST Sia() (1) exp (~i22 ) — s0)s) ).
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We have
exp (1222 (gy(N) — go(p))2) . A
/ da / i S esp i ) £)
_ [ R ; exp (1252 (gs(N) — go(p)))
B /Ub e (e /b ‘ 4h7T\/ (N ap(1) '

There is in the sense of distributions

h exp (222 (gy(N) — (1)) N) (2 - N
i 2mp(g(N) — go() 5( (@ () qb(u))> N —oo.  (4.10)

Hence,

o [N e @) — al)a)

N=too Jy Ahin/ qp(N) gy (1)
_ (R @) —a(w)  exp (R (a(N) — a(1)b) (@A) + a5(1))
4hn/qp(N)av(1) dim/au(N)an (1) A= p
exp (1234(6(N) — a(m)b) (@M +a(w)

dim/qy(N) gy (1) A—p

= 250 —p)

Further we get

i / da:/ exp (1272 (q )—%(u)) >f(u)

1. . exp (zt(>\ ,u)) (2(A) + an(p))
=500 =3 [ e T TR e () — i) S
Since in the sense of distributions
Lexp(it(A—p) SA—p)  ast— oo (4.11)

o A— L

we finally obtain

im [ da / exp (5 (o )_Qb(“ )e) exp (itON — ) f(u) = 0. (4.12)

t—-+o0 47T}_L\ / qb qb

Furthermore we have

lim 2 gy (A) + ay(n))) exp (i#(A — 1)) (1)

/d.’L’/ Sbb ( .
N—oo v 47Th\/Qb a1

exp (=i 2572 (q(N) + (1)) |

~ 5@ [ dufyexp Gt - ) [ da
s b T/ a(n)
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Since

/00 0P (Z% (V) + a(w)e)  exp (@) + a())b) (@) — a(s)

arhn/a (N as (1) - arin/q(Nao(1) A= p
one gets
| e [ Can— L;bb e (<22 ) + (1)) exp (0~ ) )

exp (it(\ — )
(A — )

ex (=I5 @) + w()b) * s

Sl ><A>/ dnf ()

which yields

27 (g (A) + g (1)) exp (it(A — 1)) f (1) = 0.
(4.13)

lim

/ dZL'/ Sbb (
t—o0 " 47rh\/qb an(p

Similarly we prove

S ( R
i [ e [ S exp (25 )+ lp)e) exp G~ ) F 1) =0
fo0 Up 47Th\/ b b
nal (4.14)
We have

x exp (it(A = p)) f ()

= [ duf ) e ir — ) 24 “;i)(qw()fg) [ o exp (<% @) - a)e).

Since

Y e (- me<qb<x>—qb< D)

N—+oo Jfy 47 A /qb<)\

_ 0 (2mb (g(N) — Qb(ﬂ))) eXP( 2? ((N) — Qb(ﬂ))b) (@(N) + @u(1))

YVaaw | dimJa0an) =
_ Loy s SR @O — 000)b) (@) + an)
2 dim\/qy(N)gp (1) A—p
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we obtain
: Sy (0) (X) Sh(w) (1) 9
lim da:/ exp (—i57L (qp(A) — qo(p))x) X
t—+oo 477 W )\)Qb(,u) ( h )

x exp (it(A — ) f (1)
= Suw(v)(A) S (w)(A) f(A). (4.15)
Thus, we get by (4.8), (4.9), (4.12), (4.13), (4.14), and (4.15) that
(q’qu(Km KIU)q)TUf) (A) = Se (V) (A) S (w) () F(N) (4.16)

for f € C3°(vp,v,) and A € (vp,v,). Now (4.16), (4.7) and (4.6) imply the assertion
(4.4). O

In the following we set vy € Ly, v9 = vp. Lemma 4.1 implies
Corollary 4.2. If vo(x) = v, for all x € R, then
By = Dy W (K, Kyy)* = Sy Sy @ug Wi (I, Ky )
S = Suu g Wi (Ko, Koy ) W (Ko, Ko )@, = S0y @0 S (K, Koy )P,
for allv € Ly, where S(K,, K,,) is the scattering operator

S(Ky, Kuy) = Wy (Ko, Ko W_(Ky, Ky,).

The scattering matrix S,(\) can be completely described by the QTB family:

Lemma 4.3. Let a(\), T,(\), and Q(N) be given by (3.28), (3.29), and (3.32), respec-
tively. The scattering matriz (4.1) obeys

Su(A) = Q(A) (Igeny + iha(N)T,(N)*) Q(N), A € (vp, 00). (4.17)
Proof. Using the definitions of «/(\) and T),(\) one gets

B (Ty(\) ) (b), X € (vh,va),
a(NT, (N = V2 ( VNN e)®)  Va(To(N) e, (b)

— V@M (TN e) (@) —v/qa(M)(Ty(A)ea)(a)

Taking into account (3.30) and (3.31) we obtain

/\) V Qb(A)¢b(b7 /\)7 A€ (Ulnva)a

. . AT
AN A" =iy ( Po(A) /0 (N) s (b, A) —Pa(A)\/M%(ba)‘)) A € (vq,00)
Vi@ N) pe)VaMNalan) )7 7

) ;A E (vg,00).

Preprint 814, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 27

where
po(N) = exp (iZ2q,(\)b)  and  pa(N) := exp (—i%2g,(N)a) .
By equations (3.15), (3.16), and (3.23) one has

0

a(A)T,(A)" = +Ino

h
‘ Sbb(v)()\)pb()\)Q, A€ (vb,va),
+ts ')S\Ybb(Ux)‘)pb()‘)z =/ ZZ(&% Sba (V) (A)Pe(A)pa(A) Ne (1g,00)
SRR Su®)(Npa(V)?
which yields (4.17). O

Remark 4.4. Rewriting (4.17) formally as
Su(A) = Q(N) (Tnn) + iha(N) (H, (A) = A) " a(N)") Q)
one suspects, that the resonances of K, are given by
{2 € C_|z is eigenvalue of H,(z)},
see also Definition 3.7.

Remark 4.5. Let v € Ly and Ny € R with A\ > v, be given. As in Remarks 2.5
and 3.6 we set Hys(v) := Hy(XAg). The adjoint of the so-called characteristic function
Om,.w)(2) : C* — C?, z € Cy, corresponding to the dissipative operator Hy;s(v) (see
[FN]) is given by

@Hdis(y) (Z)* = Hc2 + ioz()\o)Tdis(v;E)*, z € (C++7

where Ty;s(v; ) is defined as in Remark 3.6, and £ is scaled to 1, see [KNR2, Lemma 3.3].
Therefore we get by Lemma 4.3

Su(Xo) = Q(A0)Op4:, () (A0) " Q(No),

i.e. for any fixed energy Ao the characteristic function is equal to the scattering matrix
Sy(Ao), modulo the transformation Q(\).

5 Carrier and current densities

In this section we introduce the carrier density and the current density corresponding to
the QTB family {H,(2)}.cc, from Definition 2.2.
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5.1 Carrier densities

We now assume that p is a function

P = Pp D Pac with Pp € CIP&(_OOﬂ)b)a Pac € Lm((vba 00)7 %(h(/\))a Vac)a (51>

where v, is given as in (3.25). Note that v,. does not depend on the potential v while
v, in (3.25) does. We have p(-) € L*(o(K,),B(h(N)),v) for all v € LY. Furthermore we
assume

Pac(AN)* = pac(A),  pac(A) >0 for a.e. A € (vp,00), and p, > 0. (5.2)
By means of a function (5.1) we define the multiplication operator p on K, by
(g)(N) = p(Ng(N), g € D(p) = L*(0(K.,),h(N),v) (5-3)
and finally the steady state p(v) : K — K by
o(v) = P pP,. (5.4)
Obviously o(v) is a bounded, non-negative, selfadjoint operator which commutes with K.

Remark 5.1. There is a one-to-one correspondence between bounded, non-negative, self-
adjoint operators which commute with K, and multiplication operators of the form (5.3),
i.e. if p(v) : K — K is a bounded, non-negative, selfadjoint operator, which commutes
with K, then there exists exactly one function p € L*(0(K,), B(h())),v) such that o(v)
has the representation given by (5.4), see [BW, Proposition 4.18].

Remark 5.2. Using Corollary 4.2 we can rewrite equation (5.4) in the form

0(v) = 0p(v) + ac(v), (5.5)

where

0ae(v) = W (I, Ko )0(vo)W- (K, K)s  0(v9) = ® pasPun (5.6)

and K,, is the operator (2.3) and ®,, the corresponding Fourier transform with respect
to the constant potential vy = vy, see also Corollary 4.2. The operator g,(v) admits the
representation, see also [N1J,

N(v)
op(v) = Z pp(A;(0)) P(X;(v)), (5.7)

where P(\;(v)) are the orthogonal projections of K, onto the eigenspaces corresponding
to the eigenvalues \;(v), j=1,...,N(v) , i.e.

PGS = (£.6.0.00))) Gl N0),  feX.

K
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In the following we assume

Cac 1= esssup || pac(A) || wp) VA* + 1 < 00 (5.8)
AE (vp,00)
and we define
Cp:= sup pp(A). (5.9)
AE(—o00,vp)
(5.4) and (5.8) imply
HQac(U)(Kv - 7’)||‘B(IC) = Cpe < 0. (510)

For every h € Ly we define the multiplication operator M (h) : K — I by

W) f(x), x € (a,b),

0, z € R\ (a,b), febM(h) =K; (5.11)

note ran(M (h)) C H. For any Borel set w C (a,b) we consider the observable U(w) :=
M(x,) : K — K. Now we define the expectation value of U(w) with respect to o(v) for
any Borel set w C (a,b) by

E o) (@) i= tr(o(0)U ().
The definition is justified since

[tr(o(v)U(w))] < CpN (v) + Cocl (K — )™ Pr | i) < 00,

where (5.10) comes to bear. There is

oV (@) = (@ @w) = [ de [ ) e (DE)EY), (512
where )
60} V)P V€ oy (),
Doy | 10N NE (),

B@@NE 60)@ VA @Y o
< ()@ NG @A) |6ulv) @, N ) A € (b, 00):

Hence, Ey.)(-) defines a measure which is absolutely continuous with respect to the
Lebesgue measure.

Definition 5.3. The Radon-Nikodym derivative of E,y(-) is called the carrier den-
sity, with respect to o(v), of the open quantum system described by the QTB family
{H,(2)}:ec, and will be denoted by w,(,). Note the assumptions (5.1), (5.2), and (5.8).

(5.12) directly implies

Uy (T) = /(K )du()\) Ug(w) (T, N), x € (a,b), (5.13)
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with

Ug(w) (T, N) = (P(/\)TQEU(L A), qgv(x, /\)>b(>\) , A€ o(K,), x € (a,b), (5.14)

where p(A\)T denotes the transposed matrix. Since p > 0 the carrier density is positive,
i.e. upwy(x) > 0 for a.e. & € (a,b). Note that in (5.14) enter only the values of the
eigenfunctions for arguments = € (a,b). These can be expressed by the QTB family, see
Lemma 3.4 and Lemma 3.8.

Remark 5.4. As in Remarks 2.5, 3.6, and 4.5 we fix a A\g > v, and define
Pdis(Ao) == Q(X0)"p(A0)Q(No), (5.15)
where Q()g) is given by (3.32). Remark 3.6 and the results from [KNR2, Section 3] imply
Ugis,w (T, Ao) = Up() (T, A),

where ugs,(2,€), £ € R, is defined as in [KNR2, Section 3] with the density matrix
pais(Ao) given by (5.15). Thus, we get that the carrier density of the dissipative system
and the carrier density of the QTB system coincide for fixed energy A, if the density
matrix for the dissipative system is transformed by (5.15).

Example 5.5. Let f € C5(R) be positive and
esssup f(A)VA2 + 1 < oo.

A€ (vp,00)

2

For o(v) = f(K,) we obtain
Uy () = / (Kv)dy()\) £\ ‘ gbv(x,)\)Hh(A), v € (a,b).

Example 5.6. Assume that f is given as in the previous example. Furthermore, let
€a; b, € € R be given constants. If

f()‘_ep)v A€ (—OO,U(,],
p(A) = fA—e), A € (Up, Vo),
fA—e) 0
( ; b FO—e) ) . A E Vg, 0),

then
N(v)
Ug(w) (2) = Z FOG () = )| dp(v) (2, Aj(v))]?

+ /Oo d\ F(\ — &)| (V) (2, N)]? + /OO AN f(N — €4)|da(v) (2, N)]?, = € (a,b).

Vp Va
The function f can be interpreted as a distribution function and the constants ¢,, €, as
the Fermi level of the reservoir at a, b, respectively, see [F1, MKS]; the constant €, is
the Fermi level of the bounded states. If ¢, = € = ¢,, then one is in the situation of
Example 5.5.
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Lemma 5.7. The carrier density u, from Definition 5.5 obeys

b
/ dzx vy (x)h(z) = tr(o(v)M(h)), for all h € LY, (5.16)
M (h) being the multiplication operator (5.11). In particular there is
gyl < CuN (v) + Cacll (Ko — 1) 7" Pl sy -

Proof. For any Borel set w C (a,b) there is

b
MNWMWM=EN®=/dmwM@m@%

i.e. (5.16) for all h = x,. By linearity (5.16) also holds for step functions on (a,b). Since
Ug(wy 18 In Ly and oM (x(a)) Is a trace class operator (5.16) extends by density of the step
functions in LY and continuity to all h € L¥. Because M (x(ap) = PJy there is

gy I = tr(e(v) Py) < CpN(v) + Cacll (Ko — i)™ Py s, -

]
5.2 Current densities
For = € (a,b), A € 0(K,) the current density j, () is defined by, see [LL],
ur@)i= [ ) a0,
o(Kv)
(5.17)
J uAr—ml(mwfh-35@A>5uA0
o(v) ) . m(:c) 6x v\&H AN 5 .

Direct calculation shows that Rz jy) (2, A) = 0, i.e. jy() is constant jy)(z) = Jo(w)-

Remark 5.8. The point spectrum and the simple spectrum do not contribute to the
current:

Jow)(A) =0, A€ a(Ky)\ (vg,00).
Indeed, as Im(ig, (X)) = 0 for A € (vp, v,) we get by (3.16)

2ma . 4ma

o ) = 1 (=222 g, ISP exp (~ T2 au(a) ) =0, A€ (0,00),

Now let us regard a p € 0,(K,). By Lemma 3.8 we have that p € o({H,()\)}). Since
{Hy(AN) }re(—oon,) are selfadjoint operators, we get

¢p(v)(a, 1) = n(v)(a,p) and 5l (a, ) = —Ra()n(v)(a, p),
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where n(v)(-, i) is the eigenfunction of the family {H,(A)}xe(—oon,) corresponding to the

eigenvalue p. Therefore
Jo) (1) = Tm (=Ko () In(v)(a, p)|*) =0, for all u € 0,(K,).
A straightforward calculation shows that
Jow)(A) = tre2(p(A)C(v) (X)), A € (va, 0),
with

oy L W@, e V) W @D, bl V)
cw)) ( W (60 (0)(@ N 0(, A)) W (3a(0) (2, N, >>)'

Lemma 5.9. The operator C(v)(X) is selfadjoint and admits the representation

1 — 2| Sha (0) (V)2 3 Sa(0)(\) S (0) () |
270\ =/ 2 51 (0) (V) Saa(0) (V) qa”wab(v)( )P

Clo)(\) =

There is

C(0)(A) = 5= (FuSu(A)" B = BSu(A)"Fa) Su(A)  for A € (g, 20),

27Tﬁ
where P, := (-, e4)c2eq and Py = (-, ep)c2ey with e, := (1,0)7, e, := (0,1)T € C%

Proof. By (3.23) and (3.16) for x < a we have

1
47rhqa()\)

i qa(N)

W (@0 (. N, dy(, N)) = 27T ()

Using (3.23) as well as (3.15) and (3.16) for x > b we get

21\ qa(N)

W (a(v) (2, ), do(x, X)) = Sba (V) (A) S (V) (A).

Similarly we obtain

i [qa(N)

% qb()\) Wsaa(v)()\)‘

W () (2, ), $a(, V) =

and '
i q(N)

27Th ()\)| ba( )()‘)|2

W(@a(v)(2; ), Gal, A)) =

(5.18)

(5.19)

(5.20)

(5.21)

W (@, A), do(x,A) = —5—= = Sap(v) (A

Using (5.19) and (3.10) we verify (5.20). The relation (5.21) immediately follows from

(5.20). The selfadjointness of C'(v)()\) follows from (3.10) and the identity (5.20).

0
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Note that the current depends only on the density matrix p(-) and the scattering matrix
S,(X). As has been shown in Lemma 4.3 the scattering matrix is completely described by
the QTB family. Thus, the same is true for the current.

Remark 5.10. As in Remark 5.4 we assume that \g > vy, is fixed. Let pgs(Ag) be given by
(5.15) and let jg;s, denote the current density of the dissipative system corresponding to
the density matrix gg;s as defined in [KNR2, Section 4|. By Lemma 5.9 and [BN, Theorem
7.1.] we get jaisw(Ao) = Jow)(Xo), i.e. the current density of the dissipative system and of
the QTB system coincide for fixed energy A.

Example 5.11. For the density matrix p from Example 5.6 we get the current

Jow)(A) = T@W)N) (f(A —€) = fF(A—e)), A€ (va,0),

where

0(A) qa(A)

T(v)(\) = ) S

qa(A) 0(A)

is the so-called transmission coefficient. Note that if ¢, = €, then jyu)(A) = 0, i.e. in
particular for any density matrix as in Example 5.5 the current is zero.

[Sba(M)]* = S (M)

Proposition 5.12. If
/ dA trez(p(N)) < oo,

then the total current is bounded and the bound does not depend on v:

oo

, 1
ol < o [ dhtncs (o)
Proof. Since ||(PSy(A)*Py — PySy(N)*Pa)Sy(A)|lpy < 1 for X € (v4,00) we immediately
get from (5.18) and Lemma 5.9

. 1 &
|Jg(v)| < %/ dA tl"(cz(p(/\)).

Va

6 Carrier density operator

In this section we define the nonlinear carrier density operator which associates the poten-
tial seen by particles to their density and prove that the density depends continuously on
the potential. Following [BKNR] the carrier density operator N5 : L — Lg, is defined
by

N5(v) = up), v e DWN;) =LY, (6.1)

where u,(,) is the carrier density from Definition 5.3,
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Remark 6.1. If we assume instead of (5.8) the slightly stronger condition

esssup || pac(A)|| sy (1 + A%) < oo,
AE (vp,00)

then one can prove that the particle density operator N5(-) is not only well defined as an
operator from Lg° into Ly, but takes its values in Wﬂlk’z.

By means of Proposition 2.6, Proposition 2.8, and Lemma 5.7 one obtains

Lemma 6.2. Ifv € LY, then

2 oo b_
NGl < G, <1+ V2mi-(b = a) ||v|rLoo+\vbr>

7h

+cac(3+(8+4¢m<b;“)) m)

We are now going to prove that the particle density operator is continuous. For doing
this we need some technical lemmata.

Lemma 6.3. Assume (v,)neny C LY and v € LY. If v, 2 v asn— oo, then

lim [|[(K,, —2)7" = (K, — 2) sy = 0,

n—o0

for all z in the resolvent set of K,.

Proof. By [K, Theorem 1V.1.16] K,, — z is boundedly invertible for z in the resolvent set
of Ky, if | — vy < (|(K, — z)_1||%(,<))_1. Hence, z is also in the resolvent set of K,
for sufficiently large n. Furthermore, there is

(K — 2) " lmcy
L —Jon = vlfee | (K = 2) )

(Ko, — 2) Hlww) <

Since PN (K, — z)~! is trace class one gets

(Ko, = 2) 7" = (K = 2) Mmoo < N(Ko, = 2) " s lon — vl | Pr (B = 2) 7l )
which completes the proof. O

Lemma 6.4. Assume v € Ly®, (Un)nen C LY. Let A\ (v), ..., Anw)(v) and A\i(vy), ...

AN(v)(Un) be the eigenvalues of K, and K, , respectively. If v, Y vasn— oo, then we
have N(v) = N(v,) for sufficiently large n and

)

lim Ap(vn) = Ax(v),  lim [[P(A(va)) = P(A(0)) [y =0, k=1,---, N(v),

n—oo

where P(Ag(v,)), P(Ae(v)), denote the projection onto the eigenspaces of K, , K, corre-
sponding to the eigenvalue \i(vy,), A\e(v), k= 1,-, N(v), respectively.
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The proof follows immediately from Lemma 6.3 and [K, Theorem IV.3.16].
Lemma 6.5. If v € LY, (vp)nen C LY with v, LN v, then
s;l_i)rglo Wi(K,,, Ky) = Wi(Ky, Ky),
s-lim Wi (K,,, Ky) = Wi(Ky, Ky), (62)

n—oo

where K, is the operator (2.3) referring to the constant potential v = vy, see also Corol-
lary 4.2.

Proof. Lemma 6.3 and [K, Theorem X.4.15] provide

slim Wiy (K, + )7 (Kuo + 1)) = W (Ko + 1) (Ko + 1))

n—oo

for a sufficiently large ;o € R. Taking into account the invariance principle, see for example
[BW], we obtain the first assertion, the second one follows in the same manner. O

Theorem 6.6. Assume v € LY and (v,)nen C LY. If vy =, v, then
1
No(0a) == Nj(v) and oo,y = Jowy s — oo,

i.e. the carrier density operator is a continuous operator from LY to L} and the current
density operator is continuous from Ly to R.

Proof. According to Lemma 5.7 there is

/ dr (Na(on)) () = (N3(0))(2)) h(x) = tr((e(vn) — o(v)) M (h)), (6.3)

for every real-valued h € L>. Using the decomposition (5.5) for the steady states o(vy,)
and p(v) we get

tr((e(vn) = 0(v))M(h)) = tr((gp(vn) — 0p(v)) M (h)) + tr((Cac(vn) = Cac(v))M(h)), (6.4)

where 04:(v), 0ac(vy) and g,(v), 0,(vy,) are given by (5.6) and (5.7), respectively. We will
first show that the first addend in (6.4) tends to zero as n — co. By Lemma 6.4 we have
that dim(ran(o,(v,))) = dim(ran(g,(v))) =: N < oo, for sufficiently large n. Hence, it
suffices to show that ||0,(vn) — 0p(v)|lmc) — 0 as n — oo. We have by the definition of

0p(vy) and p,(v), see (5.7),
[op(vn) — 0p(v) [l ic)

<3 (1) = 2o+ 1 s D] PO (00)) = POG(0) iy ) (6.5)

J=1
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Since p, € CB(—o0,vp), see (5.1), we get by Lemma 6.4 and (6.5) that g,(v,) converges
in the norm of B(K) to g,(v) as n — oco. Hence,

lim sup [tr((gp(vn) = p(v))M ()| < N lim [[gp(vn) = 0p(v)[[mx) = 0. (6.6)

IR o<1
To prove that the second addend in (6.4) tends to zero as n — oo, we set
W .=W_(K,,K,,) and W, :=W_(K,,, K,).
By (5.6) we obtain
00c(02) — 2ucl(0) = (Wy — W) 0ue(00) W+ W 0e () (W — ).

Since WK,, = K,W, W, K,, = K,, W, and ||04c(vo)(Ky, £1)|| < Coe < 00, see (5.10),
we get

[67((0ac(vn) — ac(v)) M (R))]
< Jtr (Ko, + )7 Wo = (Kup + 1) W) Qac(v0) (Ky, + i)W M(h))]
+ [t (W (Ko, — )ac(vo) (Wi (Ko, — 1) = W (Kyy —4)7") M(h))].
We estimate the terms on the right hand side separately:
|tr (Ko, + 1) Wy — (Kuy +9) 7" W) 0ac(00) (Koo + )W M (h))]
< Coe [(Wi (K, = 1) = W Koy = 1)) M(1) |5, )

[tr (W (K, = ) Gac(v0) (Wi (K, — i)~ = WK, — i)~ )M(h))|
< Coe || (Wi (Ko = )™ = W (Ko = )7 ) M ()|,
< Gl || (Ko =) = (Kug = ) g5, ey 17l
+ Cae | (Wyy = W) Ky — 1) P | g, o 1Bl

and finally obtain

5((0ac(vn) = 0ael0)) M| < 2CacllBllpoe ([ (Ko = D)7 = (B = D)7l gy
[V = WKy = 1) PR, ) )
By Lemma 6.3, Lemma 6.5 and the fact that (K,, — i) 1P} is trace class one gets
lim sup [tr((gac(vn) = Gac(v)) M (h))] = 0. (6.7)

9 k|l pee <1
Now (6.3), (6.4), (6.6) and (6.7) imply the assertion.

Lemma 6.5 implies by Corollary 4.2 the strong convergence 5;1 = :S': Using the expres-
sion (5.21) for C(v)(A) one sees that jy,) — Jo(v) 88 N — 00. O
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7 Quantum transmitting Schrodinger-Poisson system

Let us now consider the quantum transmitting Schrédinger-Poisson system, i.e. the non-
linear Poisson equation (1.1) with the carrier density operator from Section 6:

=g (O N ) - Ny () (@) (7.1)

and the mixed boundary conditions

o=¢r onl, - e%gp =k(¢—¢r) on{a,b}\T, (7.2)
where I' C {a,b} is the Dirichlet part of the boundary and the function ¢r, defined
on [a,b], represents the Dirichlet boundary values given on I' and the inhomogeneous
boundary conditions of third kind on {a,b} \ I'; the function & > 0 is defined on {a,b}
and can be seen as the capacity of the boundary; in particular & is zero at an insulating
interface, see [G]. We recall from Section 1 that € is the dielectric permittivity function,
q is the elementary charge, C' is the concentration of ionized dopants. Each of the carrier
density operators Ni (vy) is determined by a Buslaev-Fomin operators Kji, one for
electrons (with index —) and for holes (with index +). The potential for the electrons
and holes is given by

vy = wt £ qp,

where w* are given real-valued potentials—the band edge offsets. The thus specified non-

linear Poisson equation (7.1), (7.2) will be called the quantum transmitting Schrodinger-
Poisson system. In order to define the notion of solutions to this system precisely we in-
troduce the following function spaces: With respect to the (possibly empty) set I' C {a, b}
of Dirichlet points in the boundary conditions on Poisson’s equation we define

Wi =Wz N {w | () € {0}}.

The dual space of W%’Q is denoted by W 12 and by (,-) we denote the dual pairing
between W> and W, ?. The embedding constants from Wy into L is denoted €., and
the embedding constant from L}, into W 2 is denoted by e;.

7.1 Assumptions

Throughout this section we make the following assumptions on the data of the problem:

+

a

A1. The effective masses m4 are positive and obey m., m%: € Lg°. The constants m

mzt € R are positive.
A2. The real constants v, vi¥ obey vF > vif.

A3. The external potentials w* belong to L.
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A4. The functions pi(-) = p=(-) ® pL(-), with

Pf(') € C]%(_OO?U;[) and pfa(') € LOO((Ubi’ OO>7§B(hi<)‘))7 VaC)a

see (5.1), where h.()\) are given by (3.24) with vy, v, replaced by v;f, v¥. Further-
more, the py(-) satisfy (5.2) and (5.8).

A5. The doping profile C, see (7.1), belongs to the function space W 12,

AG6. The dielectric permittivity function € is positive and obeys e, % € Lg. We set
€ := max{1, ||1]|L}

AT. The set I' C {a, b} is not empty or at least one of the numbers k(z), x € {a,b} \ T,
is strictly positive.

AS8. The function ¢r is from the space W]ij?.

To each Buslaev-Fomin operator K73, see (2.3), we associate a QTB family {H, (2)}.ec.
according to Definition 2.2. The functions p4(-) define by (5.4) steady states o (v), i.e.
non-negative selfadjoint operators which commute with K3 . The carrier densities g, (v
for the electrons and holes are determined by Definition 5.3. The corresponding carrier
density operators (6.1) are denoted by N pii (v).

7.2 Definition of solutions
The linear Poisson operator P : WHEJQ — W, 12 is defined by
b
(Pu,s) = / d e(x)'(2)d' (@) + Y k(@)o(@)s(@),
@ z€{a,b}\I"
for all ¢ € Wi, v € D(P) = Wg™.

The restriction of P to WI{’2 will be denoted by Py. We note that the inverse of Py exists;
its norm does not exceed €(1 4 ), see [BKNR], where

e s o2
0APEW? |W||Ez + er{a,b}\l“ k(z) | ()]

which is finite since the case of purely homogeneous Neumann boundary conditions is
excluded by assumption A7. We denote by ¢r the bounded linear form

v — / dx e(z)ep(z)'(x), v e D(Pr) = Wp2.
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Definition 7.1. If u* € L}, then ¢ € Wg? is a solution of Poisson’s equation

d d P
—%e%gO—q(C—i-u —u”) in (a,b)

with the boundary conditions (7.2) iff ¢ — ¢r € Wy? satisfies
Po(p —¢r) =D+ qEu’ —qEwu, (7.3)
where D := ¢C' — ¢r and E; denotes the embedding operator from L' into Wp L2,

Definition 7.2. (p,ut,u”) € Wﬂlg x L} x Lg is a solution of the quantum transmitting
Schrodinger-Poisson system if ¢ satisfies Poisson’s equation in the sense of Definition 7.1
with

+

U and u =u_

= u+
o4 (Wt +qEsyp) o0— (W™ —qEocp)’

where F., denotes the embedding operator from Wﬁg’g into Lg.

7.3 Existence of solutions

Following [KR| we define a mapping whose fixed points determine the solutions of the
quantum transmitting Schrodinger-Poisson system. To that end we first introduce the
mapping J : L} x L — Wg? which assigns to a couple of densities (u*,u~) € Lk x L
the solution of Poisson’s equation:

T u) =Py (D +qEi(u" —u”)) + eor. (7.4)
Obviously, the map J is continuous. Now we define ¥ : Lg° — W]IR’2 by
Vv (N (wh +qu), NS (w™ = qu)) = T (VS (0" + qu), NS (w™ = qu)).

Since the carrier density operators Ni are continuous, see Theorem 6.6, we get that W
is continuous. Finally we define ¥, : LgF — L§° by

Voo = B 0.

As both ¥ and the embedding operator F,, from Wﬂlf into Ly° are continuous so is U,
Moreover, the map W, is compact because F, is compact.

Lemma 7.3. An element v € LY is a fized point of Vo, if and only if the triple

(W(v), u™ um) = (U(v), uy U,

u9+(w++qv)’ o—(w~ *qv))

s a solution of the quantum transmitting Schridinger-Poisson system.

The proof follows directly from the definitions.

Preprint 814, Weierstra3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



40 M. BArRO, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Definition 7.4. With respect to the data of the problem we define

T '—ﬁ—i—\/g—%%—a
0'_2 4 2

as the (unique) positive root of the polynomial p :  +— 2% — o1x — 09, where

01 = exc€1€(1 + i)q(of 4+ a7), (7-5)
03 1= €ocllorlwrz + €xcl(1+ %) { | Dllw-12 + ger(0F +07)},

and

ot =i (s + 4Tl U2 ) + vac ( V20 ‘”) S

mh
oy =C% <3 + (8 + 4/ ||ma || (b ; a)) V1+ HwiHLoo)
o (1 o V2T (ws o+ Tl (b - a)) | 78)

7h

with CF, and C5 according to (5.8) and (5.9), respectively

Theorem 7.5. The map ¥V, : Ly — LY has a fived point. For any fized point v of V.,
there 1s
o]l < g, (7.9)

where xq is according to Definition 7.4.

Proof. By the definition (7.4) of the operator J we have
17t u )l < el + 60+ 3D + gBa(at — 1)y 1o (7.10)
< ligrlhwge + 0+ ) (1D lhwgr + @rq (lut o+ 1))
Since u* = ./\/gft (vy) with vy = w* 4 qu we get from Lemma 6.2:
[l <ot Vvl + o3, (7.11)
where o7 and o5 are given by (7.7) and (7.8). Thus, (7.10), (7.5), and (7.6) provide
1Pe(0)llie < €| TN, (©), N5 (@))llwnz < a1[o][ 2 + 0. (7.12)
If xo is the unique positive root of the polynomial p : z + x? — 012 — 03 and ||v]|L~ < 23,

then
H\I/OO(’U)HLOO < 01Ty + 09 = ﬂfg
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Hence, ¥, maps the ball {v € L¥ ||Jv||L~ < 22} continuously into itself. Since W, is
compact, the image of this ball is precompact in Ly°. Therefore Schauder’s fixed point
theorem assures the existence of a fixed point.

Let us now assume the second assertion were false, i.e. we assume that there exists a fixed
point v satisfying ||v||L~ > x3. By (7.12) we get
1/2 1/2
(IWIE2)? = llollie = [Woc(v) i < onllolli2 + 0.
This is a contradiction to p(x) > 0 for x > . O

Theorem 7.6. Under the assumptions A1-A8 the quantum transmitting Schrodinger-
Poisson system always admits a solution in the sense of Definition 7.2 and any solution
(p,u™,u™) of the quantum transmitting Schrédinger-Poisson system satisfies the a priori
estimate

lpllie <, uflu < Cire + Cy s, (7.13)

where xo 1s given by Definition 7.4 and

3t (8+4¢m<b;“>) (Vo + T+ Twtm).

A/ 2|mallle(b—a
sy =1+ | il’rl;i ( ) (\/ |wE Lo + |vp| + \/§x0> )

Proof. The first assertion follows from Lemma 7.3 and Theorem 7.5. The first inequal-
ity (7.13) is obtained by (7.9); The second inequality is implied by the first one and
Lemma 6.2. O

7.4 Concluding remarks

Open quantum systems like the quantum transmitting Schrodinger-Poisson system were
treated in a very general framework by F. Nier in [N1]. In [N1] the density matrix o(v)
was assumed to be of the form p(v) = f(K,), for some smooth function f with compact
support. This leads to a zero current, see example 5.11. We have demonstrated that
for density matrices of a more general form the QTB family allows to model a non zero
current flow through the boundary of the device. This allows a current coupling of a QTB
family with a classical drift diffusion model or a kinetic model. However, in coupling
the QTB family with an external model for the potential to be seen by Schrodinger’s
operator one cannot assume anymore that the potential outside the interval (a, b), i.e. v,
vy is fixed. Hence, the operator E defined by (2.1) has to be replaced by the operator
E : Cg([a, b)) — CB(R) given by

N v(a), —oo<uz<a, N
(Ev) (z) == v(z), € (a,b), v € D(E) = Ca([a, ).
v(b), b<z< oo,
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The Buslaev-Fomin operators are then defined by

Note that in this case the absolutely continuous spectrum depends on the potential v, i.e.
0ac(Ky) = [min{v(a),v(b)}, 00). Furthermore, in general the wave operators

Wi (K, K,) = s-lim exp(itK,) exp(—itK,) Pu(K,), v, w € Cr(la,b])
do not exist and therefore we do not have a representation as given in Remark 5.2. Thus,
the techniques used in this paper to prove the continuity of the particle density operator,
see Theorem 6.6 do not apply in this case.

There is a close relation between the dissipative Schrodinger-Poisson system treated in
[BKNR] and the quantum transmitting Schrédinger-Poisson system we have investigated
in this paper: As already noted in Remark 5.4 and Remark 5.10 the carrier and current
densities of the dissipative and the quantum transmitting Schrédinger-Poisson system
coincide for fixed energy A\g > v, provided the density matrix of the dissipative system is
transformed according to (5.15). Therefore the dissipative Schrédinger-Poisson system can
be regarded as a single energy approximation of the quantum transmitting Schrodinger-
Poisson system.

We have demonstrated that the quantum transmitting Schrédinger-Poisson system always
admits a solution, if the assumptions A1-A8 are satisfied. Moreover, there are a priori
estimates for any solution ¢ and the corresponding carrier densities u.. However, unique-
ness of solutions has not been settled. We have shown that the QTB family contains all the
information, which is needed to determine the carrier and the current density, see Lemma
3.4 and the expression (5.13) for the carrier density and Lemmata 4.3 and 5.9 for the
current density. Since the QTB family lives on a bounded domain, an efficient numerical
algorithm can be developed to implement the quantum transmitting Schrodinger-Poisson
system.
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